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EXISTENCE AND CONCENTRATION OF POSITIVE GROUND STATE

SOLUTIONS FOR A (P,Q)-KIRCHHOFF TYPE EQUATION WITH

MOSER-TRUDINGER NONLINEARITY∗

Ruichang Pei1,† and Hongming Xia1

Abstract In this work, we concern the existence and concentration of positive ground state
solutions for the following (p, q)-Kirchhoff type problem −(1 + a

∫
RN |∇u|pdx)∆pu− (1 + b

∫
RN |∇u|qdx)∆qu+ V (εx)(|u|p−2u+ |u|q−2u)

= f(u) inRN , u ∈ W 1,p(RN ) ∩W 1,q(RN ), u > 0 in RN ,

where ε > 0 is a small parameter, a, b > 0, 1 < p < q = N, ∆mu = div(|∇u|m−2∇u) with
m ∈ {p, q} is the m-Laplacian operator, the potential V : RN → R is a positive continuous
function and f : R → R is a continuous nonlinearity involving critical exponential growth
and not satisfying usual Ambrosetti-Rabinowitz condition. The existence and concentration
behavior of positive ground state solutions are established by variational methods combined
with some sharp exponential type inequalities.
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1. Introduction

In this paper, we investigate the existence and concentration behavior of positive solutions for
the (p, q)-Kirchhoff type problem −(1 + a

∫
RN |∇u|pdx)∆pu− (1 + b

∫
RN |∇u|qdx)∆qu+ V (εx)(|u|p−2u+ |u|q−2u)

= f(u) inRN , u ∈ W 1,p(RN ) ∩W 1,q(RN ), u > 0 in RN ,
(1.1)

where ε is a positive small parameter, a, b > 0 are fixed constants, 1 < p < q = N, ∆mu =
div(|∇u|m−2∇u) with m ∈ {p, q} is the m-Laplacian operator. We let the potential V : RN → R
be a continuous function and satisfy

V∞ := lim inf
|x|→∞

V (x) > V0 := inf
x∈RN

V (x) > 0, (V )

where V∞ < ∞. This type of hypothesis was first proposed by Rabinowitz [25]. The nonlinear
term f : R → R is a continuous function. In order to find the positive solution for problem (1.1),
we often assume that f(t) = 0 for t < 0. In addition, we need the following assumptions:

†The corresponding author.
1School of Mathematics and Statistics, Tianshui Normal University, Tianshui 741001, China
∗The authors were supported by National Natural Science Foundation of China (11661070 and
12161077) and the Nonlinear mathematical physics Equation Innovation Team (No. TDJ2022-03).
Email: prc211@163.com(R. Pei), xia hm@tsnu.edu.cn(H. Xia)

http://www.jaac-online.com
http://dx.doi.org/10.11948/20250228


Existence and concentration of positive ground state solutions 1785

(f1) lim
t→0+

f(t)
t2p−1 = 0;

(f2) f(t) satisfies critical exponential growth at +∞; namely, there exists a positive constant
α0 such that

lim
t→+∞

f(t)

eαt
N

N−1

=


0, ∀α > α0,

+∞, ∀α < α0;

(f3) lim
t→+∞

f(t)
t2N−1 = ∞;

(f4) For t > 0, the function f(t)
t2N−1 is strict increasing;

(f5) There exists M∗ > 0 such that

F (t) ≤ M∗t2N +M∗f(t), t ∈ R,

where F (t) =
∫ t
0 f(s)ds;

(f6) lim
t→+∞

f(t) exp(−α0t
N

N−1 )t ≥ β >
(
(αN
α0

)N−1 + b(αN
α0

)2N−2)
)
/(νNM), where

M = lim
n→∞

N lnn

∫ 1

0
exp

[
N lnn

(
t

N
N−1 − tN lnn

)]
dt,

β is a positive constant, νN denotes the volume of the unit ball and the definition of αN can be
seen in Proposition 1.1.

In the case a = b ̸= 0, p = q = 2 and N = 3, Equation (1.1) changes to a Kirchhoff equation
of the form

−(1 + a

∫
RN

|∇u|2dx)∆u+ V (εx)u = f(u) in R3. (1.2)

Equation (1.2) is related to the stationary analogue of the Kirchhoff equation

∂2u

∂t2
−
(
a∗ + b∗

∫
Ω
|∇u|2dx

)
∆u = f(u) in Ω,

where Ω ⊂ RN is a bounded smooth domain, a∗, b∗ > 0, and u satisfies some boundary condition,
which was put forward by [19] as an generalization of the classical D’Alembert’s wave equation
for free vibration of elastic strings

ρ
∂2u

∂t2
−
(
p0
h

+
E

2L

∫ L

0
|ux|2dx

)
∂2u

∂x2
.

Here, u = u(x, t) is the transverse string displacement at the space coordinate x and the time t,
L denotes the length of the string, h denotes the area of the cross section, E denotes the Young’s
modulus of the material, ρ denotes the mass density and p0 is the initial axial tension. More
and more attention has been paid to the study of nonlocal problem (1.2) only after the pioneer
work of Lions [22], where the functional analysis approaches were first used and there are some
interesting results in the knowledge, here we only refer to [13,17] and the references therein.

As far as our knowledge is concerned, He and Zou [18] first obtained the existence, mul-
tiplicity and concentration of solutions for equation (1.2) with the nonlinearity f ∈ C1(R,R)
satisfying usual Ambrosetti-Rabinowitz condition by using variational methods and Ljusternik-
Schnirelmann theory. Wang et al. [28] regarded with the critical case. For related results, we
refer to [16].
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When a = b = 0, equation (1.1) changes to the (p, q) Laplacian equation

−∆pu−∆qu+ V (εx)(|u|p−2u+ |u|q−2u) = f(u) in RN . (1.3)

This equation stems from a stationary analogue of the reaction-diffusion system

ut = div(D(u)∇u) + f(x, u),

where D(u) = |∇u|p−2 + |∇u|q−2. This equation has rich physical background, for instance,
biophysics, plasma physics and chemical reaction design. For more detailed applications, we
refer to [10].

Recently, equation (1.3) and it’s version have been concerned by several authors. In [14],
He and Li obtained some regularity result for (1.3). They also established an existence result
by combining concentration-compactness principle with mountain pass theorem in [15]. The
existence of a ground-state positive solution for a (p, q)-Schrödinger equation involving critical
growth was proved by Figueiredo [12]. By using refined variational methods, Morse theory
and truncation technique, a multiplicity result for (p, q) Laplacian problem was obtained by
Mugnai and Papageorgiou [23]. Ambrosio and Repovš [6] studied the the multiplicity and
concentration of positive solutions for (1.3) under the condition (V ). Ambrosio and Rǎdulescu [5]
studied deeply multiplicity of concentrating solutions for(1.3) under some suitable assumptions
by combining minimax theorems, penalization technique and Ljusternik-Schnirelmann category
theory. For other interesting result, one can consult [7,8,26] and references therein. Since (p, q)-
Laplacian is a nonlinear and nonhomogeneous operator, It will create challenges in addressing
such problems.

Using penalization method and Ljusternik-Schnirelmann theory, the multiplicity and concen-
tration behavior of positive solutions for equation (1.1) in [4], in which V satisfies (V ) and f is
subcritical growth and satisfies Ambrosetti-Rabinowitz condition was investigated by Ambrosio
and Isernia. Particularly, in [31], Zhang et al. established the multiplicity and concentration of
positive solutions to equation (1.1) by using Nehari manifold technique, perturbation methods
and Ljusternik-Schnirelmann theory. It is worth noting that their methods are skill because
they provide a new method to verify the compactness of the Palais-Smale sequence.

To the best of our knowledge, all of the works above mentioned about (p, q)-Laplacian prob-
lem involve the nonlinearity satisfying polynomial growth. But, there are only a few paper
(see [9, 29]) dealing with the nonlinear term satisfying the exponential growth.

Motivated by the works above mentioned, the purpose of this paper is to investigate the
existence and concentration of positive solutions for (1.1) where the nonlinearity has a critical
exponential growth at +∞ and not satisfies Ambrosetti-Rabinowitz condition by using varia-
tional methods combined with Moser-Trudinger inequality and additional analysis technique.
According to our knowledge, our results are new. For the purpose of presenting our main result,
we first define

Λ := {x ∈ RN : V (x) = V0}.
Due to the condition V , we know that the set Λ is compact. Now, we state our main result as
follows:

Theorem 1.1. Suppose that conditions (f1)-(f6) and (V ) hold. Then there exists ε̄ > 0 such
that for any ε ∈ (0, ε̄), equation (1.1) has a positive ground state solution. Moreover, if uϵ
denotes one of these positive solutions with ηϵ ∈ RN its global maximum point, then

lim
ϵ→0

V (ηϵ) = V0.
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Before finishing this introduction, we introduce two important Moser-Trudinger inequalities,
which will be used to prove our main results.

Proposition 1.1. (see [1]) For all 0 < α and u ∈ W 1,N (RN ), there holds∫
RN

{
exp

(
α|u|

N
(N−1)

)
− SN−2(α, u)

}
dx < +∞.

Furthermore, we have for all α ≤ αN and τ > 0,

sup
∥u∥1,τ≤1

∫
RN

{
exp

(
α|u|

N
(N−1)

)
− SN−2(α, u)

}
dx < +∞,

where ∥u∥1,τ = (
∫
RN (|∇u|N + τ |u|N )dx)

1
N . The inequality is sharp: For any α > αN , the

supremum is infinity. Here

SN−2(α, u) =
N−2∑
k=0

αk|u|
kN
N−1

k!

and αN = Nω
1

N−1

N−1 (ωN−1 is the surface area of the unit sphere in RN ).

Proposition 1.2. (see [24]) If u ∈ W 1,N (RN ), 0 < α < αN , ∥∇u∥N
LN ≤ 1 and ∥u∥LN ≤

K, ∀n ∈ N, for some positive constant K, then there exists a positive constant C = C(N,K,α),
which depends only on N,K and α such that∫

RN

{
exp

(
α|u|

N
(N−1)

)
− SN−2(α, u)

}
dx < C.

Here, the respective definition of SN−2(α, u) and αN is made as above.

For convenience, we use the following notations in the sequel:
• Let C,Ci, i = 1, 2, · · ·, denote different positive constants in different places;
• Let BR be a open ball with radius R in RN ;
• Let |u|r denote |u|Lr(RN ).
This paper is organized as follows. In Section 2 we state some facts about involved Sobolev

spaces, prove several important lemmas and establish the existence of one positive ground state
solution for problem (1.1). In the last section we complete the proof of Theorem 1.1.

2. Variational framework and some lemmas

In this section, we recall some facts on the Sobolev spaces and we prove some important lemmas
which will be used later. Let us define the Sobolev space

Xϵ =

{
u ∈ W 1,p(RN ) ∩W 1,N (RN ) :

∫
RN

V (ϵx)(|u|p + |u|N )dx < +∞
}
,

which is equipped with the norm

∥u∥ϵ = ∥u∥p,V + ∥u∥N,V ,

where ∥u∥pp,V = |∇u|pp +
∫
RN V (ϵx)|u|pdx and ∥u∥NN,V = |∇u|NN +

∫
RN V (ϵx)|u|Ndx.

Now, we introduce the following embedding result.
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Lemma 2.1. (see [2]) The space Xϵ is continuously embedded into W 1,p(RN ) ∩ W 1,N (RN ).
Therefore Xε is continuously embedded in Ls(RN ) for any [p,+∞) and compactly embedded in
Ls
loc(RN ) for any s ∈ [1,+∞).

Proof. For completeness, we give a brief proof. Since the definition of Xϵ, we have

∥u∥W 1,p(RN ) ≤ (min{1, V0})−
1
p ∥u∥p,V ≤ (min{1, V0})−

1
p ∥u∥ϵ,

similarly, we have

∥u∥W 1,N (RN ) ≤ (min{1, V0})−
1
N ∥u∥ϵ.

Thus, Xϵ is continuously embedded intoW 1,p(RN )∩W 1,N (RN ). Next, by the Sobolev embedding
theorem, we know that Xε is continuously embedded in Ls(RN ) for any [p,+∞) and compactly
embedded in Ls

loc(RN ) for any s ∈ [1,+∞).
In the sequel, we consider problem (1.1). From (f1) and (f2), we know that problem (1.1) is

variational and its weak solutions are the critical points of the functional given by

Iϵ(u) =
1

p
∥u∥pp,V +

a

2p
|∇u|2pp +

1

N
∥u∥NN,V +

b

2N
|∇u|2NN −

∫
RN

F (u)dx.

In addition, Iϵ is differentiable in Xε and its derivative is given for any u, v ∈ Xϵ as

⟨I ′
ϵ(u), v⟩ =

(
1 + a

∫
RN

|∇u|pdx
) ∫

RN

|∇u|p−2∇u∇vdx

+
(
1 + b

∫
RN

|∇u|Ndx
) ∫

RN

|∇u|N−2∇u∇vdx

+

∫
RN

Vϵ(x)
(
|u|p−2u+ |u|N−2u|

)
vdx−

∫
RN

f(u)vdx.

Now, we define the Nehari manifold related to Iϵ as

Nϵ = {u ∈ Xϵ\{0} : ⟨I ′
ϵ(u), u⟩ = 0}.

Next, we prove that the functional Iϵ satisfies the mountain pass geometry.

Lemma 2.2. Assume that (f1)-(f3) hold. Then:
(i) There exist ρ, α > 0 such that Iϵ(u) ≥ α for all u ∈ Xϵ with ∥u∥ϵ = ρ.
(ii) There exists φ ∈ Xϵ such that Iϵ(tφ) → −∞ as t → +∞.

Proof. Using (f1) and (f2), for any u ∈ Xϵ\{0} and τ > 0 small enough, there exist Cτ , β > 0
and q > 2p such that

F (t) ≤ τ

2p
|t|2p + Cτ

[
exp

(
β|u|

N
N−1

)
− SN−2(β, u)

]
|t|q.

By Lemma 2.1 and Proposition 1.1, we have

Iϵ(u) ≥
1

p
∥u∥pp,V +

1

N
∥u∥NN,V − τC∥u∥2pϵ

−Cτ

∫
RN

[
exp

(
β|u|

N
N−1

)
− SN−2(β, u)

]
|u|q

≥ 1

p
∥u∥pp,V +

1

N
∥u∥NN,V − τC∥u∥2pϵ
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−Cτ

(∫
RN

ΦN,1

(
βr∥u∥

N
N−1

1,V0

(
|u|

∥u∥1,V0

) N
N−1

)
dx

) 1
r (∫

RN

|u|r′qdx
) 1

r′

≥ 1

p
∥u∥pp,V +

1

N
∥u∥NN,V − τC∥u∥2pϵ − C∥u∥qϵ ,

where ΦN,1(t) = et −
N−2∑
i=0

ti

i! , r > 1 is sufficiently close to 1, ∥u∥ϵ ≤ σ and βrσ
N

N−1 ≤ αN . So,

part (i) is proved if we take ∥u∥ϵ = ρ > 0 small enough.

On the other hand, from (f3), for M large enough we obtain that F (t) ≥ M |t|2N −C. Thus,
by choosing a positive function φ ∈ C∞

0 (RN ), we have

Iϵ(tφ) ≤
tp

p
∥φ∥pp,V +

at2p

2p
|∇φ|2pp +

tN

N
∥φ∥NN,V +

bt2N

2N
|∇φ|2NN −Mt2N |φ|2N2N + C|suppφ|

→ −∞ as t → ∞,

where |suppφ| represents the measure of suppφ. So part (ii) holds.

Now, we state the definition of Palais-Smale sequence ((PS) sequence, for short). That
is, a sequence {un} is called (PS) sequence for Iϵ if {Iϵ(un)} is bounded and I ′

ϵ(un) → 0. If
Iϵ(un) → c ∈ R and I ′

ϵ(un) → 0, then {un} is called a (PS)c sequence. The functional Iϵ is
said to satisfy the Palais-Smale condition ((PS) condition for short) (or (PS)c condition) if each
Palais-Smale sequence (or (PS)c sequence) has a strong convergent subsequence.

By Lemma 2.2 and the mountain pass theorem without (PS) condition (cf. [30]), there exists
a (PS) sequence {un} ⊂ Xϵ such that Iϵ(un) → cϵ and I ′

ϵ(un) → 0 in X−1
ϵ at the minimax level

cϵ := inf
g∈Γ

sup
t∈[0,1]

Iϵ(g(t)) > 0,

where Γ := {g ∈ C([0, 1], Xϵ) : g(0) = 0, Iϵ(g(1)) < 0}.

Lemma 2.3. Assume that (f1)-(f4) hold. Then for every u ∈ Xϵ\{0} there exists a unique
t(u) > 0 such that t(u)u ∈ Nϵ. Furthermore, Iϵ(t(u)u) = max

t≥0
Iϵ(tu).

Proof. For every u ∈ Xϵ\{0} fixed, let h(t)
.
= Iϵ(tu) for t ≥ 0. By a similar argument as in

the proof of (i) and (ii) in Lemma 2.2, we conclude that h(0) = 0, h(t) > 0 for t > 0 small and
h(t) < 0 for t large. Hence, there exists a t(u) > 0 such that h′(t(u)) = 0, that is, t(u)u ∈ Nϵ.
We only prove that t(u) is the unique critical point of h(t) in (0,∞). In contrary, assume that
there exist 0 < t1 < t2 < ∞ such that h′(t1) = h′(t2) = 0. Then

tp1∥u∥
p
p,V + at2p1 |∇u|2pp + tN1 ∥u∥NN,V + bt2N1 |∇u|2NN =

∫
RN

f(t1u)t1udx

and

tp2∥u∥
p
p,V + at2p2 |∇u|2pp + tN2 ∥u∥NN,V + bt2N2 |∇u|2NN =

∫
RN

f(t2u)t2udx.

From the above two formulas and (f4), we get that( 1

t2N−p
1

− 1

t2N−p
2

)
∥u∥pp,V +

( a

t2N−2p
1

− a

t2N−2p
2

)
∥∇u|2pp
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+
( 1

t2N−N
1

− 1

t2N−N
2

)
∥u∥NN,V

=

∫
RN

(f(t1u)
t2N−1
1

u− f(t2u)

t2N−1
2

u
)
dx

<0.

Thus, we have shown that t(u) is unique. Moreover, Jϵ(t(u)u) = max
t≥0

Jϵ(tu).

Next, we define the numbers

c∗ϵ := inf
u∈Nϵ

Iϵ(u), c∗∗ϵ := inf
u∈Xϵ\{0}

max
t≥0

Iϵ(tu).

Lemma 2.4. cϵ = c∗ϵ = c∗∗ϵ , for any fixed ϵ > 0.

Proof. The detailed proof of this kind of results is completely similar to the classical Schrödinger
equations which has been proved in [25]. Here, we omit it.

Lemma 2.5. Assume that (f4) holds. Then any (PS)c sequence {un} of Iϵ is bounded in Xϵ.

Proof. Suppose that {un} is a (PS)c sequence. So, we get

o(1)∥un∥+ cϵ = Iϵ(un)−
1

2N
⟨I ′

ϵ(un), un⟩.

This together with (f4), we obtain

o(1)∥un∥+ cϵ =

(
1

p
− 1

2N

)
∥un∥pp,V + a

(
1

p
− 1

2N

)
|∇un|2pp +

1

2N
∥u∥NN,V

+
1

2N

∫
RN

(f(un)un − 2NF (un)) dx

≥
(
1

p
− 1

2N

)
∥un∥pp,V +

1

2N
∥u∥NN,V .

Hence, {un} is bounded in Xϵ and the conclusion follows.

Remark 2.1. Notice that for any u ∈ Nε, from (f1) and (f2), we get for τ∗ > 0 small enough
and q1 > N

0 = ∥u∥pp,V + a|∇u|2pp + ∥u∥NN,V + b|∇u|2NN −
∫
RN

f(u)udx

≥ ∥u∥pp,V + ∥u∥NN,V − τ∗C∥u∥pε − C1∥u∥q1ε ,

which implies that

∥u∥ε > r∗ > 0 (2.1)

for some r∗ > 0.

As we shall see, it is useful to compare cε with the minimax level of the autonomous problem −(1 + a
∫
RN |∇u|pdx)∆pu− (1 + b

∫
RN |∇u|qdx)∆qu+ ν(|u|p−2u+ |u|q−2u)

= f(u) in RN , u ∈ W 1,p(RN ) ∩W 1,q(RN ), u > 0 in RN ,
(2.2)
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where ν ∈ R+.

Let Wν = W 1,p(RN ) ∩W 1,q(RN ) be equipped with the norm

∥u∥ν = ∥u∥p,ν + ∥u∥N,ν ,

where ∥u∥p,ν = (|∇u|pp + ν|u|pp)
1
p and ∥u∥N,ν = (|∇u|NN + ν|u|NN )

1
N . The solutions of (2.2) are

precisely the critical points of the functional defined by

Iν(u) =
1

p
∥u∥pp,ν +

a

2p
|∇u|2pp +

1

N
∥u∥NN,ν +

b

2N
|∇u|2NN −

∫
RN

F (u)dx.

From (f1) and (f2), we can deduce that Iν(u) ∈ C1(Wν ,R) and its derivative is expressed for
any u, v ∈ Wν as

⟨I ′
ν(u), v⟩ =

(
1 + a

∫
RN

|∇u|pdx
) ∫

RN

|∇u|p−2∇u∇vdx

+
(
1 + b

∫
RN

|∇u|Ndx
) ∫

RN

|∇u|N−2∇u∇vdx

+

∫
RN

ν
(
|u|p−2u+ |u|N−2u|

)
vdx−

∫
RN

f(u)vdx.

Define the Nehari manifold associated to Iν as

Mν := {u ∈ Wν\{0} : ⟨I ′
ν(u), u⟩ = 0}.

We denote mν as

dν := inf
u∈Mν

Iν(u).

The properties of the number dν and the manifold Mν are similar to those of cϵ and Nϵ.

To prove existence of ground state solutions to problem (2.2), we will give an important
estimate for the minimax level. We consider the following sequence of nonnegative functions:

ω̃n(x) = ω
− 1

N
N−1


(lnn)

N−1
N , if |x| ≤ 1

n
,

ln |x|−1

(lnn)
1
N

, if
1

n
< |x| < 1,

0, if |x| ≥ 1.

Write

ϖn(x) =
ω̃n

∥ω̃n∥ν
.

Thus, we have ∥ϖn∥ν = 1.

Lemma 2.6. Assume conditions (f2) and (f6) hold. Then there exists n such that

max{Iν(tϖn) : t ≥ 0} <

[(
αN

α0

)N−1

+
b

2

(
αN

α0

)2N−2
]

1

N
.
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Proof. Assume by contradiction that for all n, this maximum is larger or equal to[(
αN

α0

)N−1

+
b

2

(
αN

α0

)2N−2
]

1

N
.

Then there exists tn > 0 such that

Iν(tnϖn) ≥

[(
αN

α0

)N−1

+
b

2

(
αN

α0

)2N−2
]

1

N
. (2.3)

From (H1) and (2.3), we deduce that

tNn ≥
[
αN

α0

]N−1

. (2.4)

Also at t = tn, we get

tN−1
n + bt2N−1

n −
∫
RN

f(tnϖn)ϖndx = o(1),

which means that

tNn + bt2Nn =

∫
RN

f(tnϖn)tnϖndx+ o(1). (2.5)

It follows from (f6) that for given ϵ > 0 there exists Rϵ > 0 such that

tf(t) ≥ (β − ϵ) exp
(
α0|t|

N
N−1

)
, t ≥ Rϵ.

So from (2.5), we deduce that, for large n

tNn + bt2Nn ≥ (β − ϵ)νN exp

α0t
N

N−1
n

αN
− 1

N lnn

+ o(1). (2.6)

Owing to (2.4), the inequality above holds if, and only if

tNn →
[
αN

α0

]N−1

, as n → ∞. (2.7)

Let
A∗

n = {x ∈ B1(0) : tnϖn(x) ≥ Rϵ}, Bn = B1(0) \A∗
n,

and break the integral in (2.5) into a sum of integrals over A∗
n and Bn. From common compu-

tation, we obtain(
αN

α0

)N−1

+ b

(
αN

α0

)2N−2

≥ (β − ϵ) lim
n→∞

∫
B1(0)

exp

[
αNϖ

N
N−1
n

]
dx− (β − ϵ)νN . (2.8)

The last integral in (2.8), write it ξn, is evaluated as follows:

ξn =

{
νN +NνN lnn

∫ 1

0
exp

(
Nt

N
N−1 lnn− tN lnn

)
dt

}
.



Existence and concentration of positive ground state solutions 1793

So, by (2.8) we reach (
αN

α0

)N−1

+ b

(
αN

α0

)2N−2

≥ (β − ϵ)νNM,

which implies β ≤
(
αN
α0

)N−1
+b
(
αN
α0

)2N−2
/(νNM). This causes a contradiction with (f6).

Remark 2.2. From the above lemma, we know

dV∞ <

[(
αN

α0

)N−1

+
b

2

(
αN

α0

)2N−2
]

1

N

when V∞ < ∞.

Lemma 2.7. Let {un} ⊂ Mν be a sequence converging weakly to 0 satisfying
∫
RN |∇u|Ndx <(

αN
α0

)N−1
. If there exists R > 0 such that lim inf

n→+∞
sup
y∈RN

∫
BR(y) |un|

pdx = 0, then it follows that

∫
RN

f(un)undx → 0 and

∫
RN

F (un)dx → 0.

Proof. By our hypothesis

lim inf
n→+∞

sup
y∈RN

∫
BR(y)

|un|pdx = 0,

together with Lions’ lemma [21], we obtain

un → 0 in Lϱ(RN ), ∀ϱ ∈ (p,+∞). (2.9)

Again applying (f1)-(f2), for any τ1 > 0 small and β1 > 1 closed to 1, it follows that

|f(un)un| ≤ τ1|un|2p + Cτ1

[
exp

(
β1|un|

N
N−1

)
− SN−2(β1, un)

]
|un|. (2.10)

Because {un} is bounded in Mν satisfying

|∇un|NN <

(
αN

α0

)N−1

,

from Proposition 1.2, there exist C2 > 0, r > 1 closed to 1, such that

Hn :=
[
exp

(
β1α0|un|

N
N−1

)
− SN−2(β1α0, un)

]
belongs to Lr(RN ) and |Hn|r ≤ C2 for all n ∈ N. Thus, there exists H ∈ Lr(RN ) such that
Hn ⇀ H weakly in Lr(RN ). By (2.10), we get

un → 0 in Lr′(RN ) for
1

r
+

1

r′
= 1

and, so, ∫
RN

Hn|un|dx → 0,
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which is equivalent to∫
RN

[
exp

(
β1α0|un|

N
N−1

)
− SN−2(β1α0, un)

]
|un|dx → 0.

Thus, this together with (2.10), and the boundedness of {un}, we deduce that∫
RN

f(un)undx → 0.

Using similar proof of as above, we also obtain∫
RN

F (un)dx → 0.

Proposition 2.1. Problem (2.2) has a ground state solution for any given ν > 0.

Proof. Similar to the proof of Lemma 2.2, we know that Iν also satisfies mountain pass
geometry, then there exists a bounded (PS)c∗ sequence {un} at the level

0 < c∗ <

[(
αN

α0

)N−1

+
b

2

(
αN

α0

)2N−2
]

1

N
.

Write

δ = lim inf
n→+∞

sup
y∈RN

∫
BR(y)

|un|pdx. (2.11)

Now, we show that δ > 0.
If δ = 0, applying the Lions’ Lemma [21] again, we get

un → 0 in Lϱ(RN ), ∀ϱ ∈ (p,+∞). (2.12)

Furthermore, from (f5), we adopt similar method of the proof of Proposition 5.2 in [20], we
obtain ∫

RN

F (un)dx → 0. (2.13)

So, this results in

|∇un|NN <

(
αN

α0

)N−1

.

Thus, from Lemma 2.7, we get ∫
RN

f(un)undx → 0.

Hence, as result of the above limit formula, we get c∗ = 0. This is a contradiction. By (2.11),
we can take {zn} ⊂ RN such that ∫

B2(zn)
|un|pdx ≥ δ

2
.
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It is clear to note that the number of points in ZN ∩B2(zn) is less than 4N . Hence, there exists
yn ∈ ZN ∩B2(zn), such that ∫

B2(yn)
|un|pdx ≥ σ > 0.

Write ũn = un(·+ yn). Then we have ∥ũn∥ν = ∥un∥ν and∫
B2(0)

|ũn|pdx =

∫
B2(yn)

|un|pdx ≥ σ > 0. (2.14)

Going if necessary up to a subsequence, we get

ũn ⇀ ũ in Mν , ũn → ũ in Lγ
loc(R) for any γ ∈ [1,∞),

and, from (2.14) we get that ũ ̸= 0. In addition, by the ZN translation invariance of the problem,
we have that {ũn} is also (PS)c∗ sequence of Iν . Without loss of generality, suppose that
|∇ũn|p → A and |∇ũn|N → B. Thus for any φ ∈ C∞

0 (RN ), we obtain

(1 + aAp)

∫
RN

|∇ũ|p−2∇ũ∇φdx+ (1 + bBN )

∫
RN

|∇ũ|N−2∇ũ∇φdx

+ ν

∫
RN

(|ũ|p−2ũ+ |ũ|N−2ũ)φdx =

∫
RN

f(ũ)φ.

We claim that A = |∇ũ|p and B = |∇ũ|N . If A > |∇ũ|p or B > |∇ũ|N , we have

⟨I ′
ν(ũ), ũ⟩ < 0.

By (f4) and Sobolev imbedding, we obseve that ⟨I ′
ν(tũ), ũ⟩ > 0 for t small enough. So, there

exists σ ∈ (0, 1) such that ⟨I ′
ν(σũ), σũ⟩ = 0, i.e., σũ ∈ Nν . Noting that c∗ = dν . by (f4), we can

deduce that
tf(t)− 2NF (t) is strict increasing for t > 0.

Hence, based on (f4) and semicontinuous property of the norm and Fatou’s lemma we obtain

dν ≤ Iν(σũ)

= Iν(σũ)−
1

2N
⟨I ′

ν(σũ), σũ)⟩

= σp

(
1

p
− 1

2N

)
∥ũ∥pp,ν + aσ2p

(
1

2p
− 1

2N

)
|∇ũ|2pp

+
σN

2N
∥ũ∥NN,ν +

1

2N

∫
RN

(f(σũ)σũ− 2NF (σũ))dx

<

(
1

p
− 1

2N

)
∥ũ∥pp,ν + a

(
1

2p
− 1

2N

)
|∇ũ|2pp

+
1

2N
∥ũ∥NN,ν +

1

2N

∫
RN

(f(ũ)ũ− 2NF (ũ))dx

≤ lim
n→∞

[Iν(un)−
1

2N
⟨I ′

ν(un), un⟩]

= dν ,

which brings about a contradiction. Therefore, we get A = |∇ũ|p, B = |∇ũ|N and ũ is a
nontrivial positive ground state solution of problem (2.2). In fact, because f(t) = 0 for t < 0, so
we can conclude that ũ > 0 by the regularity result in [14] and the Harnack inequality in [27].
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Lemma 2.8. Let cϵ be minimax value which is defined before Lemma 2.3, then there holds

cϵ < dV∞ .

Proof. From Lemma 2.2, we know that the functional Iϵ satisfies the mountain pass geometry.
Then by a version of the mountain pass theorem without (PS) condition (see [30]), there exists
a (PS) sequence {un} ⊂ Xϵ such that Iϵ(un) → cϵ and I ′

ϵ(un) → 0. Now, without loss of
generality, we may assume that V0 = V (0) = infx∈R V (x). We fix ζ ∈ R satisfying V0 < ζ < V∞.
Applying Proposition 2.1, denote by w = wζ a ground state solution of problem (2.2) (ν = ζ).
For any given r > 0, let ηr ∈ C∞

0 (RN ) satisfying ηr(x) = 1 if |x| < r and ηr(x) = 0 if |x| ≥ 2r.
We write ur(x) = ηr(x)w(x) and choose tr > 0 such that ũr = trur ∈ Mζ .

Next, we show that there exists an r0 > 0 such that ũ1 = ũr0 satisfies Iζ(ũ1) < dV∞ .
Argue by contradiction that Iζ(trur) ≥ dV∞ for all r > 0. Since w ∈ Mζ and ur → w in
W 1,p(RN ) ∩W 1,N (RN ) as r → ∞, we can deduce that tr → 1 and

dV∞ ≤ lim inf
r→+∞

Iζ(trur) = Iζ(w) = dζ < dV∞ .

This results in a contradiction.

Because supp ũ1 is compact, we can select ϵ0 > 0 such that V (ϵx) ≤ ζ for any x ∈ supp ũ1.
In addition, we have

Iϵ(tũ1) ≤ Iζ(tũ1)

for any ϵ ∈ [0, ϵ0) and t ≥ 0, and

max
t≥0

Iϵ(tũ1) ≤ max
t≥0

Iζ(tũ1) = Iζ(ũ1) < dV∞

for any ϵ ∈ [0, ϵ0). Therefore, from Lemma 2.4 and the definition of dV∞ , we have cϵ < dV∞ for
any ϵ ∈ [0, ϵ0).

Lemma 2.9. Assume that {un} be a (PS)cϵ sequence with ϵ ∈ [0, ϵ0) and denote uϵ be the weak
limit of {un}, then {un} converges strongly to uϵ in Xϵ, that is, Iϵ satisfies (PS)cϵ for ϵ ∈ [0, ϵ0).

Proof. By Remark 2.2, we get that

cϵ <

[(
αN

α0

)N−1

+
b

2

(
αN

α0

)2N−2
]

1

N
(2.15)

and there exist two positive constants C3 and C4 satisfying

C3 < ∥un∥ϵ < C4 (2.16)

in the sense of subsequence. In fact, since {un} is a bounded (PS)cϵ (cϵ > 0) sequence and
F (t) ≥ 0, t ∈ R, we know that (2.16) holds in the sense of subsequence.

Next, our first purpose is to show that uϵ ̸= 0. For doing this, argue by the contradiction
that uϵ = 0.

Claim. There exist δ∗, R1 > 0 and {yn} ⊂ RN such that∫
BR1

(yn)
|un|pdx ≥ δ∗.
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Otherwise, repeatedly utilizing Lions’ Lemma [21], we obtain

un → 0 in Lϱ(RN ), ∀ϱ ∈ (p,+∞).

Based on the proof of Proposition 2.1, we get∫
RN

F (un)dx → 0, as n → ∞.

So, together with the above formula and {un} being a (PS)cϵ sequence with

cϵ <

[(
αN

α0

)N−1

+
b

2

(
αN

α0

)2N−2
]

1

N
,

we deduce that

cϵ = lim
n→∞

Iϵ(un)

= lim
n→∞

(
1

p
∥un∥pp,V +

a

2p
|∇un|2pp +

1

N
∥un∥NN,V +

b

2N
|∇un|2NN )

<

[(
αN

α0

)N−1

+
b

2

(
αN

α0

)2N−2
]

1

N
. (2.17)

Thus, according to the proof of Lemma 2.7, we still can deduce that∫
RN

f(un)undx → 0, as n → ∞.

This combining with ⟨I ′
ϵ(un), un⟩ → 0 implies that

lim
n→∞

∥un∥ϵ = 0,

so, we have lim
n→∞

Iϵ(un) = 0 contradicts with cϵ > 0 in (2.17). Hence, this claim can be proved.

Now, we let {tn} ⊂ (0,∞) be a sequence such that {tnun} ⊂ MV∞ . We claim that {tn} is
bounded. In fact, setting vn = un(x+ yn), by the above claim, we may suppose that, passing to
a subsequence, vn ⇀ v in Xϵ. Furthermore, utilizing the fact that un ≥ 0 for all n ∈ N, there
exists C5 > 0 and a subset A ⊂ RN with positive measure such that v(x) > C5 for all x ∈ A.
Thus, we obtain

1

t2N−p
n

∥un∥pp,V∞
+

a

t2N−2p
n

|∇un|2pp +
1

tNn
∥un∥NN,V∞ + b|∇un|2NN =

∫
RN

f(tnun)tnun
t2Nn

dx

and so,

1

t2N−p
n

∥un∥pp,V∞
+

a

t2N−2p
n

|∇un|2pp +
1

tNn
∥un∥NN,V∞ + b|∇un|2NN =

∫
RN

f(tnvn)tnvn
t2Nn

dx,

from which

1

t2N−p
n

∥un∥pp,V∞
+

a

t2N−2p
n

|∇un|2pp +
1

tNn
∥un∥NN,V∞ + b|∇un|2NN ≥

∫
A

f(tnvn)tnvn
t2Nn

dx.
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Since ∫
A

f(tnvn)tnvn
t4n

dx → +∞

for all a.e. x ∈ A. Thus, from Fatou’s lemma, one concludes that

lim inf
n→+∞

|∇un|2NN = +∞,

which leads to a contradiction since {un} is bounded in Xϵ. Thus, without loss of generality, we
may suppose that

lim
n→∞

tn = t0 > 0.

Next, we divide the remaining part of the proof into three steps.

Step 1. The number t0 is less than or equal to 1.
Indeed, argue by the contradiction that the above claim does not hold. Then there exist

δ1 > 0 and a subsequence still denoted by {tn} such that tn ≥ 1 + δ1 for all n ∈ N. Since
⟨I ′

ϵ(un), un⟩ → 0 and {tnun} ⊂ MV∞ , we get

∥un∥pp,V + a|∇un|2pp + ∥un∥NN,V + b|∇un|2NN =

∫
RN

f(un)undx+ o(1) (2.18)

and

tpn∥un∥
p
p,V∞

+ at2pn |∇un|2pp + tNn ∥un∥NN,V∞ + bt2Nn |∇un|2NN =

∫
RN

f(tnun)tnundx. (2.19)

Together with (2.18) and (2.19), we conclude that

o(1) +

(
1

t2N−p
n

∥un∥pp,V∞
− ∥un∥pp,V

)
+ a|∇un|2pp

(
1

t2N−2p
n

− 1

)
+

(
1

tNn
∥un∥NN,V∞ − ∥un∥NN,V

)
=

∫
RN

(
f(tnun)

t2N−1
n u2N−1

n

− f(un)

u2N−1
n

)
u2Nn dx.

By condition (V ) and tn > 1, given ϵ1 > 0, there exists Rϵ1 > 0 such that

V (ϵx) ≥ V∞ − ϵ1 >
V∞
t2n

− ϵ1 (2.20)

for any |x| ≥ Rϵ1 . Since ∥un∥ϵ < C6 and un → 0 in LN (BRϵ1
(0)), we deduce that∫

RN

(
f(tnun)

t2N−1
n u2N−1

n

− f(un)

u2N−1
n

)
u2Nn dx ≤ ϵ1C7 + o(1). (2.21)

Applying the sequence vn = un(x+ yn) again, it follows from (f4) and (2.21) that

0 <

∫
RN

(
f((1 + δ1)vn)

((1 + δ1)vn)2N−1
− f(vn)

v2N−1
n

)
v2Nn dx ≤ ϵ1C8 + o(1)

for any ϵ1 > 0. Letting n → ∞ in the last inequality and using the Fatou’s lemma, this causes
a contradiction.
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Step 2. t0 = 1.

In this case, since dV∞ ≤ IV∞(tnun), we get

cϵ + o(1) = Iϵ(un) ≥ Iϵ(un) +mV∞ − IV∞(tnun).

Note that

Iϵ(un)− IV∞(tnun) =
1

p
(1− tpn)|∇un|pp +

∫
RN

(V (εx)− tpnV∞)|un|pdx

+
a

2p
(1− t2pn )|∇un|2pp +

1

N
(1− tNn )|∇un|NN

+

∫
RN

(V (εx)− tNn V∞)|un|Ndx+
b

2N
(1− t2Nn )|∇un|2NN

+

∫
RN

(F (tnun)− F (un))dx.

Using the boundedness of {un} in Xϵ, (2.17), Proposition 1.2 and condition (V ), we obtain

cϵ + o(1) ≥ dV∞ − ϵ1,

which means that

cϵ ≥ dV∞ .

This leads to a contradiction.

Step 3. t0 < 1.

In this case, we may suppose that tn < 1 for all n ∈ N. From dV∞ ≤ IV∞(tnun) and
⟨I ′

V∞
(tnun), tnun⟩ = 0, we have

dV∞ ≤ IV∞(tnun)−
1

2N
⟨I ′

V∞(tnun), tnun⟩

≤
(
1

p
− 1

2N

)
tpn∥un∥

p
p,V∞

+ a

(
1

2p
− 1

2N

)
t2pn |∇un|2pp +

1

2N
tNn ∥un∥NN,V∞

+
1

2N

∫
RN

(f(tnun)tnun − 2NF (tnun)) dx

≤ Iϵ(un)−
1

2N
⟨I ′

ϵ(un), un⟩+ ϵ1C + o(1)

≤ cϵ + ϵ1C + o(1).

Letting ϵ1 → 0 and n → ∞, we know cϵ ≥ dV∞ . This causes a contradiction. By Steps 1, 2 and
3, we infer that uϵ ̸= 0. Thus, from Fatou’s Lemma and the characterization of cϵ, we deduce
that

cϵ ≤ Iϵ(uϵ)−
1

2N
⟨I ′

ϵ(uϵ), uϵ⟩

≤ lim inf
n→∞

Iϵ(un)−
1

2N
⟨I ′

ϵ(un), un⟩

≤ lim sup
n→∞

Iϵ(un)−
1

2N
⟨I ′

ϵ(un), un⟩

≤ cϵ.
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In fact, this means that

un → uϵ in Xϵ,

and consequently, Iϵ satisfies the (PS)cϵ condition.

As a direct consequence of Lemmas 2.8-2.9, we get the following conclusion:

Corollary 2.1. The minimax value cϵ is achieved if ϵ is small enough and problem (1.1) has a
ground state solution if ϵ is small enough. Moreover cϵ → dV0, as ϵ → 0.

Remark 2.3. Applying f(t) = 0 for t ≤ 0 and ⟨I ′
ϵ(uϵ), u

−
ϵ ⟩ = 0, we get ∥u−ϵ ∥ϵ = 0. Hence, we

have uϵ ≥ 0 in RN . Using the regularity results (see Theorems 2,3) in [14], we conclude that
uϵ ∈ L∞(RN )∩ C1,α

loc (R
N ). By means of the Harnack inequality in [27], we obtain that uϵ > 0 in

RN .

3. Concentration phenomena: Proof of the Theorem 1.1 is com-
pleted

In this section, our purpose is to study the concentration phenomenon from ground state solu-
tions of problem (1.1). For the purpose of doing this, we will prove the following several useful
lemmas.

Lemma 3.1. Let ϵn → 0 and {un} be the sequence of solutions got in Corollary 2.13. Then,
there is a sequence {yn} in RN satisfying that vn = un(x+ yn) has a convergent subsequence in
Xϵ. Furthermore, up to a subsequence, ỹn := ϵnyn → y ∈ Λ.

Proof. By Corollary 2.1, there is a sequence {un} of solutions which is bounded such that
cϵn = Iϵn(un) → dV0 and

0 < dV0 = lim
n→∞

cϵn <

[(
αN

α0

)N−1

+
b

2

(
αN

α0

)2N−2
]

1

N
.

Applying the same method of proof of previous section of Lemma 2.9, we can deduce that there
exist r, δ2 > 0 and yn ∈ RN such that

lim inf
n→∞

∫
Br(yn)

|un|p > δ2. (3.1)

Setting vn(x) = un(x + yn), passing to a subsequence, we may assume that vn ⇀ v ̸= 0 in Xϵ.
Let tn > 0 satisfying v̂n = tnvn ∈ MV0 . Thus, we get

dV0 ≤ IV0(v̂n) = IV0(tnun) ≤ Iϵ(tnun) ≤ Iϵ(un) → dV0

and

IV0(v̂n) → dV0 .

Thus, the sequence {v̂n} is a minimizing sequence, and utilizing the Ekeland variational principle
[11], we may also suppose it is a bounded (PS) sequence at dV0 . Thus, for some subsequence,
v̂n ⇀ ṽ inXϵ with ṽ ̸= 0 and I ′

V0
(ṽ) = 0. Again applying the proof of Lemma 2.9, we conlude that

v̂n → ṽ in Xϵ. Because {tn} is bounded, we can assume that for some subsequence tn → t0 > 0,
and vn → v in Xϵ.
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Next, we will claim that {ỹn} = {ϵnyn} has a subsequence such that ỹn → y ∈ Λ. First,
we show that {ỹn} is bounded. Indeed, argue by contradiction that there exists a subsequence,
which is still represented by {ỹn}, satisfying |ỹn| → ∞. By v̂n → ṽ in Xϵ and V0 < V∞, we
obtain

dV0 =
1

p
∥ṽ∥pp,V0

+
a

2p
|∇ṽ|2pp +

1

N
∥ṽ∥NN,V0

+
b

2N
|∇ṽ|2NN −

∫
RN

F (ṽ)dx

<
1

p
∥ṽ∥pp,V∞

+
a

2p
|∇ṽ|2pp +

1

N
∥ṽ∥NN,V∞ +

b

2N
|∇ṽ|2NN −

∫
RN

F (ṽ)dx

< lim inf
n→∞

(
1

p
|∇v̂n|pp +

a

2p
|∇v̂n|2pp +

1

N
|∇v̂n|NN +

b

2N
|∇v̂n|2NN

+
1

p

∫
RN

V (εnx+ ỹn)|v̂n|pdx+
1

N

∫
RN

V (εnx+ ỹn)|v̂n|Ndx−
∫
RN

F (v̂n)dx

)
= lim inf

n→∞

(
tpn
p
|∇un|pp +

at2pn
2p

|∇un|2pp +
tNn
N

|∇un|NN +
bt2Nn
2N

|∇un|2NN

+
tpn
p

∫
RN

V (εnx)|un|pdx+
tNn
N

∫
RN

V (εnx)|un|Ndx−
∫
RN

F (tnun)dx

)
= lim inf

n→∞
Iϵn(tnun)

≤ lim inf
n→∞

Iϵn(un)

= dV0 .

This yields a contradiction. Hence, {ỹn} is bounded and by choosing a subsequence, ỹn → y in
RN . Then, necessarily y ∈ Λ otherwise we would get a contradiction by the same arguments
made as above.

Let ϵn → 0 as n → ∞ and un be the ground state solution of problem (1.1). By Corollary
2.1 we know Iϵ(un) → mV0 . Then there exists a sequence yn ∈ RN , such that vn = un(x + yn)
is a solution of−(1 + a

∫
RN |∇vn|pdx)∆pvn − (1 + b

∫
RN |∇vn|qdx)∆qvn + Vn(x)(|vn|p−2vn

+|vn|q−2vn) = f(vn) in RN ,
(3.2)

where Vn(x) = V (ϵnx+ ϵnyn). Furthermore, {vn} has a convergent subsequence in Xϵ and ỹn →
y ∈ Λ, up to a subsequence, where ỹn = ϵnyn. Hence, there exists H ∈ W 1,p(RN ) ∩W 1,N (RN )
such that

|vn(x)| ≤ H(x) a.e. in RN, ∀n ∈ N. (3.3)

Lemma 3.2. Suppose that conditions (f1)-(f6) and (V ) hold. Then there exists C > 0 such
that ∥vn∥∞ ≤ C for all n ∈ N. In addition,

lim
n→∞

vn(x) = 0 uniformly for n ∈ N.

Proof. Here, we only give a described proof. By (3.2) and (3.3) and combining with the proofs
of [6, Lemma 15] and [3, Lemma 15], this conclusion holds.

Lemma 3.3. There exists δ∗ > 0 such that |vn|∞ ≥ δ∗ for all n ∈ N.
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Proof. Recall that,

δ2 ≤
∫
Br(yn)

|un|pdx,

then

δ2 ≤
∫
Br(0)

|vn|pdx ≤ |Br||vn|p∞.

The above formula implies that

|vn|∞ ≥ δ∗.

Thus, our conclusion holds.

Concentration around maxima. Let p̃n be the global maximum of point of vn. By Lemma
3.1, we notice that p̃n ∈ BR(0) for some R > 0. Thus, the global maximum of point of uϵn
given by zϵn = p̃n + yn satisfies ϵnzϵn = ϵnp̃n + ỹn. Because {p̃n} is bounded, this means that
ϵnzϵn → y, and so lim

n→∞
V (ϵnzϵn) = V0.

Acknowledgements

The authors would like to thank the referees for valuable comments and suggestions in improving
this article.

Competing interests

The authors declares that they have no competing interests.

References

[1] Adimurthi and Y. Yang, An interpolation of hardy inequality and Trudinger-Moser inequal-
ity in RN and it’s applications, Int. Math. Res. Not., 2010, 13, 2394–2426.

[2] C. O. Alves and G. M. Figueiredo, Multiplicity and concentration of positive solutions for
a class of quasilinear problems, Adv. Nonlinear Stud., 2011, 11, 265–294.

[3] C. O. Alves and G. M. Figueiredo, On multiplicity and concentration of positive solutions
for a class of quasilinear problems with critical exponential growth in RN , J. Differential
Equations, 2009, 246, 1288–1311.

[4] V. Ambrosio and T. Isernia, A multiplicity result for a (p, q)-Schrödinger-Kirchhoff type
equation, Ann. Mat. Pura Appl., 2022, 201, 943–984.
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