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BEHAVIOR OF SOLUTIONS TO A COUPLED KIRCHHOFF-TYPE
PARABOLIC SYSTEM WITH SINGULAR POTENTIAL AND
LOGARITHMIC NONLINEARITY™

Ruixi Li', Mengrui Yang!, Tingfu Feng!’ and Huan Meng'

Abstract In this paper, we apply the modified potential well method and the variational
method to study the long-time behaviors of solutions to a coupled Kirchhoff-type parabolic
system with singular potential and logarithmic nonlinearity. By classifying the initial energy
(J(uo,v0) < d, =d, > d), we obtain global existence and finite-time blow-up of solutions.
Noting that the value of the potential well depth d is very small such that it is difficult
to calculate precisely, by the concavity method, we also discuss finite time blow-up of so-
lutions independent of d. Furthermore, we derive new threshold criteria for extinction and
non-extinction phenomena of solutions, and obtain the threshold time for the extinction
phenomenon under some appropriate conditions.

Keywords Coupled Kirchhoff-type parabolic system, global existence, blow up, extinction,
non-extinction.
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1. Introduction

In 1883, Kirchhoff [32] studied the transverse oscillations of a stretched string and derived a
hyperbolic equation:
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where the parameters have the following physical interpretations:
p: The initial axial tension;  Fy: The initial tension;
h: The area of cross-section; FE: The Young modulus of the material;

L: The length of the string.

Motivated by the mathematical structure of this equation, Lions [36] investigated its high di-
mensional manifestations under the action of an external force f (x,t), specifically analyzed the
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case with parameter:

eug +u; — M (/Q |Vu5]2dx> Auf = f(x,t), (1.1)

which was regarded as an extension of the D’Alembert wave equation for free vibrations of elastic
strings, and also constituted a Kirchhoff-type parabolic equation. Notably, the Kirchhoff-type
parabolic equation uy — M ( Jo ]Vu|2d:c> Au = f(z,t) as a specific nonlocal diffusion equation
can be used to describe the motion of a nonstationary fluid or gas in a nonhomogeneous and
anisotropic medium [27]. For other nonlocal diffusion equations in many physical, chemical and
biological phenomena, we also refer to [9,18,20,51] and references cited therein. The study of
Kirchhoff-type parabolic equation has attracted huge attention in recent years. When € = 0 in
(1.1), Chipot, Valente and Caffarelli [13] studied a Kirchhoff-type parabolic equation:

ut—M(/ |Vu\2d:v> Au= f(x),z€Q,t>0,
Q

where up € H} (Q), f(x) € L?(2), the nonlocal diffusion coefficient M (1) is a C! function
satisfying 0 < a9 < M (1) < by with ag, by are positive constants. The authors obtained the
existence, uniqueness and asymptotic behavior of weak solutions using the functional analysis
method introduced by Lions [36]. When the nonlocal diffusion coefficient M < Jo |Vu|2da:> is

replaced by M ( Jo g (x) udac) in the above Kirchhoff-type parabolic equation with g (x) € L? (),
this problem lacks a Lyapunov functional. Zheng and Chipot [57] employed some other methods
instead of using dynamical systems results to investigate the asymptotic behavior of solutions
as t — 0o. Moreover, for the case g(z) = 1 in the nonlocal coefficient, Chipot and Lovat [12]
studied the asymptotic behavior of solutions under suitable conditions. In addition, as an
extension of the above Kirchhoff-type parabolic equation, Almeida, Antontsev and Duque [3]
studied a nonlocal degenerate parabolic problem:

.
Up — </u2daz) Au = f(z,t),z € Q,t>0,
Q

the authors proved the existence, uniqueness and asymptotic behaviors of global weak solutions
when v > 0 and local weak solutions when v < 0, respectively. Recently, researchers have
studied a class of Kirchhoff-type equations with logarithmic nonlinearity. The logarithmic non-
linearity is widely employed to describe various natural phenomena in physics due to its unique
mathematical structure, such as in optics [10], inflation cosmology [6], quantum mechanics [15],
and nuclear physics [7,21]. Sert and Shmarev [45] considered the Dirichlet problem for the
p-Laplace equation of Kirchhoff-type with the non-local logarithmic nonlinearity:

u — M (/ |vuypdx> Ayu=1In (/ \u|2da:) u| 7@ 2y 2 € Q,t >0,
Q Q

where Ayu = div <|Vu|p 72Vu> , p > 1. The authors studied the phenomena of blow-up or
vanishing of solutions in a finite time, and found the upper bound for the blow-up moment. Tan
and Yang [50] investigated a nonlocal Kirchhoff-type diffusion problem involving the singular
potential and logarithmic nonlinearity:

u —
o |t25 +M ([u]i) Liu+ Liuy = [ufulnu, € Q¢ >0,
xr
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where Ly represents the nonlocal integro-differential operator, [u]i represents the Gagliardo

seminorm of u, 0 < s < min{l,%, @}, M (1) > hr"~! for two constants h > 0, n > 1.
The authors presented an analysis of the finite-time blow-up, including a new blow-up criterion,
the blow-up rate, and bounds on the blow-up time. When s = 0, Guo et al. [24] discussed
the finite time blow-up criterion, the blow-up rate, and the bounds of blow-up time. For more
related research regarding existence and asymptotic behaviors of solutions on single Kirchhoff-
type equation, please refer to [1,26,34,43,46,48,52,54] and the references cited therein.

In research on research on Kirchhoff-type parabolic systems, Medekhelz, Boulaaras and Gue-

faifia [40] investigated a Kirchhoff-type parabolic system with multiple parameters:

ut—M</ ]Vu|2dx> Au = Fy (z,u,v),x € Q,t >0,
@ (1.2)

vt—N</ |Vv|2dx> Av =F (z,u,v), z€Q,t>0,
Q

where Q € RY (N > 3) is a bounded smooth domain with C? boundary 9Q, and M, N : RT —
R* are continuous functions. When

Fy (2, u,0) = Ma(2) f(0) + B (2) b (u), Fa (2, u,0) = Aoy (2) g (u) + pon (2) 7 (v),

where «, 8, v, n € C (Q) and A1, A2, p1, po are nonnegative parameters. The authors em-
ployed the sub-super solutions method to prove the existence of weak positive solutions for sys-
tem (1.2). When Fy (z,u,v) = MY, Fy (z,u,v) = Mo’ with0<a<1,0<8<1,6, v>0
and 6 = (1 —«a) (1 — B) — 0 > 0 for each A > 0, Boulaaras [11] obtained the existence of weak
positive solutions for system (1.2) on a bounded domain under symmetry conditions.

Almeida, Antontsev and Duque [2] considered a non-linear coupled system of reaction—diffu-
sion non-local type:

w4+ M (I (u) ,lo (V) Au + 61 ulP 2w = fi (x,t), 2 € Q,t >0,

v+ N (Iy (u),lg (v) Av + v’ 20 = fo (z,t), =€ Q,t>0,
where ¢, ¢ >0, 7> 1, f1, fo € L? (O,T; L? (Q)), and [; : L? () — R (i = 1,2) is a continuous
linear form. The authors studied the existence, uniqueness, long-time behavior and localization

properties of solutions.
Au, Kirane and Tuan [4] considered a parabolic system with nonlinear—nonlocal diffusion

terms:
1 1
up + M ((/ |Vu\2da:>2, (/ |Vv\2da:>2> Au= f1(x,t),z € Q,t >0,
’ 1 i 1
v+ N <</Q\Vu|2d$>2, </Q]V1)l2dx>2> Av = fo(z,t), z€Q,t>0,

the authors obtained the existence, uniqueness and regularity of solutions of the regularized
problem by introducing two regularization methods.
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Comert and Piskin [14] considered a nonlinear initial-boundary value problem concerning a
Kirchhoff-type parabolic system with logarithmic source terms:

up — M </ \Vul*dz +/ |Vv\2da:> Au— Auy = |u|? 2uln|u|, z € Q,t >0,
Q Q

vy — M </ Vu|*da —I—/ \Vv\zdw> Av— Ay, = [v|T2vIn ||, =€ Q,t>0,
Q Q

where M (1) =a+ 677, a>1, 3>0, v> 0 with ¢ > 2y + 2. The authors used the potential
method to prove the existence of global weak solutions and obtained the exponential energy
decay estimate of solutions under certain conditions. Furthermore, concerning the existence
and multiplicity of solutions for the Kirchhoff-type systems and coupled systems, we refer to
[8,23,29,39,47,53] and the references cited therein.

Inspired by the above research work. In this paper, we consider the following initial-boundary
value problem to a coupled Kirchhoff-type parabolic system with singular potential and loga-
rithmic nonlinearity:

M (/ ’Vu\de) Au =" nfu|,z € Q¢ >0,
Q

‘;JTS - M </ |Vv|2d:n> Av = uPvP  n|u|, z € Q,t > 0,
Q

subject to boundary conditions
u=v=0, x€dQ, t>0,

and initial data
u(z,0) = ug, v(z,0) =v9, x€Q,

where 0 < s < 2, @ € RV (N > 2) is a bounded domain with smooth boundary 952, and the
nonlocal diffusion coefficient M (7) = a + br with a, b are positive parameters, it is worth not-
ing that 7 can be taken as 7 = [, |[Vu[’dz or 7 = [, |[Vv|’dz, respectively. We note that the
valuable work of Comert and Piskin [14] on a Kirchhoff-type parabolic system with logarithmic
source terms has inspired our current study. However, unlike the coupled nonlocal diffusion term
M ([ |Vul?dz + [, |Vv|*dz) Au considered in [14], the problem (1.3) investigated in this paper
adopts an independent form of nonlocal diffusion. Specifically, the coefficients M ( fQ |Vu\2d:c)
and M ( fQ |VU\2dx) in each equation depend only on the gradient of the respective solution,
rather than on the superposition of the gradients of both solutions. This independent non-
local structure better aligns with certain physical contexts where the diffusion processes are
inherently independent. Meanwhile, the coupling in our model is realized solely through the
logarithmic source terms vPuP~! In juv| and wPvP~! In |uv|, not via the diffusion terms. This de-
sign concentrates the coupling effect entirely on the nonlinear interaction, thereby introducing
a series of novel mathematical challenges: The logarithmic coupling terms satisfy neither the
usual monotonicity condition nor the Ambrosetti—-Rabinowitz condition. Their interplay with

the singular potential # further complicates the energy estimates and asymptotic analysis.

Consequently, this work differs fundamentally from [14] in both the model structure and the an-
alytical methodology, providing a new framework for studying coupled parabolic systems with
such nonlocal, singular, and logarithmic nonlinearities. For the research on this system, there
exist the following three difficulties:
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e The nonlocal diffusion term M ( Jo |Vu]2da:) Aw is different from the usually degenerate

term uP Au, which studied by Fila and Winkler [17] in RY. We can not derive an upper bound
for decay rate of the weak solutions of problem (1.3) by using the Gagliardo-Nirenberg type
inequality as in [17].

e Comparing with Chipot, Valente and Caffarelli [13], Han and Li [27], Ugur [52], Guo
et al. [24], the major difficulty in this paper is the coupled logarithmic nonlinearity terms
vPuP~ ! In |uv| and wPvP~! In |uv| have unique structure that are different from the coupled poly-
nomial nonlinearity terms |v[P**u[P~ w and |u|P T v[P~ v, which satisfy neither the monotonicity
condition nor the Ambrosetti-Rabinowitz condition. Moreover, the classical logarithmic Sobolev
inequality (see [22,28,33,35,42])

p/ ]u\plnﬁdx—i—ﬁln <pue>/ lulPdz < u/ |VulPdx
Q HUHLP(Q) p nly ) Jo Q

is no longer applicable to deal with vPuP~! In |uv| and uPvP~! In |uv|, which brings some difficulties
for ensuring the compactness of Euler-Lagrange functional associated with problem (1.3).

e The singular potential ﬁ makes the methods from [16,30,49] inapplicable for analyzing
finite-time blow-up of solutions with arbitrary initial energy levels, extinction and non-extinction
behavior of solutions in finite time.

In this paper, the research results of this paper are based on the framework of the modified
potential well theory. This method was initially proposed by Sattinger and Payne [41], Sattinger
[44], and later modified by Liu [37], Liu and Zhou [38], Gazzola and Weth [19], Xu and Su [55]
and so on. Based on this framework, we overcome these difficulties by employing some new
techniques such as the Hardy-Sobolev inequality, the Cauchy-Schwarz inequality and polynomial
expansion technique. We apply the modified potential well method and the variational method
to study the long-time behaviors of solutions to a coupled Kirchhoff-type parabolic system with
singular potential and logarithmic nonlinearity. By classifying the initial energy (J(ug,vg) <
d, =d, > d), we obtain global existence and finite-time blow-up of solutions. Noting that the
value of the potential well depth d is very small such that it is difficult to calculate precisely,
by the concavity method, we also discuss finite-time blow-up of solutions independent of d.
Furthermore, we derive new threshold criteria for extinction and non-extinction phenomena
of solutions, and obtain the threshold time of extinction phenomenon under some appropriate
conditions.

This paper is organized as follows. In Section 2, we introduce essential notations, definitions,
and preliminary lemmas that are fundamental to our main results. In Section 3, we establish
the global existence and a new algebraic decay estimate for weak solutions of weak solutions
to problem (1.3) when J(up,v9) < d, and demonstrate that weak solutions blow up in finite
time and give the corresponding upper bound of the blow-up time. In Section 4, we extend the
previously established results from subcritical initial energy J(ug,vp) < d to the critical initial
energy J(ug,v9) = d. In Section 5, we demonstrate finite-time blow-up of weak solutions under
arbitrarily high initial energy J(ug,vo) > d, which extends prior results for subcritical initial
energy J(up,vg) < d and critical initial energy J(ug,vo) = d. Here, the absence of potential well
depth constraints invalidates classical methods, leading to the breakdown of manifold invariance.
To resolve this, we devise new lemmas to the functionally replace invariant manifold technique.
Subsequently, in Section 6, by the concavity method, we prove the blow-up properties of weak
solutions to problem (1.3) under different energy conditions without relying on the potential
well depth d, and estimate the upper bound of the blow-up time. Finally, Section 7 derives new
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threshold criteria for extinction and non-extinction phenomena of weak solutions to problem
(1.3), and under some appropriate conditions, we also obtain the critical threshold time for the
extinction phenomenon.

2. Perliminaries

Throughout this paper, we equip LP (2) with the norm

(/hummm)?lsp<+m,
ufl, = 4 \Ja

esssuplu (@), p=+oo,
e

HUHLP(Q) =

and equip Hg () with the norm HUHH(%(Q) := [|Vul|,. We equip L? () with the inner product

() = /qudx.

And we define

We introduce two definitions as follows:

Definition 2.1. A function (u,v) = (u(x,t),v(x,t)) is called a weak solution of problem (1.3)
if

(u,v) € L (0,T; Hg () x L™ (0,T; Hy (2)),

( U ”ts> € L? (0,15 L* () x L* (0, T; L*(2)),

’ )
[z ]2

N

satisfying u (z,0) = ug, v (x,0) = vg, and

u —

(p$“¢> + (a+ 0| Vull3) (Vu, Vo), = (v"u = In fuv], 6),,, (2.1)
2

e b(IVu]12) (Vo, Vi), = (uPoP '] 2.2

29+ (@ RIVeE) (T0,96), = (o tnful o), (2:2)

for any (¢, ¢) € H (Q) x HE (Q), a.e. t € [0,T]. Moreover, the weak solution (u,v) satisfies the
following energy equality

[

Definition 2.2. Let T' be maximal existence time of a weak solution (u,v) of problem (1.3).
(i) If (u,v) exists for 0 <t < 400, then T' = 400, the weak solution is global existence.

2 2

Ur Uy

dr + J (u,v) = J (ug,v0), t € [0,+00). (2.3)

|2 |2

2 2
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(ii) If there exists a tp € [0, +00) such that (u,v) exists for 0 < ¢t < tp, but does not exist at
t = tg, then T = ty, the weak solution is local existence and blows up in finite time, namely,

¢ 2 2

Y dT = +o0.

lim
t—=T- Jo

E

|2 FE

2 2

(iii) A weak solution (u,v) is called extinction in finite time if the maximal existence time 7 is

finite and

2 2

u v

lim
t—T—

s

]2

|2

2 2

Since problem (1.3) has an important relation to the stationary problem
- <a +0b ”VUH%) Au = vPuP~ In juv|, z € Q,
- (a +b HVUH%) Av = uPvP~ n|u|, z € Q,
u=v=0, x € 01,
hence we can define the energy functional
J (uy0) =2 (17l + [90]2) + 2 (I7allt + [90]2) + = fluo]?
(u,v) =5 (IVully + [Volly ) + 2 ([Vully +[[Volly) + e [[uvlf;
1
— / uPoP In Juv| dx, (2.4)
P Ja
and the Nehari functional

I(u,0) i=a (IVul3 + [Voll3) + b (I Val3 + [Vo]3) -2 /Q o Infuv . (25)

From (2.4) and (2.5), we obtain J (u,v) and I (u,v) satisfy the following relation

1 a(p—1) b(p—2) 4 4
T w0) = 5T (o) + = (IVal 4+ [19003) + =50 = (19l + 1V01)
1
5 [uv]2. (2.6)

By virtue of the Nehari functional (2.5), we can define a Nehari manifold
N o= {(u,0) € HE(Q) x H (@) {0,0}| I (u,v) = 0, Vully 0, [ Voll, # 0},
which separates the two unbounded sets:
Ny = {(u,v) € Hy () x Hy (2)\{0,0}| I (u,v) >0}

and
N_ = {(u,v) € Hy () x Hy (2)\{0,0}| I (u,v) < 0}.

Furthermore, the potential well and its corresponding stable set W and unstable set V are
defined respectively by

W= {(u,v) € Hy (Q) x H} ()| J (u,v) < d, I (u,v) >0} U{0,0},
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V= {(u,v) € Hj (Q) x H) ()| J (u,v) <d, I (u,v) <0},

inf J(u,v).

where d represents the depth of the potential well and d is defined by
d:=
(u,v)EN

In order to consider the weak solution at high initial energy level, we introduce some notions:

J¢ = {(u,v) € H} (Q) x Hy (Q) |J (u,v) < ¢},
N, =NnNnJe
_ a(p—1) 2 2 b(p—2) 4 4
—{wo) e |2 (10l + 10l2) + 2202 (19uld + 190l)
1
Jrﬁ Juvlly < c} ,
and for all ¢ > d,
2 2
. :=inf 3 ué vé |(u,v) € Ne p,
2 ||, 1=l |,
. 2 2
Ac:=sup{ = ué Ué |(u,v) € N
2\ |l=2 ]|, |2l ],

It is obvious that A., A. have the following monotonicity properties:
¢ — A, nodecreasing.

c — A, noincreasing,

If the weak solution (u,v) is global existence, we define the w-limit set of (ug,vp) by

w (ug,v) 1= ﬂ {(u(s),v(s)):s >t}
>0

The following several lemmas play an important role in this paper.
Lemma 2.1 ( [35]). Let ¥ be a positive continous function. Then there exists a suitable small

positive constant o such that
o1
VPIn¥ < — PP > 1,
o
0< V¥ <1

(TP In 0| < (ep) ",
Lemma 2.2 ( [31]). Assume that H (t) is a positive and twice-differentiable function, satisfying

H" (t) H (t) — (14<) [H' ()]* > 0,vt >t > 0,
H(to)
cH'(to)

the following inequality

where ¢ > 0. If H (t9) > 0, H' (tg) > 0, then H (t) — 00 ast — t, <t* =19+
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Lemma 2.3 ( [25]). Suppose that h >0, a >0, 5> 0 and v (t) is a nonnegative and absolutely
continuous function satisfying
V' (t) + av® (1) > B.

o= minfuo. (2)'

Lemma 2.4 (Hardy-Sobolev inequality, [5]). Let RN = RF x RVN=% where 2 < k < N, and
= (y,2) € RF x RN=F. For given \ and s satisfying1 < A\ < N, 0< s <\, s < k, and
(5 (s, N,\) = ( S) , there exists a constant B (s, N, \, k) > 0 such that

Then, for 0 < t < +o0, it holds

u (z)[° A ) LA (N
~—dx < B |Vu (2)| dz , Yue W (RY) .
RN RN

Y|

Remark 2.1. In particular, we set k = N in Lemma 2.4, which implies z = y € RY. We define
u(z) = 0 for z € RN\Q, thus,

N-—s

N—X
|“ i <B</|Vu ]dx) L Yu e WA (Q).

Ifo = (N )\s) = 2, then, by the 0 < s < 2, N > 2, and the Rellich-Kondrachov theorem, we
have

N—s+42

\u N 2
‘53‘ d <B |Vu \N T2 dx < Cg||Vull3, (2.7)

where Cp = BB, B; is the optimal embedding constant of the embedding H} (Q) —

L2 . .
W, V%2 (©2). Due to the boundedness of (2, there exists a sufficiently large L > 0 such that

Q2 C Br, (0), and |z| < L for all x € Q. Hence, we can introduce the cut-off function
pp :=min {|z|"*,n}, ne N"
to handle the singular potencial ﬁ in problem (1.3). Then, it follows from (2.7) that
min {L"°,n} ull3 < / pulul?dz < Cp||Vul3, ¥n € NT.
Q

Lemma 2.5. The depth d of the potential well W on N is positive for all p > 2.

Proof. Since (u,v) € N, we obtain I (u,v) = 0, namely
a (Ivalg + 19018) + 5 (19l + [90l2) =2 [ wo?1nfuv] do
Q

—2/ upvpln\uv]dac+2/ uPoP In |uv| dz, (2.8)
Ql QQ
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where Q) = {z € Q| |uv| < 1}, Q2 = {zx € Q| |uv| > 1}. By virtue of Lemma 2.1 and the Young
inequality, it follows from (2.8) that

2/ upvpln|uv]dx—|—2/ uPvP In |uv| dx
Ql QQ

< 2/ uPoP In |uv| dz
Q2

1 2(p+o) 1 2(p+o)
oo HUHQ(p_M) + o HUHQ(p+g)
1

< — §2pto) HVuuﬁ(’”") + i52(p+a) vaHg(p*") 7 (2.9)
eo e

IN

where S is the optimal constant of the embedding H} (Q) «— L??+9) (Q), ¢ is a sufficiently
small positive constant introduced in Lemma 2.1 to handle the logarithmic nonlinearity, and
subsequent occurrences of o serve a similar purpose. We can deduce from (2.8) and (2.9) that

1
2 2 aeo p—140
Vullz + Vo3 = (m) > 0. (2.10)
Since (u,v) € N, it follows from (2.6) and (2.10) that

a(lp—1) aeo \ =it
Twv) =2 =5 (52(p+a)> >0,

which implies d = ( ir;f NJ (u,v) > 0. The proof of Lemma 2.5 is complete. O
u,v) €

Lemma 2.6. Let 2 < p < N*, for any (u,v) € H} (Q) x H} (2)\{(0,0)}, and assume that

g (A) = J (Au, \v) for all X > 0. Then,

i) [lim g(})=0and lim g(})=—oo;

(
(ii) g () increasing on (0, \s), decreasing on (A, +00) and attains the mazimum at \s;
(iii)

>0,0 <A< A,
I(Au, ) =Ag" (A)S =0, A=\,
<0, A> .

Proof. We define a fibering map
g: A= J(Au, ), A >0,
namely,
a\? bAY
g (V) = J (v, o) =22 (IVull3 + I013) + = (IVuls + [V0ll;)

A2 2N A%
+ <2 -z ln)\> HUUHZ — / uPoP In |uv| dz,
p p P Ja

which implies (i) in Lemma 2.6 holds. By a straightforward calculation, we obtain

g () =ax (IVull3 + 1V03) + 63 (IIVull3 + [90]3) = 432~ I Afjuv?
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—2)\2p_1/upvpln\uv]dx.

Q

We define j (\) := A~1g’ ()\), then,

7 () =267 (I9ully + 1V0]3) = 8 (0 = 1) X2 1n A w432 v}
—4(p—1) )\2p3/ uPoP In |uv| dx.
Q
We continue to define z (A\) := A~15 (), then,
Z(A)==16(p—1) (p = 2) NP I A fJuo[fy — 8 (p — 1) A7 Juv]f}
—8(p—1)(p—2) )\2p_5/ uPoP In |uv| dz

Q
<0.

Since lim z(\) = 2b (||vu|y;‘+ |yvu||§) >0and lim z(\) = —oo, 2/ () < 0 implies that
A—0F )\—H:oo
z(A) is strictly decreasing for A > 0 and there exists a A € (0, 4+00) such that

7" (A) >0, j(\) is increasing on A € (0,5\) ,
7' (A\) =0, 7 (\) arives its maximum value at A=A\,
7' (A\) <0, j(X\) is decreasing on A € (5\, —i—oo) :

On the other hand, since /\lierj (A) > 0 and j(A\) := A~1g’ (\), similar to the above analysis,
—0

there exists a A, such that (ii) and (iii) hold, respectively. The proof of Lemma 2.6 is complete.
O

Lemma 2.7. Assume that 2 < p < N*, (u,v) € H}(Q) x H} (Q)\{0,0} with I (u,v) < 0.
Then,

I (u,v) <2plJ (u,v) —d. (2.11)
Proof. Based on Lemma 2.6, there exists a A\, € (0,1) such that I (Asu, Awv) = 0. Setting
h(\) =2pJ (Au, \v) — I (Au, \v),

b 2
=ap =)W (IVall3 + [V0l3) + 5 (0= 2) N (IVully + [ 90ll3) + 37 ol

then, by a direct calculation, we obtain
W () =2a(p— 1) A (IVull} + IVoll3) + 25 (p = 2) X* (I Vully + [V0]3) + 3% fluv]}} > 0.
So h (M) is strictly increasing for A > 0. Hence, by 0 < A\, < 1, we can get h (1) > h (\*), namely,
2pJ (u,v) — I (u,v) > 2pJ (Aeu, \v) — I (Au, Ayv) > 2pd > 0,

which implies (2.11) holds. The proof of Lemma 2.7 is complete. O
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Lemma 2.8. Let 2 <p < N*, (u,v) € H} (Q) x H (), 0 < J (ug,v) < d .
(i) If I(up,vo) > 0, then the weak solution (u,v) of problem (1.3) belongs to W for allt € [0,T);
(ii) If I(uo,vo) < 0, then the weak solution (u,v) of problem (1.3) belongs to V for allt € [0,T).

Proof. (i) Let (u,v) be a weak solution of problem (1.3), T' be the maximal existence time of
(u,v). By using Lemma 2.5 and I(ug,vo) > 0, J(ug,v0) < d, then (ugp,vp) € W.

Next, we assert that (u,v) € W for allt € [0,7T"). If it is false, then according to the continuing
of I (u,v), there exists a to € (0,7") such that (u(to),v (to)) € OW, ie. J(u(to),v(to)) =
dor I(u(ty),v(ty)) = 0, |[u(to)|ly # 0, [Jv(to)]|; # 0. According to (2.3), we know that
J (u(to) ,v (to)) # d. The contradiction can be derived. On the other hand, if I (u (¢o),v (to)) =
0, [Ju(to)ll; # 0, |[v(to)lly # 0, by the definition of d, we have

d= (u71vr)1£NJ (u,v) < J (u(to),v(t))-
Thus, the contradiction can be derived from (2.3).
(i) This conclusion can be proved by the same method in (i), we omit it here. O

3. Subcritical initial energy J (ug,vy) < d

In this section, we prove the global existence of weak solutions of problem (1.3), and then give
a new algebraic decay estimate for weak solution. Furthermore, we show that the weak solution
blows up in finite time, and we also obtain the corresponding upper bound of time.

Theorem 3.1. Let 2 < p < N* and (ug,v0) € H} (Q) x H} (). Assume that J (ug,vo) <
d, I (ug,vo) > 0. Then the weak solution (u,v) of problem (1.3) is global existence. Furthermore,
the global weak solution (u,v) is algebraic decay, namely,

\ - {1-[rte]
&

2

2 2 2

u v

}t, t€[0,400). (3.1)

]2

|2

2 2

Proof. Firstly, we prove the global existence of weak solution of problem (1.3) by the Galerkin
method, the proof will be divided into four steps.

Step 1. Approximation problem. We can construct the Galerkin approximate solutions
(um (x,t) ,vm (x,t)) of problem (1.3) for a positive integer m, we now take a Galerkin basis
{w;}iL; in the Sobolev space H} (Q) and define a finite dimensional space

Vm == Spaﬁ{wh’wz»‘ o 7wm}7

then we construct the approximate solution (u, (x,t), vy, (z,t)) as

Um, (.%', t) = ngj (t) Wy ($)7
j=1

o (28) = S by (8)w; (),
j=1

satisfying

(Pnttmt, w))y + a(Vtg, Vw;i)y +b [Vt |3 (Vi Vw;)y = (VBuby ™ In [t v ,Wj) s
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(PrVmt, wj)y + a(Vuy, Vw;), +b VU3 (VUm, Vwj)y = (2ol I [um v, | ,Wj) g, (3.3)
and we choose gm; = gm;j (0), hmj = hm; (0) such that uy, (2,0) = uom = > gmjw; (x) and
j=1
Um (2,0) = vom = Y hmjw; (z), which makes
j=1
ngjwj (x) —up — 0, as m — 400, (3.4)
= 13 (@)
Z hmjwj (x) — vo — 0, as m — +o0. (3.5)
= H3(©)

According to the standard Picard iteration method in ordinary differential equations, we can
find a positive T such that (g (t), him; (t)) € C*([0,T]) x C ([0,T7]), and thus,

(t (2,1) 0 (2, 1)) € C? ([O,T] JH) (Q)) x O ([O,T] JH) (Q)) .

Step 2. Priori estimates. Multiplying (3.2) and (3.3) by %gmj (t) and %hmj (t), respectively,
summing for j from 1 to m, integrating with respect to time variable on [0, ¢], we have

[

By (3.4) and (3.5), we get J (uom, vom) — J (uo,v9) as m — +oo. Since J (ug,vp) < d, then it
follows from (3.6) that

[

for large enough m.
From (3.4), (3.5) and (ug,vp) € W, it yields that (uom,vom) € W for sufficiently large m.
When t € [0, 7], we can conclude (ty,, vy,) € W by Lemma 2.8 (i). From (2.6), we have

2

+
2

2
dr + J (Um, vm) = J (om, vom), t € [0,T]. (3.6)
2

Umr Umr

|2

]2

2 2

dr + J (Um,vm) < d, t €[0,T], (3.7)
2

UmT

|2

umT

|2

2

1 a(p—1) 2 2
T o) =1t vn) = 0 ([ Va3 + V)
b(p—2) 4 4 1
2 (93 4+ 190 13) 4 vl (3:5)

Since (U, V) € W for large enough m and combine with (3.7) and (3.8), it obtains that

2 2

t U v a(p—1
L] 2z )ar+ S22 (19l + 19018)
0 z[2 ]|, lz[2]|, D
b(p—2) 4 4 1
+ 222 (190l + 190 l2) + =5 el < (39)
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which implies

2pd
V|3 + || Vo7 < ——, 3.10
I 12 + [Vomll3 alp—1) (3.10)
; 2 2
/ e Imr |l Y dr < d. (3.11)
o \[|[lzlZ ]y |1zl |,

From (3.11) and ¢ € [0, T, we know that it implies 7' = +o0.

Step 3. Passage to the limit. By (3.10) and (3.11), there exists a (u,v) and a subsequence of
{um}tor_1 s {vm}re_y) which we still denoted by ({um}ro_i,{vm}rn_yq) such that when m — oo,

U — u, in L™ (O, +o00; HY (Q)) ,
U — v, in L® (0, +00; H(l) (Q)) ,
Umt — Uy, strongly in L2 (0, +o0; L2 Q)),
Umt — g, strongly in L2 (0, +00; L (Q)) )

Though the Aubin-Lions-Simon theorem, we can know that
/ VP P In (U v, | dz — / vPuP 1 n [uv| dz, a.e.in Q x [0, +00),
Q Q

/ ul 0P In [ty v, | d — / uPoP n |uv| dz, a.e. in Q x [0, +00).
Q Q

On the other hand, by a direct calculation, we deduce from Lemma 2.2, the Holder inequality
and the Young inequality that

1 _p_
/ (v bt In |umvp,|) P~ da
Q

_pP_ _pP_
— / (vﬁlufn_l In \umvm|) =1y + / (Uﬁlu%_l In |umvm|) R
Ql Q2
p

p
1 p—1 1 p—1
S/ [‘vm‘:|p dac—i—/ <’um’p—1+a‘vm‘p+a>z¢ de
ale(p—1) o \eo

__B_ Py __p_ p(p—1+0) ppte) \ poT
=le(—1)] 71 |lum||Zs_ + (e0) »1 [um| 71 || P71 dx
p—1 Q

P p(p—140) p(p+o)

__P = P - —
<le(p— DI 77T [lomll 7o) + (e0) ™ 77T [[tmll spip 140 10mll 2pp10)
p—1 p—1 p—1

—- oFeT o1
<le(p =] #1577 [[Vomll3
p(p—1+0) p(pto) p(p—1+0) p(pto)

+(ea) 7TSy T 8" [Vamlly P [ Vomlly
<C, (3.12)

where S is the optimal constant of the embedding H} () — L5t (©), Sz is the optimal
2p(p—1+o0)

constant of the embedding H} () < L~ »—1  (Q), S5 is the optimal constant of the embedding
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2p(pto)
=1

H} (Q) = L™ »1 (), the positive real number o such that 0 < w <N* 0< % <
N*. Similar to (3.12), we can derive that

_p_
/ (ub vl In [ vy |) P dz < C.
Q
Though the Aubin-Lions theorem, we have

/ VP P In | v, | d = / vPuP " In |uv| dz, in L™ (0, +o00; L? (Q)),
Q Q

/ uP 0P In [ty vy, | do 2 / wPvP In [uv| dz, in L™ (0,+00; L* ().
Q Q

Following the method of [30], and passing to the limit in (3.2), (3.3) and using lirf pn = |z| 7%,
n—-+0o0

we obtain
(ﬁ*wﬁ) + a(Vu, Vwy), + b [|Vul3 (Vu, V), = (0PuP ™ In fuv] , w)),, (3.13)
2
(:ijllts’wa‘) +a(Vo, Vw;), + b|[Vo|2 (Vo, Vay), = (uPo? ' n |uv] ,w;),. (3.14)
2

Next we show that (u,v) is a weak solution of problem (1.3). Setting a positive integer k£ and
m > k such that

k
¢ (x,0) =g (H)w; (2),
j=1

k
o (@, t) =D hy(t)w ().
j=1

Multiplying (3.13) and (3.14) by g; (t) and h; (t), respectively, and summing for j from 1 to k,
we obtain

(“ ) +a(Vu, Vo), + b||Vul2 (Vu, Vo), = (vPu  nfuvl, ),
2

]

U _
<|x'|fs,<p) +a(Vo, Vo), + b V|3 (Vo, Vi), = (uPvP I juv|, ¢),,
2

for a.e. t € [0,400) and any (¢, ) € H} () x HE (Q), and u (x,0) = ug, v (z,0) = vg. Then
from Definition 2.2, (u,v) is a global weak solution of problem (1.3).

Step 4. Algebraic decay. Finally, we show the algebraic decay of the global weak solution (u,v)
of problem (1.3). Combining (2.3), (2.6) and (u,v) € W, we have

a(p—1) b(p—2)

2 2
5 (vl + 1vol) + =7

1
(I5ellz + 19015) + 5 ol <7 (,0) < 7 (o, o).
We can find a A > 1 from Lemma 2.6 such that I (A\.u, Av) =0 and

2p a(p—1) 2 2\  b(p—2) 4 4 i P\ > >
X2 (2p (17l + 190l3) +=F = (19l + 1V0l3) + 5wl ) = T (e, Avv) 2 d,
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which implies

1
d 2p
A > | ——— > 1. 3.15

[J(Uo,vo)] (3.15)

Since I (Au, Ayv) = 0, thus
I (v, Aw) =an2 (IVull3 + [90]3) + 6. (I1Vall3 + [70]3)
— 20 In )\, |Juvlf; — 2)\*2”/ uPoP In [uv| da
Q

=a (A2 = A2 (IVuly + 190)3) +a (= A2) (IVull3 + [ 9l))

— 202 In A, [Juv)3 + \PT (u,v)
=0. (3.16)

It follows from (3.16) that

1
I(u,v)>a [1 - WU] <||wu§ + uwng) : (3.17)

Then by (3.15) and (3.17), we get

I(u,v)>a {1 — [J(Ui,’l)o)] ;_1} (HVUHS + HVUH§>

d 1 9 2 2
e 1_[]‘° u v (3.18)
B { J (u, vo) 2|, |l2l? |,
From (3.18), we obtain
d 2 2
- uﬁ vﬁ = =21 (u,v)
E\ N zlz ]|y, |1l ],
d 1 4 2 2
< —24C;! 1_[]p u - (3.19)
b { J (uo, vo) 2, | 1212 |,

By (3.19) and the Gronwall inequality, (3.1) is obtained. The proof of Theorem 3.1 is complete.
U

Theorem 3.2. Let 2 < p < N* and (ug,vo) € H} (Q) x H (). Assume that J (ug,vo) <
d, I (ug,vo9) < 0. Then the weak solution (u,v) of problem (1.3) blows up in finite time, namely,
there exists a T > 0 such that

¢ 2 2

U

lim dr = o0, (3.20)
t—=T- Jo

2

2

|2
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and an upper bound of blow up time is estimated as

(2p—1)< )
< 2 2 .

- Qp(p — 1)2 [d —J (UO, Uo)]
Proof. The proof of Theorem 3.2 will be divided into two steps.

Step 1. Blow-up in finite time.
blows up in finite time by contradiction.

Vo
S
|| 2

uo
S
|z 2

(3.21)

We first show the weak solution (u,v) of problem (1.3)
Assume that a weak solution (u,v) of problem

(1.3) is global existence, namely, the maximum existence time 7' = +o0o. Setting G (t) =

2 2
fot e dr, then
|$‘2 2 |5’7|2 2
2 2
G’<t>=| | S |
2|, |ll=l2]|,
d 2 2
U v Ut
Q" (t) = = ; i —9 .
=\ | 2+ ]2 ||, (Ix\s

Since (u,v) satisfies (2.3), by (2.6) and (3.23), we get

u> +2<vts,v) = =21 (u,v).
2 |z 2

(3.22)

(3.23)

4
G (1) = ~4pJ (u,0) +2a (p 1) (IVul} +[9013) + 5~ 2) (IVulls + IV0l3) + el

. 2 2
> 4p/ |
o \llzl2 ]l |[lz[z]],
. 2
> 4p/ uTﬁ + UTﬁ dr — 4pJ (up, vp) + 2a (p — l)CElG/ (t).
o \llzlz]l, |[lzlz]],
It is worth noting that
(1), () o)
T U + T sV dr
0 || 2 |z| 2
e 2 2 2
1d U v
=), 2 \ Iz | Tl ]9
o 27 \ [[j2fE ||, || Jal?
2 2 2 2
_ % u§ + vé _% | uoi ’U0§
I lzl2 1, |lz[2], 22, |[lz]2]],
) 2 2\ 2
= [E P+ ]S O] 20 |||
4 lz2, |lz[2]], |z|2

which implies

cor{f (3

Uo

|2

|2

dr = 4pJ (up, v0) +2a (p — 1) (IVul} +|Vel3)

2

2

(3.24)
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2 2
(] v (3.25)
2|, |ll=l2 ]y
Combining (3.24) and (3.25), we get
GG () —pG ®)
t u ? v 2 t u ? v ?
2410/ T§ Tg dT/ B s dr
o \[[lzl2{ly |ll=zl2]], o \[|[lzl2 [y, |/l=]>

_ 4p{/0t K;'uk + <|Z|v>2] dT}Q — 4pJ (g, v0) G (1) + 2a (p— 1) O35 G () G (1)

2 2 2 2
— G (1) | |22 LU [ Y | e v (3.26)
|2 ], |z |, |2 |, | |=]?
By virtue of the Cauchy-Schwarz inequality,
2 2 2 2
/ t uT§ UT, dr / t uE fué dr
o \|llz[>l, {llzl2 ], o \[llz[>l, {ll=l2 ],
t u v ) 2
LG () o)
o L\|z["" /o \lz["" /4]
. 2 2 . 2 2
Z/ Ur U7-§ dT/ ué vﬁ dr
o \[[lzl2{ly ||z, o \[[lzl2{ly [ll=l>]],
. 2
o \[[lzl2]ly][l=I2{ly [/l=]> ], \$|2
2 2
t t
2/ " vfé d’]’/ u
o \Jllz[>l, {llzl2 ], o \ |||zl )
2 2
NI
o \ Il \x|2 |x\2 |er
>0. (3.27)
2
Substituting (3.27) into (3.26), and combining Wlth< Iu\ ) > 0, there holds
xX
2
G (1) G (1) =[G ()]
2 2
—1,v / Uo Vo
> = 4pJ () G0) +20(p = 1) C5'G 00 =26 @) ||| ) + |7 (3.28)
L1 g 1% g
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2
2)
From J (ug,vo) < d, I (ug,vp) < 0, it yields (ug,vo) € V. If (up,v9) € V, then (u,v) € V by

contradiction. If it is false, let (u,v) leaves V at time g, then there exists a sequence {t,} such
that I (u (t,),v (t,)) <0 when t, — to. By the lower semicontinuity of H} (£2), we obtain

We can rewrite (3.28) as

G(1)G" (t) —p[G' (1) = [a(p — 1) C5 G () — 4pJ (uo,v0)] G (¢)
2

+
2

Uug Vo

S

]2

+ [a (p—1)C5'G (t) -2 ( G'(t). (3.29)

|2

I(u(to),v(to)) < lim inf I (u(t,),v (tn)) <O0.

n—oo

Since (u (to),v (to)) ¢ V, then we have I (u(tg),v (t9)) = 0. By the similar method, there holds
J (u(to),v (to)) = d. However, by the definition of d, it leads to a contradiction

d= inf J(u,v)<J(ug,v0) <d.

(u,v0)eN
So (u,v) € V provided (ug,vg) € V. By (2.11), for I (ug,vg) < 0, one has
=21 (u,v) > 4p[d — J (u,v)], (3.30)
and together with (2.3), (3.23), we have
G" (t) = =21 (u,v) > 4p[d — J (u,v)] > 4p[d — J (ug,v0)] > 0. (3.31)

It follows from (3.31) that for any ¢t > 0,

G'(t) > 4p[d — J (ug,vo)]t + G' (0) > 4p[d — J (uo, vo)] t, (3.32)
G (t) > 2p[d — J (ug,v0)] t* + G (0) = 2p[d — J (uo, vo)] 2. (3.33)
Combining (3.32) and (3.33) for sufficiently large ¢, there holds
a(p—1)Cg'G" (t) — 4pJ (ug, vo) > 0, (3.34)
2 2
alp—1)C5G () —2p | |2 D) >o. (3.35)
22 fly [ l=]2 [l

By (3.29)-(3.35), we get G (t) G” (t) — p[G’ (t)]> > 0. Then,
W] =0 -p e m{cm e m-ple'®]*} <o,
there exists a finite time 1" > 0 such that

lim G'7P(t) = lim =0,

t—T— t—T— 2 2 p—1
2

u

|=[2

||

2
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which implies
. 2 2
u

lim dr = 400,

t—=T~ Jo

s

]2

]2 ], 2
this contradicts with (u,v) is a global weak solution of problem (1.3), hence (u,v) blows up in
finite time.

Step 2. Upper bound estimate of blow-up time. For any T* € (0,7, we define an auxiliary
function M : [0,7*] — R by

2 2 2 2

U

s
]2 ||, 2 2 2

2 2
ug _vo_
where ¢t € [0,7%], % <a< 4oo, 0 < B < W. Through a direct

calculation, we have

2 2 2 2
/(t) = ug‘ Uz‘ - UOE Uog +28(t+ )
o [P RE AR I | PO R E AR
‘g 2 2
:/ e U ) dr+ 28+ )
o AT \[ll=l= Iy [ll=[2 ],
YTy vy
=2 —=u | +(—s,v dr + 208 (t + «) (3.36)
0 |z 2 |z 2
M" (t) = 2(“tu> + 2<Uts,v> +28 = —21 (u,v) + 28 (3.37)
77/ R
By virtue of (2.2) and (3.37), we obtain

M" (t) > 4pld — J (u,v)] + 28

2 2

vy
A

|2

T
s

]2

dr + 28. (3.38)
2

2

t
> 4p[d — J (up,vo)] +4p/
0

By (3.36), the Cauchy-Schwarz inequality and the Holder inequality, we have

(M (1)]? (3.39)

[ (), () J s}

2
t
[/ ( S )dT—i—ﬂ(t—i—a)
0 !$|2 lz2 |, ||zl ], [z]2 ],

1 1

2 2 2 " 2 2 2

+ vl dr / ué vé dr| +8({t+a)
s |Ilzl2 ], o \llzlZ ], |[lzZ]],
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. 2 2 . 2 2
<4 / | / . Al ) dr + Bt + a)?
o \[[lzl ]y [[l=l2 ]|, o \[[lzl ]y [[l=]2 ]|,
. 2 2
Ur T
< 4M (t) / || a8 (3.40)
o \[[lzlz ]y [[l=l2 |,
Combining (3.38) and (3.39), there holds
M (1) M () — p[M' (0] = M (1) {4p[d — J (uo,v0)] —2(2p— 1) B}, (3.41)
Because of 0 < 5 < W, so by (3.41),
M () M” (t) — p(M' () > 0.
Hence by Lemma 2.2 for tg = 0, we can deduce that
. fa®
T < - ~- (3.42)
2 -1 o — LOS 'UOS
=18 ( ol fly " ||l 2)
In order to estimate the upper bound of blow up time, we consider a minimizing problem
2
* < inf Pa , (3.43)
(a,B)€P 5 1) 8 " 2 o 2
- a—| |7 s
(v 2% ||, " |[lalZ ],
where
2 2
2p—1) | {5 e
2p[d — J (ug, v0)] 212 |y {1212 ]l
b = ,a)|0< B < , <a<+oo
B0 PS T ) T a7 (ugse0)

Minimizing the right hand side of (3.43) for (o, 3) € ®, we obtain

2pa [d — J (ug,vo)]
2
ug

T < inf ,
s s -2 ) 4p(p—1)a[d—J(uO,vo)]—(229—1)(
“+o0o

uo
S
2|2

Vo

|2

2
(2p—1) 5 3
|z| 2 Ed
[e1S 2 2

4p(p—1)[d—J(ug,vp)] ’

(2p—1) (

2

)

)
2 2/ (3.44)

2p(p — 1) [d — J (ug, vo)]

Hence (3.21) holds from (3.44) by virtue of arbitrariness of 7% — T'. The proof of Theorem 3.2
is complete. ]

2
uo
S

]2

Vo

|| 2
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4. Critical initial energy J (ug,v9) = d

In this section, we generalize the previous section results from the subcritical initial energy
J (ug,v0) < d to the critical initial energy J (ug,vo) = d.

Theorem 4.1. Let 2 < p < N* and (ug,v0) € H} (Q) x Hi (). Assume that J (ug,vg) =
d, I (ug,v9) > 0. Then the weak solution (u,v) of problem (1.3) is global existence.

Proof. For m =2,3, -, we define ¢, := 1 — %, (Uom, Vom) = (Smuo,Smvo), then 0 < ¢, < 1

and ¢, — 1 as m — +o00. Therefore, we consider the following problem:

.
‘uxnr‘: - (CL +b Hvumng) Aum = vfnuﬁfl In ’umvm| T € Q’ t> 07

Umz, - (a +b HvaHg) Avy, = P 0P In [ vn|, £ €Q, t >0,

|| (4.1)
U (2,1) = vy (2,8) =0, x €0, t>0,

U (2,0) = Uom, Um (2,0) = Vom, x € Q.

According to I (ug,vp) > 0 and Lemma 2.6, there exists a A, > 1 such that I (Acug, Asvo) = 0.
Then, from ¢, < 1 < A4, we have

I (uom, vom) = I (Smuo,smv0) > 0, J (wom, vom) = J (Smuo, smvo) < J (uo, vo) = d.

By Theorem 3.1, for each m in problem (4.1), there exists a corresponding global solution
(U, Vi) € L (0, +00; H} () x L™ (0, +00; H} (€2)), and its initial data

Um (0) = wom — up, in H& (Q) as m — +o0,

U (0) = Vo — vo, in HE (Q) as m — +o0.

Therefore, there exists (ty,, vy,) € W for all t € [0, +00),

(rﬁfﬁ,vb) + (a0 IVunll3) (Vim, 6)y = (v I vl ,6),,
2

(it¢). + ( DIV0mIB) (T V), = (et W umt ),
2

and
. 2 2
Umr Umr
/ = 5 dr + J (U, Vm) = J (Uom, vom) < d.
LN R P e |
From (2.6), we can derive
1 a(p—1 b(p—2
J Gt ) =T (o) + S22 (9 + 90 13) + 22 ([0 + V)
1
+ p HumUmHgv
and thus we can obtain
. 2 2 v 1)
u v a(p—
L]+ Jar+ S (19wl + 19el3)
o \ [zl [[l=2 ], 2p
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b(p—2 1
+ 2222 (19 4+ [Vemld) + 5 i} <

for all ¢ € [0,4+00). By the same processes as the proof of Theorem 3.1, the proof of Theorem
4.1 is complete. O

Theorem 4.2. Let 2 < p < N* and (ug,v0) € H} (Q) x Hi (). Assume that J (ug,vg) =
d, I (ug,v9) < 0. Then the weak solution (u,v) of problem (1.3) blows up in finite time.

Proof. We prove it by contradiction. Assume that (u,v) is the global weak solution of prob-
lem (1.3), we take the function G (t) as in Theorem 3.2. Combining (3.28) and .J (ug, vg) =
d, I (up,vp) < 0, we can obtain

G ()G (t) - p[G' (H)]* = [alp— 1) C5'C () — 4pd] G (1)
2

+
2

2

Ug Vo

+ la(p—1)Cz'G(t) -2 G'(t). (4.2)

]2 ]2 ||,
Since J (u,v) and I (u,v) depend on the continuity of ¢, we know that there exists a sufficiently

small t such that J (u (t9) ,v (tp)) > 0 and I (u,v) < 0 forallt € (0,%g) . According to (I;#’ u)2+

<%,v>2 = —1 (u,v), we have
Ut V¢
—,u ] +|(—=,v] >0,
<|$\S >2 <|$\S )2

|z

and
2 2
ut Yl >0, vt e [0,t].
R PO N E R
From (2.3), we obtain
: 2 2
u v
O<J(u(t0),v(t0))§d—/ tﬁ t§ dr <d,
o \ [zl ly =12 |l

thus, if we take the initial time ¢ = t(, we can obtain (u (ty),v (tp)) € V. From Lemma 2.8 (ii),
we have I (u,v) <0 for all ¢ € [tp, +00). By Lemma 2.7 and (2.3), we can obtain

G" (t) = =21 (u,v) > 4p(d — J (u,v)) > 4p(d — J (u (to) ,v (to))) := M, Vt € [tg, +00),
and
G (t) > M (t —to) + G (to) = M (t — to), Vt € [to, +0),
G(t) > %MtQ — Mot + G (to) , V¢ € [to, +00)
Moreover, for a sufficiently large ¢, it is possible to make

a(p—1)Cg'G (t) > 4pd, (4.3)
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2 2

alp—1)C5'G(t) > 2p (4.4)

2 2

Therefore, from (4.2)-(4.4), we have
G(1)G" (t)—p(G (1) >0,

for sufficiently large ¢. By the same processes as the proof of Theorem 3.2, there exists a
sufficiently large T' > 0 such that

. 2 2
u v
lim - - dr = +o0.
t—=T- Jo ‘x’ 2 9 ‘.’I)| 2 :
The proof of Theorem 4.2 is complete. O

5. High initial energy J (ug,vg) > d

In this section, we will continue to prove the finite-time blow-up of weak solutions in the case
of arbitrarily high initial energy J (ug,vo) > d, which can be regarded as a generalization of
the subcritical initial energy J (up,vo) < d and the critical initial energy J (up,vg) = d. Since
the initial energy in this case is no longer constrained by the depth d of the potential well, the
potential well method is no longer applicable to this situation. Due to these characteristics, the
invariant manifold will not hold. Therefore, we need to find three new lemmas to play the role
of the invariant manifold.

Lemma 5.1. Let 2 < p < N*. Then dist (0,N') > 0 and dist (0, N_) > 0.

Proof. We first prove that dist (0, N) > 0. For (u,v) € N, based on the definition of d, it
yields

a 2 2 b 4 4 1 1
a <5 (I7ull+ 19018) + 3 (IFull+ 19013) + = fuolly = > [ 2o nfuvlds

=2 (Ivully + 1vl3) + g (Ivulld + 17013 - ;p @ (Ivul3 + I190l3)

1
b (IVull3 + 190l3)| + 5 Nl

a(p—1) 2 2\ , b(p—2) 4 4 1 2 2
oy (IVull3 4 190l) + == (17l + 19003) + 55 (3 + 1vlz)

4p 2p
a(p—1) b(p—2)
2p

4p

<

2 2 4 4 Sip 2p 2p
< (vl + 1v013) + (Ivulls +190l13) + 5 (IVull3” + 190157

where Sy is the optimal constant of the embedding H} (Q) < L?"(Q). Therefore, according to
the above inequality, there exists a constant C' > 0 such that

i _ . 2 2 > A .
dist (0.N) = min_ (|[Vul} +[[Vv[) > 0> 0

)
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Next, we prove that dist (0, N_) > 0. For (u,v) € N_, we have I (u,v) < 0 and ||Vul|, #
0, |[Vvl|y # 0. Combining with (2.9), we obtain

a (IVal3 + 19013) < a (IFull3 + 1¥0l3) + b (I7ullj + [ Voll})

< 2/ uPvP In |uv|dz
Q

IN

és?(p+0’) ||VUH2(IJ+U) + i52(p+a) vaHg(p"‘U)

IN

1
(pto)
— 52040 ([ 7u} + Vol ) ,

which implies
1
aec )rg,l

IVull3 + [[Voll3 > (W

Furthermore, it follows from S > 0 and the above inequality that

dist (0,N_) = mi (V 24|V 2>>0
it (O,N-) = min ([Vully + [IVvll;
The proof is complete. O

Lemma 5.2. Let 2 <p < N*, (u,v) € J°NN4 for any ¢ > d. Then the weak solution (u,v) is
uniformly bounded in H} () x H} ().

Proof. By (u,v) € J°N N for any ¢ > d, we have J (u,v) < ¢, I(u,v) > 0 and ||Vu|]§ #
0, [|[Voll5 # 0. According to (2.4) and (2.5), we have

1 -2 1
(I9ul + [v012) + 5 Il + p/ o | da -+ 1 (u,0)

>l Al e

(1vull+ 190l) + 252 [ worinfuc do
|n|
(vl + 1vol3) - 5

which yields
4c 2|9
IVull3 + 1Voll3 < — +

aep

The proof is complete. O
Lemma 5.3. Let 2 <p < N*. Then 0 < A\ < A. < +o0 for any ¢ > d.

Proof. For any ¢ > d, it follows from the Nirenberg inequality and the Cauchy-Schwarz that

IVall3 + Vol

2
</upvpln|uv\dx

aJja

L (o) (|, 120+0) (pto
<25 (77 + ol 17))

1 o o 0(p+o —0 o [} o —0 o
<— 2P ([Tl 3O E ol ) )50

T aeo
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§752(p+0)012\7(17+ ) [(Hqu;Q(IH' )_|_ HVUH;W(IH‘ ))2 (Hung(l 0)(p+ )+ ||U||;l(1 0)(p+ ))2]

aeo
L 2(p+0) ~2(p+o) 2 2\ (o) 9 9\ (1=0)(p+o)
<=2yt | (Ivally + [19015) ™ (Il + 1ol | 5.1)

By Lemma 5.1, we derive ||ul|3 + |[v]|3 > 0. Combining with (5.1) and |z| < L, it yields

2 2

1
2L

u v

>

S

]2

2 2
(I3 +110113) > 0.

|z|2

2 2

which implies A\ > 0. Furthermore, from the definition of N and (u,v) € N, we have

2 2

Cp 2 2
< 2
=5 (Ivull3 + 1vv13) <

U v pcCp

a(p—1)’

|2 |2

2

which yields A, < +00. Consequently, we conclude from above analysis that
0< A <AL < Ho0.

The proof is complete. ]

Theorem 5.1. Let 2 < p < N*, for any ¢ > d.

(i) If (uo,v0) € I'¢, then the weak solution (u,v) of problem (1.3) exists globally and (u,v) —

(0,0) as t — +oc.

(ii) If (uo,vo) € Il;, then the weak solution (u,v) of problem (1.3) blows up in finite time.
Here

2 2
1
r.=N:nN (u,v)EH&(Q)xH&(Q)i ué - < Aoy d < J(u,v) <cp,
|2 |, [l ],
1 2 2
I = N= 0§ (uv) € Hj () x H} ()5 “ Al > A, d< J(uw) <
lzl2 ], ||zl ]],

Proof. (i) If (up,vo) € I'¢, then, based on the monotonicity of A., we can know that (ug,vg) €
Ny, d < J(ug,v9) < ¢ and

2 2

Uuo Vo

<A < )‘J(UO,UO)' (5.2)

s s
o [P RE R

We assert that (u,v) € Ni. If it is false, then there exists a ty € (0,7) such that (u,v) € Ny
for all t € [0,t9) and (u (to),v (to)) € N. According to (3.19), we have

2 2

= —1I(u,v). (5.3)
2

u v

S

|2

S

]2

4
dt

NN

2
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2 2
+ is strictly mono-

2 2
tonically decreasing in [0,tp). Furthermore, from (2.3), we can know that J (u,v) is not in-

creasing with respect to t. Therefore, J (u(tg),v (to)) < J(up,vp) for all t € [0,7). From
(u(to) ;v (to)) € N, we obtain (u (to),v (t0)) € Njuguvy)- Review (5.2) leads us to conclude that

u
S
|z[2

v
S
|2

From the definition of N} and (5.3), we can conclude that

L (uto) [ o] 2 i i
u (to v (%o UuQ Vo
RN e — <3 5 5 < AJ(uo,v0)- (5.4)
R | PO N | |2 ], |1zl |,
However, according to the definition of A j(y,,4,), We know that
2 i L (ato | et |
. u (% U\l v (Tg
)‘J(uo,vo) =infq 5 s s (u,v) € NJ(uo,vo) <3 s s )
2\ =12 ]ly | l=l2 ]|, LN R (P W ETE

which contradicts with (5.4). Therefore, this assertion is proven, that is, (u,v) € Ny and
(u,v) € J7Wovo) for all t € [0,T). It means that (u,v) € J/(“o:v0) N A, for all t € [0,T). By
Lemma 5.2, we know that (u,v) is uniformly bounded in H{ (2) x H} (Q). So, the maximal
existence time T' = 4o00. Thus, w—limit set is non-empty.
Next, for any (wi,w2) € w(ug,v0) = ) {(u(s),v(s)):s>t}, by the above discussion,
>0

2 2

w1
S
|2

w2
|| 2

2 2
(wi,wo) € JIWor0) () wy) ¢ NJtuo,ve)- Also, since Niqgwgy = N N J7 (o) - we obtain
(w1,w2) ¢ N. Therefore, w(up,v9) NN = 0, and since N contains the non-trivial solutions
of problem (1.3), it follows that w (ug,vo) = (0,0), i.e. (u,v) — (0,0) as t — +o0.

(ii) If (up,vo) € Il., then from the definition of A.. we can know (ug,v9) € N_, and
d < J (u,v) < ¢. Considering the monotonicity of A., we can conclude that

we obtain J (wy,ws) < J (ug,vp) and 3 < > < AJ(uo,wo)- Then, we can know

2 2
>ACZAJ(

2

1

2

u v

(5.5)

U0,v0)

2 ], |l l=l?
We assert that (u,v) € N_. If it is false, then there exists a ty € (0,7") such that (u,v) € N_

for all ¢ € [0,t0) and (u (to),v (to)) € N. From the definition of N_ and (5.3), we obtain the
2 2

property that ‘ T% + ‘ ﬁ is strictly increasing on [0,tp), and thus we get
1= 12 1= l2
. (to) 2 (to) 2 . 2 2
u (to v (o U X0
5 El + 5 5 El B > AJ(uo,vo)a (5'6)
[z {l, | el |y N | P R EA N |
J (’LL (to) , U (to)) < J(UO,U()) . (57)
Based on (5.6) and (5.7), and (u(to),v (to)) € N, it follows that (u(to),v (t0)) € Ntuo,v0)-
Consequently, by the definition of A j(, .,), We have
) 2 2 ) (to) 2 (to) 2
v U (to v {lo
AJ(uo,vO) =Ssupy 5 s s (u,v) € NJ(uo,vo) 25 B B )
2\l ]l (]2 ], 2\ =z 0l ] Tl
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which contradicts with (5.6). Therefore, we can conclude (u,v) € N_ and (u,v) € J/(®0v0) for
all t € [0,T), which implies (u,v) € N_ N J/®ov0) for all t € [0, 7).
Subsequently, since (u,v) exists globally, the maximal existence time 7" = +o0. For every

(w3, wyq) € w(ug,vy), through the above analysis, we derive J (w3, ws) < J (up,vp) and
2 2

w3 W4

S

|x‘2 > AJ(UO’UO).

1
2 |m|§

2 2

It follows that (ws,ws) € J7(#0%0) and (ws,ws) ¢ NJ(uowo)- Furthermore, when N0 =
N N J7@ovo) (s wy) ¢ N, we obtain w (ug,vo) NN = (). However, according to Lemma 5.1,
we know that (0,0) ¢ w (ug,vp). Consequently, w (ug,vg) = @), which contradicts with the global
existence of (u,v). Hence, the maximal existence time 7' < +o0. The proof is complete. ]

Corollary 5.1. Let 2 <p < N* and J (ug,v9) > d. If

2 2

9] a
+ - <<
J(UO,UO) 26p - 403

Uug Vo

s s
2 {ly 1] ],

then (ug,vo) € N— and the weak solution (u,v) of problem (1.3) blows up in finite time.
Proof. From (2.4), (2.5), (2.7) and Lemma 2.1, it follows that

1 a 1 -2
J (up,vo) = Zl(uo,vo) +3 <|]Vu0\|§ + HVUOH§> + o [[uovollh + p%/ﬂupvp In |uv| dx

1 a 2 2 €2
=y 7( ) _

> o1 (wo, vo) + - ([ Vo]l + [[Vwoll %ep

2

1 a uo vo 9]

Z 7] u ,U + s S BEGYR
51 (o, o) 4Cs \ |23 [, " ||12l7],) 2ep

1
> ZI (Uo, UO) +J (U(],’U(]) )

which gives I (ug,v9) < 0, i.e. (ug,vg) € N_.
To prove that (u,v) blows up in finite time, it suffices to demonstrate

) 2 2
Uo Vo
5 s s >AJ(’U,07’U())'
S | PO NEA N |
Hence, for any (u,v) € Nj(ug,00), We have
1 ’ \ ¢
u v B 2 2
5| == < ) <=5 (Ivul +1vvl3)
|2 ]y, ]2,
pCh
< J (ug, vg
ap-n’ o
2 2
p ug vo _ CB|Q
A= \|[lzl2 ||, |/lzl2],] 2ea(p—1)
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2 2
1 UQ Vo
2 \[[2l2lly [tz ],
Taking supremum over N J(uo,v0)> W€ get
C 1 ’ ’
pUB Uuo V0
A < —————J (up,v9) < =
) = -y 2 \[llal2 ], " If1al2 l,
By Lemma 5.1 (ii), the proof is complete. O

Theorem 5.2. For any R > d, there exists a weak solution (ug,vr) € N_ of problem (1.3)
such that J (ur,vg) > R and (ugr,vg) blows up in finite time.

Proof. For any R > d, we select 0, and €0, be two arbitrary disjoint open subdomains of §2.
And we assume that (@,7) € H} (Qq) x H} (Qq) is an arbitrary nontrivial function, then we

choose 0 > 0 large sufficiently such that
* 4 Q|
> 4 <R + ) |
a 2ep

2

2
Ou

|2

0v

]2

2

Fixing 6 and choosing a function (@, %) € Hg (€5) x H} () such that J (0%, 07) + J (4,0) = R.
Next, we extend (@, ) and (@, 0) to

(a,0),x € Qq, (4,0),x € Qy,
(@,9) = (@,9) =
0, x € Q\Qq, 0, x € Q\Qp,
and let (ug,vg) = (04, 00) + (4,0). Then, we have

J (ug,vg) = J (04,00) + J (4,9) = R > d,

and
’ * eal || ac 19
U v U v
Rﬁ Rﬁ < — s > —5 <J (uvaR) + 2> .
|2, (2l =2 ]y (2], @ ep
Therefore, by Corollary 5.1, the proof is complete. ]

6. Blow-up time estimates independent of d

The blow-up results in previous studies are closely related to the depth d of the potential well,
but the value of d is very small, making it difficult to calculate precisely. Thus, by the concavity
method, in this section, we prove the blow-up properties of weak solutions to problem (1.3) under
different energy conditions without relying on d, and estimate the upper bound of blow-up time.

Theorem 6.1. Let p > 2 and (u,v) € H} (Q) x HE (2)\{0,0}. If J (ug,v0) < 0, then the weak
solution (u,v) of problem (1.3) blows up in finite time with the upper bound of blow-up time is

2 2

vo
S
|z|2

uo
5
|| 2

T < 2 2’
~ 4p (1 —p) J (uo,v0)
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and
( 2 2):0 =1
uo V0
2 2 T35 3
|2 |2
u v 2 2 __1
S — | < T —t) -1, 6.1
]2 ||, jz[2 ||, 4p (1 — p) J (ug,vo) ( ) (6.1)

Proof. We define two functions, respectively,

2 2
U v
¢ (t) = _4p<] (uv U) y 1 (t) = % %
1N P (|
By a direct calculation, we obtain
J 2 2
W (t) = —4p—J (u,v) = 4p utﬁ vti >0
dt ‘CL’| 2 9 |.CL'| 2 9

and

d

’ _a u

v

2
— :2<uts,u) —l—2<vts,v> = =21 (u,v).
72, A ),

s s
|2 |, |l=]?

Thus, using the Holder inequality and the Cauchy-Schwarz inequality, we have

2 2 2 2
’ u v Ut (0
77(15)1/) (t) =4p s B B s
|2 |, [l ], |2 |, [l ],
2
>4 (‘ u (7 v (0 )
Z ap s 5 s s
R | Y| R o PO R | Y R P
2
Ut
=ofe(ien), w2 (),
z[>" ), R
2
=pln (1)] (6.2)

Additionally, we observe that
W () = —21 (u,v)
2 2 4 4 4 P
= ~4pJ (u,0) + 20 (p = 1) (IVull3 + [Vel) + b~ 2) (IVully + [Vell3) + - fluol]

> —4pJ (u,v)

— 5. (63
Therefore, combining (6.2) and (6.3), we derive n ()¢’ (t) > pn' () ¢ (t) , which implies

i), w

et) ~ ()
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Integrating (6.4) over (0,t), and combining with (6.3), we get

w0 _ ()

¥ (0) ~ 72 (0)°
which can be rewritten as

v w0

Then, integrating (6.5) over (0,t), it yields

o<t 1 el

— P (t) T o1 (0) n? (0)

Thus, letting ¢ — T in (6.6), we obtain

2

such that lim 7 (t) = +oo.
t—T—

Moreover, integrating (6.5) over (¢,7"), we get (6.1). The proof is complete.
Theorem 6.2. Assume that p > 2 and (ug,vo) € HE (Q) x H} (2)\{0,0}, and let

2
a

4Cp

Uug Vo

0< J(UQ,UQ) <

5 A
AR PO N E R

_

(6.5)

—~

6.7)

Then, the weak solution (u,v) of problem (1.3) blows up in finite time and the upper bound

blow-up time is

< 2ea
= 2 2\ ’
_]. uo,s ’U()S
(Bo )< =H 2)
where
) 2 2
U v
0 > p Os 0§ )
U=l =2,
) 2 2
appCB ( |§\0% ) \;:|O§ 2) — 400 (o, vo)
0<e 5 3
_Uo_ + ’UOS
BO( @13 |, {12l ||,
(-2 2 2
a\p — U Vo
1<Bo< < + 5
4pCpJ (ug,vo) |z[2 ||, lz[2 ]|,
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Proof. According to (2.4), (2.5) and (2.7), we have

(2.
P 2 (p - 2) y4
I (ug,v0) = 4J (ug,v0) — a (|| Vuoll3 + || Vool/3 — 2 ||u0v0\|p -, ubvb In [uguo| da
Q

2 2

2(p—2

< 4J (ug,v0) — @ UOE + UOQ — (p)/ uovg In |ugvg| dz

Cp |lz[2 ||, lz[2 ]|, p Q

2 2 9 ‘Q|

a U V)
< 4J (UO7U0) -~ 0§ + Oi +—

Cp || 2 ) || 2 ) ep
< 0.

We assert that I (u,v) <0, t € [0,T). If it is not true, then there exists a ty € (0,7") such that
I (u(to),v(to)) =0and I (u,v) <0, tel0,ty). Since

G (t) = 2(“tu> + 2<Uts,v> = 21 (u,v) > 0,
2] 2 || 2

2

+
2

2

is strictly increasing on [0,¢o]. Then,
2

we know that

|2 || 2

2
a i vg Q|
0 < J(ug,vg) < e 5 - —.
< J (uo, vo) 4Cp |z|2 jz]2 ||, 2ep
Moreover, from (2.3), we have
J (uo,v0) = J (u(to) ,v (o))
2 2
1 a u (to) v (to) |2
> 1 (u(to), v (t g o)) - L
— 4 (u(o)’v(o))+4CH |2 |2 2ep
2 2
__a u (to) v (to) i
4Cy m% |2 ) 2ep’

thus, it contradicts with (6.7). It means that I (u,v) <0, for any t € [0,T). Then,
2 2

u v

S

|2

|2

2

is strictly increasing with ¢ € [0, to).

Next, by contradiction, we assume that the weak solution (u,v) exists globally and J (u,v) >
0 for all ¢ € [0,400). Then we know that the maximal existence T'= 4o00. Let us define an
auxiliary function

1
o(t):=G*(t) + gG’ (0) G (t) + o, Vt € (0, +00).
It follows from (2.3)-(2.5) that
G" (t) = —2I (u,v)
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8 4(p—2
=—8J (u,v) 4+ 2a (||Vu\|§ + HVUH%) + p [Juvl]) + (i))/ uPvP In |uv| dx
Q

4(p—2
> —8J (u,v) + (p)/ uPoP In juv| dx
p Q

=8(Bo — 1) J (u,v) — 8BoJ (u,v) + 4(]?_2)/ uPoP In |uv| dz
p Q

4(p—2
> —8B0J (u,v) + (p)/ uPoP In |uv| dz
p Q
2 2
ur

3

]2

vy
S

]2

dr

t
> — 880 (uo, vo) + 850/0

2 2

4(p—2
+ (p)/ uPoP In |uv| dz. (6.9)
p Q
Since I (u,v) < 0, we conclude

b
[ o infuldo > § (I9ul + 1V0l3) + 3 (176l + [V0])
Q

2 2
a u v
s | II—= 5
2Cp |z|2 ) |z|2 )
a
> ——G'(t). 1
Z 56,6 (*) (6.10)
Consequently, from (6.9), (6.10), we derive
2 -2
G (1) > 24P =2) o 4y 8607 (o, vo) (6.11)

pCp
By integrating both sides of (6.11) on (0,t), we obtain

a(p—2) w(r—2)
G'(t) > & (0)6217532 s 460pC;BJ(;;)aUO) [1 _ 62,,532 t} ‘
a(p—

Substituting (6.12) into (6.11) and combining with (6.9) yields

(6.12)

2a (p —2) { 20-2)y 4BypCRJ (ug,vo) [ 2a<p2>t”
G't)>———2G" (0)e B "+ d 1—¢e 7°B — 80 (ug, v
()— pCB () a(p_2) /80 (O O)
. 2 2
+8,80/ UTE UT£ dr
o \[[l=l2 ]y |ll=l]],
2a ( 2) 2a(p—2) t 2 2
a(p— alp— - Ur
= [pG/ (0) — 850J(U07U0)] e *°B t+8ﬂ0/ : 5 dr.
pCh 0 lz[2 ]|, lz[2 ]|,
Then, we obtain
‘ 2 2
G" (t) > 2¢oG" (0) + 850 / b Y ar vt e (0, +00) . (6.13)
o \[[lzl2{ly, |ll=2 ],
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Additionally, differentiating o () yields
F (1) =26 1) G () +2G ()G (),
S (1) = 2[C (0] + 26 (1) G" (1) + éG’ 0)G" (1).
We select a ap > 755[G’ (0)]” and define
K = dag — é[G’ 0)]* > 0.
Consequently, it follows from the definition of ¢ (t) that
16 0] (0 = (6 0] [ () + 26 0 6 (0 + o
=4G* (1) [ (0] + 267 ()G (1) [ (1)]* + dao[¢" (1]
_ {26’ )+ (0)} o) - S[6 O 16 0 + ao[@ (]
02+ {4a0 e (0)]2} i (1)
= [¢' ()] + &[G ()], ¥t € (0,400). (6.14)

From the derivative ¢ (t), we notice that
[ 0]+ sG] =4[6" O] e (1)

—4[5¢" (0 - GOG" () -

3G 06" (0] o0
=204 (1)~ 26 (6" ()26 () + 26" 0)]
which implies

20 (1) " (t) = [¢' (t)]2 + K[G' (t)]2 + 20 (t) G" (t) [ZG (t) + éG’ (0)] . (6.15)

Using the Holder inequality, the Young inequality with ¢ and the Cauchy-Schwarz inequality,
we obtain

(&' (1)]

Ao [z, (30) ]}

2
t
S G/ (O)+2/ ( U§ UT§ Ué /U7'§ )dT]
AN L e P A PO | Y| R e
r 2
; 2 2 2 2
< G’(0)+2/ v v U U ar
R | PO (N P N e | P L 9
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" 2 2 " u 2 " 2 2
<|G'(0) +2 / = =|| dr / = || dr
o |llz2 ], |[lz[> ], o |llz2 ], |[lz[> ],
1 1
‘ u 2 v 2 2 ‘ v 2 v 2 2
<6 o+ o | [ ] el 1] | ar
o \[|[lzl> |l |ll=]> ||, o \[[lz[= ]y |llz> ||,
; 2 2
+4G (1) / tr ) dr
o \[[lzl2{ly [ll=l>]l,

9 " 2 2
<[¢ (0)]2+25G’ (0)G (t) + =G"(0) / tr o dr
€ o \[llzl=l, {ll=l2 ],
‘ 2 2
+4G (1) / tr ) ar (6.16)
o \[[l=l2 ([, [ll=l>]],

Then, from (6.13)-(6.16), we have
20 (1) " () — (Bo + 1) [¢' ()]

=20 (1) G" (1) [26* )+ =6 <o>} —460[G" (O] (1) + 5 (Bo + 1) [¢ (1)

1 t u | v, ||?
> 20(t) [2G(t) + G'(O)] {2505G’ (0) +860/ < 7+ = )dT}
€ o \UHz[zlly Il]z[z 1y
2 t u |2 v ||?
_4ﬂ0g0(t){[G/(0)]2+2€G’(O)G(t)+G/(O)/ ( — — )dT
£ o \UHz|zlly [l]z]zl,
t ur 2 v, 2 }
+4G(t —s | +|—= d
”/o ( EHR T ) i
/t U ? ) ? 8 /t n 2 v ?
= 1680¢ (t) G (1) =) dr+ =BG (0) ¢ (1) ™ | d
” 0 212 {ly (12l ]l T s RN PO | E R '
> 0.

Considering the case ¢ (0) = ap > 0 and ¢’ (0) = 1[G’ (0)]* > 0, we derive from Lemma 2.2 that
there exists a

0<i< 2eq
- 2 2\ 2
—1 UOS Vo
(Bo )< 212l [f1al? 2>

such that lim ¢ (t) = 400, which directly conflicts with T = +oo. Consequently, the weak
t—t

solution (u,v) blows up in finite time with the maximum blow-up time occurring at (6.8). The
proof of Theorem 6.2 is complete.

O]
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7. Extinction and non-extinction in finite time

In this section, we derive new threshold criteria for extinction and non-extinction phenomena of
weak solutions to problem (1.3), explicitly incorporating polynomial expansion technique into
the proof. Under some appropriate conditions, we obtain the critical threshold time of extinction

phenomenon.
2 2 )
Theorem 7.1. Let 0 <p< 1. If H |“‘°% + ‘ \UIO% > (Dngl) 1=p=o then the weak solution
1= l2 1= l2
(u,v) of problem (1.3) satisfies
u |12 2 un |12 o |12 l=p-o
el el = Wlwrel, e
x| 2 x| 2 T2 T2
2 2 2 2 po L 0<t <ty
UO U[) 2 l-p—o
+ |:D2 - D1 e T s :|t 3
[z lly ]zl
2 2
_u_ |l =0, t > ty,
QERAP 212 ||

with the corresponding extinction time is estimated as

2
Vo

|2

9\ 1-p—0c
2 2)

- 2 2\ 1—P—o ’
D [|[ 21 + || — Dy
|I‘ 2 2 |$| 2 2

where Dy = w, Dy=2L1-p-0) Ls(p+‘7)S§(p+U), and S5 is the best constant of the

B eo
embedding L? () — L*P+2) (Q).
2
. Then,
2 2

K'(t) = <‘;‘F,U>Q+ <\Z‘9’U>2 = I(u,0),

2

Proof. We define a function K (t) := 3 (

v
S

|| 2

u

||

which leads to

K (t) +a (I 9ul + [Vol2) +b (19ul} + [Vl :2/Qupvpln|uv|dx.

Based on (2.9) and the polynomial expansion technique, we obtain

2a
K/ (0)+ 5K (1) < K (1) + a ([ Vull + 1901 + 0 (| Vul3 + [Vel3)

2/ uPoP In |uv| dz
Q

1 2(pto) 2(p+0)
< — (Iulizets) + Iwlisis))
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L q2(pto) (p+o) 2p+o
< g2 ( (p p >
<5 (i 1377 + ol
< =520 (Jul + )2
S 2 2
p+
< %Sg(p+U)L8(p+U)Kp+U (t). (7.1)
g

By setting £ (t) = K779 (¢) and combining with (7.1), a direct calculation yields

§t)=01—-p—0o) K77 (t)K'(t)

p+o [5(p+0)
<(—p—o) K77 (1) | T g2k ook () 2% g
eo Cp
2pto 2a(1—p—o0)
_ o s(p+o) g2(pto) b
o (l=p—0o)L S5 — <, £(t)
= 2Pt Dy — 2D1€ (1)
=p(t). (7.2)

Then, we can know from (7.2) that p (0) < 0. By the continuity of p (t), there exists a sufficiently
small £ > 0 such that p (¢) < @ < 0 for all ¢ € (0,%], which implies &' (t) < %0). Integrating it
on (0,t) yields

p(0)

¢ (t) §§(0)+Tt,0<t<t*,
£(0) =0, t >t
Consequently, the proof of Theorem 7.1 is complete. O

Theorem 7.2. Assume that0 < p < 1. If J (ug,v0) < 0, then the weak solution (u,v) of problem
(1.3) does not extinct in finite time.

Proof. From the function K (¢) defined as in Theorem 7.1, according to (2.4), (2.5) and (2.9),
we obtain

K'(t) = —1I (u,v)

4 2(p—2
:_4J(u,v>+a(|yvuu§+Hvuug) +p2\|uv]\g+%)/upupln\uv]dx
Q

2(2 -
> —4J (ug,v9) — (pp)/ uPvP In |uv| dx
Q

opto

> —4J (uo,v0) — (2 p) LI SEITD b (1),

peo
which implies

2pto

K (t) + —— (2 — p) LX) S+ P+ (1) > —4] (u, vo) .

peo

By J (up,v9) < 0,0 <p+ 0 <1 and Lemma 2.3, it yields

1
pt+o

—4J (uo, vo) pec
wto (2 — p) Ls(P+o) S;(p-l-o)

K (t) > min ¢ K (0), , Vt € (0,400).
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Since K (0) > 0, we have K (t) > 0, Vt € (0,+00). Consequently, for any g > 1, we derive

2 2
u v u u v v
s B = ' s s ‘ s s
2 2 2 2 2 2
=2, [z ]y |l el 1| A gl = 1] o
1 1
2 2\ 2 2 2 )
U v U v
< s 5 s s
|z|> g HE g HE L 2|2 || o
2 2
Furthermore, since | 1“% | T% > 0, there does not exist ¢, such that
T2 1 l2
2 2 2 2
li v + Uﬁ =0 or lim 5 + vﬁ =0.
GRNEE |z N (N E B 2] || g
g g a—1 g—1
The proof of Theorem 7.2 is complete. O
Acknowledgements

The authors are very grateful to the editors and referees for their helpful and wonderful com-
ments that led to the development and improvement of our manuscript both scientifically and
linguistically.

References

[1] A. Aberqil and A. Ouaziz, Blow-up and global ezistence of solutions for a new class of
parabolic p (z,-)-Kirchhoff equation involving nonlinearity logarithmic, J. Pseudo-Differ.
Oper. Appl., 2025, 16(1), 13.

[2] R. M. P. Almeida, S. N. Antontsev and J. C. M. Duque, A reaction-diffusion model for
the non-local coupled system: Erxistence, uniqueness, long-time behaviour and localization
properties of solutions, IMA J. Appl. Math., 2016, 81(2), 344-364.

[3] R. M. P. Almeida, S. N. Antontsev and J. C. M. Duque, On a nonlocal degenerate parabolic
problem, Nonlinear Anal. Real World Appl., 2016, 27, 146-157.

[4] V. V. Au, M. Kirane and N. H. Tuan, A reaction-diffusion model for the non-local coupled
system: Existence, uniqueness, long-time behaviour and localization properties of solutions,
IMA J. Appl. Math., 2016, 81(2), 344-364.

[5] M. Badiale and G. Tarantello, A Sobolev-Hardy inequality with applications to a nonlinear
elliptic equation arising in astrophysics, Arch. Ration. Mech. Anal., 2002, 163(4), 259-293.

[6] J. D. Barrow and P. Parsons, Inflationary models with logarithmic potentials, Phys. Rev.
D, 1995, 52(10), 5576.

[7] K. Bartkowski and P. Gérka, One-dimensional Klein-Gordon equation with logarithmic
nonlinearities, J. Phys. A: Math. Theor., 2008, 41(35), 355201.
[8] F. Belhannache, M. M. Algharabli and S. A. Messaoudi, Asymptotic stability for a wvis-

coelastic equation with nonlinear damping and very general type of relaxation functions, J.
Dyn. Control Syst., 2020, 26(1), 45-67.



2016

R. Li, M. Yang, T. Feng & H. Meng

[9]

[10]

[11]

[24]
[25]

[26]

[27]

M. Bendahmane and M. A. Sepulveda, Convergence of a finite volume scheme for nonlocal
reaction-diffusion systems modelling an epidemic disease, Discrete Contin. Dyn. Syst. Ser.
B, 2009, 11, 823-853.

I. B. Birula and J. Mycielski, Wave equations with logarithmic nonlinearities, Bull. Acad.
Pol. Sci. Cl, 1975, 23(4), 461-466.

S. Boulaaras, Existence of positive solutions for a new class of Kirchhoff parabolic systems,
Rocky Mountain J. Math., 2020, 50, 445-454.

M. Chipot and B. Lovat, Some remarkson nonlocal coupled parabolic problems, Nonlinear
Anal., 1997, 30, 4619-4627.

M. Chipot, V. Valente and G. V. Caffarelli, Remarks on a nonlocal problems involving the
Dirichlet energy, Rend. Semin. Mat. Univ. Padova, 2003, 110, 199-220.

T. Comert and E. Piskin, Global existence and stability of solutions for Kirchhoff-type
parabolic system with logarithmic source term, Adv. Stud. Euro-Thilisi Math. J. Special
Issue, 2022, 10, 153-170.

K. Enqvist and J. McDonald, Q-balls and baryogenesis in the MSSM, Phys. Lett. B, 1998,
425, 309-321.

Y. Feng, B. Hu and X. Xu, Suppression of epitaxial thin film growth by mixing, J. Differ.
Equ., 2022, 317, 561-602.

M. Fila and M. Winkler, A Gagliardo-Nirenberg-type inequality and its applications to decay
estimates for solutions of a degenerate parabolic equation, Adv. Math., 2019, 357, 106823.

Y. Fu and M. Xiang, Ezistence of solutions for parabolic equations of Kirchhoff type involv-
ing variable exponent, Appl. Anal., 2016, 95(3), 524-544.

F. Gazzola and T. Weth, Finite time blow-up and global solutions for semilinear parabolic
equations with initial data at high energy level, Differ. Integral Equ., 2005, 18, 961-990.

M. Ghergu and V. R. Adulescu, Nonlinear PDFEs: Mathematical Models in Biology, Chem-
istry and Population Genetics, Springer Verlag, 2012.

P. Gérka, Logarithmic Klein-Gordon equation, Acta Phys. Polon. B, 2009, 40, 59-66.
L. Gross, Logarithmic Sobolev inequalities, Amer. J. Math., 1976, 97, 1061-1083.

A. Guesmia, S. A. Messaoudi and M. Zahri, General decay of solutions of a weakly coupled
abstract evolution equations with one finite memory control, J. Appl. Anal. Comput., 2024,
14(6), 3539-3557.

B. Guo, H. Ding, R. Wang and J. Zhou, Blowup for a Kirchhoff-type parabolic equation
with logarithmic nonlinearity, Anal. Appl., 2022, 20(5), 1089-1101.

B. Guo and W. Gao, Non-extinction of solutions to a fast diffusive p-Laplace equation with
Neumann boundary conditions, J. Math. Anal. Appl., 2015, 422(2), 1527-1531.

Y. Han, W. Gao, Z. Sun and H. Li, Upper and lower bounds of blow-up time to a parabolic
type Kirchhoff equation with arbitrary initial energy, Comput. Math. Appl., 2018, 76(10),
2477-2483.

Y. Han and Q. Li, Threshold results for the existence of global and blow-up solutions to
Kirchhoff equations with arbitrary initial energy, Comput. Math. Appl., 2018, 75(9), 3283—
3297.



Behavior of solutions to a Kirchhoff-type system 2017

28]

[29]

[43]

[44]
[45]

[46]

M. Idrissi, M. Khouakhi, M. Masmodi and C. Yazough, Global existence of solutions for a
parabolic systems with logarithmic nonlinearity, J. Elliptic Parabol., 2024, 10(1), 627-643.

N. Irkil, E. Piskin and P. Agarwal, Global existence and decay of solutions for a system of
viscoelastic wave equations of Kirchhoff type with logarithmic nonlinearity, Math. Method.
Appl. Sci., 2022, 45(5), 2921-2948.

K. Ishige, N. Miyake and S. Okabe, Blowup for a fourth-order parabolic equation with
gradient nonlinearity, STAM, 2020, 52(1), 927-953.

V. K. Kalantarov and O. A. Ladyzhenskaya, The occurrence of collapse for quasilinear
equations of parabolic and hyperbolic types, J. Sov. Math., 1977, 69(1), 77-102.

G. Kirchhoft, Mechanik, Teubner, Leipzi, 1883.

C. N. Le and X. T. Le, Global solution and blow-up for a class of p-Laplacian evolution
equations with logarithmic nonlinearity, Acta. Appl. Math., 2017, 151(1), 149-169.

H. A. Levine, Some nonexistence and instability theorems for solutions of formally parabolic
equation of the form Pu; = —Au+ F (u), Arch. Ration. Mech. Anal., 1973, 51, 371-386.

M. Liao and Q. Li, A class of fourth-order parabolic equations with logarithmic nonlinearity,
Taiwanese J. Math., 2020, 24(4), 975-1003.

J. L. Lions, Methods de Resolution Des Problem Aux Limits Nonlinears, Dunod, Paris,
1969.

Y. Liu, On potential wells and vacuum isolating of solutions for semilinear wave equations,
J. Differ. Equations, 2003, 192(1), 155-169.

Y. Liu and J. Zhao, On potential wells and applications to semilinear hyperbolic equations
and parabolic equations, Nonlinear Anal., 2006, 64(12), 2665-2687.

B. B. V. Maia and L. R. S. Rodrigues, Kirchhoff-type parabolic systems involving the p(x)-
laplacian operator, AMSA, 2022, 31(1), 21-44.

H. Medekhel, S. Boulaaras and R. Guefaifia, Fxistence of positive solutions for a class
of Kirchhoff parabolic systems with multiple parametersy, Appl. Math. E-Notes, 2018, 18,
295-306.

L. E. Payne and D. H. Sattinger, Saddle points and instability of nonlinear hyperbolic
equations, Israel J. Math., 1975, 22(3), 273-303.

M. D. Pino and J. Dolbeault, Nonlinear diffusions and optimal constants in Sobolev type
mnequalities: Asymptotic behaviour of equations involving the p-Laplacian, C. R. Math.
Acad. Sci. Paris., 2002, 334(5), 365-370.

Y. Qin and B. Yang, Existence and regularity of pullback attractors for a nonautonomous
diffusion equation with delay and nonlocal diffusion in time-dependent spaces, Appl. Math.
Optim., 2023, 88(1), 10.

D. H. Sattinger, On global solution of nonlinear hyperbolic equations, Arch. Ration. Mech.
Anal., 1968, 30(2), 148-172.

U. Sert and S. Shmarev, On a class of Kirchhoff type p-Laplacian evolution equation with
nonlocal logarithmic nonlinearity, Mediterr. J. Math., 2025, 22(5), 105.

X. Shao, Global existence and blow-up for a Kirchhoff-type hyperbolic problem with logarith-
mic nonlinearity, Appl. Math. Optim., 2021, 84(2), 2061-2098.



2018

R. Li, M. Yang, T. Feng & H. Meng

[47]

[48]
[49]

H. Shi and H. Chen, Ground state solutions for asymptotically periodic coupled Kirchhoff-
type systems with critical growth, Math. Method. Appl. Sci., 2016, 39(9), 2193-2201.

J. Simon, Compact sets in the space LP (0,T; B), Ann. Mat. Pur. Appl., 1986, 146, 65-96.

H. Song, Blow up of arbitrarily positive initial energy solutions for a wiscoelastic wave
equation, Nonlinear. Anal. Real Word Appl., 2015, 26, 306-314.

Z. Tan and Y. Yang, A nonlocal Kirchhoff diffusion problem with singular potential and
logarithmic nonlinearity, Math. Meth. Appl. Sci., 2025, 48(2), 2561-2583.

N. H. Tuan, D. H. Q. Nam and T. M. N. Vo, On a backward problem for the Kirchhoff’s
model of parabolic type, Comput. Math. Appl., 2019, 77(1), 15-33.

S. Ugur, On solvability of a class of degenerate Kirchhoff equations with logarithmic non-
linearity, J. Korean Math. Soc., 2023, 60(3), 565-586.

X. Wang, Y. Chen, Y. Yang, J. Li and R. Xu, Kirchhoff type system with linear weak
damping and logarithmic nonlinearities, Nonlinear Anal., 2019, 188, 475-499.

M. Xiang, D. Yang and B. Zhang, Degenerate Kirchhoff-type fractional diffusion problem
with logarithmic nonlinearity, Asymptotic Anal., 2020, 118(4), 313-329.

R. Xu and J. Su, Global existence and finite time blow-up for a class of semilinear pseudo-
parabolic equations, J. Funct. Anal., 2013, 264(12), 2732-2763.

Y. Ye, Global existence and asymptotic behavior of solutions for a system of higher-order
Kirchhoff-type equations, Electron. J. Qual. Theory Differ. Equ., 2015, 20, 1-12.

S. Zheng and M. Chipot, Asymptotic behavior of solutions to nonlinear parabolic equations
with nonlocal terms, Asymptotic Anal., 2005, 45(3-4), 301-312.

Received October 2025; Accepted February 2026; Available online March 2026.



	Introduction
	Perliminaries
	Subcritical initial energy J( u0,v0 ) < d
	Critical initial energy J( u0,v0 ) = d
	High initial energy J( u0,v0 ) > d
	Blow-up time estimates independent of d
	Extinction and non-extinction in finite time

