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ON p-GEOMETRICALLY CONVEX SETS AND FUNCTIONS
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Abstract The geometrically convex function is a generalization of convex functions and a
useful tool to discover and prove inequalities. In present paper, the authors improve the con-
cept of geometrically convex sets, define the p-geometrically convex sets, the p-geometrically
convex hulls, and the p-geometrically convex combinations, and give several equivalent con-
ditions for judging p-geometrically convex sets. On this basis, the authors introduce the
concept of p-geometrically convex functions and study its properties and invariant property
under several operations. Moreover, the authors establish some new integral inequalities of
p-geometrically convex functions.
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1. Introduction

Geometrically convex functions are a parallel concept of convex functions and are given by a
transformation or an inequality, which generalize the theory and method of majorized inequalities
for convex functions. As early as 1988 and 1990, Li [10] and Lucht [11] discussed some properties
of geometrically convex functions by virtue of a transformation, but the concept was formally
put forward by Gronau and Matkowski [7] in 1994. In 2000, Niculescu [15] gave the criteria of
judging geometrically convex functions and several specific functions with geometric convexity,
and established the Popoviciu type inequalities. In the same year, Finol and Wéjtowicz [6]
obtained the differential criterion of judging geometrically convex functions. In 2002, Yang [24]
studied some matrix inequalities for geometrically convex functions, as well as Wu [21] gave a
judgment method of geometrically convex functions and established inequalities of the Jensen
type for geometrically convex functions. In 2004, Zhang [27] defined the geometrically convex
sets and the Schur-geometrically convex functions, and established inequalities of the Hadamard
type for geometrically convex functions. In 2013, Song [19] established integral inequalities of
the Jensen type for geometrically convex functions and their weighted forms. In recent years,
generalized geometrically convex functions, such as m-geometrically convex functions, («,m)-
geometrically convex functions, s-geometrically convex functions, and h-geometrically convex
functions, have been proposed and investigated in the references [2,22,25]. Geometrically convex
functions are a useful tool to discover and prove inequalities, and many classical inequalities are

TThe corresponding author.

!College of Mathematical Sciences, Inner Mongolia Minzu University, Tongliao 028043, Inner Mon-
golia, China

2School of Mathematics and Physics, Hulunbuir University, Hulunbuir 021008, Inner Mongolia, China
317709 Sabal Court, University Village, Dallas, TX 75252-8024, USA

E-mail: shuhong7682@163.com(S.-H. Wang), 599558124@Qqq.com(Q. Liu),
qifeng618@gmail.com(F. Qi)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20250055

1964 S-H. Wang, Q. Liu & F. Qi

obtained using the convexity feature, see [1,5,9,12-14], for example. These inequalities play an
important role in game theory, optimality theory, physics, engineering, economics, and many
other fields.

In [17], the definition of convex functions was given by the convexity of epigraphs of the
functions. In [16], Peck generalized the concept of convex sets and introduced the concept of
p-convex sets. In [18], Sevda et. al. defined p-convex functions using p-convexity of epigraphs
of the functions and researched some properties of this kind of functions. In [20], the equivalent
definition of geometrically convex functions was given by the geometric convexity of epigraphs of
the functions and the judgment theorems and some properties of geometric convex functions were
obtained. On more recent results and generalizations for p-convex sets and p-convex functions,
please see the papers [23,26] and the references therein.

The parameter p in p-convexity plays a critical role in extending and refining the classical
theory of convexity, offering both conceptual and practical value. By allowing p to deviate
from 1, it can move beyond the limitations of standard convexity to create a unified framework
that encompasses a richer spectrum of functional behaviors. In analysis, p-convexity provides a
unifying lens for generalizing inequalities like the Hermite-Hadamard and Simpson inequalities
[3], and in information theory, it underpins flexible divergence measures such as the Rényi
entropy [4]. Thus, varying p away from 1 is not merely a mathematical generalization but
also a practical tool that bridges abstract theory to real-world applications across economics,
engineering, and data science.

The following portions of this work are inspired by the aforementioned findings. In Section 3,
the concept of p-geometrically convex sets is introduced and its judgment criterions and some
fundamental characterizations are investigated. In Section 4, p-geometrically convex function
is defined by the p-geometric convexity of epigraphs of the function. Its equivalent judgment
theorems are given by converting between analytical and geometric methods. Furthermore, an
example and some operational properties of p-geometrically convex functions are discussed. In
Section 5, some new integral inequalities for p-geometrically convex functions are established.
In Section 6, some conclusions and new ideas for future research are given.

2. Preliminaries

Throughout this paper, we use the notations R", Rfj, and R’} to denote the sets of all n-
dimensional real vectors, all n-dimensional non-negative real vectors, and all n-dimensional
positive real vectors, respectively.

Definition 2.1 ( [27]). Let z = (z1,22,...,2,) € U C RY, vy = (y1,¥2,--.,yn) € U C RY,
and o, 3 € [0,1] such that o + 3 = 1. If z%9f = (x‘f‘ylﬁ,mg‘yg,...,x%yg) € U, then U is
said to be a geometrically convex set, where we use the operations z% = (z{,z9,...,2%) and
Ty = (T1Y1, T2Y2, - - -, TnYn)-

Definition 2.2 ( [7]). Let U C R’} be a geometrically convex set and f : U — Ry. Forz,y € U
and A € [0,1], if f(z*y' =) < [f(@)M[f(y)]' >, then f(x) is said to be a geometrically convex
function.

Definition 2.3 ( [16,18]). Let U C R™ and 0 < p < 1. For z,y € U and A\,u > 0 with
N+ P =1, if Ax + py € U, then U is said to be a p-convex set.
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Definition 2.4 ( [17]). Let f: U C R™ — R. Then the set
{(z,v) eR" 2 cUv e Rv> f(2)}

is said to be the epigraph of f and is denoted by epi(f).
Definition 2.5 ( [18]). Let f: U CR" —» R. If

epi(f) = {(z,v) eR"™ iz e UveR,v> f(z)}

is a p-convex set, then f is called a p-convex function.

3. On p-geometrically convex sets

In this section, we define the notion of p-geometrically convex sets and study its basic properties.

Definition 3.1. Let U C R} and 0 < p < 1. For each x,y € U and A, u > 0 such that
N 4 pP =1, if 2*y* € U, then U is called a p-geometrically convex set in R .

Remark 3.1. When p = 1 in Definition 3.1, we deduce the definition of geometrically convex
sets defined in [27].

Example 3.1. For 0 < p < 1, the set U = {(z,y) € RY : |Inz’ 4+ |Iny|? < 1} is a p-
geometrically convex set in Ri. But it is neither a p-convex set nor a geometrically convex set
in Ri. In fact, for (x1,y1), (x2,y2) € U and A, up > 0 with \? + pP = 1, we have

|ln(x?x’2l)‘p + ’ln(yi\y’;)‘p = |Alnz; + plnze|? + (Alny; + plnys|?
< (] + )P + Iy | + gl Ings])?
< Az [P + [y |P) + pP (| Inaaf” + [ In ys|”)
e
=1.

Thus, we obtain

(1, y1) (@2, 92)" = (v12h,y795) € U,

that is, U is a p-geometrically convex set in Ri.
But ta‘king p= %7 ($17?/1) = (e_lv 1) eU, (1"27y2) = (176_1) elU,if A= H= %7 then

1/2 1/2

1
Tl 907,51

1+e

‘ln

+ ’111

means
A@1,91) + (w2, y2) = (1:667 14+ee> ¢ U;
if A= %, then
‘lne*1/2|1/2 + ‘lnefl/2|1/2 =V2>1
means

(1, y1)M@2,y2) > = (72,7 12) ¢ U.

Therefore, U is neither a %—convex set nor a geometrically convex set in Ri.
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Theorem 3.1. Let U C R} and 0 < p < 1. Then U is a p-geometrically convex set if and only
if U is a p-convex set, where nU = {lnx :x € U}.

Proof. If U C R is a p-geometrically convex set, then for each x,y € U and A, > 0 such
that \? + P = 1, we can obtain z*y* € U, which means

Au+ pv = ln(x)‘y“) €InU,

where u =Inz, v =Iny, and u,v € InU. That is, InU is a p-convex set.
Conversely, for u,v € InU and A, p > 0 such that \? 4+ p? =1, if InU is a p-convex set, then
z,y € U and
A+ pv = In(z*y*) € InU,

where u = Inz and v = Iny. Consequently, we acquire z y# € U, that is, U is a p-geometrically
convex set. The proof of Theorem 3.1 is complete. O

Theorem 3.2. Let U C R} be a p-geometrically convex set and 0 < p < 1. Then the closure U
of U is also a p-geometrically convex set.

Proof. Let x,y € U. If x,y ¢ U, then there exists two point sequences {x(”)}zozl and
{y(")}zozl in U such that

2™ =z, y™ 5y, and (x(”))/\(y(”))” — Myt

as n — oo, where A\, u > 0 and A’ 4+ p? = 1. Since U is a p-geometrically convex set, then
(:U(")))‘(y(”))u € U, and then z*y* € U. That means U is a p-geometrically convex set.
If 2,y € U, then U = U, the conclusion is clear. The proof of Theorem 3.2 is complete. [

Theorem 3.3. Let U; C R} fori=1,2,...,m be p-geometrically convex sets and 0 < p < 1.
Then (%, U; is also a p-geometrically convez set.

Proof. For z,y € ()%, Uj, it is clear that z,y € U; for ¢ = 1,2,...,m and U; C R’} for

i =1,2,...,m are p-geometrically convex sets. Accordingly, for A, > 0 and NP + p? =1, we
acquire that 2*y* € U; for i = 1,2,...,m, that is, 2 y* € Mi~, Ui. The proof of Theorem 3.3 is
complete. O

Definition 3.2. Let U C R} and 0 < p < 1. The intersection of all p-geometrically convex sets
containing U is said to be a p-geometrically convex hull and is denoted by PGConv(U).

Remark 3.2. It is clear that PGConv(U) is the unique and smallest p-geometrically convex set
containing U.

Definition 3.3. Let U C R, 0 < p < 1, and Aj, Ao, ..., Ay > 0 with >, AP = 1. For
Z1,Z2,...,T, € U, the product of vectors [[;", :Ef\l is called a p-geometrically convex combina-
tion of x1,xo, ..., Tm.

Theorem 3.4. Let U C R} and 0 < p < 1. Then U is a p-geometrically convex set if and only
if it contains the p-geometrically convexr combination of any elements in U.

Proof. The sufficiency is obvious. In what follows, we will inductively prove the necessity.

Suppose that U is a p-geometrically convex set, then for x1,z2 € U and A1, A9 > 0 such that

AN 42D =1, we have 231232 € U.
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Suppose that the conclusion is correct for m — 1 vectors, then for z1,z2,...,z,,, € U and
A1s A2, .oy Ay > 0 such that Y0 AP =1 let o = [[12, x;\’ In this case, it is clear that A < 1
for all i € {1,2,...,m}. Therefore, we can choose

\s
Agzill/, i=2,3,...,m.
(1=

Then, we arrive at
m m )\p

> =Y o

=2 1=2

Accordingly, by the induction hypothesis, we obtain

m m
N i/ (1=XPYL/p
y=]oi =[[7" " ev
=2

i=2
Then
x = y(l_)‘ll))l/pmi\l eU.
The proof of Theorem 3.4 is complete. O

Theorem 3.5. Let U C R" and 0 < p < 1. Then PGConv(U) is composed of p-geometrically
convex combinations of all elements in U.

Proof. Let C be the set of p-geometrically convex combinations of all elements in U. It is
obvious that C' C PGConv(U).
For z,y € C, there exist x;,y; € U fori =1,2,...,f and j = 1,2,...,m such that

x:Ha:f“ and y:ﬁyf",
' i=1

where A\, pij > 0 such that S35_, A’ = 1 and >ty uf = 1. Then for A, > 0 such that
AP 4+ P =1, we have

¢ m
N Ny =1
i=1 j=1

4 A/m M
Aq i
s P = (sz ) (Hyl > eC,
i=1 i=1

which means that C is a p-geometrically convex set. By the relation U C C, we arrive at the
relation PGConv(U) C C. The proof of Theorem 3.5 is complete. O

Accordingly, we obtain

Example 3.2. Consider the set U = {(%, 1), (1, %)} In Figure 1, the set of p-convex com-

binations of the points (%, 1) and (1, %) for each p = %, %, %, 1 is showed. The corresponding

PGConv(U) set for each p = %, %, %, 1 is the region under the corresponding curve.
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Yy = 1/2H
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Figure 1. The p-convex combinations of U = {(1/2*,1/2*) : \,u € [0,1], \? + pP = 1}.

4. On p-geometrically convex functions

In this section, we introduce the notion of p-geometrically convex functions and investigate its
basic properties.

Definition 4.1. Let f: UCR} - Ry and 0 <p < 1. If
epi(f) = {(z,v) € RTH cxeUveRy, f(z) <v}

is a p-geometrically convex set, then f is said to be a p-geometrically convex function. If the
negative — f is a p-geometrically convex function, then f is said to be a p-geometrically concave
function.

Theorem 4.1. Let U C R} be a p-geometrically convex set, 0 <p <1, and f : U — Ry. Then
f is a p-geometrically convex function if and only if the inequality

F@y") < @MW) (4.1)
s valid for all x,y € U and A\, p > 0 such that \? + uP = 1.

Proof. If f: U — R, is a p-geometrically convex function, then epi(f) is a p-geometrically
convex set. This means that the relation

(z,0))(y, B) = (2My",a*B") € epi(f)
is valid for all (z, @), (y, 8) € epi(f) and A, u > 0 such that N\’ + p? = 1. Accordingly, we have

f(z ") < o?pr. (4.2)
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Since the inequality (4.2) is true for all «, 8 such that (z,«), (y,3) € epi(f), it is also true for
f(z) = a and f(y) = B. Thus, the inequality (4.1) holds.

Conversely, if the inequality (4.1) holds for all x,y € U and A\, u > 0 such that \? + pP =1,
then we acquire f(x) < a and f(y) < 8 for (z, ), (y,B) € epi(f). From (4.1), we can deduce
f (:E)‘y“) < o?BH. Consequently, we arrive at

(z,a) My, B)* = (z y*,a”B") € epi(f).

Hence, it follows that epi(f) is a p-geometrically convex set. Equivalently, it follows that f is a
p-geometrically convex function. The required proof is complete. O
Similarly, we can prove the following result.

Theorem 4.2. Let U C R"} be a p-geometrically convex set, 0 <p <1, and f : U — Ry. Then
f is a p-geometrically concave function if and only if the inequality

F@y?) = [f @) F )"

is valid for x,y € U and A\, > 0 such that \P + uP = 1.

Remark 4.1. Let U C R’} be a p-geometrically convex set, 0 <p <1, and f:U — Ry. Then
f is a p-geometrically convex function if and only if the inequality

F@y Y < @) ()] A (4.3)

holds for z,y € U and A € [0, 1].
When p =1 in (4.3), we obtain the definition of geometrically convex functions.

Example 4.1. For 0 < p < 1 and =z € Ry, the function f(z) = e I’ g p-geometrically
convex, but it is neither a p-convex function nor a geometrically convex function in R,. In fact,
for A\, i > 0 such that AP + p? =1, it is clear that

O0<A4+pu<N4+pP=1.
When A + p = 1, by virtue of the concavity of the function |z|P for 0 < p < 1, we have
Alnz + plnylP > A Inz|P 4+ p|lnyP.

When 0 < A+ p < 1, let X:/\j\r—uandu’:ﬁ,then

Anz + plny/? = A+ p)?P|NInz + 4/ InyP
> A+ PNzl + | Inyl?)
= O+ P I\ P + )
> ANInz|P + p|InyP.

By using the monotonicity of the exponential function, we have
A —|Inaz?yH|P —|Al Iny|? —Allnz|P—u|Iny|P A
f(a: yu) — ¢ ey PP _ o=AInatplnylP o o=Allnz[P—u/nyl? _ [F (@) [f ()]

Thus f(z) is a p-geometrically convex function in R.
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But, taking p = %, r=ec,andy=e ! for \=p= i, we obtain

14 e2
4e

In

fx + py) = exp (—

o1
) > S =M @)+ nf (),

for A = %, we acquire

fy'™) =12t = [f@)P )
As a result, the function f(x) is neither a %—convex function nor a geometrically convex function
n R+.

Example 4.2. Consider the function f(x) = e® for € Ry. It is clear that f(z) is both convex
and geometrically convex. But it is not a p-geometrically convex function for 0 < p < 1. In fact,
taking 0 < p< 1,z =y =1, and A, g > 0 with \? + u? = 1, we have
O<A+pu<N+4+pP=1.
Accordingly, it follows that
F@ty") = f(1) = e > M = [f(@) M F ()
This means that f(x) = e” for € Ry is not p-geometrically convex for 0 < p < 1.

Theorem 4.3. Let U C R"} be a p-geometrically convex set, 0 <p <1, and f : U — Ry. Then
f is a p-geometrically convex function if and only if

Py 2 < (@I and - f@®) < [f@)
forx,y € U and a € R.

Proof. The necessity is obvious. We now prove the sufficiency.
Let A\, u > 0 such that A’ 4+ uP = 1. For z,y € U, we have

Flaty) < [ ] < P W)
The proof is thus complete. O

Theorem 4.4. Let U C R} be a p-geometrically convex set, 0 <p <1, and f :U — Ry be a
p-geometrically convex function. Then the inequality

f(H xk> < [[if @™ (4.4)
=1 =1

holds for x1,xa,...,xm € U and A1, A2, ..., Ay > 0 such that Y v AP = 1.

Proof. When m = 2, the proof is trivial.

Suppose that the inequality (4.4) holds for some m = k > 2. When m = k + 1, take
X1,T2,..., k11 € U and let © = Hf:lle‘i, where A1, Ao, ..., A\kr1 > 0 with Zfill A= 1.
Then at least one among A1, Ag,..., Ap+1 is less than 1. Without loss of generality, assume

0 < Ags1 < 1, then Zle Ay =1—A,,,. Hence, there exists a number 0 < A* < 1 such that
SF AP = (A*)P, which means Zle(%)p = 1. Thus, we arrive at

k . A* k . A* k+1
fla)=f ([Hw?”*] wiiT) < [f(Hw?i“)] )M < T
=1 =1 =1

The required proof is complete. O
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Definition 4.2. Let U C R’} be a p-geometrically convex set, 0 < p <1, and f: U — Ry.
Then the set
inf{p € Ry|(z, n) € PGConv(epi(f))}

is called the p-geometrically convex hull of f and denoted by PGConv(f).

Theorem 4.5. Let U C R"} be a p-geometrically convex set, 0 <p <1, and f : U — Ry. Then
f is a p-geometrically convez function if and only if f = PGConv(f).

Proof. If f is a p-geometrically convex function, then it is clear that

f(x) > PGConv(f), xzeU. (4.5)

For (z,u) € PGConv(epi(f)), there exists (z;, p;) € epi(f) for i =1,2,...,m such that

(:Chu):sza,Ul (Hl} ’H'u1>’
=1

where A1, A, ..., Ay > 0 with Y00 AP = 1. From the p-geometric convexity of f, we find that

that is
f(z) < inf{u|(z, u) € PGConv(epi(f))} = PGConv(f). (4.6)

Combining (4.6) with (4.5) yields f(xz) = PGConv(f) for all z € U.
If f(z) = PGConv(f), then f is a p-geometrically convex function, due to PGConv(epi(f))
is a p-geometrically convex set. The proof is complete. O

Theorem 4.6. Let U C Rl be a p-geometrically convex set and 0 <p < 1. If f; : U — Ry is a
p-geometrically convex function fori=1,2,...,m, then

f) =[lfi@N", a0 eRy

i=1
fori=1,2,...,m is also a p-geometrically convex function.

Proof. For xz,y € U and A, u > 0 such that AP + pP = 1, we have

m

F@y?) = 111 y)] " < TI@P @) = @ o))

i=1 i=1
The required proof is complete. O

Theorem 4.7. Let U C R} be a p-geometrically conver set and 0 < p < 1. If f; : U — Ry
is a p-geometrically convex function fori=1,2,...,m, then f(x) =maxi<i<m{fi(z)} is also a
p-geometrically convex function on U.

Proof. For z,y € U and A\, u > 0 with \? 4+ P = 1, there exists ¢t € {1,2,...,m} such that

faty") = max {fi(e"y")}

1<i<m
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The required proof is thus complete. O

Theorem 4.8. Let U C R} be a p-geometrically convex set and 0 <p < 1. If f: U = Ry is a
p-geometrically convex function and f > 1, then the local minimum of f is a global minimum.

Proof. Suppose that 2* € U is the local minimum point of f, but not the global minimum
point of f, then there exists some y € U such that f(y) < f(z*). Since f : U — Ry is a
p-geometrically convex function, we obtain

* * * * f y Mp *
f«xVW)suwnﬁﬂmwsvmMWU@W”=fm>bé% < /(")
for A\, > 0 with A? + pP = 1. This leads to a contradiction of x* being local minimum point.
The proof is complete. ]

Theorem 4.9. Let U C R} be a p-geometrically convex set and 0 < p < 1. If f : U — Ry
is a p-geometrically convex function and g : Ry — Ry is an increasing p-geometrically convex
function, then the composite go f : U — Ry is a p-geometrically convex function.

Proof. For z,y € U and A, i > 0 with A’ 4+ uP = 1, we have

go f(ay") = g(f(2y")) < g(S (@) () < [o(f @) a(f )" = [go f(@)]go fy)]"
Consequently, the composite g o f is a p-geometrically convex function. O

Theorem 4.10. Let U C R} be a p-geometrically convex set and 0 <p < 1. If f: U — Ry is
a p-geometrically convex function and t = inf ey f(x) witht > 1, then E = {x € U|f(z) =t} is
a p-geometrically conver set.

Proof. For z,y € E and A,y > 0 with AP 4+ uP = 1, we have
t< f(@y") < F@PF) = <o =1,

This means that 2 y# € E. Thus E is a p-geometrically convex set. The proof is complete. [

Theorem 4.11. Let U C R"} be a p-geometrically convex set, 0 <p <1, and f: U = Ry. If f
s a p-geometrically convex function, then the upper level set

Lea ={z € Ulf(2) < o}

is a p-geometrically convex set, where o € Ry and o > 1. If f is a p-geometrically concave
function, then the lower level set

Lzo = {z € Ulf(z) > o}

15 a p-geometrically convex set, where « € Ry and 0 < a < 1.
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Proof. For a > 1, from the p-geometrically convexity of f, we derive

F@ ) < [F@OP(f)]* < ata < oMok’ =,

where z,y € L<, and A\, p > 0 with A’ + P = 1. This means Myt € L<,, that is, L<, is a
p-geometrically convex set.
Similarly, for the case 0 < « < 1, the proof can be carried out in an analogous manner. [

Theorem 4.12. Let U C R’} be a p-geometrically convex set, 0 <p <1, and f: U — Ry be
a p-geometrically convex function, then the inequality (4.1) holds for all z,y € U and A\, > 0
with AP + pP <1 if and only if 0 < f(1) <1

Proof. If the inequality (4.1) holds for x,y € U and A\, > 0 with AP + p? < 1, taking
A=p=0yields f(1) <1

Conversely, if 0 < f(1) <1, let vy = AP + pP. If v =0, then A = p = 0, the inequality (4.1)
obviously holds. If 0 < v < 1, let a = Ay~'/? and 8 = py~ /P, then we have o + P = % +%p =
1. Accordingly, we obtain

P ) = Faer )
[f(= ”)] [F()]?
[F @) P [ ()P [ (1)) et
@) £ ()]

= @)W

The required proof is complete. ]

IN A

ByL/P

IN

)
)

5. Inequalities of p-geometrically convex functions

We now start out to establish several integral inequalities for p-geometrically convex functions.

Theorem 5.1. Let U C Ry be a p-geometrically conver set, f: U — Ry be a p-geometrically
convex function, and 0 < p < 1. Then for any a,b € U, we have

In tl/P (1—t)t/r dt < p
[ st ans

Proof. Since f is p-geometrically convex, then for any a,b € U, we have

[0 f(a) +In £(5)].

In f (a6 =0"") < £P 10 f(a) + (1 — )7 In f(b). (5.1)
Integrating on both sides of the inequality (5.1) over t € [0, 1] leads to the desired results. [
Remark 5.1. Under the conditions of Theorem 5.1, taking p = 1 and a # b reduces to

1 ®In f(x) In f(a) 4+ In f(b)
Inb lna/ dr < 2 '

X

Theorem 5.2. Let U C R4 be a p-geometrically conver set, f: U — Ry be a p-geometrically
convex function, and 0 < p < 1. Then for any a,b € U, we have

1
[tl/p+(1—t)l/p}/21/p 1 tl/p ) 1/p p lnf(a) + lnf(b)
/0 In f((ab) Jdt < s / In f(a 1Y/ =
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Proof. By using the p-geometrically convexity of f and the monotonicity of the logarithmic
function, for any a,b € U, we have

1/p4(1—¢)1/P)/21/P 1/p; (1—¢)1/p (1—t)t/ry¢l/p
In f((ab)l?"+A=0"270) < / [n £ (a7 B10"7) 4 1n f (a0 5]
1
< i (177 + (1= 6)V7] [ f (@) + In f(B)].
Integrating this inequality over ¢ € [0, 1] leads to the desired results. O
Remark 5.2. Under the conditions of Theorem 5.2, taking p = 1 and a # b reduces to

1 ®In f(x) In f(a) + In f(b)
lnf(@) = lnb—lna/a dz < 2 '

X

Theorem 5.3. Let U C R, be a p-geometrically convex set, f: U — [1,00) be a p-geometrically
convez function, and 0 < p < 1. Then for any a,b € U, we have

L 1
/ f((ab)[tl/p+(1—t)1/p}/21/p) dtg/ [f(atl/pb(l_t)up)f(a(l_t)upbtl/pﬂ1/21/p dat

0 0

1
s/)ﬂfwwkw”yu

0

where L(u,v) is the logarithmic mean defined for u,v > 0 by

u—v y
— u#v
L(u,v) = { Inu—Inv’ ’

u, u = .

Proof. Since f is p-geometrically convex, then for any z,y € U, we have

Letting z = at'"b0=9"" and y = a(1=0""pt""" with ¢ € [0,1] in (5.2) results in

f((ab)[tl/p+(1—t)1/1>]/21/p) < [f(atl/pb(kt)l/p)f(a(lft)upbtup)]1/21/p
f(atl/pb(l—t)l/p) +f(a(1_t)1/pbt1/p)
<

- 2

_ @I @) 4 (@) )
- 2

_ @O + @] o)

- 2

PIORSI0)

- 2
Integrating this inequality over ¢ € [0, 1] leads to the desired inequalities. O
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Remark 5.3. Under the conditions of Theorem 5.3, taking p = 1 and a # b reduces to

1) < oy [ (%) ao

1 " f(2)
nb—lna/a T de
)

1
< L(f(a), f(b
fla) + f(b)

<7)
- 2

<
<

which is in [8, Theorem 1].

6. Conclusions

In this paper, we presented the concepts of p-geometrically convex set and p-geometrically convex
function, and studied their fundamental characterizations and some operational properties. As
applications, some new integral inequalities of p-geometrically convex functions were established.
The obtained results may be seen as the generalizations and extensions of previous work in [7,
8,16,18,20,27]. Specially, some of the results in [7,8,20,27] are the cases of our results when
p=1

There are still a lot of works to be done on this topic. For example, the analytical and
topological properties and the generalizations of various classical inequalities for p-geometrically
convex functions need to be investigated. The completion of these works will provide new ideas
and new content for the study of convexity theory and enrich the convexity theory system.
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