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SOLUTIONS TO NON-HOMOGENEOUS SCHRODINGER-POISSON
SYSTEM INVOLVING A (P,Q)-LAPLACIAN OPERATOR*

Xiaoxiao Cui!, Anran Li! and Chongqing Weil>t

Abstract In this paper, we consider the following generalized Schrédinger-Poisson system

—Apu — Agu+ [ulP~2u + Aplul*2u = [u|'2u + f(z) in R3,
S in R,

where p,q,r € (1,3) with p < ¢, Apu = div(|Vu|™?Vu) and m* = 22 with m €

{p,q,r}, stand for the m-Laplacian operator and Sobolev critical exponent respectively.
max{1, p(r:fl), @} <s< w, g <l < ¢*, \is a positive parameter, f satisfies
certain integrability conditions. First, one solution with negative energy is obtained by
Ekeland variational principle for any A > 0 and [ € (¢,q*). Second, according to the range
of I, we use two methods to obtain one solution with positive energy. Precisely, for the
case % <l < g*, we employ a scaling technique to demonstrate the boundedness of
Palais-Smale sequence, furthermore, one solution with positive energy is got by mountain
pass theorem for any A > 0; for the case ¢ < [ < %, the cut-off technique is used
to obtain a bounded Palais-Smale sequence for A > 0 small enough, then one solution with

positive energy is also obtained for A > 0 small enough.

Keywords Schrodinger-Poisson system, (p, ¢)-Laplacian operator, Ekeland variational prin-
ciple, cut-off technique, multiple solutions.
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1. Introduction and main results

In this paper, we study the following generalized Schrodinger-Poisson system

—Apu — Agu+ |uP~2u + Aplu|*"2u = |u['"2u + f(z) in R3,

(1.1)
_Ar¢ == |u|S in Rg,

where p,q,r € (1,3) with p < ¢, Apu = div(|Vu|™2Vu) and m* = 33_—mm with m € {p,q,r},

stand for the m-Laplacian operator and Sobolev critical exponent respectively. A is a positive
parameter, s satisfies

max{l,p(r*_l) q<r_1)}<s<q*(r*_1).
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System (1.1) is formed by coupling two equations, one of which is a quasilinear nonhomogeneous
equation involving a (p, ¢)-Laplacian operator, and the other is a Poisson equation of r-Laplacian.
f is a positive radial function and satisfies the following assumptions

(f1) f € LY(R3) for some t € [(¢*)', p'], where (¢*)" and p’ are the conjugate indices of ¢* and p
respectively;

(f2) (2, Vf) € LY(R3), where the gradient V£ is in the weak sense.

As far as we know, the first equation of system (1.1) is called a double-phase problem, because
the equation is driven by a differential operator with unbalanced growth due to the presence
of the (p,q)-Laplacian operator. Interest in such problems stems from the study of stationary
solutions of the following reaction-diffusion system

ug = div[A(Vu)Vu] + ¢(z,u) and A(Vu) = |VulP~2 + |Vu|772.

It is widely found in biophysics, plasma physics and chemical reaction design, see [13]. In such
contents, the u is a state variable and describes the density or concentration of multicomponent
substances, div[A(Vu)Vu] corresponds to the diffusion with a diffusion coefficient A(Vu), and
the term c(z, u) is related to sources and loss processes.

In recent years, (p, q)-Laplacian equations of type

~Apu— Agu = g(z,u) inRY, (1.2)

with N >3, 1 < p < g < N, have been widely studied. In [21], the existence of positive ground
state solutions for equation (1.2) was studied with m,n > 0, g(z,u) = —m|u[P~2u — nju|?"2u +
f(x,u) and f asymptotic to u4~! at infinity uniformly in z € RV, In [12], the authors obtained
one nontrivial solution of equation (1.2) with g(x,u) = =V (2)|u|P~2u — W (z)|u|9%u + f(z,u),
where potentials V' and W are continuous, positive, coercive, and the nonlinear term f satisfies
some hypotheses which do not include the Ambrosetti-Rabinowitz condition. Later, the problem
studied in [12] was extended in [9], where the potential functions need not be positive and the
nonlinear term f satisfies other conditions. Through a new decomposition of the space, the
existence of infinitely many solutions was obtained in [9]. In [8], the authors obtained infinitely
many weak solutions with negative energy of equation (1.2) with 1 < p <l < ¢ < N and
g(x,u) = AV (2)|u|""2u + W (x)|u|? ~2u. For more recent studies on (p, q)-Laplacian equations,
we can refer to [3,6,27] and the related literature therein.

According to (p, q)-Laplacian equations with nonlocal nonlinear terms, there are also some
results. The existence of nodal solutions of a class of (p, ¢)-Laplacian Kirchhoff type problem was
got by a minimization argument and a quantitative deformation lemma in [23]. A multiplicity
result for a (p, ¢)-Schrodinger-Kirchhoff type equation was obtained in [4]. Existence of positive
solutions for a Choquard equation involving (p, ¢)-Laplacian was considered in [29]. The ground
state solution was obtained in [5] for a Choquard equation with a (p, ¢)-Laplacian operator and
a general nonlinearity of Berestycki-Lions type. In [1], the authors concerned with Schrédinger-
Poisson system with zero mass in R? involving (2, ¢)-Laplacian. The existence of positive least
energy solution was obtained in [1]. As far as we have known, there is still very little research
on Schrodinger-Poisson system of type similar to system (1.1).

One highlight of system (1.1) is the appearance of the Poisson equation involving r-Laplacian.
This kind of system was first proposed in reference [17]. Precisely, the following system was
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studied in [17],
—Apu + [ulP72u + Aplul*?u = g(x,u) in R3,

(1.3)
—Ard = |ul® in R3,

where g(z,u) = |u/'"2u with p < | < p*. Using mountain pass theorem, the existence of
nontrivial solutions to system (1.3) was obtained for appropriate A > 0. System (1.3) with
r = s = 2 was studied in [18,19,22]. Particularly, in [22], for g(z,u) = |u|""2u + f(z), f is a
positive radial function and satisfies (f1) and (f2), some multiplicity results were given by using
Ekeland variational principle and mountain pass theorem. Recently, the following quasilinear

Schrodinger-Poisson system was considered in [16],
—Apu + Ap|ul*~2u = g(u) in R3, (1.4)
—Apo = |ul® in R3, '

where ¢ satisfies the Berestycki-Lions type conditions. One nontrivial solution of system (1.4)
with A > 0 small enough was got in [16].
For p =r = s = 2, system (1.3) reduces to the classical Schrédinger-Poisson system

—Au+u+ Alul*%u = g(z,u) in R3

(1.5)
—A¢ = u? in R3.
It describes the interaction of a charged particle with an electromagnetic field, see [10,11]. If
g(x,u) = |u|'"2u and | € (2,6), the existence of solutions to the system (1.5) has been discussed
in [7,14,15]. Furthermore, when g(x,u) = |u['"2u + f(z) and f satisfies certain conditions, by
applying Ekeland variational principle and mountain pass theorem, it was proved in [26] that
system (1.5) admitted two radial solutions.

Inspired by the above literature, we seek multiple solutions of system (1.1). It is worth noting
that the appearance of the p, g, r, s makes the problem more complex, and we need to consider
the relationship among them. In order to apply the reduction method to handle system (1.1),
it seems to be necessary to require s to meet the constraint

max{l,f’(“‘”}qd*(r*‘”.

/r.*
Furthermore, in Section 4, we also need

1
s>61(7" )7
T

which guarantees
1
gris+1) _ ..
r+q(r—1)

In order to deal with system (1.1) by the reduction method and variational methods, we have
to overcome certain difficulties. The first obstacle is to guarantee the existence and uniqueness
of solution to the second equation in system (1.1). Since Lax-Milgram theorem is no longer
valid for the case r # 2, we adapt Minty-Browder theorem to overcome it. The second one is to
obtain the properties of the solution to the second equation in system (1.1). Because it doesn’t
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have an explicit expression, we apply the uniqueness of the solution and the strict convexity of
the energy functional associated to the second equation in system (1.1) to get some important
properties of the solution, such as the non-negativeness, homogeneity and weak convergence. In
addition, the absence of the explicit expression of the solution also makes it extremely difficult
to prove the C'' property of the functional associated to system (1.1). Similar to [17], by some
basic methods in nonlinear functional analysis, we can also get the Gateaux differentiability of
the functional and prove that it is also continuous.
Our main results are as follows.

Theorem 1.1. If% <l < g% (f1) and (f2) hold, then there exists A > 0 such that system

(1.1) with |f]s < A and X > 0 admits two solutions.

Theorem 1.2. Ifp<qg<Il< %, (f1) holds, then there exists A\g > 0 such that system

(L.1) with |fls < A and X € (0, o) admits two solutions.

This article is organized as follows. In Section 2, we present some propositions, which are
crucial to establish the variational structure of system (1.1). In Section 3, when ¢ < [ < ¢¥,
by Ekeland variational principle [20], we get a solution of system (1.1) with negative energy
in Theorem 3.1. In Section 4, we obtain a solution of system (1.1) with positive energy if

s lies in a suitable range. We prove the conclusion in two cases: % <l < ¢ and

p<qg<l< %. Precisely, in Subsection 4.1, we employ a scaling technique, initially

introduced in [24], to demonstrate the boundedness of a Palais-Smale sequence for the case

% < | < ¢*. Further, by mountain pass theorem [30], we establish the existence of a

positive energy solution, as summarized in Theorem 4.1. In Subsection 4.2, we adapt the cut-off
technique from [25] to get one positive energy solution for system (1.1) under the condition

that p < g <l < % and A > 0 small. This result is presented in Theorem 4.2. Finally,

Theorems 1.1 and 1.2 follow as direct consequences of Theorem 3.1, Theorems 4.1 and 4.2
repectively.

2. Variational framework

In this section, the variational structure of system (1.1) is established. The main working spaces
are as follows. We define W1P(R3) as the completion of C§°(R?) with respect to

1
el = ( [ awup+ |u|P>dx) '
R3

and D14(R3) as the completion of C§°(R?) with respect to

1
fullpra = ( [ 1Vultaz )"
]R3

L3(R3), for 1 < s < 0o, denotes the usual Lebesgue space with the norm

1
luls = (/ |u|sd:v>s.
RS

For the sake of simplicity, we denote X := WHP(R3) N D14(R3), equipped with the norm

lull = flullp + llullpro-



Solutions to Schrodinger-Poisson system 1927

It’s easy to see that the continuous embeddings X < L!(R?) for all I € [p,¢*] and D' (R?) —
L (R3).
The following proposition is important to establish the variational structure of system (1.1).

Proposition 2.1. Let w < s < w. For any given uw € X, there exists a unique

by € DVT(R3) solving
—Arp = |ul’. (2.1)

Proof. To illustrate the existence of a unique ¢, € DV"(R3), for any u € X, we define the
linear functional

L(v) = / lu*vdz for all v € DV (R?).
R3

It is easy to see that £ is continuous in DV"(R3). In fact, for u € X and v € DV (R3), by Holder

and Sobolev inequalities, we have
r*—1 1
r¥s ¥ . ¥
TFT d:c) </ |v]" dx) < Cllull®||v|| pr.r-
R3

/ |u|*vdz| < (/ |u
R3 R3

For r = 2, we can easily come to the conclusion by Lax-Milgram theorem. We just need to
deal with the case for r # 2. By Minty-Browder theorem, we only show that —A, : DV"(R3) —
(D' (R3))* is a continuous, coercive and injective monotone operator. We first prove the conti-
nuity of it. Indeed, let v, — v in DY (R3). Then Vv, — Vv in L"(R3). For any ¢ € DY"(R3),
we have

(=Apvp — (—AW), @)| = ’/ (V| "2V, — |Vo|"72Vv) - Vodz
R3

r—1

< ( / |wnf—2wn|w|’“—2w*dx> " 6l
R3

= o) |4 -

So, —A, is continuous in D' (R3). From

(—Ayv,v)

— 400 as ||v]|pir — +00,
1]l pr.r

it is easy to see that —A, is coercive. Finally, in order to prove the injective monotonicity, we
need the following Simon inequality: There exist dy,ds > 0 such that for all z,y € R3,

(|l "2z — |y[""2y) - (x —y) = dy|a —y|", for 2<r <3,

2— _ _
(lz| +y))" (2" %2 — [y 2y) - (x —y) = dofz —y|*, for 1<r<2.
It follows that

d1/ Vv, — Vug|"dx < / (]Vm]T*QVvl — ]Vv2|T*2Vv2) - (Vv — Vug)dr for 2<r <3,
R3 R3
and for 1 < r < 2,

dé/ Vv — Vus|"dx
R3
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2—r

(/Rguwly + |Vv2|)rdl‘> ’

<—A7~1)1 — (—Arvg),’ul — 1)2> 2 0.

N3

< </ (Vo1 |" "2V, — |[Vug| " 2Vug) - (Vo — va)d:v>
]R3

Thus,

In addition, if v; # vs, then
(—Ayv1 — (—Apvg),v1 — vg) > 0.

Hence, —A, is an injective monotone operator. The conclusion follows from Minty-Browder
theorem. O

Similar to reference [17], from the uniqueness of solution to equation (2.1), we can conclude
that ¢, has the following properties. It is worth noting that the conclusion regarding weak
continuity of u — ¢, has not been presented in the previous studies.

Proposition 2.2. For any u € X, the solution ¢, € D" (R3) has the following properties.

(i) ng (%|V¢)u|r — |u|5qbu) dr = ¢€15111’i}%R3) fRS (%|V¢\T - ]u|5qz5) dz, and ¢,(x) 20, a.e. x € R3.

ii) For anyt > 0, ¢y, = tTil Gu, and ¢y, (x) = tkﬁ—_lr ¢u(tx), where uy(x) = thu(tx). Moreover,
t
for any y € R3, ¢u(.+y) = qbu(- + y)

(iii) ||@ullprr < CHuHr%l for any u € X.
(iv) If up — u in X, then ¢y, — ¢y in DV (R3) and

/3 bu, |t |S 2 unpdr — /3 bululsPupdz  for any ¢ € X.
R R

(v) If up — u in X, then ¢y, — ¢ in DV (R3).
Proof. (i) First, for any given u € X, we define a functional I : D%"(R3) — R by

16)= [ (F1vor =~ ufo) as.

Obviously, I € C1(DY"(R3),R) and

(I'(¢),v) = /RS Vo2V - Vodr — /RS lu*vdz for all v e DY(R3).

By
(I'(w) = I'(v),w —v) = / (IVw|""2Vw — |Vo|"72Vv) - (Vw — Vo)dz > 0,
R

3

we conclude that [ is strictly convex. Combined with the continuity and coercive of I, we state
that I achieves its unique global minimum point at ¢,. Finally, it is easy to get ¢, > 0. Indeed,

1 1
/ \Vl%llrdw—/ |ul®|puldz < / IV%ITdJ?—/ ul®pudz.
T JRrR3 R3 T JR3 R3

I also achieves its global minimum point at |¢,|. By the uniqueness, one has ¢, = |¢,| > 0.

from
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(ii) By the uniqueness of ¢,,, it follows that, for any ¢t > 0, ¢y, = 7T ¢y Indeed, by a simple
calculation, we have

/ Vil ">V dru - Vipda 2/ [tu|® pdx
R3 R3

=t° /R3 |u|®pdx

(2.2)
—t* [ 902V, Vs
R3
_/ IV(t7T )| 2V (t7T¢y,) - Vipda.
R3
From (2.2), the conclusion is obviously true.
Next, we will show that, for any ¢ > 0,
b, () = LT du(tz), where wu(-) = thu(t.).
On the one hand, for every ¢ € X, one has
| 96.@) 2V 0u(0) - Velwrd = [ fula)Pelad
R3 R3
Using the variable change of integral, we deduce that
L, (900 2(9ea(a) - (Vo)ta)de = [ futta)plta)da.
So,
o [ IV@) @) - Viplta)de = [ ot eltods. (23
On the other hand,
[ 960 @F 2V6u (@) Vpta)do = [ Julo)o(to)is
R R (2.4)

= ks /R3 lu(tz)|*p(tx)dz.

Recalling (2.3) and (2.4), it’s easy to get

tkSr/ |V(¢u(tx))|r2v(¢u(tx)).V(<p(t;c))dx:/ Vb, ()] 2V s, () - V(g (tz))de.
RS s

So,

bur(@) =177 gy (t2).
Similarly, we also get that

Pu(+y) (") = Pul- + ).
In fact, for every ¢ € X and y € R?,

/ V6u(@)[ 2V ou(x) - V(e — y)dz = / (@) Pl — y)d.
R3 R3
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By the translation invariance of Lebesgue integral on R?, we have

/ Véula + y) V(e +y) - Volz)de = / ju(z + )| ol2)de. (2.5)
R3 R3

The uniqueness of solution to equation (2.1) and (2.5) leads to that ¢4y () = du(- +¥).
(iii) By
ullpsr = [ |l ude < Clul®léulpre,
we get the conclusion.

(iv) Since u, — w in X, then {u,} is bounded in X. So, up to a subsequence, by Sobolev
embedding theorem and local compact embedding theorem, we deduce that

Uy — U in X,
Up —> U in Lfoc(}R?’), p<t<qr,

un(x) — u(z) a.e. in R3,

Using of (iii), it is easy to see that {¢,, } is also bounded in D'"(R3). Going if necessary to a
subsequence, there exists ¢ € D" (R3) such that

bu, — ¢ in D(R3).
Furthermore, we can also assume that

bu,, — ¢ in L™ (R?),
Gun = & in L}

loc

bu, (r) = d(x) a.e. in R3.

(R?), 1<t <r¥,

On the one hand, from Proposition 2.1, one has, for any ¢ € D" (R3),

/ |V¢un|r_2v¢un - Vodz :/ |un | pdx (2.6)
R3 R3

and

[, 190 Vo, Veda = [ juppds (2.7)

Set ¢ = (¢u, — ¢)¥r in (2.6), where v € CS(R3) such that 0 < r(z) < 1 for all z €
RN, ¢p(z) =1 for all z € Bg(0), Yr(z) = 0 for all z € B5,(0) and [Vyg| < 2. So,

0= / V"2V, - V (b, — S
R3
+/ ‘V¢Un’r_2v¢Un : VwR((bun - ¢)dx (2.8)
R3
- / tn* (b, — S)omde.
RS
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On the other hand, by using the definition of weak convergence in D" (R?) and local compact
embedding theorem, respectively, we get that

/ Vo "2V ¢ - V(py, — d)Ypdr — 0 as n — oo,
R3

and

/ Vo "2V ¢ - Vipg(du, — ¢)dz — 0 as n — oo, (2.9)
R3

namely,

o) = [ 1Yo V(6. — 0)vnda

(2.10)
+ [ 19617296 - Vn(on, - 6)da.
R3
By (2.8) and (2.10), we deduce that
o) = [ (196" u, = VO 2V6) - V(oh, = 6)nda
4 [ (V60,12 00, = 196 2V6) - Tin(on, - d)da 2.11)

- / it (u, — S)omde.
R3

Since ¢y, — ¢ in L (R3), t € [1,7*), by Holder inequality and the definition of 1r, we can get
that

[ 1¥60. 00, V(6. — o)z 0 asn s o
/R3 [un|*(¢u, — ¢)Yrdz — 0 asn — oo.
Combine (2.9) with (2.11), we get that
o(1) = /Rg(lvaﬁun\r”wun — V"2V ) - V(¢u, — ¢)rda.

Then Simon inequality leads to that

/]R3 IVou, — Vo|"prdr — 0 as n — oo.
Up to a subsequence, we have
Vou, () = Vo(x) a.e. € Br(0) as n — oo.
The arbitrariness of R implies that, going to a subsequence,

Vo, (2) = Vo(x) ae. z € R® as n — oo.
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The boundedness of {|Vé,, |} in L"(R3) ensures that {|Va,, |" "'} is also bounded in LT (R3).
Thus, it follows from [31] that

V. [ 2Didy, — |V 2Di¢p in L71(R%), i=1,23.
That is, for every ¢ € X,
/3 |V, | 2D, Dipdr — /5 IVé|"2D;pDspdr, i=1,2,3.
R R?

Then
/ yv¢un|r—2v¢un -Vodr — / |V¢|T_2V¢ -Vdz.
R3 R3

Since ¢ € L™ (R3) and |u,|® — |ul® in Lﬁ(Rg), by [31], we have

u, | odr — ul®pdr as n — oo.
¥ ¥
R3 R3

Therefore, by taking limits as n — oo on both sides of (2.6), we can obtain that

/ IVo|" 2V - Vda :/ |ul®pdz. (2.12)
R3 R3

The uniqueness of solution for equation (2.1) with given u, (2.7) and (2.12) result that ¢ = ¢,.
Then ¢,, — ¢, in D' (R3). By Sobolev inequality, we also have ¢,, — ¢, in L (R?).
Furthermore, it’s easy to know that

Ou, () = ¢y(x) ae. x € R asn — oo. (2.13)

By Holder inequality, we have

/11&3 ‘(bun’un’s_Qun
(r*—1)(s—1)

<( [, 16ul"ds [t .
R3 R3

So, {bu,, |tn]*"?uy,} is bounded in L6071 (R3). Combined with (2.13), it follows from [31]
that

r¥s
r*(s—1)+1 dx

/3 bu,, |Un|* 2 unpds — /3 bulu|*Pupdr  for all p € X asn — oc.
R R

(v) Let up, — uw in X. Then |u,|® — |ul® in Lr*rifl(RS), since w < s < w

addition, using (iii) and (iv), we know {¢,, } is bounded in L™ (R?) and

. In

Gun () = Pu(z) ae. x € R3.

Then, we have

/ (bu,, — du)|ul’de — 0 as n — co.
R3
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Furthermore, by Holder inequality, we obtain that

\ [ (9001 =196,z
R3

= | [ Gl = 1) 4 (0, = )l
— |ul?| = w, — Ou)lul’d
e, +| [ G — ulluba

Then, we conclude that ¢, — ¢, in DV7(R3).
By Proposition 2.2 and Sobolev inequality, the functional

— 0.

O

J,\(u):;/ (IVulP-+|ul?)da+— / Vultdz+ 20— D /qbu]u\ d:c—/ fulld— / F(@)udz

is well-defined in X. Now, we will prove that Jy € C'(X,R).
Proposition 2.3. J, € C'(X,R), and for any u,v € X,

(Jy(u),v) = / (IVuP2Vu - Vv + [uP~?uv) dx+/ |Vu|!™2Vu - Vodz

+)\/ Pulul®™ 2uvdm—/ |ult~ 2uvdx—/ f(x)vdx.

Proof. By the definition of Gateaux differentiable, we just need to prove that

J)\(u + tv) — J,\(u)

: R
%E}% t _<JG(U’)>U>1 uv’Uer
where
(JG(u),v) :/ (IVuP~2Vu - Vo + |uP~?uv)ds + / \Vu|!2Vu - Vodz
R3 R3
+ )\/ buul*Puvdr — / lu|'~2uvdz — / f(z)vdx.
R3 R3 R3
Set
In(u+ tv) — Jy(u) — t{(JG(u),v) = A+ B+ C + AD,
where

1 1
= —||u+tvl|}. — =||ul|} —t/ VulP2Vu - Vo + |ulP~2uw)de,
pH 17, pH 17, RS(\ | |ul )
1 1 _
=l ol = Sl —t [ VUV Vod,
q q R3
1 1
C= A |u+tv|ldx+/ !u|ldx+t/ lul'2uvdz,
R3

D r—l

|u|®dx — t/ bu|ul*Puvdz.
R3
By a standard process, it can reach that

A=o(t), B=o(t), C=o(t), t—D0.
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We only need to prove that
D =o(t), t—D0.

According to Proposition 2.2(i), we can get that

M(Uv (bu) = ¢ElI)Ill’iTI%]R3) M(uv ¢)7

where

1
Muo) = [ (Fords— [ jupod.

M(u + t’l), ¢u) = M(u + t’l), ¢u+tv)-
Combine the definition of M with the equation

So,

_Ar¢u+tv = ’u + t1)|57

one has

1
M(u + v, Pytr) = <7" - 1> /3 u + to|* puyrvde.
R
Then, we deduce that

-1
/ ¢u+tv|u + tU|de - r/ ¢u|ulsd$ - t/ ¢u’u|s_2uvd$
R3 rs R3 R3

1 r—1
=— —M(u+tv, pyttv) — / Gu|ul’dx — t/ ¢u|u\572uvdaz
s rs Jps R3

-1
M(u+tv, ¢y) — Trs /]RB Oulul®dr — t/R3 ¢u\u|5*2uvda:

1/1 —1
- _ = </ |V o |"dx —/ |u—|—tv|5¢udx> o / dulul’dx
s r Jgs R3 s R3

—t/ bu|ul* Puvdz
R3

1 1
:/ lu + tv]* ¢y dx — / |u]5¢uda:—t/ bu|ul* Puvdz
S JRr3 S JR3 R3

1

:/ bu(Ju+tv]* — |ul® — stjul**uv)dz.
S JRr3

r—1

D=
rs

2_

VI

Next, we claim that
/ Gu(u+ to]* — ul® — st|u|5_2uv)dx =o(t), t—0.
R3

For any s > 1, we have that for a.e. z € R3,

o Bullu(e) + @)~ (@)l — sthula)2u(a)o(z)
t—0 t

=0.
Then, by the mean value theorem, there exists § € R, |#| < 1 such that
1 S S S—
719u(@)(lu(z) + to(@)]* — u(@)]” — stlu(z)] “u(x)o(z))|

<su (@) ([lu(z) + Oto(@)|"* (u(z) + Otv(@))o(@)] + ||u(z)|*u(z)v(@)])
<C¢u(z)(Ju(@) " o(@)] + [v(2)[%).

(2.14)

(2.15)

(2.16)

(2.17)
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So, it follows from Hoélder and Sobolev inequalities, Proposition 2.2 (iii) that

*

< louder ([ Qut ol + o1yt
R

< Clloulons ([ 3<<|u|5—1|v|>r%1 + ol

*

*

' [, 6ullul ol + of)do
R3

E3

T

<l /R (= )5+ o)

Furthermore, by Young inequality and max{1, (1) } <s<1 (:,*_1), we have ¢y, (Juls~tv| +
lv]®) € Ll(R3). Combining (2.16) and (2.17), by Lebesgue dominated convergence theorem, we
get (2.15).
By (2.14), one has
D
liminf — > 0.
t—0 ¢t
Using the same method, we can get
D
limsup — < 0.
t—0

Indeed, using
M(u, pu) < MU, butio),

we deduce that

-1
p=" / ¢u+mlu+tv|5dx— / dulul® dx—t/ Gulul®™ 2uvdx
1
= Sdx + —M(u, ¢y) — / bulu|* " 2uvda
s
< (Uy Pyttn) — t/3 ¢u]u|372uvdx
R
1 s 1 S s—2
-~ ‘u + tv’ Guttodr — — ‘u| Guttvdr — 1T ¢u‘u’ uvdx (2'18)
S JRr3 S Jr3 R3
1 s s s—2 s—2
=3 /|, (Pusto (Ju+ to]® — [ul® = stu]**uv) + st(Gutto — du)|ul* wv) d
R
1 * 1 r* r*—1
<L 1wl ) ([l ol = ol = stfup 2ol i)
S R3 R3

*

* 1 L r —21
+t(/ (Gusto — dul” da:)T*(/ ul*2un] F1da) T
R3 R3

Similar to the proof of (2.15), we have that

r*—1

1 ¥ ¥
lim n </ Ju + tv]* — |ul® — st|u*2uv|7=1 d:z) = 0. (2.19)
R3

t—0

By Proposition 2.2 (v) and Sobolev embedding theorem, we can get that

lim/ |pusto — G| dz = 0. (2.20)

t—0 R3
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By (2.19) and (2.20), we deduce from (2.18) that limsup% < 0. So,
t—0

D =o(t), t—D0.

Finally, we show that the continuity of J/ : X — X*. Now, we define
(D% (u) / bu|ul*2uvdz for all u,v € X.

So, we only need to prove that ®, is continuous on X. Let u, — u in X. By Proposition 2.2(v),
bu, — ¢y in L™ (R?), combining |u,|*~2u, — |u|*"?u in JACIGE (R3), then, for any v € X,
Uun) — P (u), )]
J/ O N L

</ \¢unH|un|s2un—\ulszullv|dw+/ |bu,, — Gullul*~ |v]dz
R3 R3

Un — ‘U|S_2u|7”s 0] o5+ |Pu,, — Pulr |U| r*s
(s—1)(r*-1) r¥—1 7‘*71 F—1
< = 2l __es+ |6, = *Té)w
(s—=1)(r*-1) TF—1
=o(1)[v]l.
So, the proof is complete. ]

In order to find a solution to system (1.1), we need the following proposition which shows
the relationship between the solution of system (1.1) and the critical point of functional Jy.

Proposition 2.4. Let (u,¢) € X x DV (R3). Then (u, ) is a solution of system (1.1) if and
only if u is a critical point of J\ and ¢ = ¢,,.

Proof. For convenience, let’s firstly define the functional F : X x DV"(R3) — R by

1 1 A
F(u, gb):/ (|Vu]p+]u\p)da:+/ |Vu]qu+/ olul*dx
b JRrs q JRr3 5 JRr3

—)\/ |V¢\de—1/ ]u|ldx—/ f(x)udz.
rs Jr3 l R3 R3

Clearly, by simple calculations, for any (v,w) € X x DY"(R3), one has

(OuF (u,9),v)
:/ (|VuP2Vu - Vo + |uP~?uv)dz + / |Vu|9™2Vu - Vodz
R3 R3

+)\/ ¢>|u]s_2uvdas—/ |u\l_2uvdx—/ f(x)vdz,
R3 R3 R3

=(JA(u),v),
(0pF (u, 9), w)

A A
:/ lu|*wdz — / |Vé|" 2V - Vwdz.
S JRr3 S JR3
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The result of this proposition is obtained from the following equivalence
(u, ¢) is a solution of (1.1) < 9, F(u,¢) =0 and 9pF (u,¢) =0 < Jy(u) =0 and ¢ = ¢,,.

O

In the forthcoming sections, to obtain solutions of system (1.1), we need to seek critical

points of the functional .Jy in the space X. However, due to the translation invariance of Jy, the

problem lacks compactness, which complicates the application of standard variational methods.

To overcome this obstacle, we restrict Jy to the radially symmetric subspace of X, denoted by

X,. It is a natural constraint for Jy by Palais’ principle of symmetric criticality [28] and the
existence and uniqueness of solution for equation (2.1).

3. A solution with negative energy

In this section, we seek a negative energy solution to system (1.1) with (f).

Lemma 3.1. Assume that f satisfies (f1) and ¢ <1 < q*. Then, there exist p > 0 small enough,
A >0 and o > 0 such that Jx(u) > « for all uw € X, with ||u|]| = p and |f]: < A.

Proof. First, let’s review a fundamental inequality which is important for the proof. There
exist C7,Co > 0 such that for all a,b > 0 and 1 < m < n,

Ci(a+b)", a+b<1,
o s et (3.1)
Co(a +b)™, a+b>1.

For any u € X, and |lu|| < 1, it is easy to see that

1 1 Alr—1
I (u) = /R?)(]Vu\p + |u|P)dx + p /RS |Vul?dz + (rrs) /RS Gu|ul’dx

_}/Ri% u|ldx — /}R3 f(x)udx

Cq St
>XIIUH‘1 - T’IIUIIZ = Syl flelfull

Ciy ovgr Sty
ol (St = Sl = su1s1).

where S¢ stands for the Sobolev embedding constant of X < L$(R3) for p < £ < ¢*. Let
Cy St
t) = —t1t = Sl
9(t) =~ i
After a simple calculation, since ¢ < [, there exists a unique p > 0 such that g attains its
maximum value
= max g(t) > 0.
9(p) tgl[ofﬁg( )
By choosing
g\p
A =22 and = plolp) = el
the proof is complete. O
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Lemma 3.2. Assume that f satisfies (f1) and g <1 < ¢*. Let {u,} C X, be a bounded sequence

with Ji(un) — 0. Then, up to a subsequence, u, — u in X, for some u € X,.

Proof. Since {u,} C X, is bounded, we can deduce that there exists u € X, such that, up to

a subsequence,

Up — U in X,,
Up — U in LY(R3), p <t < ¢,
un(z) — u(z) a.e. in R3.
We will claim that u,, — v in X,., namely,
||un, — ul| = 0, n — oo.

Indeed, by Hoélder inequality, one has
‘/ (a2 — Ju]~2u) (1, — )
R3

</ |un|l_1|unu\dac+/ =Yy, — ulde
R3 R3

<Junld ™ un — uly + [l — ul;
=o(1).

Combining Proposition 2.2 (iii) and Holder inequality, one has that

' [ @bl = Gufad 00 0, = )

<|Pup 1 un‘s_2un(“n - U)‘(r*)’ + |¢)u\r*|]u|3_2u(un - U)|(r*)’
<O Gun | o, [unl* 2 T = ul s + Clldull pror|ul®
1 r*—1 1

Cllunll =T fun =l e+ Cllull = fun — ul
=o(1).
By Jj(un) = 0 and {u,} C X, is bounded, it results that
(J\(up) — J\(u), up —u) — 0 as n — oo.

It follows from (3.3)-(3.5) that
/ (IVun P2V, — [VulP2Vu) - (Vu, — Vu)dz
R3

+/ (|un|p_2un — \u|p_2u) (up, — u)dx
R3

+/ (|Vun |72V, — [Vu|!?Vu) - (Vu, — Vu)dz = o(1).
R3

Similar to the proof of Proposition 2.1, for the case 2 < p < 3, we get

/ (|Vun|p_2Vun - |Vu|p_2Vu) - (Vuy, — Vu)dz > C/ |Vu, — VulPdz,
R3 R3

’Un - U‘T*is
r¥—1

r¥—1

(3.4)
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and

/ (Jun|P 2wy — [ulP ) (un — w)dz > C/ |tun, — u|Pdz. (3.8)
R3 R3

For the case 1 < p < 2, from the boundedness of {u,}, Holder inequality, we deduce

/ |V (up, —u)Pdz
R3

<C/ [(IVunlP~*Vu, — [VulP7>Vu) - V(u, — u)]
R3

(M|

p(2—p)

(IVun| +|Vul) 2 dz

g Q*TP (3.9)
<C (/ (|Vun|p_2Vun - |Vu|p_2Vu) -V (up — u)dm) </ (IVun|P + |VulP) dx)
R3 R3

NI

In the same way, we obtain

ya
/R3 |t — ulPdz < C </}RB (Jun P — [ufP~?u) (u, — u)da;) ° (3.10)

Therefore, it follows from (3.6)-(3.10) that u, — u in W1P(R3). Similar to (3.7) and (3.9), we
can also get that u, — v in DV9(R3). Thus, (3.2) holds. O

Theorem 3.1. Assume that (f1) holds and ¢ <1 < ¢*. Then, for any X > 0, |f| < A, Jx has
a critical point uy with Jy(u1) < 0 where A was given in Lemma 3.1.

Proof. First, we will find a function w € X, such that [ps f(x)w(x)dz > 0. In fact, it is
obvious that |f|'"2f € L¥(R?) from f € L}(R3). Because C§°(R?) is dense in LY (R?) and f is
radial. Then, there exists a radial sequence {f,} C C$°(R?) such that f,, — [f|*"2f in L¥(R3).
Furthermore,

/ffndx—>/ |f|'dz as n — oo.
R3 R3

Let’s pick ng such that [ps ffn, > 0. Selecting w(x) = fn,(z), we will get [ps f(z)w(x)dz > 0.
So, one has, for any ¢ > 0 small enough,

tp ta A(r — 1)tiT
I (tw) :/ (IVwl? + |w|?)dx + / |\Vw|dx + (T)/ Pw|w|’dz
P Jrs q Jrs TS R3

<0.

Thus, it is easy to prove that
c= inf Jy(u) <0,
ucB,
where B, = {u € X, : ||u|| < p} and p is in Lemma 3.1.
The next step involves utilizing Ekeland variational principle to demonstrate the existence
of local minimizers of Jy. First, by Ekeland variational principle [20], the sequence {u,} C B,
is obtained which satisfies

1
c < Jx(up) <C+ﬁ (3.11)
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and )
In(v) = Ja(ug) — —||v — uy|| for all v e B,. (3.12)
n

Next, we assert that ||u,|| < p for n large enough. Indeed, if ||u,| = p, applying Lemma 3.1, we
can get that Jy(uy,) > « > 0 which is contradict with (3.11) for n large enough. Finally, we will
show that J} (uy,) — 0. For any v € X, and |[v|| = 1, we can choose sufficiently small € > 0 such
that [|u, + tv]| < p for all [t| < e. Furthermore, we get that

1

Ix(up +tv) — Iy (uy) < —1HUH 1
= n n7

t

where we have used (3.12). Letting ¢t — 0, we deduce that (J(u,),v) > —1. Replacing v with
—v for the formula above, we have (J{(uy),v) < 1. Thus, [(J}(un),v)| < L for every v € X,
with ||v|| = 1. Therefore,

Ji(up) =0 as n — oo.

Then, {u,} is a bounded (PS). sequence of Jy. By Lemma 3.2, there exists u; € X, such that
Ja(u1) = ¢ < 0 and J§(u;) = 0. The proof is complete. O
4. A solution with positive energy

In this section, we will prove that system (1.1) has a solution with positive energy. It is worth
noting that here we need

max{l,p(r*_l),Q(T_l)} <s<w.

r* r r*

It ensures that
1
qr(s +1) <
r+q(r—1)

We handle system (1.1) in the following two cases.

4.1. The case % <l<q"

In this subsection, we consider the case T‘Zéf::li) < [ < ¢* and prove the following theorem.
Theorem 4.1. Assume that (f1), (f2) hold and 7'?:(5?:;%) <1l < g*. Then, for any X > 0,

|fle < A, Jx has a critical point ug with Jy(uz2) > 0, where A is given in Lemma 3.1.

Lemma 4.1. Let T(f:éf:r_li) <l <q* and X > 0. Then, we have the following:

(i) there exist p, A, > 0 such that Jy(u) = « for uw € X with ||ul| = p and |f|; < A;
(ii) there exists v € X with ||v|| > p such that J\(v) < 0.
Proof. (i) The proof here is the same as that of Lemma 3.1. We omit it.
(ii) Set
o+ q(r—1)
S rs+q(l—1)
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For any v € X\{0} and ¢ > 0, we denote u:(z) = t"u(tx). By Proposition 2.2 (ii), a direct
computation gives that

tm—3 tn2—3 $n3—3 Mr — 1)¢ms—3
Ia(ug) = / |VulPdx + / |ulPdx + / |Vul?dz + (r)/ Gu|ul|’dex
p R3 p R3 q R3 rs R3

n4—3
! lu|'dx — tn5_3/ f(g)uda:,
l ]RS R3 t
where
pris +1) plr + g(r — 1) ar(s +1)
= , 2= 1=
rs+q(l—r) rs+q(l—r) rs+q(l—r)
A +q(r—1)] ._
774 L 7'3+q(1—7'> 9 775 T 77

We claim that
ng>mn3>mn1>12, n3—3>0.

Indeed, by max{1,~ Ti_l) q(r Dy c5< ( =1 we have

q(4r — 3)

rs+q(l—7r)>0, s< ——-+.
1= r(3—1q)

T‘f:é‘(s:_li) <l < g and ¢ > p, we get that ny > 13 > n1 > 12 and 3 — 3 > 0.

Consequently, for some sufficiently large to > 0, the choice v = wy, yields Jy(v) < 0. O
Now, we deduce that the functional J satisfies mountain pass theorem [2]. The mountain
pass level of Jy can be defined as

Combining

= inf J
¢ = Inf max JA(y(1));

where

I'={y € C([0,1], X;) : 7(0) = 0, Jx(v(1)) <0}

[
To prove the following Lemma, by (f1) and (f2), we define an auxiliary functional Py : X, — R
as follows

-1
Py(u) = i Vapdo+ 2 [ fupas+ 2 [ e+ 20200 TG

B /R ul'de = s [ fopuds + /R (@ Vf(@)uds,

where 8; =mn; — 3, for i =1,2,3,4,5.

Lemma 4.2. Under the assumption of theorem 4.1, there exists a bounded sequence {u,} C X,
satisfying
Ia(un) = ¢, Ji(un) = 0, Py(uy,) — 0. (4.1)

Proof. The following method adopts the idea of Jeanjean in [24].
Here, we introduce the action of group R on X, defined as follows. For any t € R, u € X,
we can define ¢ x u by
txu(z) = eMu(elz), ae. xRV,



1942 X. Cui, A. Li & C. Wei

where 7 is given in Lemma 4.1. So, it is easy to see that

eﬁlt 6B2t eﬂ?,t
Ia(txu) = / |VulPdx + / |ulPdz + / |Vul!dz
P Jrs P Jrs q Jr3

Mr — 1)ePst Bat
+ Alr = Ve / Pulul’de — c / lu|'dz — eﬁ5t/ f(z)uda:
rs R3 l R3 R3 et

Now, we define Jy : R x X, — R by

Ja(t,u) = Jy(txu) for all (£,u) € R x X,.
By a simple calculation, for any u,v € X,., it holds that
In0,u) = Jy(u), 9 Jx(0,u) = Py(u), (8uJr(0,u),v) = (J}(u),v).
Let D = (0, 0,) for all (t,u) € R x X,. Then we have
(DJx(t,u), (k,0)) = (Opr(t,u), k) + (DuJr(t,u),v) for all (k,v) € R x DYP(RN).  (4.2)

We set the standard product norm |[|(¢,u)||rxx, = (Jt[" + Hqu)% for all (t,u) € R x X,. The
dual norm of || - ||rxx, is defined by

91l R x,)« = sup{lg(0, u)| = [[(6,u)[[rxx, <1} for each g€ (R x X;)™
The mountain pass level for Jy can also be defined by

¢ = inf max J,\(5(t)),
inf s JA(5(0)

where
I'={5eC(0,1],R x X,) : 5(0) = (0,0), Jr(5(1)) < 0}.

From the above definitions, it follows that ¢ = ¢. Indeed, on the one hand, for any v € I,
set 4(t) = (0,~(t)) for all ¢t € [0,1], which is in I". Thus, it leads to that ¢ > ¢ On the other

hand, for any 4 € I, that is, 3(¢t) = (6(¢),n(t)) for all t € [0,1]. Let

() s (@)(-) = n(t)(e D) for all t € [0,1].

Then v € T and Jy(y(t)) = JA(5(t)) for all ¢ € [0,1]. Thus, we also have & > c. By the general
minimax principle, there exist sequences {7y,} C I and {(¢,,v,)} C R x X, such that

1

(b n) = el < -, (4.3)
distascx, (s vn), {0} x 1 ([0, 1])) < jﬁ (4.4)
DI (s vn) | @,y < jﬁ’ (4.5)

where distry x, ((t,u), A) = ( iT;f A(’t — kP + |lu— v||p)% for all (t,u) € R x X,.. It follows from
K,0)€E
(4.3)-(4.5) that

tn, — 0, (4.6)
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In(tn *vp) — ¢, (4.7)
J\(tn *xvp) — 0 in X', (4.8)
Py (ty, x vy) — 0. (4.9)

Indeed, clearly (4.3) and (4.4) imply (4.7) and (4.6) respectively. For (4.9), we recall (4.2),
t, — 0 and (4.5). Finally, we just have to prove (4.8). By a simple calculation, one has

(J\(tn *x V), ) = <8uj,\(tn, Un), (—tn) * @) forall ¢ € X,.

Then
[J5(tn % vn) || xz = sup [(Jy(tn % vn), )]
lell<1
= sup ’<8uj>\(tnvvn)a (—tn) * )|
lell<1

< sup HaujA(thn)HX:H(_tn)*‘PH-
lell<1

Thus, it is clearly that (4.6) and (4.5) imply (4.8).
Next, let u, = tn * vy, {un} C X, is the sequence that satisfies (4.1), we will prove that {u,}
is bounded in X,. by (4.1), for n large enough, one has

1
c+1=J\(up) — PA(un)

- B2 / Ba — B3 /
= Vu, [Pdx + b1 Uy [Pdr + ——— Vo, |1dx
pﬁ4 / [Vitn| PBa 3 fun| qBs  Jrs | |

N A(r —1)(B4 — B3) / b tin|*da + D55 Bs ; — B f(x)undx

rsfy 4

1
- / (x, Vf(x))updz.
Ba Jrs
Furthermore,
c+1+M f(z )und;v—l—/ (x, Vf(z))updz
Ba Jms Ba (4.10)
)54_51/ Vaun|Pdz + 54_62/ (P + 64_63/ V| 7dz.
By Jrs pBa Jrs aBs  Jgs
From (f1) and (f2), Holder and Sobolev inequalities, we have
F(@)undz| + '/ (2, V £(2))undz| < Cllun]|. (4.11)
R3 R3
So, by (4.10) and (4.11), it follows that {uy} is bounded in X,. O

Proof of Theorem 4.1. The result is immediately obtained by Lemmas 4.1, 4.2 and 3.2. O
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gr(s+1)
4.2. Thecasep<q<l<m
In this subsection, we consider the case p < ¢ <1 < r?:é? )) the main result is as follows.
Theorem 4.2. Assume that (f1) holds and p < ¢ < 1 < T[f:q(f:_li). Then, there exists Ag > 0

such that, for all X € (0, o), |flt < A, Jx has a critical point us with Jy(uz) > 0, where A is
given in Lemma 3.1.

Now, we need to do some technical processing, refer to [25]. To do this, we need to define a
smooth function n € C*°([0,400), [0, 1]) such that

1, for t € [0,1/2],
n(t) =14 €10,1], for te (1/2,1),
0, for t € [1,+00),

and |n'|oc < 4. So, we can define a penalized functional J) ar : X, — R as

1 A
Tt () = / (Vul? + [ulP)dz + - / IVl + ( A =1 / bululdz
p (4.12)
- / lulldx — / f(x)udzx,
l R3 R3
where M > 0 and
lullf, | llullps,
Lir(u) = ( et
It is easy to see that .Jy »s belongs to C! with
(J$\7M(u),v> =1+ Hynm(u)) / (|Vu|P~2Vu - Vo + |[ulP?uv)dz
R3
+ (1 +GA,M(u))/ V|1 2Vu - Vodz
R? (4.13)

—i—)\LM(u)/ bulu|*2uvdz
R3
|u|l_2uvdx—/ f(z)vdx for all ve X,,
R3 R3

where

Ao —Dp , (N, llull%,
H)\,M(u): (TSMp) 77/( A]W]o7 Dl / ¢u| ‘dw

A —1)q , [ llullf, HUH 4
GA,M(U) = (Tqu) 77/< MP Dl / Gulul*dz.

It is obviously that if u is a critical point of Jy »s and |lul| < 2L, then u is a critical point
of Jy. To do this, we first prove that for any M > 0, the penalized functional J) p; enjoys the
mountain pass structure.
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qr(s+1)

Lemma 4.3. Assume that (f1) holds and p < ¢ <1< porw

. For any M > 0,

(i) there exist p, A, > 0 such that Jy pr(u) > o for u € X, with ||ul| = p and |f|y < A;
(ii) there exists v € X, with ||v|| > p such that Jy pr(v) < 0.

Proof. (i) The proof here is the same as the proof of Lemma 3.1. We omit it.

(ii) Similar to that in Theorem 3.1, we choose ¢ € X, such that [ps f(2)p(2z)dz > 0 and
llellip =1 or ||¢|pre = 1. For any given M > 0 and t > M, it’s easy to know that Lys(tp) = 0.
So,

tP 14 tl
_ D v q _ - l _
Tart) = Sl + Sl =7 [ lel'do—t [ pa)eds.

Since p < g < [, we can choose t); > M large enough, so that ||tp| > p and Jy a(te) < 0. O
By Lemma 4.3, for any M > 0, we have stated that the penalized functional Jy s has a
mountain pass geometry. Then, we can define the following mountain pass level of Jy s,

= inf J t
e = Inf max A (v(t)),

where

Iar ={y € C([0,1], X;) : 7(0) = 0, Jxnm(y(1)) <0}

Hence, there exists {u,} C X, such that
J)\jM(un) — C\,M; J;\’M(un) — 0 in X: (4.14)

Lemma 4.4. For M > 0 large enough, there exists \py > 0 such that, for all X\ € (0,\pr), the
sequence {uyn} given by (4.14) satisfies

M
R

lim sup [, <
n—oo

Proof. For any given M > 0, if ||u,|| — oo, as n — oo, there exists N > 0 such that for every
n>N
1
MP 4 M9\ »
ool > 14+ (M)
2

by (3.1), one has
Ly (up) =0, for n large enough.

So, for all n € N large enough, we deduce that

1 1 1
Tuasln) =l + iy = 7 [ foal'de = [ f@yunda,
and

<J§\,M(“n)aun> = ||un||11),p + Huan)l,q _/ ’Un|ld93 _/ f(@)undz.
R3 R3
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By (3.1) again, for n € N large enough, we have

v+ 1+ |lugl = Iam(u

)
1 1 1 1 [—1
= (5= g )ty (5= 1) Buallpns = 5 [ F@hunde (a5

It is easy to see that (4.15) contradicts with the fact that ||u,| — oo, n — co. Therefore, {u,}

is bounded in X, which may be dependent on M.

Now, by contradiction, we assume that lim sup ||u,| > %. Up to a subsequence and still

n—o0

denoted by {u,}, we have lim [lu,| > % . In fact, by using (4.12)-(4.14), for n € N large
n—00

enough, we have

e+ 1+ lunll =I5 a(un) — <J//\,M(un)’un>

1 1 1 1
(5= 1) hunllty+ (5 = 7) Tl
AMr—1 A s Hy v (un
¥ (() - ) Eartun) [ Gulunfide — 2D
rs l R3
G)\ M(un) l -1
- Junllyns = 7 [ | F@)undis
RS
Then, for n € N large enough,

1 1 1 1
(G=7) hunllty+ (5 = ) Tl

A ANr—1
<exm + 1+ |up || + < — (rrs)> LM(un)/ Gu,, [un|’dx (4.16)
R3

l
Hy M(un _1
T ) tn g + 5 /R3 f (@) |uy|da.

funll + E2ttin)

Next, for any n € N, by Proposition 2.2 (iii), one has

[ bunlunlds = 160, Ipnr < € unll 1. (4.17)
R
Usi IIUnH lunllfag ) IIunH lunlBrg \ _ o

sing the fact that n P+ =0 and n P+ — = 0if |luplhp > M
or ||up||pre = M, combined with the definitions of H) s, G,\7M and (4.17), then

lunl®y | Jlunlls
n'( VR V7 /¢un|un| dz

LS 492
< 271\ (r — 1)pCTM%_p,
rs

Ar—1)p
rsMP

[ H i (un )| =
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_Ar—1)q
(G (un)| = =0

lenllfy | lwnllg
n’( R [

s 2
27'71+ )\(T - 1)quMTT_51 —q

X
rs

Further, by a simple calculation, we have

-1 1 —1
<)\ - )\(r )> LM(UH)/ ¢un|un|sdx <A ‘ .
R3 [ rs

CTMT’,;l,

l TS

Hoarlin) ¢ 2N = D0y
rs ’ (4.18)

G 2%4_2)\ — ]_ rSs
)\,M(un)”u”Hqqu < (’f’ )quMT_l
l ' rs

-1
[ f@)lunlde < CAlJua.
R3

Let ¢ be the function chosen in the proof of Lemma 4.3. We deduce that

MP M4 M
Tar(M) = =2l + =l = 7 [ lel'de =21 [ fa)ode
p R3 R3

Then, there exists M; > 0 such that Jy a(My) < 0 for all M > M;. Further, by the definition
of ¢y v and (4.17), one has

C\,M < max J)\,M(tMQD)
te(0,1]

(tM)P (tM) (tM)!
< e { S ot + C g, - B [ ot
te[0,1] D R3 (4.19)
)\(T — ].) _Ts_
(M) Ly (tM sd
+ max S DLy (1) [ ol
<C3+ AC,CT M1,
Now recall (4.16), (4.18) and (4.19), we deduce that
11 11
(G- 7) tunlty+ (5= 7) el
<C5+ AC,C" M1 + 1+ (1 + CA)un|| + A ‘l — 7“7; ‘O”Mr1
3 (g (4.20)
N 2r=1T\(r 1)qCTMT*1
rs
rs_ 1 r—1] 271341
<C3 4+ 14 (14 CA)|up| + AC" M= (c4+ ‘z_ ke r(;“ )q>'

In order to obtain Ay in the conclusion, since lim ||lu,|| > 2, we can assume that for every
n—oo

n €N,
[unll1p + lunlpra = 1.
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Thus, recalling the inequality (3.1) again, from (4.20), we deduce that

) rs rs

11 C3+1 1+CA ACT M1 1 r—1
=) funl? < ==
<q l>llu [ & TG [[wn |l + G (4+‘

Furthermore, for € > 0 small enough, by using Young inequality, we obtain that

1 1 e C3+1  C. [1+CA\Y

(-7 =)l <G+ S (L222)

g L p C p Co (4.21)
+AC"M% <C4+‘1 T—1’+27'T51+3(7“—1)q>' ‘

(s 1 rs rs

2713 (p — 1
N ( )Q> ’

Let n — oo on both sides of (4.21), it reaches that

L1 @\MP Gyl G (1+CA v
4p = CQ p/ CQ

g L p
ACT M7= 1 r—1] 2715341
+<C4+'Z—T ’+ (r )q>.

(s s TS

For any M large enough such that

o, Ty

<1 1 GP>MP Oy +1 CE<1+CA>p/
- _{_1’
g L p Cy

by choosing Aps > 0 such that

C" M =T 1 —1] o27=it(r—1
Awm——— | Ca + - T + (r=1)q =1,
Cy I

we can get a contradiction for every A € (0, Aps). dJ

Proof of Theorem 4.4. By Lemmas 4.3, 4.4 and mountain pass theorem, for M > 0 large
enough, we can choose Ay > 0 such that for any A € (0, Ayr),

) M
lim sup [Juy,|| < T
n—oo

Combining this with the definition of L, we get that for n € N large enough,
I (un) = Ia(un) and Jy p(un) = J3(un).

Therefore, we have Jy(up) = cxp > 0 and J}(un) — 0 as n — oo. By Lemma 3.2, there exists
ug € X, \ {0} such that Jy(u2) = cx ., Ji(u2) = 0. Thus, ug is also a critical point of Jy, which
is different from u;. The proof is complete. O

5. Proof of main results

Proof of Theorem 1.1. Theorem 1.1 can be got by Theorem 3.1 and Theorem 4.1. O
Proof of Theorem 1.2. Theorem 1.1 can be got by Theorem 3.1 and Theorem 4.2. O
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