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INSTABILITY-DRIVEN PATTERN FORMATION IN A NETWORK SIR

MODEL WITH INDIRECT TRANSMISSION AND

QUASI-LAPLACIAN DIFFUSION∗

Wenjie Gu1,2, Qianqian Zheng2,† and Jianwei Shen1,†

Abstract This study investigates how indirect transmission and diffusion asymmetry shape
epidemic dynamics in a network-organized SIR model. Using linear stability analysis and
eigenmode decomposition, we derive explicit conditions for Hopf bifurcation, Turing insta-
bility, and their interaction. The results show that indirect transmission significantly shifts
epidemic thresholds, while asymmetric diffusion across network nodes promotes the activa-
tion of additional eigenmodes and the emergence of spatially heterogeneous infection pat-
terns. Numerical simulations on random and quasi-Laplacian networks reveal transitions
among stable equilibria, periodic outbreaks, and mixed Hopf-Turing regimes, with the spe-
cific pattern determined jointly by biological parameters and network topology. To validate
the theory, the model was calibrated using real influenza surveillance data from 44 countries.
The observed periodicity and spatial clustering closely match the model predictions, demon-
strating that instability-driven mechanisms can explain real-world influenza oscillations and
heterogeneity. These findings provide a unified theoretical and data-supported framework for
understanding epidemic pattern formation and designing interventions that target indirect
transmission and mobility-induced spatial instabilities.

Keywords SIR epidemic model, pattern formation, Hopf bifurcation, turing instability,
indirect transmission.
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1. Introduction

Real-world populations interact within structured social or spatial networks, where epidemic
transmission is shaped not only by direct contacts but also by indirect pathways, such as im-
ported cases, environmental contamination, and anomalous diffusion. These factors lead to
dynamics that significantly deviate from classical well-mixed compartmental models [1]. Early
COVID-19 forecasting studies further highlighted that even under strong interventions, epidemic
trajectories may exhibit identifiable turning points and plateau phases that require mechanism-
informed fitting and prediction beyond simple well-mixed assumptions [9]. To address these com-
plexities, a variety of mathematical frameworks have been developed. For instance, fractional-
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order models incorporating nonlinear incidence and quarantine effects reveal memory-dependent
influences on epidemic persistence [5], while infection-age-structured SIS systems exhibit rich
oscillatory behaviors through Hopf bifurcation analysis [15]. Spatial diffusion further induces
Turing instabilities, generating heterogeneous epidemic hotspots [20]. Network structures and
time delays introduce additional layers of complexity, with SIS and SIR models demonstrating
thresholds, periodic waves, and spatiotemporal patterns, often analyzed via Lyapunov methods
and delay differential equation theory [21, 24], non-autonomous delayed epidemic models have
also been used to produce long-term predictions of confirmed and deceased cases in China, illus-
trating the practical forecasting relevance of delay-structured dynamics [10]. Moreover, Turing
instabilities driven by delays and connectivity can explain recurrent epidemic oscillations and
inform control strategies [22]. Recently, higher-order network topology and temporal network
structures have been shown to substantially reshape epidemic propagation and control out-
comes, enabling richer spatiotemporal pattern dynamics beyond pairwise static contacts [25,27].
In addition, data-driven propagation modeling coupled with intelligent algorithms has gained
attention for capturing complex spreading processes under heterogeneous environments [23], re-
lated data-driven diagnosis studies using spectral analysis of cough recordings demonstrate how
signal-based learning can complement mechanistic epidemic modeling in real-world surveillance
pipelines [7]. While, studies also explore the interplay between disease and information dynamics
in multiplex networks, showing that preventive information raises epidemic thresholds, whereas
misinformation lowers them [12]. Control-oriented approaches, such as stochastic SEIR mod-
els with distributed delays, enable outbreak suppression through Lyapunov-based sliding mode
controllers and stochastic bifurcation analysis [17]. Extensions of SIR models further investigate
recurrence, optimal control, and cluster synchronization on coupled networks, illustrating how
viral states influence synchronization and transmission dynamics [13,26].

Building on these foundations, reaction-diffusion and network-based studies have advanced
our understanding of how mobility, cross-diffusion, degree heterogeneity, and modularity shape
epidemic thresholds and persistence. These works clarify the extension of Hopf and Turing
mechanisms to network Laplacians via eigenmode selection [11, 16]. For example, Turing insta-
bility in large random networks can lead to spontaneous node differentiation into activator-rich
and activator-poor groups, resulting in multi-stationary states and hysteresis that differ from
classical continuous-media patterns [8]. Normal form theory applied to Hopf bifurcations in
network-organized reaction-diffusion systems reveals that network topology critically influences
the emergence of spatially nonhomogeneous periodic patterns, as seen in predator-prey mod-
els [4]. Extensions to directed networks uncover topology-driven instabilities that generate
traveling waves or quasi-stationary structures absent in undirected systems [2]. In discrete-time
systems, transitions and coexistence among spiral waves, Turing patterns, and Turing-like states
can occur, with strong impulse noise exciting novel patterning through competition among stable
equilibria [14]. Within epidemic contexts, network-organized SIR models demonstrate that the
maximum eigenvalue of the network matrix, governed by connectivity and infection rates, con-
trols outbreak thresholds and Turing instabilities, with validations using COVID-19 data [18].
Related analyses of enzyme-catalyzed reactions and delayed epidemic systems highlight how
equilibrium classification, Laplacian spectra, and memory effects drive complex spatiotempo-
ral instabilities and chaotic outbreaks [3, 19]. Despite these advances, which demonstrate how
network topology, diffusion asymmetry, and delays enrich Hopf-Turing instabilities to produce
oscillations, multi-stationary states, and complex patterns beyond continuous-media models,
significant gaps remain. Most existing studies examine temporal oscillations or spatial hetero-
geneity in isolation, often overlooking the combined role of indirect transmission pathways and
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quasi-Laplacian coupling in triggering and sustaining bifurcations. This is particularly relevant
given their central importance in biological and epidemiological systems, where indirect effects
and asymmetric diffusion interact with network heterogeneity to shape epidemic dynamics.

In this work, we extend the classical SIR paradigm by incorporating indirect transmission
effects and quasi-Laplacian coupling into a generalized network framework. Leveraging bifurca-
tion theory and normal form reduction, we systematically analyze the emergence and interaction
of Hopf and Turing instabilities under heterogeneous network structures. Our theoretical results,
corroborated by numerical simulations on random networks, delineate the conditions for transi-
tions between disease-free states, endemic equilibria, and oscillatory or spatially heterogeneous
epidemic patterns. By elucidating the interplay among indirect transmission pathways, network
heterogeneity, and diffusion asymmetry, this study deepens the theoretical understanding of epi-
demic pattern formation and offers practical insights into intervention strategies for managing
outbreaks in structured populations.

2. The generalized network-organized SIR systems with the in-
direct effect

In this paper, we study the following network-organized SIR model with the indirect effect

dSi(t)

dt
= f(Si, Ii) + dS

n∑
j=1

Lij(Sj − u),

dIi(t)

dt
= g(Si, Ii) + dI

n∑
j=1

Lij(Ij − v),

(2.1)

where the model is defined as f(S, I) = α − β S2 − γ SI2, g(S, I) = β S2 + γ SI2 − δ I with Si

and Ii (i = 1, 2, . . . , n) denoting the densities of susceptible and infected individuals at the i-th
node. The parameters characterize biological and diffusive processes: α represents susceptibility,
β corresponds to indirect transmission, for example, during the COVID-19 pandemic, the virus
spreads indirectly through intermediate carriers such as objects and environmental surfaces, γ
reflects infection driven by external factors, δ accounts for recovery or removal, and d1, d2 are
the diffusion rates of susceptibles and infectives, respectively. L = A − εdiag{k1, k2, ..., kn},
ki(i = 1, 2, 3, ..., n) is the degree of node, ε can be treated as the disturbance intensity. A
denotes the adjacency matrix of the network, where Aij = 1 if nodes i and j are connected,
and Aij = 0 otherwise. The coupling matrix L = A − εdiag{k1, k2, ..., kn} is a real symmetric
matrix (a quasi-Laplacian), and thus its eigenvalues Λi are all real and can be ordered as {Λnt :

Λ1 > Λn1 > Λn2 > · · · > Λnm}. u =
−γ α2+

√
α4γ2+4αβ δ4

2β δ2
, v = α

δ are the equilibrium, where

f(u, v) = g(u, v) = 0. Although the equations primarily track the densities of susceptible S
and infected I individuals, the model retains the structure of an SIR process where recovery is
modeled via the term −δI. Hence, we maintain the SIR nomenclature to align with the classical
epidemiological paradigm.

Linearizing system (2.1) at the equilibrium (u, v), we obtain

dSi(t)

dt
= (−γ v2 − 2β u)Si + (−2 γ uv)Ii + dS

n∑
j=1

LijSj ,
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dIi(t)

dt
= (γ v2 + 2β u)Si + (2 γ uv − δ)Ii + dI

n∑
j=1

LijIj ,

and the linearizing system can be written as

dC

dt
= (En ⊗A(β))C + (L⊗D)C,

where En is unit matrix, L is the Laplacian matrix, A(β) is the Jacobian matrix without network,
D is the coupling strength matrix, C = (S1, I1, ..., Sn, In)

T ,

A(β) =

−γ v2 − 2β u−2 γ uv

γ v2 + 2β u 2 γ uv − δ

 , D =

dS 0

0 dI

 ,

J(β) = En ⊗A(β) + L⊗D,

Ji(β) = A(β) + ΛiD,

and λi,Λi are the eigenvalue of Ji(β), L, respectively; Ci = (Ci1, Ci2)
T , ϕ(1) = (ϕ

(1)
1 , ϕ

(1)
2 , ..., ϕ

(1)
n )

are the corresponding eigenvector, satisfying

Ji(β)Ci = λiCi,

Lϕ(1) = Λiϕ
(1).

Then, we know λi and ϕ(i) ⊗ Ci are the eigenvalue and eigenvector of J(β), respectively,
because

J(β)(ϕ(1) ⊗ Ci) = (En ⊗A(β) + L⊗D)(ϕ(1) ⊗ Ci)

= (En ⊗A(β))(ϕ(1) ⊗ Ci) + (L⊗D)(ϕ(1) ⊗ Ci)

= (Enϕ
(1))⊗ (A(β)Ci) + (Lϕ(1))⊗ (DCi)

= ϕ(1) ⊗ (A(β)Ci) + (Λiϕ
(1))⊗ (DCi)

= ϕ(1) ⊗ (A(β)Ci) + ϕ(1) ⊗ ((ΛiD)Ci)

= ϕ(1) ⊗ (A(β)Ci + (ΛiD)Ci)

= ϕ(1) ⊗ ((A(β) + ΛiD)Ci)

= ϕ(1) ⊗ (Ji(β)Ci)

= ϕ(1) ⊗ (λiCi)

= λi(ϕ
(1) ⊗ Ci).

Therefore, we just consider the stability of system (2.1) through ith node, and the corre-
sponding characteristic equation can be written as

λ2 − Ei(β)λ+ Fi(β) = 0, (2.2)



1864 W. Gu, Q. Zheng & J. Shen

where

Ei(β) = −γ v2 − 2β u+ 2 γ uv − δ + Λi(dS + dI),

Fi(β) = Λ2dI dS +
(
−dI γ v

2 + 2 dS γ uv − 2β dI u− δ dS
)
Λ + δ γ v2 + 2β δ u,

and the eigenvalues λ(β) are given by

λ(β) =
Ei(β)±

√
E2

i (β)− 4Fi(β)

2
.

Based on the Hopf bifurcation criterion, system (2.1) undergoes a Hopf bifurcation at β = βc
provided that

Ei(βc) = 0, Fi(βc) > 0, E′
i(βc) ̸= 0, (2.3)

and Ej(βc) ̸= 0, Fj(βc) ̸= 0 for i ̸= j, which make only one Hopf bifurcation occur.
The unique pair of complex eigenvalues can be expressed as a(β) ± ib(β), a(β) =

Ei(β)
2 , b(β) =

√
4Fi(β)−Ei(β)2

2 . In the following, we consider the sign of a′(βc) =
E′

i(β)
2 |β=βc ,

and obtain

E′
i(β) = − α (G1 −G2)

2β2δ3
√

α (γ2α3 + 4β δ4)
, (2.4)

where G1 = γ3α4+2 γ α δ4β+2 δ5β2, G2 = γ2
√
α (γ2α3 + 4β δ4)α2. We know the sign of E′

i(β)
is determined by G1 −G2, and G2

1 −G2
2 = 4 γ3α4β2δ5 + 4 γ2α2β2δ8 + 8 γ αβ3δ9 + 4β4δ10 > 0.

And these roots of E′
i(β) = 0 are β1 =

γ α
δ3

(√
−δ γα− δ2

)
, β2 = −γ α

δ3

(√
−δ γα+ δ2

)
, and β1, β2

are complex roots, namely, no real roots of E′
i(β) = 0 exist. Therefore, E′

i(β) < 0(a′(βc) < 0)
always holds, namely, a(β) is monotonic decreasing with β.

Based on these above analysis, we have

Theorem 2.1. (Hopf bifurcation) For system (2.1) without network, Hopf bifurcation occurs
at βc; system is stable when β > βc and unstable(periodic) when β < βc.

Proof. The process can be found in the above analysis.
Finally, we consider the Turing instability by Fi(β) < 0 when β > βc. Fi(β) is a quadratic

equation with an opening upwards. Let σ = dS
dI

> 0, at Λc = −−v2γ−2β u+(2 γ uv−δ)σ
2 dS

, we obtain

Fmin = Fmin(β,Λc)σ = r1σ
2 + r2σ + r3, (2.5)

where r1 = −γ2u2v2+δ γ uv− δ2

4 , r2 = γ2uv3+2β γ u2v+ δ γ v2

2 +β δ u, r3 = −γ2v4

4 −β γ uv2−β2u2.

Suppose σ1 =
−r2−

√
r22−4r1r3
2r1

and σ2 =
−r2+

√
r22−4r1r3
2r1

are the roots of Fmin(β, σ) = 0. If
r1 > 0, Fmin(β,Λc)σ < 0 when σ ∈ (σ1, σ2); If r1 < 0, Fmin(β,Λc)σ < 0 when σ ∈ (−∞, σ1) ∪
(σ2,+∞).

Theorem 2.2. (Turing bifurcation) For system (2.1), Turing bifurcation occurs at σc (Fmin(β,
σc) = 0); Turing instability region of σ is (σ1, σ2) when r1 > 0 and (−∞, σ1) ∪ (σ2,+∞) when
r1 < 0.

Proof. The process can be found in the above analysis.
Assume τ1, τ2(τ1 < τ2) are the roots of Fi(β) = 0 on basis of Theorem 2.2.
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Theorem 2.3. (Turing instability) For system (2.1), Turing instability occurs when (τ1, τ2) ∩
Λnt ̸= ∅.

Proof. When Λi ∈ (τ1, τ2), Fi(β,Λi) = Λi
2dI dS + (−dI γ v

2 + 2 dS γ uv − 2β dI u − δ dS)Λi +
δ γ v2 + 2β δ u < 0 holds and at least one eigenvalue with positive real part exists in system
(2.2), namely, Turing instability occurs in system (2.1).

3. Normal form analysis in network-organized system

To investigate the stability and bifurcation direction, we consider system (2.1) at the critical
value β = βc, which takes the form

dC

dt
= J(βc)C +N(C), (3.1)

where

C =


C1

...

Cn

 , Ci =

Si

Ii

 ,

N(C) = En ⊗

fSS(u, v)S
2 + fSI(u, v)SI + fII(u, v)I

2 + fSII(u, v)SI
2

gSS(u, v)S
2 + gSI(u, v)SI + gII(u, v)I

2 + gSII(u, v)SI
2


and fSS(u, v) = −2β, fSI(u, v) = −2γv, fII(u, v) = −2γu, fSII(u, v) = −2γ, gSS(u, v) =
2β, gSI(u, v) = 2γv, gII(u, v) = 2γu, gSII(u, v) = 2γ, and fSSI = fSSS = fIII = gSSI = gSSS =
gIII = 0.

By calculating

J(βc)

p1

q1

 = ib(βc)

p1

q1

 , (J(βc))
T

p2

q2

 = −ib(βc)

p2

q2


and ⟨p∗, p⟩ = 1, we obtain

p = ϕ(1) ⊗

p1

q1

 = ϕ(1) ⊗

 1

−γ v2 + dS Λ− 2β u− ibβc
2 γ uv

 ,

p∗ = ϕ(1) ⊗

p2

q2

 = ϕ(1) ⊗


p21Λ

2 + p22Λ + p23
p24Λ2 + p25Λ + p26

,

q21Λ + q22
q23Λ2 + q24Λ + q25

 ,

where ⟨p∗, p⟩ = 0, ϕ(1) is the eigenvector of the eigenvalue Λ1 who induces the Hopf bifurcation,
also, the specific values of the detailed expressions are presented in the appendix A1.
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Theorem 3.1. System (3.1) is equivalent to

dz

dt
= ib(βc)z + ⟨p∗, Nc⟩,

dω

dt
= J(βc)ω +H(z, z, ω).

Proof. We decompose R2n = T c⊕T su with T c = {zp+zp|z ∈ C} and T su = {C ∈ R2n|⟨p∗, C⟩ =
0}. For any C = (S1, I1, ..., Sn, In)

T , there is z ∈ C and ω = (ω
(S)
1 , ω

(I)
1 , ..., ω

(S)
n , ω

(I)
n )T such that

z = ⟨p∗, C⟩,
C = zp+ zp+ ω, (3.2)

by differentiating both sides of the equation (3.2), we obtain

dC

dt
=

dz

dt
p+

dz

dt
p+

dω

dt
,

dC

dt
= J(βc)C +N(C),

(3.3)

applying the inner product to both sides of equation (3.3) with respect to p∗, we have

⟨p∗, dC
dt

⟩= dz

dt
⟨p∗, p⟩+ dz

dt
⟨p∗, p⟩+ ⟨p∗, dω

dt
⟩ = dz

dt
,

⟨p∗, dC
dt

⟩= ⟨p∗, J(βc)C +N(C)⟩

= ⟨p∗, J(βc)(zp+ zp+ ω)⟩+ ⟨p∗, Nc(C)⟩

= ⟨p∗, J(βc)zp⟩+ ⟨p∗, J(βc)zp⟩+ ⟨p∗, J(βc)ω⟩+ ⟨p∗, Nc(C)⟩

= ib(βc)z⟨p∗, p⟩ − ib(βc)z⟨p∗, p⟩+ ⟨p∗, Nc(C)⟩

= ib(βc)z + ⟨p∗, Nc⟩,

namely,
dz

dt
= ib(βc)z + ⟨p∗, Nc⟩.

Substituting system (3.2) into (3.3), we obtain

d(zp+ zp+ ω)

dt
= J(βc)(zp+ zp+ ω) +N(zp+ zp+ ω)

⇒dz

dt
p+

dz

dt
p+

dω

dt
= zJ(βc)p+ zJ(βc)p+ J(βc)ω +N(zp+ zp+ ω)

⇒ib(βc)zp+ p⟨p∗, Nc⟩ − ib(βc)zp+ p⟨p∗, Nc⟩+
dω

dt
= zib(βc)p+ z(−ib(βc))p

+ J(βc)ω +N(zp+ zp+ ω)

⇒dω

dt
= J(βc)ω +N(zp+ zp+ ω)− ⟨p∗, Nc⟩p− ⟨p∗, Nc⟩p,

and we have
dω

dt
= J(βc)ω +H(z, z, ω),
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where H(z, z, ω) = Nc − ⟨p∗, Nc⟩p− ⟨p∗, Nc⟩p and Nc = Nc(zp+ zp+ ω).
According to the above analysis, system (3.1) is equivalent to

dz

dt
= ib(βc)z + ⟨p∗, Nc⟩,

dω

dt
= J(βc)ω +H(z, z, ω).

(3.4)

In the following, we consider the high order term ⟨p∗, Nc⟩, H(z, z, ω). And the general form
of Nc can be expressed as

Nc =
1

2
K(C,C) +

1

6
M(C,C,C) +O(|C|4),

where K(X,Y ) and M(X,Y, Z) are multilinear functions, KXY = Ki(X,Y ) =
n∑

j,k=1

∂2Ni(ξ)
∂ξj∂ξk

|ξ=0xjyk, and MXY Z = Mi(X,Y, Z) =
n∑

j,k,l=1

∂3Ni(ξ)
∂ξj∂ξk∂ξl

|ξ=0xjykzl, i = 1, 2, ..., n.

To consider K(X,Y ) and M(X,Y, Z), we rewrite system (3.2) as

Si = zpnϕ
(1)
i + zpnϕ

(1)
i + ω

(S)
i ,

Ii = zqnϕ
(1)
i + zqnϕ

(1)
i + ω

(I)
i ,

and K(zp+ zp, zp+ zp) = z2K(p, p) + 2zzK(p, p) + z2K(p, p),

K(p, p) = (· · · , (ϕ(1)
i )2c1, (ϕ

(1)
i )2d1, · · · )T ,

K(p, p) = (· · · , (ϕ(1)
i )2e1, (ϕ

(1)
i )2f1, · · · )T ,

M(p, p, p) = (· · · , (ϕ(1)
i )3g1, (ϕ

(1)
i )3h1, · · · )T ,

where

c1 = fSSp
2
1 + 2fSIp1q1 + fIIq

2
1 = a11Λ

2 + a12Λ + a13,

d1 = gSSp
2
1 + 2gSIp1q1 + gIIq

2
1 = a21Λ

2 + a22Λ + a23,

e1 = fSSp1p1 + fSI(p1q1 + p1q1) + fII(q1q1) = a31Λ
2 + a32Λ + a33,

f1 = gSSp1p1 + gSI(p1q1 + p1q1) + gII(q1q1) = a41Λ
2 + a42Λ + a43,

g1 = fSSSp1p1p1 + fSSI(2p1p1q1 + p21q1) + fSII(2q1q1p1 + q21p1) + fIIIq1q1q1

= a51Λ
2 + a52Λ + a53,

h1 = gSSSp1p1p1 + gSSI(2p1p1q1 + p21q1) + gSII(2q1q1p1 + q21p1) + gIIIq1q1q1

= a61Λ
2 + a62Λ + a63,

and the detailed values of the expressions are presented in the appendix A2.
In order to obtain the expression of H(z, z, ω), we expand H(z, z, ω) as

H(z, z, ω) =
H20

2
z2 +H11zz +

H02

2
z2 + o(|z|3) + o(|z| · |ω|),
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and according to the definition of H(z, z, ω), one has

H(z, z, ω) = Nc − ⟨p∗, Nc⟩p− ⟨p∗, Nc⟩p

=
1

2
z2(Kpp − ⟨p∗,Kpp⟩p− ⟨p∗,Kpp⟩p)

+zz(Kpp − ⟨p∗, kpp⟩p− ⟨p∗,Kpp⟩p) +
1

2
z2(Kpp − ⟨p∗,Kpp⟩p− ⟨p∗,Kpp⟩p) + · · · .

Comparing these coefficients of H(z, z, ω), we obatin

H20 = Kpp − ⟨P ∗,Kpp⟩p− ⟨p∗,Kpp⟩p,

H11 = Kpp − ⟨P ∗,Kpp⟩p− ⟨p∗,Kpp⟩p,

where

⟨p∗,Kpp⟩ = (p2c1 + q2d1)s3 =
b12b13
b11

s3,

⟨p∗,Kpp⟩ = (p2c1 + q2d1)s3 =
b22b23
b21

s3,

⟨p∗,Kpp⟩ = (p2e1 + q2f1)s3 =
b32b33
b31

s3,

⟨p∗,Kpp⟩ = (p2e1 + q2f1)s3 =
b42b43
b41

s3,

⟨p∗,Mppp⟩ = (p2g1 + q2h1)s4 =
b52b53b54

b51
s4,

and the values of the specific expressions can be found in the appendix A3.

Theorem 3.2. Assume the form of ω is

ω =
ω20

2
z2 + ω11zz +

ω02

2
z2 + o(|z|3), ⟨p∗, ωi,j⟩ = 0, i, j = 0, 1, 2, i+ j = 2 (3.5)

we can obtain

ω20 = [En ⊗ (2ib(βc)E2)− J(βc)]
−1H20,

ω11 = −[J(βc)]
−1H11,

and

⟨p∗,K(p, w11)⟩ = −⟨p∗,K(p, J(βc)
−1K(p, p))⟩+ ⟨p∗,K(p, p)⟩⟨p

∗,K(p, p)⟩
ib(βc)

− |⟨p∗,K(p, p)⟩|2

ib(βc)
,

⟨p∗,K(p, w20)⟩ = ⟨p∗,K(p, (2ib(βc)E2 − J(βc))
−1K(p, p))⟩

− ⟨p∗,K(p, p)⟩⟨p
∗,K(p, p)⟩
ib(βc)

− |⟨p∗,K(p, p)⟩|2

3ib(βc)
.

Proof. Differentiating both sides of the equation (3.5), we obtain

dω

dt
= 2z

dz

dt

ω20

2
+ ω11(z

dz

dt
+ z

dz

dt
) + 2

ω02

2
z
dz

dt
+ o(|z|3)

= ib(βc)z
2ω20 + ib(βc)zz(ω11 − ω11)− ib(βc)z

2ω02 + o(|z|3)
= ib(βc)z

2ω20 − ib(βc)z
2ω02 + o(|z|3)

(3.6)
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also, we know

dω

dt
= J(βc)ω +H(z, z, ω)

= J(βc)(
ω20

2
z2 + ω11zz +

ω02

2
z2) +

H20

2
z2 +H11zz +

H02

2
z2

= (
J(βc)ω20

2
+

ω20

2
)z2 + (J(βc)ω11 +H11)zz + (

J(βc)ω02

2
+

H02

2
)z2.

(3.7)

Comparing the coefficients between system (3.6) and (3.7), we have

ib(βc)ω20 =
J(βc)

2
ω20 +

H20

2
⇒ ω20 = [En ⊗ (2ib(βc)E2)− J(βc)]

−1H20,

J(βc)ω11 +H11 = 0 ⇒ ω11 = −[J(βc)]
−1H11.

Namely,

ω20 = [En ⊗ (2ib(βc)E2)− J(βc)]
−1H20,

ω11 = −[J(βc)]
−1H11.

(3.8)

On basis of the relationship between the eigenvalue and the eigenvector

J(βc)
−1p =

1

ib(βc)
p, J(βc)

−1p = − 1

ib(βc)
p,

(2ib(βc)E2 − J(βc))
−1p =

1

ib(βc)
p, (2ib(βc)E2 − J(βc))

−1p =
1

3ib(βc)
p,

we have

J(βc)
−1H11 = J(βc)

−1(K(p, p)− ⟨p∗,K(p, p)⟩p− ⟨p∗,K(p, p)⟩p)

= J(βc)
−1K(p, p)− ⟨p∗,K(p, p)⟩ p

ib(βc)
+ ⟨p∗,K(p, p)⟩ p

ib(βc)
,

and
(2ib(βc)E2 − J(βc))

−1H20

=(2ib(βc)E2 − J(βc))
−1(K(p, p)− ⟨p∗,K(p, p)⟩p− ⟨p∗,K(p, p)⟩p)

=(2ib(βc)E2 − J(βc))
−1K(p, p)− ⟨p∗,K(p, p)⟩ p

ib(βc)
− ⟨p∗,K(p, p)⟩ p

3ib(βc)
.

Furthermore, we obtain

⟨p∗,K(p, w11)⟩
= −⟨p∗,K(p, J(βc)

−1H11)⟩

= k − ⟨p∗,K(p, J(βc)
−1K(p, p)− ⟨p∗,K(p, p)⟩ p

ib(βc)
+ ⟨p∗,K(p, p)⟩ p

ib(βc)
)⟩

= −⟨p∗,K(p, J(βc)
−1K(p, p))⟩+ ⟨p∗,K(p, p)⟩⟨p

∗,K(p, p)⟩
ib(βc)

− |⟨p∗,K(p, p)⟩|2

ib(βc)
,
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and

⟨p∗,K(p, w20)⟩
= ⟨p∗,K

(
p, (2ib(βc)E2 − J(βc))

−1H20

)
⟩

= ⟨p∗,K
(
p, (2ib(βc)E2 − J(βc))

−1K(p, p) − ⟨p∗,K(p, p)⟩ p

ib(βc)
− ⟨p∗,K(p, p)⟩ p

3ib(βc)
)⟩

= ⟨p∗,K
(
p, (2ib(βc)E2 − J(βc))

−1K(p, p)
)
⟩ − ⟨p∗,K(p, p)⟩⟨p

∗,K(p, p)⟩
ib(βc)

− |⟨p∗,K(p, p)⟩|2

3ib(βc)
.

Substituting system (3.5) into system (3.4), we have

dz

dt
= ib(βc)z +

1

2
g20z

2 + g11zz +
1

2
g02z

2 +
1

6
g30z

3

+
1

2
g21z

2z +
1

2
g12zz

2 +
1

6
g03z

3 +O(|z|4)
(3.9)

where the specific derivation process of the formula in A4,

g20 = ⟨p∗,K(p, p)⟩,

g11 = ⟨p∗,K(p, p)⟩,

g02 = ⟨p∗,K(p, p)⟩,

g30 = 3⟨p∗,K(p, ω20)⟩+ ⟨p∗,M(p, p, p)⟩),

g21 = 2⟨p∗,K(p, ω11)⟩+ ⟨p∗,K(p, ω20)⟩+ ⟨p∗,M(p, p, p)⟩,

g12 = 2⟨p∗,K(p, ω11)⟩+ ⟨p∗,K(p, ω02)⟩+ ⟨p∗,M(p, p, p)⟩,

g03 = 3⟨p∗,K(p, ω02)⟩+ ⟨p∗,M(p, p, p)⟩.

Theorem 3.3. For the form of z, system (3.9) can be transformed into

dω

dt
= ib(βc)ω + c1ω

2ω +O(|ω|4).

Proof. The process will be given through Lemma 3.1 and Lemma 3.2.

Lemma 3.1. For β = βc,

dz

dt
= ib(βc)z +

g20
2

z2 + g11zz +
g02
2

z2 +O(|z|3)

can be transferred to
dω

dt
= ib(βc)ω +O(|ω|3)

by

z = ω +
h20
2

ω2 + h11ωω +
h02
2

ω2. (3.10)
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Proof. The inverse transformation can be expressed as

ω = z − h20
2

z2 − h11zz −
h02
2

z2 +O(|z|3),

then
dω

dt
=

dz

dt
− h20z

dz

dt
− h11

(
dz

dt
z + z

dz

dt

)
− h02z

dz

dt
+ · · ·

= ib(βc)z +
(g20

2
− ib(βc)h20

)
z2 +

(
g11 − ib(βc)h11 − ib(βc)h11

)
zz

+
(g02

2
− ib(βc)h02

)
z2 + · · ·

= ib(βc)ω +
1

2
(g20 − ib(βc)h20)ω

2 +
(
g11 − ib(βc)h11

)
ωω

+
1

2

(
g02 − 2ib(βc) + ib(βc)h02

)
ω2 +O(|ω|3).

Let

h20 =
g20

ib(βc)
, h11 =

g11
−ib(βc)

, h02 =
g02

−3ib(βc)
,

we have
dω

dt
= ib(βc)ω +O(|ω|3).

Lemma 3.2. For β = βc,

dz

dt
= ib(βc)z +

g30
6

z3 +
g21
2

z2z +
g12
2

zz2 +
g03
6

z3 +O(|z|4)

can be transferred to
dω

dt
= ib(βc)ω + c1(βc)ω

2ω +O(|ω|4)

through

z = ω +
h30
6

ω3 +
h21
2

ω2ω +
h12
2

ωω2 +
h03
6

ω3.

Proof. The inverse transformation can be expressed as

ω = z − h30
6

z3 − h21
2

z2z − h12
2

zz2 − h03
6

z3 +O(|z|4),

then

dω

dt
=

dz

dt
− h30

2
z2

dz

dt
− h21

2

(
2zz

dz

dt
+ z2

dz

dt

)
− h12

2

(
dz

dt
z2 + 2zz

dz

dt

)
− h03

2
z2

dz

dt
+ · · ·

= ib(βc)z +

(
g30
6

− ib(βc)h30
2

)
z3 +

(
g21
2

− ib(βc)h21 −
ib(βc)h21

2

)
z2z

+

(
g12
2

− ib(βc)h21
2

− ib(βc)h12

)
zz2 +

(
g03
6

− ib(βc)h03
2

)
z3 + · · ·

= ib(βc)ω +
1

6
(g30 − 2ib(βc)h30)ω

3 +
1

2

(
g21 − (ib(βc) + ib(βc))h21

)
ω2ω

+
1

2

(
g12 − 2ib(βc)h12

)
ωω2 +

1

6

(
g03 + (ib(βc)− 3ib(βc))h03

)
ω3 +O(|ω|4).
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Let

h30 =
g30

2ib(βc)
, h12 =

g12
−2ib(βc)

, h03 =
g03

−4ib(βc)
,

we have
dω

dt
= ib(βc)ω + c1(βc)ω

2ω +O(|ω|4).

In the following, we try to determine the expression of c1(βc). Substituting system (3.10)
into system (3.9), we have

dz

dt
= ib(βc)ω +

g20
2

(
2h11ω

2ω
)
+ g11

(
h11ω

2ω +
h20
2

ω2ω

)
+

g02
2

h02ω
2ω +

g21
2

ω2ω

= ib(βc)ω +

(
(2ib(βc) + ib(βc))g20g11

2|ib(βc)|2
+

|g11|2

ib(βc)
+

|g02|2

2(2ib(βc)− ib(βc))
+

g21
2

)
ω2ω,

then

c1(βc) =
(2ib(βc) + ib(βc))g20g11

2|ib(βc)|2
+

|g11|2

ib(βc)
+

|g02|2

2(2ib(βc)− ib(βc))
+

g21
2

=
i

b(βc)

(
g20g11

2
− |g11|2 −

|g02|2

6

)
+

g21
2

,

(3.11)

where g20, g11,
g21
2 , g02 can be found in Theorem 3.1 and Theorem 3.2.

In a similar way, the normal form for β → βc can be written as

dω

dt
= λ(β)ω + c1(β)ω

2ω +O(|ω|4),

where

c1(β) =
(2λ+ λ)g20g11

2|λ|2
+

|g11|2

λ
+

|g02|2

2(2λ− λ)
+

g21
2

.

According to Ref. [6, 8], we have the following theorem.

Theorem 3.4. For the network-organized system (2.1), the Hopf bifurcation is subcritical when
Re(c1(β)) > 0 and supercritical when Re(c1(β)) < 0. The bifurcation yields stable periodic orbits
if Re(c1(β)) < 0, while it is unstable when Re(c1(β)) > 0. Moreover, the periodic solutions

are spatially homogeneous provided that |ϕ(1)
i | < 0.1 [8] for all i = 1, 2, . . . , n together with

Re(c1(β)) < 0; in contrast, they become spatially nonhomogeneous if some |ϕ(1)
i | > 0.1 and

Re(c1(β)) > 0 hold.

4. Numerical results and discussion

In this section, numerical simulations are carried out to validate the theoretical results and
illustrate the biological mechanisms. The computations use a time step h = 0.01 with the
fourth-order Runge–Kutta method, and the parameters are set as α = 0.35, β = 0.05, γ = 1.1,
and δ = 1. The network topology used is an Erdös-Rényi (ER) random graph with a fixed
number of nodes n = 100. The parameter p denotes the probability of connection between
any two distinct nodes, with p ∈ [0, 1]. Each figure and result presented is based on a single
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representative random network realization, chosen because the qualitative dynamical behavior
including bifurcation thresholds and pattern types was consistently observed across different
random instances with the same parameters.

According to Theorem 2.1, system (2.1) without network is periodic [Figure 1(a)] when
β = 0.01 < βc = 0.0449 is less, which means the outbreak of infectious diseases is periodic state.
When βc < β = 0.05, it’s stable [Figure 1(b)], which means the endemic state. Namely, the
indirect effect has become one of the dominating factors of the outbreak behaviors [Figure 1(c)].
With the variation of parameters, different outbreak states of the epidemic can be observed.
When the birth rate of the susceptible is low or zero, system (2.1) remains stable, corresponding
to the epidemic or disease-free state. However, as the birth rate gradually increases, system (2.1)
transitions from a stable state to a periodic state at αc = 0.372, which corresponds to a shift
from an endemic state to periodic outbreaks of the disease [Figure 2(a)]. The direct infection
rate similarly affects the dynamical behaviors of the spread; system (2.1) exhibits a periodic
state [Figure 2(b)] when the direct infection rate reaches certain levels, representing periodic
outbreaks. The recovery rate also plays a critical role in transitions from an endemic state
to periodic outbreaks, the system exhibits periodic oscillations when δ < δc = 1.7 and stable
when δ > δc = 1.7 [Figure 2(c)]. Meanwhile, the number of infected individuals decreases with
its gradual increase, eventually leading to a disease-free state. In biological mechanism, when
transmission is weak, the interplay between susceptible replenishment and infection depletion
produces predator-prey-like oscillations, leading to periodic outbreaks; stronger transmission
stabilizes the endemic equilibrium as indirect effects dominate. Similarly, an increased birth
rate of the susceptible or a higher direct infection rate can drive a Hopf bifurcation, shifting the
system from a stable endemic state to oscillatory outbreaks, while a higher recovery rate enhances
damping, suppresses oscillations, and eventually eliminates infection. These mechanisms explain
how parameter variations govern transitions among periodic, endemic, and disease-free states,
consistent with the epidemiological dynamics.
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Figure 1. The stability of system (2.1) without network. (a) Hopf bifurcation occurs and system is periodic
when β = 0.01. (b) The system is stable when β = 0.05. (c) The bifurcation about β.

According to Theorem 2.2 and Theorem 2.3, we consider Turing bifurcation and Turing insta-
bility when Fmin ≤ 0. It was calculated that σ1 = 0.066, σ2 = 21.53 and Λc = −−0.2969+0.2487σ

2σ .
In this paper, we mainly investigate the effect of network on Turing instability by the Laplacian
matrix. Therefore, Λc should be non-positive and Turing instability occurs when σ > σ2 [Figure
3(a)]. When dS = 3, dI = 0.1, σ = 30 > σ2 and Turing instability may occur [Figure 3(b)]. When
dS = 2, dI = 0.1, σ = 20 < σ2 and Turing instability never occur [Figure 3(c)]. Next, we show
the condition of Turing instability for some special network. Figure 4(a) shows (τ1, τ2)∩Λnt ̸= ∅
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Figure 2. The bifurcation of system (2.1) without network. (a) The bifurcation about α. (b) The bifurcation
about γ. (c) The bifurcation about δ.

and the pattern shows coexistence of periodic, endemic, and disease-free states [Figure 4(b)].
When (τ1, τ2)∩Λnt = ∅ [Figure 4(c)], the pattern is homogeneous [Figure 4(d)]. In Figure 4, it’s
found that instability mode (the eigenvalues Λ make Fi(β) < 0) could induce Turing instability
and reorganize the distribution of infectious diseases again. According to Theorem 2.1 and The-
orem 2.3, only Hopf bifurcation occurs [Figure 5(a)] when β = 0.02, dS = 2, dI = 0.1, p = 0.2, the
corresponding pattern is periodic [Figure 5(b)]. Both Hopf bifurcation and Turing bifurcation
occur when β = 0.02, dS = 2, dI = 0.1, p = 0.02, the corresponding pattern is periodic in time
and is not synchronous in space. Namely, Turing-Hopf bifurcation could induce more complex
phenomena.

The number of instability mode varies with p [Figure 6(a)] and more instability modes will
be obtained when ε < 1 [Figure 6(b)]. It is found that βc(Λ) is proportional to Λ [Figure 6(c)]
at Hopf bifurcation point, which mean ε < 1 could extend the periodic region of infectious
disease and make the periodic outbreak easier. Epidemiologically, Turing instability arises when
the susceptible moves much faster than the infective, continuously feeding local outbreaks while
infections remain localized, thereby generating spatially heterogeneous epidemic hot-spots in-
stead of homogeneous prevalence. The underlying network structure plays a decisive role: If
Laplacian eigenvalues lie within the instability interval, specific structural modes are amplified,
producing non-uniform epidemic distributions, while the absence of such eigenvalues preserves
homogeneity. As network parameters such as connectivity or heterogeneity increase, the number
of instability modes grows, giving rise to more diverse and complex spatial epidemic patterns,
including coexistence of periodic outbreaks, endemic states, and disease-free regions. From a
control perspective, limiting rapid susceptible movement, isolating or transferring the infective,
and restructuring contact networks (e.g., reducing cross-community links or balancing connec-
tivity) can effectively suppress instability modes and mitigate spatial epidemic clustering.

On the basis of Theorem 2.1 and Theorem 3.4, we further examined the periodic behaviors of
infectious diseases with respect to the indirect infection rate β. For ε = 1, the pattern formation
is stable periodic [Figure 7(a)] when β = 0.0449 and Re(c1(β)) = −0.0070 < 0; although the
amplitude become larger when β = 0.035; the pattern formation is stable [Figure 7(b)] because
Re(c1(β)) = −0.0038 < 0 holds. Meanwhile, the critical eigenvector associated with Λ1 = 0
at βc = 0.0449 is spatially uniform [Figure 7(c)], leading to homogeneous periodic solutions
[Figure 7(a,b)], which is consistent with the numerical results [8]. In contrast, Figure 8 shows
that the eigenvector corresponding to the dominant eigenvalue Λ1 = 2.0304 becomes spatially
heterogeneous, giving rise to nonuniform periodic outbreaks when β = 0.035 [Figure 8(a)] or
β = 0.01 [Figure 8(b)]. Namely, for ε < 1, the pattern formation becomes nonuniform periodic
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Figure 3. The instability condition of system (2.1). (a) The minimum with σ = dS
dI

. (b) The distribution of

Fi(β) with Λ when dS = 3, dI = 0.1. (c) The distribution of Fi(β) with Λ when dS = 2, dI = 0.1.
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Figure 4. Turing instability and pattern formation of system (2.1) when dI = 0.1. (a) The distribution of Λ
when dS = 3, p = 0.01. (b) The pattern formation when dS = 3, p = 0.01. (c) The distribution of Λ when
dS = 2, p = 0.2. (d) The pattern formation when dS = 2, p = 0.2.

when β = 0.035 and Re(c1(β)) = 0.0017 > 0, and the periodic amplitude will be larger when
β = 0.01 and Re(c1(β)) = 0.0137 > 0. Also, the stability of pattern formation is in line with
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Figure 5. The instability and pattern formation of system (2.1) when β = 0.02, dS = 2, dI = 0.1. (a) The
distribution of Λ when p = 0.2. (b) The pattern formation when p = 0.2. (c) The distribution of Λ when
p = 0.02. (d) The pattern formation when p = 0.02.
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Figure 6. The distribution of Λ. (a) The distribution of Λ for Laplacian matrix ε = 1. (b) The distribution of
Λ for Quasi-Laplacian matrix ε = 0.8. (c) The relationship between Λ and βc.

the distribution of the eigenvector [8] and the stability periodic solutions. These observations
are consistent with Theorem 3.4 and Ref. [8], which shows that the direction and stability of
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Hopf bifurcations are determined by the cubic coefficient c1(β) in the normal form: A super-
critical Hopf bifurcation with Re(c1(β)) < 0 produces stable, sustained oscillations, whereas
a subcritical Hopf bifurcation with Re(c1(β)) > 0 leads to unstable periodic states. From an
epidemiological perspective, the results imply that homogeneous network structures favor syn-
chronous oscillations across all nodes, while heterogeneous networks amplify specific eigenmodes
and generate localized epidemic hotspots. Thus, quasi-Laplacian coupling not only increases the
number of instability modes but also shifts the Hopf bifurcation toward spatially nonhomoge-
neous outbreaks, thereby facilitating the coexistence of periodic epidemics and endemic states
in structured populations. Subsequently, we utilized specific influenza data from 44 countries
across three regions Africa, the Mediterranean, and the Western Pacific over nearly four years
from 11.14.2021 to 10.12.2025 to verify our theoretical results. In data processing, we replaced
certain missing specific values in the influenza data of these countries with 0 and performed
unified standardization to ensure all values fall within a consistent range. The obtained pat-
tern results show that influenza in most nodes (countries) exhibits periodic [Figure 9], which
corresponds to our theoretical findings.
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Figure 7. The pattern formation and the distribution of ϕ
(1)
i . (a) The pattern formation when ε = 1, β = 0.0449

and Re(c1(β)) = −0.0070 < 0.(b) The pattern formation when ε = 1, β = 0.035 < βc and Re(c1(β)) = −0.0038 <

0. (c) The distribution of ϕ
(1)
i for Laplacian matrix ε = 1.
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Figure 8. The pattern formation and the distribution of ϕ
(1)
i . (a) The pattern formation when ε = 0.8, β = 0.035

and Re(c1(β)) = 0.0017 > 0. (b) The pattern formation when ε = 0.8, β = 0.01 and Re(c1(β)) = 0.0137 > 0. (c)

The distribution of ϕ
(1)
i for Quasi-Laplacian matrix ε = 0.8.
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Figure 9. The new confirmed cases about influenza in Africa, Eastern Mediterranean and Western Pacific regions
from 11.14.2021 to 10.12.2025. Data source: FluNet (https://www.who.int/tools/flunet).

5. Conclusion

In this paper, we proposed a network-organized SIR epidemic model that integrates indirect
transmission mechanisms with quasi-Laplacian diffusion to capture the interplay between bio-
logical processes and network-connected mobility. By conducting linear stability analysis, eigen-
mode decomposition, and normal-form reduction, we derived explicit parameter thresholds gov-
erning Hopf bifurcation, Turing instability, and their interaction within heterogeneous networks.
The analytical results reveal that indirect transmission reshapes epidemic thresholds and can
trigger oscillatory outbreaks even when direct transmission remains insufficient to destabilize the
endemic equilibrium. Meanwhile, asymmetric diffusion between susceptible and infected pop-
ulations enlarges Turing-unstable regions and activates additional network eigenmodes, giving
rise to spatially heterogeneous infection patterns.

Numerical simulations further substantiate these theoretical findings. In the absence of net-
work effects, the system exhibits clear transitions among disease-free, endemic, and periodic
states as key biological parameters cross bifurcation thresholds. When embedded in random
or quasi-Laplacian networks, the system displays a rich repertoire of spatiotemporal dynamics,
including spatially synchronized oscillations, nonuniform periodic outbreaks, coexistence of en-
demic and oscillatory nodes, and complex Turing-Hopf interactions. The results also indicate
that network connectivity, node degree heterogeneity, and the strength of diffusion asymmetry
decisively shape the number and type of unstable modes, thereby determining the emergence
and spatial form of epidemic clusters.

To validate the theoretical framework, we calibrated the model using real influenza surveil-
lance data collected from 44 countries in Africa, the Eastern Mediterranean, and the Western
Pacific between 2021 and 2025. The empirical data exhibit pronounced periodicity and spatial
clustering-features accurately reproduced by the model’s Hopf and Turing bifurcation mecha-
nisms. This agreement demonstrates that instability-driven processes, amplified by asymmetric
mobility and indirect transmission pathways, can explain the recurrent cycles and regional het-
erogeneity observed in real-world influenza outbreaks.

Overall, this study establishes a comprehensive theoretical and data-supported foundation
for understanding epidemic pattern formation in structured populations. It highlights that
reducing indirect transmission routes, managing asymmetric mobility, or reshaping network
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connectivity can effectively suppress instability-driven oscillations and spatial clustering. These
insights provide valuable guidance for designing control strategies in modern, mobility-connected
epidemiological environments.
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Appendix A

Appendix A1

The detailed presentation of the expressions p21, p22, p23, p24, p25, p26, q21, q22, q23, q24, q25

p21 = dI(dI + dS),

p22 = (2dI + dS)(uvγ − δ)− dI(v
2γ + 2βu)− (dI − dS)ib(βc),

p23 = (4u2v2 − 2uv3)γ2 − 2(2u2β + (ib(βc) + 2δ)u+
(ib(βc)− δ)v

2
)vγ − 2β(ib(βc)− δ)u

+ib(βc)δ + δ2 + 2(b(βc))
2,

p24 = (dI + dS)
2,

p25 = 4(dI + dS)((u− v

2
)vγ − βu− δ

2
),

p26 = 4(u− v

2
)2v2γ2 − 8(βu+

δ

2
)(u− v

2
)vγ + 4β2u2 + 4βδu+ δ2 + 4(b(βc))

2,

q21 = 2(dI + dS)uvγ,

q22 = −4((−u+
v

2
)vγ + βu+ ib(βc) +

δ

2
)uvγ,

q23 = (dI + dS)
2,

q24 = 4(dI + dS)((u− v

2
)vγ − βu− δ

2
),

q25 = 4(u− v

2
)2v2γ2 − 8(βu+

δ

2
)(u− v

2
)vγ + 4β2u2 + 4βδu+ δ2 + 4(b(βc))

2.

Appendix A2

The detailed presentation of the expressions aij(i = 1, 2, 3, 4, 5, 6, j = 1, 2, 3)

a11 = − dS
2

2 γ uv2
,

a12 =
−dS
u

+
2 dS β

γ v2
+

dS ib(βc)

γ uv2
,

a13 =
3γ v2

2u
+

ib(βc)

u
− 2uβ2

γ v2
− 2β ib(βc)

γ v2
+

b(βc)
2

2 γ uv2
,

a21 =
dS

2

2 γ uv2
,
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a22 =
dS
u

− dS ib(βc)

γ uv2
− 2 dS β

γ v2
,

a23 = −3γ v2

2u
− ib(βc)

u
+

2uβ2

γ v2
+

2β ib(βc)

γ v2
− b(βc)

2

2 γ uv2
,

a31 = − dS
2

2 γ uv2
,

a32 =
−dS
u

+
2 dS β

γ v2
,

a33 =
3γ v2

2u
− 2uβ2

γ v2
− b(βc)

2

2 γ uv2
,

a41 =
dS

2

2 γ uv2
,

a42 =
dS
u

− 2dS β

γ v2
,

a43 = −3 γ v2

2u
+

2uβ2

γ v2
+

b(βc)
2

2 γ uv2
,

a51 = − 3 dS
2

2 γ u2v2
,

a52 =
3 dS
u2

+
6 dS β

γ uv2
+

dS ib(βc)

γ u2v2
,

a53 = −3 γ v2

2u2
− 6β

u
− 6β2

γ v2
− b(βc)

2

2 γ u2v2
− ib(βc)

u2
− 2β ib(βc)

γ uv2
,

a61 =
3 dS

2

2 γ u2v2
,

a62 = −3 dS
u2

− 6 dS β

γ uv2
− dS ib(βc)

γ u2v2
,

a63 =
3 γ v2

2u2
+

6β

u
+

6β2

γ v2
+

b(βc)
2

2 γ u2v2
+

ib(βc)

u2
+

2β ib(βc)

γ uv2
.

Appendix A3

The detailed presentation of the expressions s3, s4, bij(i = 1, 2, 3, 4, 5, j = 1, 2, 3), b54

s3 =

n∑
i=1

(ϕ
(1)
i )3, s4 =

n∑
i=1

(ϕ
(1)
i )4,

b11 = 2 γ uv2
(
2 γ uv − γ v2 + Λ dS + Λ dI − 2β u− δ − 2ib(βc)

)
,

b12 = −3 γ2v4 + 2Λ dS γ v2 − 2 γ v2ib(βc) + Λ2dS
2 − 2Λ dSib(βc)

− 4Λβ dS u− b(βc)
2 + 4β ib(βc)u+ 4β2u2,

b13 = −dIΛ + ib(βc) + δ,

b21 = 2 γ uv2
(
2 γ uv − γ v2 + Λ dS + Λ dI − 2β u− δ + 2ib(βc)

)
,

b22 = −3 γ2v4 + 2Λ dS γ v2 − 2 γ v2ib(βc) + Λ2dS
2 − 2Λ dSib(βc)

− 4Λβ dS u− b(βc)
2 + 4β ib(βc)u+ 4β2u2,
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b23 = −dIΛ− ib(βc) + δ,

b31 = 2 γ uv2
(
2 γ uv − γ v2 + Λ dS + Λ dI − 2β u− δ − 2ib(βc)

)
,

b32 = −3 γ2v4 + 2Λ dS γ v2 + Λ2dS
2 − 4Λβ dS u+ 4β2u2 + b(βc)

2,

b33 = −dIΛ + ib(βc) + δ,

b41 = 2 γ uv2
(
2 γ uv − γ v2 + Λ dS + Λ dI − 2β u− δ + 2ib(βc)

)
,

b42 = −3 γ2v4 + 2Λ dS γ v2 + Λ2dS
2 − 4Λβ dS u+ 4β2u2 + b(βc)

2,

b43 = −dIΛ− ib(βc) + δ,

b51 = 2 γ uv2
(
2 γ uv − γ v2 + Λ dS + Λ dI − 2β u− δ − 2ib(βc)

)
,

b52 = −γ v2 + dS Λ− ib(βc)− 2β u,

b53 = −3 γ v2 + 3 dS Λ + ib(βc)− 6β u,

b54 = −dIΛ + ib(βc) + δ.

Appendix A4

The specific derivation process of the formula (3.9)

dz

dt
= ib(βc)z + ⟨p∗, Nc⟩

= ib(βc)z + ⟨p∗, 1
2
K(C,C) +

1

6
M(C,C,C)⟩

= ib(βc)z +
1

2
⟨p∗,K(zp+ zp+ ω, zp+ zp+ ω)⟩

+
1

6
⟨p∗,M(zp+ zp+ ω, zp+ zp+ ω, zp+ zp+ ω)⟩

= ib(βc)z +
1

2
z2⟨p∗,K(p, p)⟩+ zz⟨p∗,K(p, p)⟩+ 1

2
z2⟨p∗,K(p, p)⟩

+ z⟨p∗,K(p, ω)⟩+ z⟨p∗,K(p, ω)⟩+ 1

6
z3⟨p∗,M(p, p, p)⟩

+
1

2
z2z⟨p∗,M(p, p, p)⟩+ 1

2
zz2⟨p∗,M(p, p, p)⟩

+
1

6
z3⟨p∗,M(p, p, p)⟩+O(|z|4)

= ib(βc)z +
1

2
z2⟨p∗,K(p, p)⟩+ zz⟨p∗,K(p, p)⟩+ 1

2
z2⟨p∗,K(p, p)⟩

+
1

2
z3⟨p∗,K(p, ω20)⟩+ z2z⟨p∗,K(p, ω11)⟩+

1

2
zz2⟨p∗,K(p, ω02)⟩

+
1

2
z2z⟨p∗,K(p, ω20)⟩+ zz2⟨p∗,K(p, ω11)⟩+

1

2
z3⟨p∗,K(p, ω02)⟩

+
1

6
z3⟨p∗,M(p, p, p)⟩+ 1

2
z2z⟨p∗,M(p, p, p)⟩

+
1

2
zz2⟨p∗,M(p, p, p)⟩+ 1

6
z3⟨p∗,M(p, p, p)⟩+O(|z|4)

= ib(βc)z +
1

2
z2⟨p∗,K(p, p)⟩+ zz⟨p∗,K(p, p)⟩+ 1

2
z2⟨p∗,K(p, p)⟩
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+
1

6
z3 (3⟨p∗,K(p, ω20)⟩+ ⟨p∗,M(p, p, p)⟩)

+
1

2
z2z (2⟨p∗,K(p, ω11)⟩+ ⟨p∗,K(p, ω20)⟩+ ⟨p∗,M(p, p, p)⟩)

+
1

2
zz2 (2⟨p∗,K(p, ω11)⟩+ ⟨p∗,K(p, ω02)⟩+ ⟨p∗,M(p, p, p)⟩)

+
1

6
z3 (3⟨p∗,K(p, ω02)⟩+ ⟨p∗,M(p, p, p)⟩) +O(|z|4)

= ib(βc)z +
1

2
g20z

2 + g11zz +
1

2
g02z

2 +
1

6
g30z

3

+
1

2
g21z

2z +
1

2
g12zz

2 +
1

6
g03z

3 +O(|z|4).
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