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DYNAMICS OF A LESLIE-GOWER PREDATOR-PREY MODEL WITH
SMITH GROWTH AND ALLEE EFFECT

Zhennan Hu'!, Zhong Li", Fengde Chen' and Mengxin He?

Abstract In this paper, considering constant environment and changing environment,
we study the bifurcation and transient dynamics of a Leslie-Gower predator-prey model
incorporating Smith growth and Allee effect. In a constant environment, we show that the
origin is an attractor, and the system admits at most two positive equilibria: One is a saddle
and the other can be a weak focus of order four. The unique equilibrium is a saddle-node or
a cusp of codimension three. As system parameters vary, the system undergoes a sequence of
bifurcations, including saddle-node bifurcations, degenerate Bogdanov-Takens bifurcations of
codimension three, and a degenerate Hopf bifurcation of codimension four. In a changing
environment, by comparing these transient dynamics with the bifurcation structure of the
corresponding constant environment system. We show that the system has rich transient
dynamics, such as tracking of unstable equilibria or limit cycles, delay or avoid extinction,
and slow and fast regime shifts. We show that low Smith growth or Allee effect is conducive
to the stable coexistence of species, while the high Smith growth or Allee effect can eventually
lead to the extinction of species.
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1. Introduction

The classic predator-prey model is one of the research contents in theoretical ecology, providing
a basic framework for analyzing the interactions among species and the changes in their dynamic
behaviors. A common predator-prey model is the Leslie-Gower predator-prey model [20, 21]
which can be as follows

=)
T=rx(l—-—)—
K qry,

. Y
:3y<1 — %),

where x(t) and y(t) represent the densities of prey and predator at time ¢, respectively, the term
- describes the Leslie-Gower formulation, and na represents the effective carrying capacity of
the predator population due to its reliance on prey availability. Korobeinikov [18] proved that
the unique positive equilibrium of system (1.1) is globally asymptotically stable. Subsequent
studies [5,7,12,16,29,37] have extended Leslie-Gower predator-prey model by introducing various
functional responses, resulting in richer dynamics and complex bifurcation phenomena.
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Another ecologically important concept is the Allee effect, first systematically described by
W. C. Allee [1]. It refers to the reduced fitness or growth rate of a population at low densities
due to difficulties in mating, cooperative behaviors, or predator avoidance. Incorporating the
Allee effect into predator-prey models reveals bistability and extinction thresholds that are
critical for understanding species persistence. From an ecological perspective, the Allee effect
emphasizes the vulnerability of populations at low densities. When population size falls below
a critical threshold, reduced mating success, weakened cooperative behaviors, and increased
predation risk can significantly impair population growth. As a consequence, populations subject
to strong Allee effects may experience an extinction threshold, beyond which recovery becomes
impossible even under favorable environmental conditions. In predator—prey systems, the Allee
effect can therefore generate multiple stable states and fundamentally alter persistence and
extinction outcomes, which is particularly relevant for conservation and population management.
Gonzéles-Olivares et al. [30] introduced the Allee effect on prey into system (1.1), and proposed
the following system

izrw(l— %)(w—m) — quy,

g=sy(1- L),
nx

(1.2)

where m is the Allee threshold. System (1.2) exhibits more complex dynamics than the classical
system (1.1), including bistability, Hopf bifurcation, and Bogdanov-Takens bifurcation. Moreover,
Yin et al. [39] incorporated the effect of prey refuge on system (1.2). Using the prey refuge and
Allee effect as threshold condition, the authors investigated the stability and bifurcation of system,
and showed that system can undergo degenerate Bogdanov-Takens bifurcation of codimension
three and degenerate Hopf bifurcation of codimension two. Many researchers have explored
predator-prey model with Allee effect and various forms of functional responses [6, 15,23, 32],
while other studies have focused on different types of Allee effect [17,22,25,40].

In many ecological scenarios, the logistic equation is 2 = rz(1 — ), assuming that the
average growth rate of a species % would decrease linearly with its population density, which is
unrealistic for some species. For example, by experiment, Smith [34] revealed that the early-stage
growth of Daphnia populations depends on both food availability and metabolic maintenance,
whereas at higher densities, food is only sufficient for survival, not growth. Biologically, the
Smith growth model provides a more realistic description of population growth under limited
and saturating food resources. Unlike logistic growth, it captures the trade-off between energy
intake and metabolic maintenance. At low population densities, sufficient resources promote
population growth, whereas at higher densities, increased metabolic costs suppress reproduction
before the carrying capacity is reached. This mechanism reflects empirical observations in natural
populations and highlights the importance of food limitation and metabolic constraints in shaping
population dynamics. Hence, Smith [34] addressed this limitation by proposing a nonmonotonic
growth model, that is £ = rz II((J:;; , where a is a parameter reflecting the metabolic cost of
maintaining the population. The Smith growth model, sometimes called the “limited food”
model, accounts for resource limitation and saturation effects.

The predator-prey model with Smith growth has been studied in various situations: Pal
et al. [31] investigated a predator-prey model incorporating the Smith growth function, prey
refuge, and toxicant-induced predator mortality. They analyzed the stability of system and
demonstrated the occurrence of Hopf bifurcation. Bai et al. [4] discussed a predator-prey model
with a Smith growth function and the addition predation term, and investigated the stability
and Hopf bifurcation of system, as well as the existence of a heteroclinic orbit loop and limit
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cycles. Fu and Jiang [11] considered a diffusive predator-prey model with schooling behavior and
Smith growth in prey, and discussed the existence of the Turing bifurcation and Hopf bifurcation.
For more references about the Smith growth, see [10,19,24].

Motivated by the complementary roles of the Smith growth function and the Allee effect in
shaping ecological dynamics, we propose the following Leslie-Gower predator-prey model with
Smith growth and Allee effect

K—x>( )
—_— r—m)—qgxr
K+ ax <Y

j=sy(1--2),
nx

jzzm:(

(1.3)

where the coefficients all are positive, z and y stand for population densities of prey and predator
at time ¢, respectively; r and s are the intrinsic growth rates of prey and predator, respectively;
K is the carrying capacity of prey; ¢ is the maximum rate of predation; m (0 < m < K) is the
strong Allee effect; a is the resource limitation;  is the mass substitution rate of the population
at K; and n is the quality of prey provided to the predator.

The study of populations responses to environmental fluctuations remains a central challenge in
ecological research [2,26]. In particular, linking transient dynamics under changing environments
with the stable and unstable structures of corresponding constant environment systems can
provide key insights into the mechanisms underlying regime shifts and population persistence.
To describe the directional change in habitat quality, Arumugam et al. [3] proposed that the
prey’s carrying capacity is a linear function of time. Xiang et al. [38] considered the following
Leslie-Gower predator-prey model with Holling II function response and generalist predator in a
changing environment

.: (1 B g) _quy
T=rx 7 Pt

- )
nr+e/’
K =p.

They demonstrated that environmental change can induce transient tracking of unstable states,
leading to regime shifts whose timing depends critically on the rate of change. In a periodic
environment, they found that the populations converge to a periodic solution or an invariant
torus. Lu et al. [27] further showed that both the direction and speed of environmental change
can delay or trigger extinction, especially in spatially structured ecosystems.

Inspired by [27,38] and based on system (1.3), we introduce the following model in a changing

environment:
K-z

m) (z —m) — quy,
j=su(1-L), (1.4)

nx
K =p,

:i‘zr:c(

where p denotes the rate of environmental change affecting the habitat’s carrying capacity. From
the third equation, the carrying capacity is modeled as K (t) = Ko + ut (Kj is the initial value),
where 1 > 0 (¢ < 0) represents linear environmental improvement (degradation).

In this paper, considering the constant environment, we discuss the stability and bifurcations
of system (1.3), such as the degenerate Bogdanov-Takens bifurcation of codimension 3 and the
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degenerate Hopf bifurcation of codimension 4. Considering the changing environment, based on
the dynamics of system (1.3), we focus on the influence of the rate of environmental change 1 on
the dynamics of system (1.4). We also compare the resulting transient and long-term behaviors
with the bifurcation structures of the corresponding constant environment system (1.3), aiming
to predict possible regime shifts and assess population persistence.

The remaining paper is organized as follows. In Section 2, we study the equilibria and their
types of system (1.3), and then discuss bifurcations, including saddle-node bifurcation, degenerate
Bogdanov-Takens bifurcation of codimension 3 and degenerate Hopf bifurcation of codimension
4. In Section 3, we explore the impact of environmental change on the dynamics of system (1.4).
Finally, we discuss our results in Section 4.

2. Constant environment

Under constant environment g = 0, we will give a complete analysis of the stability and high
codimension bifurcations of system (1.3). For simplicity, using the following transformation

_ T _ Yy -

T = —, =—, t=Krt,
K YT K

_ ng _ s _ m

QZTa SZE» m:?,

and dropping the bars, system (1.3) becomes the following system

&= M(fﬂ—m) — qzy, 2.1)
-n1-2)

where a, q, s are positive and 0 < m < 1. Obviously, the positive invariant and bounded region
of the system is Q = {(z,y) e R? |0 <2< 1,0 <y < 1}.

2.1. Preliminaries

Notice that system (2.1) is not defined in = 0. Therefore, using blow-up method, we will
discuss the dynamics of system (2.1) near the origin.

Lemma 2.1. The origin of system (2.1) is an attractor.

Proof. Letting dt = z(1 + ax)dr, system (2.1) is topologically equivalent to the following
system
. 2
t=x"|(1—x)(x —m) — qy(l + azx)|,
(1—z)( ) — ay( ) (2.2)
y=sy(l+azx)(z —y),

and it is well defined in axis = 0. Obviously, when z = 0, we have 2 = 0 and ¢ = —sy? < 0,
which means that system (2.2) has the invariant line z = 0. The Jacobian matrix of system (2.2)
at (0,0) is

J(0,0) =
0 0
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Next, we use the blow-up method of Chapter 3.1 in [41] to prove the stability of the origin of
system (2.2). Using the transformation x = u,y = uv, udr = dt, system (2.2) becomes

. 2 2
U = —ulaquv + quv —mu +u” +m —u),
( ) (2.3)

2

0 = v(aquu —asuv+asu+quv—mu—sv+u2+m+s—u).

Therefore system (2.3) has two boundary equilibria (0,0) and (0, mts

). The Jacobian
matrix of system (2.3) at (0,0) is

-m 0
J(0,0) =
0 m+s

m—+ s

)

Obviously, (0,0) is a saddle (see Figure 1(a)). The Jacobian matrix of system (2.3) at (0,

1S

m—+ s -m 0
J(0, s )= _(m+s)(asm—q7;1+ms—qs+5) _(m+ ) ’
s

which implies that (0, ™2) is an attractor (see Figure 1(a)). Combining the above results, the
origin of system (2.1) is an attractor (see Figure 1(b)). The proof is completed. O

Remark 2.1. From Lemma 2.1, the origin (0,0) of system (2.1) is an attractor. More precisely,

when the predation rate ¢ is sufficiently large (¢ > max,¢ (1) %), the origin (0,0) is
globally asymptotically stable. Indeed, under this condition, the system admits no positive
interior equilibrium. Moreover, the feasible region is positively invariant and bounded. By the
Poincaré-Bendixson theorem, the absence of interior equilibria and periodic orbits implies that
every trajectory converges to the only remaining equilibrium, namely the origin (0, 0).

From a biological point of view, the global asymptotic stability of the origin corresponds to the
extinction of both predator and prey populations. Excessively strong predation pressure prevents
the prey population from persisting, while the predator population subsequently collapses due to
the depletion of its food resource.

2.2. Existence and stability of equilibria

In this section, we discuss the equilibria of system (2.1) and investigate its existence and types.

Firstly, we discuss the existence and stability of the boundary equilibrium of system (2.1).
It is easy to see that system (2.1) always has two boundary equilibria Ex(1,0) and E,,(m,0).
By direct computation, the Jacobian matrix of system (2.1) evaluated at Fx and E,, reveals
that each equilibrium possesses at least one positive eigenvalue. Therefore, both equilibria are
unstable.

Next, we want to discuss the positive equilibrium of system (2.1). Let £ =y = 0 in system
(2.1), then

(x—m)(1—2x) B
14 az qy =0,
1-Z=o.

x
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(a) (b)

Figure 1. (a) For system (2.3), (0,0) is a saddle, (0, ™+2) is an attractor. (b) The origin of system (2.1) is an
attractor.

For the possible positive equilibrium, we just consider the following equation

(ag+1)z? -~ (m+1—¢q)x+m =0,
y=zx.
Denote
F(x) = (ag +1)a* — (m + 1 — q)z +m, (2.4)

where the derivative of (2.4) is
f(z)=2(ag+ 1)z — (m+1—q).

Obviously, m < ¢—1 implies that (2.4) has no positive root. Hence, in the following discussion,
we only consider max {g — 1,0} < m < 1.
The discriminant of (2.4) is

A = 4mg(a* — a),

where

. m*=2(q+1)m+(qg—1)

2
a = .

dmgq

Obviously, when ¢ > 2, equation (2.4) has no positive root. When 1 < ¢g<2or0<g<1
with (1 —,/g)? < m < 1, we have a* < 0, which implies that equation (2.4) has no positive root.
Define
m+l—qg—VA  m+l-qg+vVA 2m
2(ag+1) v 2(ag+1) w*_m—q—i-l’

and note that z1 < x4, < x9.

Consequently, when 0 < ¢ < 1l and 0 < m < (1 — \/5)2, that is a* > 0, equation (2.4) has
no positive root if a > a*, a unique positive root z, if a = a*, and two positive roots x1, xa if
a < a*.

Ir1 =
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Next, we investigate that the existence of the positive roots of (2.4) in the interval (m,1).
Note that

F(m) =agm?® +qm >0, F(1) =aq+q >0,
f(m)=2amg+m+q—1, f(1) =2ag+q+1—m >0.

When 0 < g<1, 0<m < (1—,/g)? and 0 < a < a*, we have

(m—g+1)(m—q—1)
2

f(m)<2a*mg+m-+q—1= <0,

which means that m < 1 < x, < x5 < 1. Therefore, we have the following result.

Lemma 2.2. The ezistence of positive equilibria of system (2.1) are as follows:

(i) if0 < g<1,0<m< (1—,/q)% and 0 < a < a*, system (2.1) has two distinct positive
equilibria Ey(x1,x1) and Eo(xe, x2);

(i) if 0 < g<1,0<m< (1—,/q)* and a = a* system (2.1) has a unique positive equilibrium
E. (x4, xy);

(iii) if g >1;0r0<qg<1, (1—g*<m<1l;or0<qg<1l,0<m<(1-,/q)?2 a>a*,
system (2.1) has no positive equilibrium.

For any positive equilibrium FE(z,y), the Jacobian matrix of system (2.1) is

x((1—2x+m) a(l—a:)(a:—m)) e
Jp =

(1+az) 1+ az)?

S —S

)

and

s(a2qa:3+2aqac2+aac2—am+q3:—m+2:v—1)

Det(JE) = (1 n a$)2 )
o) = R - S

From F(z) = 0, we have

o (aq+1)x2—|—(q—1):c. (2.5)

r—1

Substituting (2.5) into Det(Jg) and f(z), we get

s
1+ ax

Det(Jg) = (2). (2.6)

Obviously, from equation (2.6), we can know that DetJg, < 0 and DetJg, > 0, which
implies that F is a saddle. Then we have the following theorem.

Theorem 2.1. Assume that the condition of Lemma 2.2 (i) holds, then E is always a saddle.

Now we investigate the stability of E5. By computation, we have

Tr(Jg,) = S« — s,
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where (1 =229+ m)(azs + 1) — (22 — m)(1 — x2)a.

(axg +1)2

Hence, if s, < 0, we obtain Tr(Jg,) < 0, which implies that Fj is stable. In the following
discussion, we only consider s, > 0. If s, > s > 0, we can get T'r(Jg,) > 0, which means that Fs
is unstable; if s, < s, that is, Tr(Jg,) < 0, Es is stable; if s, = s, we have Tr(Jg,) = 0, that
is, Fs is a weak focus with multiplicity at most four (see Theorem 2.6). Combining the above
discussion, we can get the following theorem.

Theorem 2.2. Assume that the condition of Lemma 2.2 (i) holds, then
(1) if s« > s >0, Ey is unstable;

(2) if 0 < sx < s or s, <0, Ey is stable;

(8) if s = s« > 0, Ey is a weak focus with multiplicity at most four.

Sy =

Now, we next discuss the dynamic behavior of the degenerate equilibrium F,(z.,z.). By
calculation, when 0 < m < (1 — \/51)2 and 0 < ¢ < 1, we have

Det(Jg,) =0, Tr(Jg,) = s1 — s,
where
2gm
m—q+1

me=2q—3+T, T =+/¢>—8q+38,

S1 =

Define

for § <q<4-2V3.

Theorem 2.3. Assume that 0 < m < (1 —,/q)* and a = a* hold.
(1) When0 < g<1,s>s1 (or0<qg<1,0<s<sy), Es is a saddle-node, which includes a
stable (or unstable) parabolic sector in the left.
(2) When s = s1,

(2.1) E is a cusp of codimension two if ¢ < %; or % < q < 4—2V3 and m # my; or
4-2V3<q<1;

(2.2) Ey is a cusp of codimension three zf% <q<4—2V3 and m =m,.
Proof. (1) When s # si, that is Det(Jg,) =0, Tr(Jg,) # 0, making the following transforma-
tion

T=21+Tx, Y=Y+ Ys;
T = —81(932 - y2>7 Y1 = —81T2 + sy, dt = (81 - S)dT,

still denoting 7 as t, system (2.1) becomes

Ty = 020563 + an1x2y2 + ap2y2 + o(|z2, y2|2),
U2 = Yo + baox3 + bi172y2 + bo2ys + o(|z2, y2|?),

where
2smq? (m —q+1)
n—1—q) (m+a—1)(s1 =5

and a11, age, bi1, boo, bog are expressed by s, x., g, which are omitted for brevity.

a0 = —
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When 0 < m < (1 — \/51)2, 0 < qg<1and s # s1, we have asg < 0. By Theorem 7.1 in
Chapter 2 of [41], E, is a saddle-node, which includes a stable (or unstable) parabolic sector in
the left if s > 51 (or 0 < s < s1), see Figures 2(a) and 2(b).

(2) When s = s1, using the following transformations successively

T=21+Ts, Y=Y1+ Ys;

Tl = —81%2, Y1 = —S1T2 + Y2,
system (2.1) can be written as
B9 = Yo + G075 + @1129y2 + 0|22, ya|?),
U2 = b20w3 + brays + boays + of|w2, y2|?),

where

2¢°m (m —q+1)

agp = y G11 = —q,
(m—1-q)(m+q—1)
- 4g>m? - 2¢°m - s(m—q+1)
b2o = y bn=———r—, b= —— .
(m+q¢g—1)(m—1—gq) m—q+1 2m
By Lemma 3.1 in [14], system (2.7) becomes
X =Y +o(X,Y]?),
Y = DX? + EXY +o(|X,Y %),
where
B 4g3m? B 2¢°m (m2 +2(3—-29)m+ (3¢ —1)(q — 1))
(m+q—1)(m—1-q) (m—gq+1)(m+qg—-1)(m—1-gq)

Notice that 0 < m < (1 —,/g)? and 0 < ¢ < 1. Then we obtain that D # 0. By simple
calculation, if ¢ < %; or % <qg<4—2V3and m#my; or4—2v3<q<1, wehave E # 0, it
implies that is F, is a cusp of codimension two (see Figure 2(c)).

When m = m, and % <g<4-— 2\/3, we can get F£ = (. Using the similar transformations in
[38], we want to show that E, is a cusp of codimension three. Making the following transformation,

2m 2Mmey

r=x —— Yy = _—
1+m*_q+1 Y y1+m*—q+1

system (2.1) becomes

&1 = A10T1 + do1y1 + G0t + an1T1y1 + azors + asor] + o1, yi|h),
91 = biox1 + bory + 5209«“% + bz + 5022»/% + 53096i’ + 52190%311 (2.8)
+512$19% + 54090411 + 53193?3/1 + 52296%1/% + o(|z1,y1]*),

where the coefficients of system (2.8) are omitted for brevity.
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Letting
ro = T1,
_ - ~ ~ 2 -3~ 4 4
Y2 = Q1071 + Ao1y1 + G207 + A1121Y1 + g0z + asox] + o|z1, y1|”),

system (2.8) becomes

T2 = Y2,
Yo = 520:6% + meg + 530(133 + 621«77%(”92 + 61255211% + 640x£2l (2.9)
+e3123Yy2 + C22w3Y3 + 0|2, y2|*),

where ¢;; can be represented by a;;, b;;, and their detailed expressions are omitted for brevity.
In the following proof of this theorem, all the coefficients of systems are also omitted.
Next, making the following transformation,

T3 = Y2, Y3 = (1 — Coax2)y2, dt = (1 — Co2x2)dr,
still rewriting 7 as ¢, system (2.9) becomes
1.3 = Y3,
i3 = daox3 + dsorh + dnadys + diowsy; + daows (2.10)

+J31$§y3 + J22f'3§?/§ + o(|z3, y3|*).

When%<q<4—2\/§,

2
5 ¢ (2¢—34+T)
dog = ————— < 0.
20 (—21T
Making a transformation as follows
Ty = —T3, Ya = y73~, 71 =/ —daot,
—d2o

and still denoting 7 as ¢, system (2.10) becomes

T4 = Y4,

(2.11)
U4 = T3 + E3025 + Corxiys + E1oxays + Eaox] + E3175ys + Eooxiy? + 0|z, ya|h).
By Lemma 2 in [13], system (2.12) is locally topologically equivalent to
T5 = Ys5,
P (2.12)

U5 = x5 + Gaiys + o(|zs, ys|*),
where :
V2(q—2+T)2G4

G=- 5 5 5
8Bgq—4+T)2(T+q—4)2(2¢—3+1T)>2

I
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Figure 2. (a) E. is an attracting saddle-node with m = %, q= i, 5= %, a= ?7 (b) E. is a repelling saddle-node
Withm:%,q:i, %, ?, (c) E. is a cusp ofcodimension2withm:§’—8,q: Ls==L a=2 (d)

s = a = 4’
E, is a cusp of codimension 3 with m = %, q=

16° T
23 23 4

a1 5= 1760 @ = 323-

and

G1=GuT + Gro
= (—32¢° — 128¢" + 3392¢> — 131844¢* 4 18688¢ — 8960)T" — 32¢°
+ 4032¢* — 25728¢> + 62144¢% — 65536¢ + 25344.

Clearly, the sign of G is determined by that of G for % <qg<4-—2V3.
Define

G1 = (G11V/¢* — 8¢ + 8)? — (G12)? = 4096 (¢* + 16¢° + 24¢* — 64¢ + 16) (¢ — 1)*.

Using Sturm Theorem and Maple command “sturm”, we obtain ¢* + 16¢> + 24¢® — 64¢ + 16 has
no root for % < ¢ < 4 — 2+/3, which implies that G; # 0. From the above analysis, we obtain
that G # 0 for &+ < ¢ < 4—2+/3. Thus, E, is a cusp of codimension three (see Figure 2(d)). The
proof is completed. O
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2.3. Bifurcation

In this section, we will analyse various possible bifurcations of system (2.1) and derive the
conditions for saddle-node bifurcation, Bogdanov-Takens bifurcation and Hopf bifurcation.

2.3.1. Saddle-node bifurcation

From Lemma 2.2, as the parameter a changes, the number of equilibrium of system (2.1) will be
changed. That is, when a crosses the threshold value agy = a*, we can see that £ and Fs are
coincided by the occurrence of saddle-node bifurcation. We present the following theorem to
illustrate the saddle-node bifurcation.

Theorem 2.4. Choosing a as the bifurcation parameter, when a crosses the threshold value agn,
system (2.1) undergoes a saddle-node bifurcation around Ei.

Proof. Now we check the transversality condition for the occurrence of saddle-node bifurcation
at a = agy according to the Sotomayor’s theorem [33].
Since
2mgq 2mgq
Jp, = m—q+1 _m—q+1

9
S —S

we know Jg, has a zero eigenvalue.
Assuming V and W represent eigenvectors corresponding to the zero eigenvalue of the matrices
Jg, and Jij*, respectively, after straightforward computation, we have

1% " !
v 1)’
4%} 1
W= = —2m )
Wa s(m—q+1)
and
4m?
Fy(E,,asn) = (m—gq+1)% |
0
O?F OF O*F
ax; V2 + 2(%81 Ve + SV
D2F(E,;asy)(V,V) = 4
0 F, 0 F, 0 F,
VP +2 ViVo+ —— V5
9 9 83/ 9 (Ex;asn)
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It is not difficult to see that V' and W satisfy the transversality conditions

Am?
wTE E,. a =———F #0,
a( SN) (m_q+1)27é

WD (E.: agy ) (V. V)] = - 24m—a+1)°

(m—=14q)(m—-1-4q)

£0.

Therefore, we conclude that when the parameter a cross critical value a = agy, system (2.1)
undergoes a saddle-node bifurcation. The proof is completed. O

2.3.2. Degenerate Bogdanov-Takens bifurcation of codimension 3

When s = s1, a = as, m = my, and % < q < 4—2v/3, it follows from Theorem 2.3 (2.2) that the
unique interior equilibrium F, of system (2.1) is a cusp of codimension three. In the following,
we will choose some proper bifurcation parameters to demonstrate the occurrence of Bogdognov-
Taken bifurcation of codimension three around FE, under a small parameters perturbation. Then,
we have the following theorem.

Theorem 2.5. Assume that the conditions of Theorem 2.3 (2.2) hold. Choosing m, a and
s as bifurcation parameters, system (2.1) undergoes a cusp type degenerate Bogdanov-Takens
bifurcation of codimension three around E,.

Proof. Considering a, m, s as bifurcation parameters and substituting s = s1, a = a4 and
m = m, into system (2.1), we have the following system

z(1—x)
— T m = A) — qay,
e W (2.13)

i = (s1+2)y(1-2),

where A\ = (A1, A2, A3) is in a small neighborhood of (0,0, 0).
Firstly, we make the following transformation to move the positive E, to the origin,

Tl =T — Tx, Y1 =Y — Yx,
then system (2.13) becomes
@1 = Coo + C1021 + Cory1 + C207t + Cr1z1y1 + 3075 + Caoxt + o[z, yr|h),

g1 = diow1 + doryr + door? + duiziys + doays + dsox’s + doraiy (2.14)
+dipryt + daoxt + dziziys + doariyt + o(|z1, 1],
where the coefficients are omitted for brevity.
Next, similarly to the transformations in [38,39], we want to transform the system (2.13) to

the universal unfolding of a cusp type degenerate Bogdanov-Takens of codimension 3. We make
the following transformation

_ _ _ _ 9 - 3, - 4
T9 = X1, Y2 = Coo + C10%1 + Co1Y1 + C202] + C11X1Y1 + C30X7 + Ca07,
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then system (2.14) becomes

T = Y2,
U2 = €00 + €10T2 + €01Y2 + E2073 + €112y + E02y5 + E30T5 + 9125y + E12T2Y5 (2.15)
+E4023 + E3105Y2 + €223y3 + o(|z2, y2|*),
where €;; can be represent by ¢;; and Jij, and their detailed expressions are omitted for brevity.

In the following proof of this theorem, all the coefficients of systems are also omitted.
(1) To eliminate y3-term in system (2.15), making the following transformations successively,

€02 2 _
T9 = 23+ 79637 Y2 = Y3 + €0223Y3,
system (2.15) becomes
;'U3 = Y3,
U3 = foo + fioxs + forys + f20$§ + fi1zsys + f30$§ + f21$§y3 (2.16)

+f12£63y32, + f4037§ + f31x§y3 + fzﬂ%yg + o(|x3, ys|*).

(2) To eliminate x3y3-term and x3y3-term in system (2.16), making the transformations as
follows

vy = Xa+ 123,y = (1 + "C;Xf) Yi,
Xy=x4+ gﬂxfp Yi=ys+ %wiy47
12 3
system (2.16) becomes
Ty = Ya,
Y4 = Goo + G10T4 + Go1Ya + GooTF + Gr17ays + Ga0Ts + Go125ya (2.17)

+ga07s + garxfya + o|xa, ya|*).
By calculation, we know

_2q2(q—2—|—T)(2q—3+T)
(T+3¢-4)(T+q—4)

920 = +0(N) <0,
when % < q <4—2v3, and A, A2, A3 are sufficiently small.
(3) To eliminate z3-term and z3-term in system (2.17), making the transformations as follows

g30 o , 15g30 —16g20940 3
— —j — T5,

4g20 80920

g 48720740 — 2573 48720730940 — 3575
dr — (1—1—@955—% 920940_2 930$§+ 9209309%% g30x§)dt,
2g20 80939 80959

T4 = Ty Y4 = Y5,
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system (2.17) becomes (still denote 7 by t):

T5 = Ys,
U5 = hoo + h1oTs + ho1ys + Bzoﬂlg + hi1xsys + /_12113§y5 (2.18)
+B31wgy5 + R(Z'E), Y5, )‘)7

where ) ) s )
R(x57y57 >\) = y50(’x57y5| ) + O(‘$5>y5| ) + O()‘)O(|y5’ ) (2 19)
+ O(|z5,y5°) + O(N)O(|25, ys51).
(4) Removing the z2ys-term in system (2.18). Notice that
- 2¢°(q—2+T)(2q—3+T1)
hog = — +O(\) <0,
20 (T+3q—4)(T+q—4) *)
when % < q <4 —2v3, and A\, A2, A3 are sufficiently small. Let
PRV Y L T (1+ by P yg)dt
’ hao " 36h3, " Bhao " | 36h3,70
then system (2.18) becomes
Te = Yg,
6= (2.20)

U6 = i00 + 1106 + G016 + 120T2 + 11126Y6 + 13170y + R1(T6, Ye, N),

where R(xg,ys, A) has the same properties as (2.19).
(5) Convert the coefficients of 23-term and z#ys-term in system (2.20) to 1 and —1, respectively.
Notice that

2¢°(q—2+T)(2¢—3+T1T)

i9g = — +0(\) <0,

20 (T+3¢—4)(T+q—4) )

T —241T)?

131 = — C](2 ) ? 3—|—O(}\),

40029 -3+T)"(T+q—4)"(T+3¢-4)
where
Q=T+ Q2
=320 (¢° + 4¢" — 106¢® + 412¢* — 584¢ + 280) T

— 253440 + 320¢° — 40320¢* + 257280¢> — 621440¢> + 6553604.

Define

Q=QiT* - Q3
= —409600 (¢* + 16¢° + 24¢* — 64¢ + 16) (¢ — 1)*.

Using Sturm’s Thoerem and Maple command “sturm”, we can obtain @ has no real root when
% < q < 4 —24/3, which implies that Q # 0. Then we have i3, # 0 for % <qg<4-—2V3.
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Letting

1 2 4 3 3_1

— 75,5 — _575.°5 — _s- 5.5

and still denoting 7 as ¢, system (2.20) becomes

:t7 = yr,
. - rt - rt 2 3 (221)
U7 = joo + Jjiox7 + joryr + juxryr — x5 + x3yr + Ra(x7,y7, A),

where Ry(x7,y7, A) has the same properties as (2.19). .
(6) Removing the z7-term in system (2.21). Let 27 = X — % and y7 = Y. Thus, system
(2.21) is equivalent to the following system

X =Y,

. (2.22)
Y = py 4 poY1 + u3 XY + X2 — X3Y + R3(X, Y, \),

where R3(X,Y,\) has the same properties as (2.19).
After calculation, we get

8(”17 H2, /1’3)
(A1, A2, A3)

Boy
=0 1P2¢—3+T)2(q—2+T)5 (T +q—4)3(T + 3¢ — 4)Q5

B2 - |

9

where 7 is a nonzero constant, and

Bo1 =B210T + Ba11
=(—460800¢" + 52224004¢° + 39321600¢% — 10020864004"
+ 74437632004¢° — 29473382400¢° + 701872128004
— 103687526400¢> + 931200000004 — 46606540800 + 9976627200)T
— (460800¢° — 3379200¢% — 50995200¢" + 791961600¢° — 45007872004°
+ 13741056000¢" — 245753856004° 4 257862144004 — 14714265600q
+ 3527270400)(¢* — 8q + 8).

By simple calculation, we get that (2¢ —3+71)(¢q —2+T)(T'+q —4)(T + 3q — 4) # 0 when
% < q < 4 —2v/3. Obviously, Q # 0 for % < g < 4—2v3. For By; we have

B :B%10T2 - B%n
=94371840000 (¢* — 8¢ + 8) (3¢ — 1) (¢* + 16¢> + 24¢* — 64¢ + 16) (¢ — 1)°.

Using Sturm’s Theorem and Maple command “sturm” again, we obtain By # 0 for % <qg<
4—2V/3, that is By # 0 for § < ¢ <4 —2V/3.

By the results of [9], system (2.22) is the versal unfolding of Bogdanov-Takens singularity
(cusp case) of codimension three. Hence, system (2.1) undergoes a Bogdanov-Takens bifurcation
of codimension three when the parameters A;, A2 and A3 vary in a small neighborhood of (0,0, 0).
The proof is completed. O

Now, we give several sets of numerical simulations to verity the occurrence of Bogdanov-

Takens bifurcation of codimension three. Fixing (a, s) = (%, %), and using Matcont, we obtain
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0.35 |
BT

0.3

0.2 0.25 0.055 0.06 0.065 0.07 0.075 0.08
m

(a) (a,s) = (2%, 4i5030) (b) Local amplified phase portrait of (a)
Figure 3. Bifurcation diagram of cusp type degenerate Bogdanov-Takens bifurcation of codimension 3 for system
(2.1) in the (m,q) plane. The blue, green, black and magenta solid lines represent Hopf bifurcation, degenerate
Hopf bifurcation, homoclinic bifurcation and saddle-node bifurcation, respectively.

Table 1. Dynamic behaviors in Figure 3 with (a,s) = (%, %), where “SF”, “S” and “UF” denote “stable
focus”, “saddle” and “unstable focus”, respectively.

q m FEi Ey Limit cycle and homoclinic loop
0.094 S SF No (Figure 4(a))
0.45 0.09424 S SF A homoclinic loop (Figure 4(b))
0.0946 S SF An unstable limit cycle (Figure 4(c))
0.096 S UF No (Figure 4(d))
0.0716 S SF No (Figure 5(a))
0.0717 S UF A stable limit cycle (Figure 5(b))
0.5045 0.071735045 | S UF A stable limit cycle and a homoclinic loop (Figure 5(c))
0.071737 S UF A stable limit cycle and an unstable limit cycle (Figure 5(d))
0.07175 S UF No (Figure 5(e))

the bifurcation diagram of system (2.1) as shown in Figure 3. Further, we list the detail dynamics
of system (2.1) with different parameters g and m in Table 1 and Figures 4-5.

(1) From Table 1 and Figure 4, when ¢ = 0.45, system (2.1) successively undergoes a
subcritical Hopf bifurcation and a homoclinic bifurcation.

During this transition, system (2.1) exhibits both a homoclinic loop and an unstable limit
cycle Figure 4(c).

(2) From Table 1 and Figure 5, for ¢ = 0.5045, the system exhibits much richer dynamics. That
is system (2.1) successively undergoes a supercritical Hopf bifurcation, a homoclinic bifurcation
and a saddle-node bifurcation of limit cycle. Especially, when m = 0.071735045, a homoclinic
loop connected to the saddle E; coexists with a stable limit cycle Figure 5(c). Further as m
increases, the system advents both a stable inner limit cycle and an unstable outer limit cycle
Figure 5(d), forming a bistable regime. Eventually, both limit cycles vanish Figure 5(e).
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> 0.25 > 0.25
0.2 0.2
0.15 0.15
0.1 0.1
005} 0.05
of ‘ o ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
0.5 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
X
(2) m=0.094 (b) m=0.09424
0.5 0.5
0451 0.45
0.4r 0.4
0.35 0.35
0.3 0.3
> 0.25 > 0.25
0.2 0.2
0.15 0.15
011 01
005} 0.05
of of
T s S B N S S S SO R
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
X X
(c) m=0.0946 (d) m=0.096

Figure 4. Phase portraits of system (2.1) with (a, s,q) = (%, 454—5030,0445).

2.3.3. Degenerate Hopf bifurcation of codimension 4

From Theorem 2.2, the stability of positive equilibrium Ej of system (2.1) can be changed, which
means that Hopf bifurcation may occur around FEs. For simplicity, we denote z2 by z. From
F(z) =0and Tr(Jg,) = 0, we have

peao (A=2)z—m)—qz)
qz? ’

qz(qz — 22 +m)
(1—2)(z—m)’

and
Det(Jg,) = 2%(qz — 22 + m)((m + 1)z — 2m — qz).

By a >0, §> 0 and Det(Jg,) > 0, we obtain (m, z,q) € Q = Q1 U Qy,

2 1)z —2
Ql::{(m,z,q)10<m<1, m <z:§\/ﬁ,0<q<—(m+ )z m},
m+1 z
1 22— 1— -
Qg::{(m,z,q)|0<m<1,\/m<z<m;— ’zzm<q<(z)izm)}.
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o5 :
0.45 q
o4 :
035 il
031 il
> 0.25 il
0.2 il
0.15 il
01r il
0.05 il
ok i
o 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
X X
(a) m=0.0716 (b) m=0.0717
o5 1 osf -
045 1 0asb g
0.4r b 0.4r q
035 1 035f :
o3 1 oaf- -
= 0250 1 - 025} g
0.2r- b 0.2r - q
0.5 1 0.15] g
01r 1 01 il
0.05 1 0.05F il
or 1 or il
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
X X
(¢) m=0.071735045 (d) m=0.071737

(e) m=0.07175

Figure 5. Phase portraits of system (2.1) with (a, s, q) = (%, %030, 0.5045).

In order to obtain the focal values of Fs(z,z), we make the following transformations
successively

r=x1+2 y=y1+2 71 =2(l+ax)t,
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_ a10a01 ao1v/ Do B _ JDn
T = —I2 D) — Y2 P) , Y1 = T2, T2 = 071,
afo + Do afg + Do

where

ayo = z(qz — 22 + m), aor = (1 —2)(m — 2)z, bip = z(qz — 22+ m), bor = —z(qz — 22+ m),
Dy = a10bo1 — ap1bio = Det(Jg,),

then system (2.1) becomes (still rewriting 72 by t)
2 = y2 + Cr1Tay2 + Co2y5 + Ca1T5Y2 + C1aT2Y3,

o = —x9 + doox + di172y2 + dooys + dsoxh + do175y2 + di2z0y3
+dosys + daors + ds173y2 + daow3y3 + dizzeys + doays,

for brevity, whose coefficients are omitted here. From [35,36,41], we get the first four Lyapunov
numbers as follows

L= — 2h :
8Dg (m—=z)(z—1)
3
Ly = — . 2° fa ’
288D¢ (m — 2)* (z — 1)
5
z
Ls=— 11 f3 3 3’
663552Dy* (m — 2)° (2 — 1)
7
z
Li=— _ fa 7
238878720D (m — 2)* (z — 1)*
where
fi=—-m?2° —m2¢®2* + m2q 2° +2m22° + 2m Pt —2mgb —m " — ¢t g

+3m2¢%2% — mPq 2t — 11m22% —Am @322 — m @2t + 3mq 2° + Tm 25 + 24327

— 2q 20— 2T mt? — m3q 22— om323 — 37712(]2,22 + m2q 22+ 1Tm?2*
Pt g8+ 225 —oamtz + mBgz 4+ Tm322 — m2q 22

+5mzt — 22 +mt —2m32 + m22% + 5m32* + 3m 23 — 9m?23,

—mgz* —1lmz

the detailed expressions of f9, f3 and f; are omitted here for brevity.

The algebraic variety V(f1, f2, f3) denotes the common zero roots of f; (i = 1,2, 3). lcoeff(f, x)
represents the leading coefficient of the polynomial f with respect to x. For the polynomial
f(z,y), let fT(x,y) and f~(x,y) be the summations of the positive and negative terms in f(z,y)
respectively [28].

It is obvious that the denominators of L; are not zeros for (m, z,q) € Q, thus V (L, Lo, L3) N
Q =V(f1, f2, f3) N Q. The following resultants has been calculated by using Maple software

res(f1, f2,q) = 1296m>2%0 (z — 1)'® (m — 2)'® 51524,
res(f1, fa,q) = —5308416m*252 (= — 1)% (m — )% §,.52¢s,
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res(fa, f3,q) = —99179645184m°2*% (2 — 1)°* (m — 2)™* 5153 s,
res(g1, g, 2) = com® (8m —1)* (m — 8)* (m + ' (m — 1) Ri Ryhy,
res(g1, 3, 2) = cam™ (8m —1)* (m = 8)* (m + 1)'" (m — 1)® Ri Ryhs,
where

Si=M@A—-2z)m—z,
So=2(1—-2)—(3—2)m,
Ri = m* 4+ 52m> + 166m? + 52m + 1,

¢1, co are nonzero constants, g; (i = 1,2, 3) are polynomials in m and z, hy, he, Ry are polynomials
of m with degree 258, 806, 40, respectively. To save space, we omit the detailed expressions of

them.
By computation, we have

Iy = lcoeff (f1,q) = —z%, Iy = lcoeff (f2, q) = 92°,
I3 =lcoeff (g1,2) =2(8m —1) (m —8) (m+1).

Lemma 2.3. Assume (m,z,q) € Q holds, then V(f1, fo, f3,1;) N Q=0 =1,2,3).

Proof. Obviously, I; <0, ly > 0, that is V(f1, fo, f3, L) N Q=0 (i = 1,2).
Next, we have V(j_’"l, fQ,_fg,lg)mQ =V (f1, f2, f3,8m —1)N Q. Note that (m, z,q) € Q. When

m:%, we have () = 0y U Qo,

_ 2 V2 9z — 2
91::{(2,q)]9<2§4,0<q< 32 },

- V2 9 822-1 (I1-2)(8z—-1)
QQ.{(z,q)]4<z<16, ” <q< ” )

Substituting m = é into f1, fo, f3, we get

- i o= — fi2 fy = fi3
™ 40067 72 134217728° 72 7 4398046511104

where
fi1 = —4096¢*2* + 4096¢ 27 4 9216¢32* — 92164 25 — 460827 — 2048¢32® — 4672¢%2*
+ 5696q 2° + 1190425 + 1728¢223 — 5764 z* — 104402° — 192¢%22 + 64¢ 2°
+ 368821 — 72¢ 2% — 64823 + 8¢z + 12122 — 182 + 1,

and the expressions of fio, fi3 are omitted for brevity.
Obviously, V(fi, f2, f3,8m — 1) N Q = V(fi1, fi2, f13) N Q. By calculation, we have the

following results
res(fi1, f12,q) = c52*% (92 — 4) (822 — 92 + 3)
res(f11, f13,q) = 622 (92 —4) (8z2 -9z + 3)
res(glh 912, Z) 7é 0;

2 (82’ — 1)18 (Z — 1)18 gii,
2 (82’ — 1)26 (Z — 1)26 g12,
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where cs5, cg are nonzero constants, and we omit the expressions of g1, g12 there for brevity.
Note that 2 < z < &, then (822 — 92+ 3)(8z — 1)(z — 1) # 0. Obviously, lcoeff(fi1,q) =
—4096z* # 0. According to Lemma 2 in [8], we get

V(fi1, f12, [13) 0 Q = {V(f11, f12, f13,92 — 4) UV (f11, f12, f13, 911, 912) } N Q.

Because res(g11, g12, 2) # 0, we have V(f11, fi2, f13, 911, g12) N Q = (). Substituting z = % into
f11, fi2 and Q, we get

(283¢ — 47) finn
4782969

2288~ AT fizo AT _ 115
1853020188851841° 288 ~ ¢ = 288’

Jui=— , Ji2 =

where

fi11 = 2654208¢° — 2552832¢% + 721280¢ — 119025,

f120 = 2629465015396073472¢% — 91605204818775244804" + 122273772432732979204°
— 7118161454510899200¢° + 967311804727296000¢* + 799260921255002112¢°
— 4004511830057113604> + 93247072677903600¢ — 14979637254839625.

Since res(f111, f122,9) # 0, we have V(fi1, fi2, /13,92 — 4) N Q = (. This indicates that

V(fl, fa, f3, 13) NQ=0.
From the above analysis, we obtain that V(f1, f2, f3,1;) NQ =0 (i = 1,2,3). The proof is
completed. ]
Now, in the following, we show that V' (f1, fo, f3) N Q # 0 and V (f1, f2, f3, f2) N Q = 0.

Step I. Simplifying the semi-algeraic variety V (f1, f, f3).
According to Lemma 2 in [8] and Lemma 2.3, we have the following decomposition
V(fi, fo, 3)NQ={ViUVaUWVBUV,UV5} NQ,

where

_V(f17f27f3751)7 VQ:V(f17f27f3752)7
Vé = V(f17f27f3aglag2ag378m - 1)a Vzl = V(flvf?af37glv.927g3aR2)a
Vs = V(flaf%f3)glag2ag37h1>h2)'

Step II. Proving that V;NQ =0 (i = 1,2).
Obviously, S1 = 0 has a unique root m = ;% . Substituting m = ;% into f; ( = 1,2,3) and
Q, we get

(2 —4)qg— 22 +42 — 1) fan
(4-2)° ’

A(z—4)q— 22 +42—1)fo
(4—2)% ’

214(( 4)qu +4z —1)fo3
(= ’

fa =

2
(2,9)|0 < 2 <2 -3, 0<q<4},
z

{
{zq|2—f<z<2—\@ _4Z+1<q<(1_z>(3_z)},

z—4 z—4
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where (2 = Q, U,, and

for=(z—43¢+ (2 —42+5)(z — 4P + (2 — 1) (2 = 3)(z — 4)(z — 2)%¢
+ (z— 1)2(z — 3)2,

the expressions of fa2, fog are omitted for brevity. In addition, Note that (z — 4) ¢g—2%2+42—1#0
for m = %= and (m, z,q) € Q. Thus, V1 N Q = V(fa1, fa2, f23) N Q. By calculation, we have

z

2
res(fo1, faz, q) = 216 (2% — 4z +1)" (2 = 1) (2 = 3)"? (z — 4)** gon,
res(far, faz, q) = 110592 (22 — 4z + 1)° (2 = )7 (2 = 3)17 (2 — 4)* gas,
I'eS(ggl, g22, Z) 7& 07

and the expressions of g2, g22 are omitted for brevity. Obviously, (z — 1)(z — 3)(z —4) # 0 and
lcoeff( fo1,q) = (2 — 4)2 # 0 in . Then, according to Lemma 2 of [8], we get

V(fo1, foz, fo3) N Q = {V(fo1, foz, fog, 2* — 4z + 1) UV (for, foz, fo3, 921, g22) } N Q2.

From res(ga1, g22,2) # 0, we have V (fa1, fa2, fa3, 921, 922) N Q = 0. For 2% —4z +1 =0, we
get z = 2 — v/3. Substituting this into 2, we obtain m =7 —4v/3, 0 < ¢ < 4 — 2v/3 and

for = (15v/3 4 26)(¢> — (4 — 2v3)g+ 14 — 8V3)(4 — 2v/3 — ¢) > 0,

which implies that F5 is a weak focus of order one. Therefore, the above discussion demonstrates
that V'(fa1, faa, f23) N Q = 0, that is V3 N Q = 0.
Using the method similar to the above, we can prove that Vo N Q = (.

Step III. Proving that V3N Q = 0.

Note that V3 C V(f1, f2, f3,8m — 1). Similar to the proof of Lemma 2.3, we can obtain
V(f1, f2, f3,8m — 1) N Q = (. Hence, V3N Q = (.
Step IV. Proving that V5N Q = 0.

We have res(hy, ha, m) # 0, and V5 C V(hy, ha), thus, V5N Q = (.

Step V. Proving that V4 NQ # 0 and V (f1, fo, f3, f2) N2 = 0.
Lemma 2.4. Assume that (m, z,q) € Q holds, we obtain VyNQ #£ 0 and V(f1, fo, f3, f4)NQ = 0.

Proof. Note that
‘/4 = V(f17g17R2) N V(f27 f37927g3)'

We get the common real roots of {f1, g1, Re} in , and verify whether these roots are also the
common real roots of {f1, fo, f3} or {f1, fo, f3, f1} in Q. In the following discussion, we mainly
use the real root isolation algorithm of multivariate polynomial systems [28].

According to isolating the real roots of Ra(z), using the command “realroot”, we get the
following two real roots M; € [M,, M;] (i = 1,2) in Q, where

T T957171782556586274486115970349133441607298412757563479047423630290551952200534008528896

M, = 8050528842678835245632078395818407132000793302676765334868628432819080215741943271315
3978585891278293137243057985174566720803649206378781739523711815145275976100267004264448 >

A4é _ 497155335234749967803157527323535500570429738210632737851452316657488877279373269501076955

T 4074071952668972172536891376818756322102936787331872501272280898708762599526673412366794752

M, = 16101057685357670491264156791636814264001586605353530669737256865638160431483886542387
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Moy = 3977242681877999742425260218588284004563437905685061902811618533259911018234986156008616369
2 = 32592575621351777380295131014550050576823494298654980010178247189670100796213387298934358016 °

For the real root interval [M, M1] of Rg, using the “realroot” again, we get three positive
real roots isolation intervals of {Ra(m), g1(m, 2)} as follows

7. = 170017006100655177949081241227225055015179691799500712720200811649503385985399369620667
=1 7 15914343565113172548972231940698266883214596825515126958094847260581103904401068017057792
7. = 170017006100655177949081241227225055015179691799500712720200811649503385985399369729045

1 = 15914343565113172548972231940698266883214596825515126958094847260581103904401068017057792 °
7. — 65525068732295161299810171071738800471008859211932720167355187899320634040837163792774389
=2 7 4074071952668972172536891376818756322102936787331872501272280898708762599526673412366794752
T — 65525068732295161299810171071738800471008859211932720167355187899320634040837163804476297

2 = 4074071952668972172536891376818756322102936787331872501272280898708762599526673412366794752 °

where we omit the expression of Z3.
For the real root isolation interval [M, M1] x [Z;, Z1] of {R2(m), g1(m, 2)}, f1 has a unique
positive real root isolation interval as follows
Q = 13563525197956162021438308560055253548267981977557883392114150456818398473483671527
1~ 60708402882054033466233184588234965832575213720379360039119137804340758912662765568°

ii __.54254100791824648085753234240221014193071927910231533568456601827273593893934686351
17 242833611528216133864932738352939863330300854881517440156476551217363035650651062272

By Theorem 2.2 of [28], we have fo(My,Z1,Q1) < fi (M1,Z1,Q) + fy (M4, 2,Q,) =
—9.471463745 x 10721, which implies that (M, Z1, Q1) is not the common positive real root of
{f1, f2}. Then Ej5 is a weak focus of order 2 when (m, z,q) = (M, Z1,Q1).

For the real root isolation interval [M,, M1] X [Z,, Z3] of {Ra(m), g1(m, 2)}, f1 has a unique

positive real root isolation interval as follows

Q. = 1408677819823095262814559243356512556869203135094666239299948710399830624444693467524589
X2 7 15914343565113172548972231940698266883214596825515126958094847260581103904401068017057792°
Z? __ 704338909911547631407279621678256278434601567547333119649974355199915312222346733762659
2 7 7957171782556586274486115970349133441607298412757563479047423630290551952200534008528896 *

Similar to the above calculation, we obtain that (Mj, Z2,Q2) is a common positive real root of
{f1, f2, f3}.

That is V4 N Q # 0. In the other hand, we get fi(Mi,Z2,Q2) < fi (M1,Z2,Q5) +
fr (M, Z5,Q,) = —5.108043632 x 1073, which implies that (M1, Z2, Q2) is not the real root of
fa. Thus, V(f1, fa, f3, f4)NQ = 0 and E5 is a weak focus of order 4 when (m, z, q) = (M1, Z2,Q2),
where M7 = 0.002023465, Zo ~ 0.016083434, Q2 ~ 0.088516238.

For the real root isolation interval [M,, M1] x [Z5, Z3]. By Theorem 2.2 of [28], we can show
that (M, Z3) is not a common zero of { Ra(m), g1(m, )} in €, since g1(Mi, Z3) > g7 (M1, Z3) +
g (M, Zs) ~ 1.749042283 x 10~%.

Similar to the above analysis, {fi, f2, f3} has no common real root in [M,, M3]. Then

V(f1, f2, f3) NQ # 0 and V (f1, f2, f3, f4) N Q = 0. The proof is completed. O
Define
Wy = {(m,z,q) € Q: fi(m,z,q) # 0},
Wa = {(m,2,q) € Q: fi(m,2,q) =0, fa(m, z,q) # 0},
W3 :={(m,z,q) € Q: fi(m,z,q) =0, falm, z,q) =0, f3(m, z,q) # 0},
Wy i={(m,z,q) € Q: fi(m,z,q) =0, fo(m, z,q) = 0, f3(m, z,q) =0} .

From Lemma 2.4, E, is a weak focus of order 2 (or 4) for (m,z,q) = (M1, Z1,Q1) (or
(My, Z5,Q2)), that is Wy # () and Wy # . When m = ﬁ, we give the following Lemma to
show that W3 # ().
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Define
_ V30 1003z — 6
Q1 < , 0<g< ———— 7,
1003 100 10002
o d V30 _ 1003 1000:* -3 _ (1 =2)(1000: —3)
% o — z z 5 9
2 U 700 2000° 1000z 4 1000z
(2* = (21* U 522*-

Lemma 2.5. Assume that (a,s) = (a,s). If (m,z,q) =
of order 3, where Py =~ 0.022193491, K5 ~ 0.084731655.

Proof. Note that (m, z,q) € Q. Substituting m = m into 2, we get (z,q) € Q.. Using the
command “realroot”, we get that 91(1000, z) exists three positive real roots isolation intervals
P, e [P, P (i=1, 2, 3) in Q.. Here, we only consider P = P5 where

(1000, Py, K5), then Ey is a weak focus

P, = 397662042817317818592834147583511467512404422746719011224816704392271046448539211800932995255327598713
=2 7 17917957937422433684459538244547554224973163977877196279199912807710334969441287563047019946172856926208
15 __ _795324085634635637185668295167022935024808845493438022449633408784542092897078423601865990510655199613

2 = 35835915874844867368919076489095108449946327955754392558399825615420669938882575126094039892345713852416 *

For the real root interval [Py, Ps], using the real root isolation algorithm of multivariate
polynomial systems [28], we obtain a unique positive real root isolation interval Ky € [K,, Ko] of
f1in Q,, where

K. — 329211099551817550920532551181368275096726461565859772793639133213198951963343774871
=2 7 3885337784451458141838923813647037813284813678104279042503624819477808570410416996352°
Ko — 164605549775908775460266275590684137548363230782929886396819566606599475981671887557

2 1942668892225729070919461906823518906642406839052139521251812409738904285205208498176

By computation, we can get (IOOO,PQ,KQ) is the real root of fo, and fg(IOOO,PQ,Kg)
[ (385 P2, K2) + [5 (7555, Pa, K) &~ —6.710213765 x 10726, which implies that (1355, P2, K2)
is a common zero of {fi, f2} but not a common zero of {fi, fg, f3}. Then Ej is a weak focus of
order 3 when (m, z,q) = (123, P2, K2). The proof is completed. O

From the above analysis, we have the following theorem.

Theorem 2.6. Assume that (a,s) = (a,5) and (m, z,q) € , then Ey is a weak focus of order
up to 4. Moreowver,

(1) if (m,z,q) € W1, then Ey is a weak focus of order 1;

(2) if (m,z,q) € Wa, then Es is a weak focus of order 2;

(3) if (m,z,q) € W3, then Ey is a weak focus of order 3;

(4) if (m,z,q) € Wy, then Es is a weak focus of order 4.

Theorem 2.7. Assume (a,s) = (a,s) holds. Moreover,
(1) if (m,2,q) = (1555, P2, K2), Es is a weak focus of orders 3 and system (2.1) undergoes a
degenerate Hopf bifurcation of codimension 3 around Es;
(2) if (m,z,q) = (M1, Z2,Q2), E2 is a weak focus of order 4 and system (2.1) undergoes a
degenerate Hopf bifurcation of codimension 4 around Es.

Proof. From Lemmas 2.4 and 2.5, we obtain that E5 is a weak focus of order 3 and 4 when
(m,z,q) = (M, Z2,Q2) and (m, z,q) = (1000, Py, K5), respectively. Using Maple, we have

O(Tr(Es), Ly, L) 125 x 10%527J (2, q)

P, = =
! a(m, z,q) 576D8(1000z — 3)5(z — 1)4’

(aus)m):(a7'§a m)
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8(H(E2)7L17L27L3) _ 212(3QZ+S)J2(77’L,Z,Q)
- 21
o(m. 2,q,0) (a,8)=(a.5) 254803968 D2 (m — 2)6(z — 1)6

(1)2 =

)

where Ji(z,q) and Ja(m, z,q) are omitted for brevity. Obviously, the denominator of ®; is
nonzero for m = % and (z,p) € Q.. Also, it is easy to obtain all the factors of ®9 are nonzero
except Jo. Hence, the signs of &1 and ®5 are determined by J; and .Jo, respectively.

Using Theorem 2.2 of [28] again, we have

J1(Py, K») > J (P2, K2) + JT(Py, Ky) ~ 9.330545333 x 10731 > 0,
Jo(My, Z2, Q2) < JF (M1, Z2,Qy) + J~ (M, Z5, Q,) ~ —3.326028347 x 10~*° < 0.

Thus, &1 # 0 when (m,z,q) = (ﬁ,Pg,Kg). This implies that system (2.1) undergoes a
degenerate Hopf bifurcation of codimension 3 around FEs. Moreover, since ®5 # 0 when
(m, z,q) = (M, Z2,Q2), system (2.1) exhibits a degenerate Hopf bifurcation of codimension 4
around E5. The proof is completed. O

2.4. Numerical simulations

The dynamical behavior of system (2.1) is primarily influenced by two key factors: (i) Allee
effect, affecting prey population survival at low densities, and (ii) Smith growth, controlling prey
population expansion. Numerical simulations give to illustrate the influence of Allee effect and
Smith growth on the dynamic behaviors of system (2.1).

L L L L L L L L L L L L L L
0.069 0.07 0.071 0.072 0.073 0.074 0.0688 0.06884 0.06888 0.06892
m m

(a) (b)

Figure 6. (a) Bifurcation diagram of system (2.1) in the (m,y) plane with (a,q,s) = (0.17391,0.5122,0.12568).
(b) Local amplified phase portrait of (a).

2.4.1. The impact of Allee effect

To investigate the influence of the Allee effect, we analyze system (2.1) with fixed parameters
(a,q,s) = (0.17391,0.5122,0.12568) while varying the Allee threshold m (see Figure 6). Our
analysis reveals the following dynamical regimes:

(1) When m = 0.064, system (2.1) has two positive equilibria: A saddle point E; and a stable
focus Ey (see Figure 7(a)).
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Figure 7. Phase portraits of system
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(d) m = 0.0689434

) m=0.1

(2.1) with @ = 0.17391, ¢ = 0.5122, s = 0.12568.

(2) When m = 0.06885, a supercritical Hopf bifurcation occur at Eo, which will turn the
stable focus into an unstable focus and thereby will generate a stable limit cycle.
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This indicates that predators and prey can coexist in periodic oscillation (see Figure 7(b)).

(3) When m = 0.0689391, system (2.1) has a homoclinic orbit that coexists with an inner
stable limit cycle (see Figure 7(c)).

(4) When m = 0.0689434, system (2.1) has two limit cycles, where the inner one is stable and
the outer is unstable (see Figure 7(d)). Here, the outer limit cycle acts as a separatrix, making
the coexistent or extinction of predator and prey are sensitive to the initial conditions.

(5) When m = 0.07, system (2.1) undergoes a saddle-node bifurcation of limit cycle, and
both two limit cycles disappear (see Figure 7(e)). This leads to the disruption of the coexistence
of predator and prey, and also increases the risk of species extinction.

(6) When m = 0.1, all positive equilibria vanish (see Figure 7(f)), that is all the trajectories
converge towards the origin, implying that the strong Allee effect eliminates the possibility of
predator-prey coexistence.

2.6 2112 2,114 2.116 2,118 2.12 2.122 2.124 2,126 2.128 2.13 2.132
a

(a) (b)

Figure 8. (a) Bifurcation diagram in the (a, ) plane with (m, g, s) = (0.04534, 0.435, 0.06455), (b) Local amplified
phase portrait of (a).

2.4.2. The impact of Smith growth

In order to discuss the influence of the Smith growth on the dynamic behaviors of system (2.1),
we let (m,q,s) = (0.04534,0.435,0.06455) and draw the bifurcation diagram of the parameter a
by Matcont software (see Figure 8).

(1) When the Smith growth parameter a = 1.4, system (2.1) admits two positive equilibria:
A saddle point E; and a stable focus Ey (see Figure 9(a)). In this case, the stable manifold of a
saddle acts as a separatrix, the predator and prey can coexist at a steady state or both become
extinct according the initial values.

(2) As a increases to 1.8, Fs loses its stability through a supercritical Hopf bifurcation and
generates a stable limit cycle (see Figure 9(b)), which implies that predator and prey can coexist
in periodic oscillation.

(3) When a = 2.1202, a homoclinic loop emerges, while a stable limit cycle still surrounds Es
(see Figure 9(c)), indicating complex dynamics and bistability.

(4) When a = 2.125, two limit cycles coexist: An inner stable limit cycle and an outer
unstable one (see Figure 9(d)).

(5) When a = 2.42, system (2.1) undergoes a saddle-node bifurcation of limit cycle, and two
limit cycles disappeared, while system (2.1) still has two equilibria E; and Es.
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(c) a = 2.1202 (d) a=2.125

> 0.15[
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0.6

(e) a=2.42 (f) a=25

Figure 9. Phase portraits of system (2.1) with (m, ¢, s) = (0.04534,0.435,0.06455).

(6) Finally, when a = 2.5, system (2.1) undergoes a saddle-node bifurcation, and admits no
positive equilibrium (see Figure 9(f)). This suggests that under high levels of Smith growth,
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neither species can persist, leading to eventual extinction.

These observations suggest that excessive Allee effect and Smith growth can lead to the
breakdown of species coexistence, and ultimately cause the extinction of prey and predator
through a sequence of bifurcations.

3. Changing environment

In real-world ecosystems, environmental conditions are rarely static and often fluctuate over
time. As a result, the parameters in predator-prey model, such as resource availability and
species carrying capacities, are inherently time-dependent. Ecologists are increasingly interested
in understanding how these temporal variations influence the dynamic behaviors of multiple
species and whether these changes can give rise to novel ecological behaviors.

Based on the theoretical results of system (1.3) with constant environment (2 = 0) in Section
2, we now investigate the dynamics of system (1.4) with changing environment (u # 0). Here, p
represents the rate of environmental change, influencing the time evolution of the prey’s carrying
capacity K (). This section aims to analyze how different values of p affect the dynamic behaviors
of system (1.4).

We employ the numerical simulation method to study the impact of changing environ-
ment on system (1.4). First, we utilize the bifurcation analysis software Matcont to construct
one-parameter bifurcation diagrams of system (1.3) in the K-z and K-z-y planes (constant
environment), respectively.

Next, we simulate trajectories of system (1.4), and project some “representative” trajectories
onto the K-z and K-x-y planes to generate representative “time series” that reflect how solutions
evolve as K (t) changes dynamically.

In Figures 10-15, the stable and unstable equilibria of system (1.3) are illustrated by black solid
and dashed curves, and the maximum and minimum values of stable and unstable oscillations are
indicated by blue and black open circles, respectively. In system (1.4), the carrying capacity K (t)
increases over time when p > 0 and decreases when p < 0. Based on the bifurcation diagrams of
system (1.3), we classify the dynamics of system (1.4) into two primary cases according to the
sign and magnitude of u, and systematically analyze each case.

Case (I). Bistability (a stable steady state and a stable oscillation). When system (1.3) undergoes
a supercritical Hopf bifurcation around Es, system (1.3) exhibits bistability (a stable steady state
and a stable oscillation) (see Figure 10). In Figures 10(a) and 10(b), where the carrying capacity
K (t) increases with time due to u > 0, we observe that the prey z(t) in system (1.4) (represented
by the red and green curve), either tends to the origin (the green curve), or initially tracking
the stable equilibrium FEs of system (1.3), continues along the unstable Ey as K(t) crosses the
Hopf bifurcation point (denoted by H), and eventually converges to a stable oscillation (the red
curve). This process illustrates slow environmental change can lead to a regime shift from steady
coexistence to persistent stable oscillations by tracking of unstable steady states.

Conversely, in Figures 10(c) and 10(d), where p < 0, that is K(¢) decreases, the prey
population either directly tends to the origin (the cyan curve), or may transiently track the stable
oscillation before returning to the stable equilibrium FEs, and eventually converges to the origin
(see the blue curve). Therefore, when the environmental changes are relatively slow, predator
and prey will be a longer transient states before it eventually becomes extinct.

Case (II). Bistability (two stable states). When system (1.3) undergoes a subcritical Hopf
bifurcation around Fs(x2,y2), system (1.3) may exhibit bistability, with two stable equilibria:
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Figure 10. Dynamics in system (1.4) for different rate of environmental change with n = 0.5, s = 0.525,
m = 0.225, ¢ = 1.3, r = 1.5 and ¢ = 2. The initial points of the green, red, blue and cyan curves are
(z(0),y(0), K(0)) = (4,2,6), (0.8,0.4,5), (5,2.5,26) and (18,9, 27), respectively. LP and H represent saddle-node
and supercritical Hopf bifurcation, respectively.

E5 and the extinction state (0,0) which coexist with an unstable limit cycle (see Figure 11).
As shown in Figure 11(a), the prey population z(t) in system (1.4) (red curve) can either tend
to extinction or initially track the unstable oscillatory state created by the subcritical Hopf
bifurcation, before eventually converging to the positive equilibrium Ey (the cyan curve). This
highlights the role of initial conditions in shaping long-term dynamics such as coexistence or
extinction, due to the presence of multiple attractors and bifurcation-induced regime shifts.
Moreover, Figures 11(b) and 11(c) demonstrate that under slower environmental change, the
prey z(t) remains close to the coexistence state Fy for a longer duration before ultimately
collapsing to extinction. These results suggest that ecological systems near critical transitions
can exhibit transient tracking behavior, where populations temporarily tracking unstable states
before eventually shifting to a new stable regime. The rate of environmental change significantly
influences the persistence time and the eventual ecological dynamics.

Delay or avoid extinction. Figures 16 and 17 illustrate the coexistence and extinction of
predator and prey with changing environment. In Figure 16(a), for ;1 > 0 and initial conditions
close to the stable state, we observe three types of dynamical behaviors.

For small ||, the green trajectory quickly collapses to extinction. As |u| gradually increases,
the red trajectory temporarily can track the unstable steady state before extinction. When |y|
is large enough, the magenta trajectory tracks the unstable steady state, and then switches to
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Figure 11. Dynamics of system (1.4) for different rates of environmental change with n = 1, s = 0.176133,
m = 0.5, ¢=0.18, r = 0.5 and a = 0.67211. The initial points of the red and cyan curves are (z(0),y(0), K(0)) =
(1.5,1.5,4.6), (1.5,1.5,5), and the initial points of the green and blue curves is (z(0), y(0), K(0)) = (1.5,1.5,7). LP
and H represent saddle-node and subcritical Hopf bifurcation, respectively.

Figure 12. Dynamics of system (1.4) for different rate of environmental change p: The green curve represents
© = 0.00005 and the red curve represents y = —0.000005 with n = 1, s = 0.0016, m = 0.4, ¢ = 0.0268, r = 0.483
and a = 28. LP and H represent saddle-node and supercritical Hopf bifurcation, respectively. (b) is the local
amplified phase portrait of (a).

stable oscillation before ultimately collapsing to extinction. In Figure 16(b), for p < 0 and initial
conditions far from the stable state, a similar phenomenon of delay extinction is observed. Hence,
when the change of changing environment is fast (that is |u| is large), then the prey and predator
can delay extinct, that is the rapidly changing environment is conducive to the survival of prey
and predator.

In Figure 17(a), considering p > 0, initial conditions are not close to the stable state. For
small p, the solutions (the green curve) first track the unstable oscillation and then tend to track
the stable state; thus the populations avoid extinction. For large p, the time for the solution
(the magenta curve) to reach a unstable oscillation is rather short. That is the solutions will first
track the oscillation with a small amplitude, and ultimately switch to the stable state. It reveals
that slow positive environmental change can enable the system to reach a new stable state more
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(a) (b)

Figure 13. Dynamics of system (1.4) in K-z-y space for different g with with n = 0.5, s = 0.525, m = 0.225,
g=13,r=15and a=2. (a) ((0),y(0), K(0)) = (0.5,0.25,4.9), (b) ((0),y(0), K(0)) = (8,4,27).
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Figure 14. Dynamics of system (1.4) in K-z-y space for different p with n =1, s = 0.176133, m = 0.5, ¢ = 0.18,
r=0.5 and a = 0.67211. (a) (z(0),y(0), K(0)) = (1.8,1.8,4.7), (b) (x(0),y(0), K(0)) = (2.3,2.3,5.6).

quickly (fast regime shift). In contrast, Figure 17(b), with x4 < 0 and initial conditions near
the stable state, shows that fast environmental deterioration (large |u|, red trajectory) causes
extinction after passing the saddle-node (LP), whereas slower change (green trajectory) leads to
extinction after the Hopf point (H). These observations suggest that fast negative environmental
change can delay extinction, while slow positive change can prevent it.

Under certain parameter values, system (1.3) can exhibit rich dynamics, that is it may
simultaneously exist a stable extinction state (0,0), an unstable or stable equilibrium FEs, and
two limit cycles (the inner one is stable and the outer one is unstable), see Figure 15. In such
cases, the corresponding system (1.4) can display complex transient behaviors driven by changing
environment. For instance, in Figure 15(a), the green trajectory initially follows the stable
oscillation when it crosses a Hopf bifurcation point (H), and eventually converges to the stable
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positive equilibrium Fs. In contrast, the magenta trajectory initially attracted by the stable
oscillation, ultimately collapses to extinction. These phenomena reflect even minor changes
in initial conditions or environmental parameters can cause sudden shifts in species between
qualitatively different long-term dynamics.

Figure 15. Dynamics of system (1.4) for different rate of environmental change p: The green curve represents
© = 0.00005 and the red curve represents y = —0.000005 with n = 1, s = 0.0016, m = 0.4, ¢ = 0.0268, r = 0.483
and a = 28. LP and H represent saddle-node and supercritical Hopf bifurcation, respectively. (b) is the local
amplified phase portrait of (a).
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Figure 16. Dynamics of system (1.4) in K-z-y space for different p with with n = 0.5, s = 0.525, m = 0.225,
g=13,r=15and a=2. (a) ((0),y(0), K(0)) = (0.5,0.25,4.9), (b) (z(0),y(0), K(0)) = (8,4,27).

4. Conclusion

In this paper, considering constant environment and changing environment, we study the
bifurcation and transient dynamics of a Leslie-Gower predator-prey model incorporating Smith
growth function and Allee effect.

For constant environment, that is system (1.3), we show that the two boundary equilibria
are unstable. Furthermore, we rigorously proved that the origin is an attractor, providing a
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Figure 17. Dynamics of system (1.4) in K-z-y space for different p with n =1, s = 0.176133, m = 0.5, ¢ = 0.18,
r =05 and a = 0.67211. (a) (2(0),y(0), K(0)) = (1.8,1.8,4.7), (b) (x(0),y(0), K(0)) = (2.3,2.3,5.6).

foundation for understanding extinction scenarios in this system. Compared with earlier work
on the model without Smith growth [30,39], which identified degenerate Bogdanov—Takens
bifurcations of codimension three and degenerate Hopf bifurcations of codimension two, the
present study shows that incorporating Smith growth and the Allee effect markedly enhances
the dynamical complexity of the system, resulting in bifurcations of higher codimension, such as
degenerate Hopf bifurcations of codimension four.

In contrast, our results indicate that the introduction of Smith growth and Allee effect has
greatly enriched the dynamics of the system and led to more complex bifurcation with higher
codimension. More precisely, we showed that system (1.3) has a cusp of codimension three and
undergoes a saddle-node bifurcation and degenerate Bogdanov-Takens bifurcation of codimension
three. In particular, using the real root isolation algorithm of multivariate polynomial system,
we have rigorously proved that the positive equilibrium of system (1.3) is a weak focus of order
four and system (1.3) exhibits a degenerate Hopf bifurcation of codimension four.

Also, our results offer significant ecological insights. The Smith growth function influences
not only the prey population (to which it is directly applied) but also indirectly affects predator
dynamics. When the Smith growth parameter lies within a suitable range, both predator and
prey will coexist stably. However, if this parameter becomes large, it can lead to the extinction
of both species, demonstrating that excessive Smith growth can be detrimental to community
stability. Furthermore, we find that the Allee effect plays a crucial role in the survival of species.
That is, the weaker Allee effect is conducive to the stable coexistence of species, while the stronger
Allee effect disrupts the balance among species and eventually leads to species extinction.

For changing environment, incorporating a time-dependent carrying capacity into system (1.3)
to reflect continuous environmental change, we investigated how the rate of changing environment
influences transient dynamics of system (1.4). By comparing these transient dynamics with the
bifurcation structure of the corresponding constant environment system (1.3), we found that rich
transient dynamics, such as tracking of unstable equilibria or limit cycles, delay or avoid extinction,
and slow and fast regime shifts. We showed that ecological systems near critical transitions
can exhibit transient tracking behavior, where populations temporarily tracking unstable states
before eventually shifting to a new stable regime. In some situation, fast negative environmental
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change can delay extinction, while slow positive change can prevent it. These results highlight
the significance of transient dynamics in ecology and demonstrate that incorporating changing
environment into ecological models can reveal potential risks to species persistence.

Finally, several directions for future research naturally emerge from the present work. One
possible extension is to incorporate other functional response functions, which may further enrich
the dynamical behavior of the system. Another important direction is to consider predator
populations with additional food sources, which could significantly alter persistence conditions
and bifurcation structures. Such extensions may provide a more comprehensive understanding of
complex ecological interactions in realistic environments.

In summary, the combined effects of Smith growth and Allee effect not only enriches the
dynamical complexity of systems (1.3) and (1.4) but also gives rise to a series of transient
dynamics and high-dimensional bifurcation phenomena, including degenerate Bogdanov-Takens
of codimension 3 and degenerate Hopf bifurcations of codimension four. These results demonstrate
the importance of incorporating biologically realistic mechanisms in ecological modeling to better
understand complex species interactions.
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