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EXISTENCE AND MULTIPLICITY RESULTS FOR A CLASS OF
DISCRETE FRACTIONAL PROBLEMS WITH SUMMATION
BOUNDARY CONDITIONS

Shugui Kang!', Huiqin Chen!, Yaqiong Cui!, Luping Li!
and Wenying Feng? T

Abstract We study a discrete boundary value problem involving the Riemann-Liouville
fractional operator. In particular, we introduce a discrete fractional summing boundary
value problem that parallels the integral boundary value problem for fractional differential
equations. By generalizing a commonly used fractional difference operator, we derive the
corresponding Green’s function and reformulate the problem as a fixed-point equation. The
existence and multiplicity of positive solutions are established. Two illustrative examples are
provided to demonstrate the applicability of the theoretical results, and numerical simulations
are included for further validation.
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1. Introduction

Along with the rapid growth of computational power, new applications of fractional calculus
have attracted increasing interests from researchers [22]. These applications span a broad range
of disciplines, including signal processing, physics and engineering, finance, control theory, eco-
nomics and population dynamics [3,5,27,29]. Fractional techniques have also found applications
in machine learning and artificial intelligence [3]. Meanwhile, fractional differential equations
(FDEs), as powerful tools for modelling complex phenomena with memory-dependent or non-
local behaviours, can be effectively solved using neural network based methods, often requiring
comparatively less computation time [29].

As the discrete analogue of FDEs, fractional difference equations have direct connections
with numerical analysis and computational modelling [17,24]. In practical computation, discrete
operators replace integrals by weighted sums, the memory effects are captured through sums
rather than integrals, avoid singular behavious and naturally align with standard numerical
schemes. Classical difference operators are typically classified as forward operators that look
ahead to compute the change, and backward operators that look behind to compute the change.
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The most commonly applied discrete fractional operators include the Riemann-Liouville
[17,28] and the Caputo [1,26] types. Both definitions have well-developed theories and nu-
merous applications. These definitions, however, exhibit distinct monotonicity and comparison
properties. More recently, the Caputo-Fabrizio derivative has been introduced to describe the
temporal and spatial variables of systems with memory effects [2,8]. This definition applied
an exponential kernel as an extension of the Atangana-Baleanu sum/difference that utilizes a
generalized Mittag-Lefller function as the kernel. Owing to its non-local and non-singular ker-
nel, the Caputo-Fabrizio derivative has some advantages in solving some physical problems with
initial conditions [4,21].

Differential equations with nonlocal boundary conditions have been extensively studied due
to their applications in areas such as thermostat control, heat transfer [20], and neural com-
puting [27]. Boundary value problems with integral boundary conditions [11] generalize multi-
point boundary value problems and naturally arise in many modelling contexts. Although fixed
point theory has been widely used in both continuous and discrete settings [9, 10, 30], fractional
difference equations have essential distinctions from their differential counterparts [7]. For in-
stance, unlike in the integer-order case, a function can increase even if its fractional difference
is negative [16], reflecting their complex nonlocal structure. Moreover, different discretization
techniques also have great impacts on the resulting discrete systems [6].

Summation-type boundary conditions form a class of nonlocal boundary value problems.
Several authors have investigated the existence and multiplicity of solutions for fractional dif-
ference equations subject to summation or fractional-sum boundary conditions, treating both
delta and nabla fractional operators [23]. For example, most recently, the existence of positive
solutions for the following nabla fractional difference equations with parameter-dependent sum-
mation boundary conditions is studied in [12] using the Leray-Schauder nonlinear alternative:

~(Vi_)(Q) = f(Cw(C), 1<n<2 (€N,
d

w(k) =0, w(l)=p Z w(s), de N}, p>0,
s=k+1

where f : Nﬁg 4o X R — R is a continuous function. In [13], existence, uniqueness, and stability of
sign-changing solutions for a nabla difference equation with summation boundary conditions are
established. Motivated by these developments, the present work extends the theory to discrete
fractional problems with generalized fractional-summing boundary conditions, providing new
existence results and illustrative examples.

In particular, we are interested in the following fractional difference summing boundary value
problem (SBVP)

A ()= —f(t+a—2,z(t+a—2)), teNT

r(a—3)=Az(a—3) =0, (1.1)
b+1 ’
z(b+a) = )\Z (s +a—2),

where a € (2,3], b > 5 is an integer, 0 < A < 335, Ag_5 denotes the standard Riemann-Liouville

fractional difference, and f : N2t x [0, 400) — [0, +00) is continuous. The condition o > 2
ensures that the fractional dlfference operator A _5 acts as a forward operator.
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Problem (1.1) may be viewed as a discrete analogue of FDEs with integral boundary con-
ditions. In continuous problems, multi-point boundary conditions can often be reduced to an
equivalent three-point BVP, greatly simplifying the analysis [15]. However, such reduction tech-
niques do not appear to transfer to the discrete fractional framework. We work directly with
the multi-point boundary conditions, obtain an explicit representation of the associated Green’s
function and apply fixed point theorem to prove existence of multiple positive solutions.

Moreover, the difference equation of problem (1.1) is different from the common discrete
BVPs employed of the form

NG x(t)=—ft+a—-1, z(t+a—1)), a € (n—1,n]. (1.2)

This form does not yield an explicit Green’s function when n = 3. We introduce the following
generalized form

NG _x(t)=—ft+a—(n—=1), z(t+a—(n—1)), a € (n—1,n]. (1.3)

Obviously, when n = 2, equation (1.3) reduced to (1.2). When n = 3, (1.3) leads to a symmetric
structure that allows us to derive the Green’s function. Consequently, our results provide a
genuine extension and provide a new approach to nonlocal fractional BVPs. Our work also
extends the nonlinear FBVP considered in [14] where existence of two positive solutions were
obtained by iteration. To illustrate the results, we present two examples and include numerical
simulations that virtually demonstrate the behavior of the solutions.

2. The Green’s function

We first give two lemmas on the discrete fractional difference, and the fixed point theorem that
will be used in the sequel [18].
For a € R, a > 0, t € Ny 4, the a-th fractional sum of a function f is given by

e i(t — s — 1)2=2f(s),
I(a)

a  D@+1
where t& = %
defined by ASf(t) = APAZ "V F(), t € Noyn—a.

Lemma 2.1. ( [19]). Let « > 0, n = [«] and f is a function defined on N, — R. Then

. Let n = [a] (the ceiling function), then the a-th fractional difference is

Al DGF() = F(8) + it — a)2 = + ot — a)2 2+ -+ et — a)2T,
where ¢; € R(i =1,2,--- ,n).
Lemma 2.2. ( [19]). Let f : Ngjo x Ny = R, then

t—a t—a
A fts) =D Af(ts)+ ft+1L,t+1-a), €Ny

Theorem 2.1. ( [18]). Let E be a Banach space, K C E a cone, and 1 and Qa two bounded
open subsets of E with 6 € Q1 C Q1 C Qa. Suppose that T : K N (Q2\Q1) — K be a completely
continuous operator such that either
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(i) || Tx]
(i) |[Tz|

|z, z € KNOQ and ||Tx|
|z, z € KNOQ and ||Tx|

|z||, z € K N0OQa; or

| < | | = |
| > | | < |z, 2 € KNy

<
Z

holds. Then T has a fized point in K N (Q2\Q1).

Theorem 2.1 is the classical Guo-Krasnosel’skii fixed point theorem, also known as the cone
expansion and cone compression theorem. Under condition (i), the operator 7" is contractive on
the inner boundary and expansive on the outer boundary. This guarantees that T has a fixed
point in the annulus. Condition (ii) implies opposite conditions and a fixed point exists in the
region between these two spheres.

The following new lemmas are essential for the results of Section 3.

Lemma 2.3. Let a € (2,3], a # Ab+ 1), and h : N2'% — R. A solution to the SBVP
(2.1)-(2.3)

NS _ax(t) = —h(t+a —2), t € N§TL, (2.1)
z(a—3) = Az(a—3) =0,
b+1
z(b+a) =AY z(s+a-2), (2.3)
5=0
can be written as
b+1

2(t) =) G(t,s)h(s + a —2),
s=0

where

at=L (h+a—s—1)2=L
1 (b+a)=ta—Ab+1)
I'(a) | ate=t (b+a—s—1)2=L
(b+a)2=Lla—-Ab+1)]

—(t—s—-1)2L 0<s<t—a+1<b+1,

G(t,s) =
0<t—a+1<s<b+1.

Proof. Applying A~ on both sides of equation (2.1), we have

AUAS_a(t) = —Ah(t +a - 2).
From Lemma 2.1,
ATONE_ax(t) = z(t) — e1(t — a)2=L — co(t — a)2=2 — c3(t — a)2=2,

By definition,
t—«
1
Aht4+a—2)==—=) (t—s—1)2h(s+a—2).
el 2

From the above two equations, we obtain the following

Q

t—
1
x(t) = “Ta) (t—s— 12 h(s +a—2) + c1t%L + eot2=2  c5t2=2 |

s

Il
=)
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where ¢y, ¢9, c3 are constants. From Lemma 2.2, we get

t+1—a
Az(t) = —F(la) 3 (@ —1)(t—5— 1)==2h(s + a — 2) + 1 (o — 1)te=2
s=0

tea(o — 2)t2=3 4 c3(a — 3)te=2

Applying the boundary condition (2.2), ¢a = ¢5 = 0, and

Q

o(t) = _p(la) ) (t—s—1)2"h(s+a—2) +ct®t

S

I
=)

Applying the boundary condition (2.3), we get

1 T » b1
c1 = (b+a)c“1[F(a) g(b—i-a—s— 1)h(s+a—2)+)\§x(s+a—2)].
Hence o
x(t)zr(la)z:(tsl)ﬁh(eraZ)
FRab et 0t e s Dk a2 (2.4)

Apa—l b+1
b+aa 12 (s+a—2).

Let ¢ = Zgié z(s + a — 2), equality (2.4) implies that

a—1 b+1

C:i(s+a—2 Zb—I—a—T De=h(r +a—2)
= T(a)(b+ )= L

b+1

_ b+1
AMs+a— 2)g
+ — Zx(s—l—a—Q).
s=0 (b + a)i s=0

Then

:Z I(‘S+a_2)a1(b—I—oz—T—l)O‘_lh(T—i—oz—Z)

:L Zwa2>a_(b+a—r—1)‘“h(7+a—2).
- a—1

Since
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then -
1 b+l .
- : bta—s— 1)l —9).
c o) a_)\(b+1)§( +a—s—1) (s+a—2)

Replacing ¢ in (2.4), then the solution of SBVP (2.1)-(2.3) can be obtained as

t

|
Q

1
(t) = —=— t—s—1)2lh(s+a—2
( ) F(Oé) S:O( ) ( )
Oétail b+1
b —s—1)e=1p _9
—a ata b+a—-s—1)2=L—(t—s—1)2"L|n(s+a—2)
T & “A(b+1)]
b
1 at@
I'(a) b —s—1)2=lp _9
+P(C¥) St—Za+1 (b—i—a)ﬂ[a_)\(b_i_ 1)]( + « S ) (S+Oé )
b+1
=2 Gt s)h(s +a—2).
s=0
The proof is completed. .

Remark 2.1. It is notable that
Gla—3,5)=G(a—2,5) =G(t,b+1)=0.

So in the sequel, we only need to discuss the case G(t, ), (t,s) € N°% x NJ.
It is not difficult to prove the following Lemma.

Lemma 2.4. The function G(t,s) satisfies

(i) G(b+a,s) =0, s € N} if and only if A = 0.

(ii) [ — Ab+ 1D)]G(b+ a,s) >0, s € N§ if and only if a # A\(b+ 1).

b+ a=1 o . .

(i1i) G(t,s) < W, (t,s) € NOT% x Nb if and only if X € [0,a/(b+1)).
(iv) If « # XD+ 1), then G(t,s) : N2T% x N§ — R is continuous.

Lemma 2.5. Let 2 <a <3 and 0 < A < ;5. Then G(t,s) satisfies the following inequalities

I'(a)
(b+a)*=

7G(b+a,s) <G(t,s) < Gb+a,s), (t,s) € NTY x Nb. (2.5)

a
A(b+1)
Proof. The expression of G(¢,s) implies

G(t,s)
G(b+ a,s)
att=L(b+ a —s—1)2=L — (t—s—1)2=L(b +a)2=L[a— A(b + 1)]
Ab+1)(b+a —s—1)2=L(b + a)2=L ’

a—1

Oésgt—@‘Flgba

at

0<t—a+1<s<b
Nb+ Db+ a)el atlss
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For the case 0 <t —a+ 1< s < b, it is clear that

G(t, s) < alb+a)=t o«
Glb+a,s)  Ab+1D)(b+a)2=L  Ab+1)
and
Gts) _ Mo+ 1)ta=t _ te=L )
Gb+a,8) - Ab+1)(b+a)2 L (b+a)2L” (b+a)>l’
For the other case 0 < s < t—a+1 < b, we know that Ggii?s) < )\(bil). In fact, for

0<s<t—a+1<b, the function h(t) = ﬁ is decreasing with respect to t. So
o=l N (b+ )=t
(t—s—1)2=L" (b+a—s—1)2=L
namely
(- s—1)e=ls _ta—_l(b+a—s— 1)2=t
’ - (b+ a)a=L
Thus
ta—1
WG(b—{—a,s)éG(t,s), 0<S<t—a+1<b
o)—
As to t = b+ a, the conclusion is obvious. Therefore, inequalities (2.5) hold. O

Corollary 2.1. Ifa — A(b+1) > 0, then G(t,s) > 0, (t,s) € N°T% x N,

From now on, we set

b+1
E={z:N"% SR : 2(a—2)=2(a—3)=Az(a—3) =0, z(b+a) :/\Zx(s—i—a—Q)}.
s=0
Obviously, £ is a Banach space with the maximum norm ||z| = max |z(t)|. Define the cone
a—3
Ab+1DIN(a—1) b
K={zeb : o>~ el tentty)
and the operator T': E — E by
b+1
(Tz)(t) => Gt s)f(s+a—2,a(s+a—2), teNI3. (2.6)
s=0

Since G(t,b+ 1) = 0, then we may define

b
(Tz)(t) = Z Gt,s)f(s+a—2,2(s+a—2), teN*e
s=0
In order to keep the symmetry of domain, the form of (2.6) is needed.

It is known that a positive solution of SBVP (1.1) is equivalent to a fixed points of 7" in K.
Moreover, for each z € K, if t € N2'9 by (2.5) and (2.6), we have

a—1»

b+1
(Tz)(t) < ) SZ:;G(bJr o, 8)f(s +a—2x(s+a—2)).
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Notice that (Tz)(a —2) = (Tx)(a — 3) = 0, then

b+1
Tz < ﬁ ;am a,8)f(s +a—2,2(s +a—2)).
Using (2.5) again, we obtain
INE)! AR
(T2)(t) > 7——a7 > _ GO+, 8)f(s+a—2,2(s+a—2).
(b+ ) s=0
Therefore (Tz)(t) > D@D 1y ¢ e N2 Thus, TK C K. Since T is a bounded

(b+o)>—
operator defined on a finite space, T  is completely continuous.

3. Main results

We define the notations:

f, = liminf min (f(¢, 2)/z), fo = limsup max (f(t,z)/x),

- =0t tenNitY z—0+ teNSTS
T = gglgftergg;(f(t,x)/w) foo = ligigtgafa( (t,z)/z),

-1

b-l—l b ! (b—f—a)L_l b
C, = (;Gb—i—as) 702:)\F(Oé_1)(b+1) <;G(b+a,s) ,
~1
Cg— b+a <2Ga+bs>

The following conditions are used to prove our main conclusions.

(A1) There exists r > 0 such that f(t,z) <rCi,a—2<t<b+a, 0<z <.
(A2) There exists R > 0 such that f(t,z) > RC3, a —1 <t < b+ a,

A(b+1)D(a — 1)

(b—l—a)@ a<z<AR.
(Hy) iO>C’2, foo > Co
(H2) fo<Ci, foo <C1
(H3) f,>C2 foo <Ci
(Hy) fo<Cy, f_>Cy
(HY) f, =400, f =+
(HS) 70:0, oo =

In the above definitions, Cy, C5 and C5 depend on the Green’s function and parameters
of the system. Conditions A; and A, connect the constants Cq, Cy, C3 and the function f
to construct the region for the fixed point theorem. Conditions (H;) and (H}) correspond to
conditions (i) and (ii) of Theorem 2.1 respectively.

In the sequel, we assume that a € (2,3],6 > 5 and 0 < A < ;%5.
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Theorem 3.1. Assume that f satisfies (A1), (A2) and r # R. Then SBVP (1.1) has at least
one positive solution xy € K with min{r, R} < ||xo|| < max{r, R}.

Proof. We may suppose r < R. For z € 0Q, = {x € K : |z|| = r}, then 0 < z(t) < r,
a—2<t<b+ a. From (A7), we see that

f(t,z(t)) < Cyr, t € NoTS,

By (2.5), we get

b
aCqr B
Mo+ 1) SEZO Gb+a,s)=r.

(Tz)(t) < Gb+a,s)f(s+ta—-2,z(s+a—2)) <

s=0

So, [|[Tz|| < ||z||, x € 0%,
If v € 0Qp, then %R < z(t) < R, t € NPT%. From (Ap), we get f(t,z(t)) >
CsR, t € Nb+a Using (2.5) again, we have

b

(Tz) () = ZG(a,s)f(s +a—-2,z2(s+a—2))

Tla)
> jZG(b—i-a,s)f(s—i—a—2,:13(5—|—a—2))
s=1

b

( Z (a+b,s)

=1

So, [|[Tz|| > ||z||, x € OQR. B
Therefore, by Theorem 2.1, operator T' has at least one fixed point zy € Qg\Q, with r <
|zo|| < R, and xg is a positive solution of SBVP (1.1). O

Theorem 3.2. Assume that (A1) and (Hi) hold. Then SBVP (1.1) has at least two positive
solutions x1 and xg with 0 < ||z < r < ||x2|.

Proof. By (Hi), on the one hand, since fy > Cs, one can find £ > 0 and 0 < ¢ < r satisfy
flt,x) = (Cy + e)x, e N 0 <o <.

Let r1 € (0,79), for € 99, we have % 1<z(t)<rp <r, te€ Ngjﬁ. Then

(Tz)(a) > MZGb+as)f(s+a—2 (s +a—2)
b
((b—)i-(ij—i—s ZGb—i—a s)z(s+a—2)

)\(b+1) (Oé—l) F CQ’I”l
G(b
(b1 a)at Z Tas)
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So, | Tx| > ||z||, x € 0, .
On the other hand, since f,, > Cs, one can find > 0 and Ry > 0 satisfy

ft,x) > (Co+m)z, teNFe >R
Choosing
(b+ )=t
R R
1> max{)\(b+ Dl (a — 1) 0, T (>

for x € OQpR,, there exists

L Ab+Dla-1)

|lz|| > Ry, a—-1<t<b+a.

(b+ o)=L
Then ,
I'(e)(C2 + )
(Tz)(a) > "t a)l ; Gb+ a,s)x(s+a—2)

Ab+ 1T (a—1) T(a)Collyll
: G(b
7T (bta)L (b—i—a“‘ 12 )

= Ry.

As to z € 99, from (A;), we see that f(t,x) < Cyr, t € NoF%. This implies

aCyr
(Tz)(t) b+ D) ZGb—i—as
=r.
Thus, ||Tz|| < ||z||, z € 092,. Theorem 2.1 implies the conclusions of this theorem. O

Corollary 3.1. The conclusion of Theorem 3.2 is valid if (Hy) is replaced by (HY).

Theorem 3.3. Assume that (As) and (Hz) hold. Then the SBVP (1.1) has at least two positive
solutions x1 and xo with 0 < ||z1]] < R < ||z2]|-

Proof. By (Hs), since f, < Cy, we may choose ¢ > 0 (¢ < C1) and 0 < rg < R such that
f(t,x) <(Cr—e)x, te NS 0<y <.

Let ro € (0,79), for x € 9Q,.,, by (2.5),

So, [|Tz|| < ||z]|, € 08,.
For the case of f., < C1, there exist o € (0,C}) and Ry > 0 such that

f(t,z) <ox, teN°TS x> Ry
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Choosing M = max f(t,x), there is 0 < f(t,x) < ox + M, 0 < = < +o0. Let
(t,2)ENET %[0, Ro]
Ry > max{R, %}, then for x € 0QpR,, we have
N b
Tr|| < —— Gb+a,s)f(s+a—2,x(s+a—2
1721 5y 00+ (s+a-2)
b
a
<2 MYS GO+ a,
1y el £ 3G+ a)
< Rs.
So, | Tx| < ||z||, x € OQR,.
Finally, if z € 0Qpg, then z(t) > %Hx”, t € N?* @ By (Ay), we have
b
I'(c)
T > ————RC G b,
(T)(e) > G g O Y G+ )
=R.

So, || Tx| > ||z||, z € 9Qg. Theorem 2.1 ensures the conclusions of this theorem. O

Corollary 3.2. If (A2) holds, (Hz) is replaced by (H3). Then the conclusion of Theorem 3.3

also holds.

Theorem 3.4. If one condition (Hs) or (H4) holds. Then the SBVP (1.1) has at least one

positive solution.

Proof. Condition (H4) implies (A1) and (A2). By Theorem 3.1, we therefore obtain the
stated conclusion. Moreover, condition (Hs) implies that the operator T stretches at zero and
compresses at infinity. Hence the conclusion follows by the argument used in the proof of

Theorem 3.1.

Corollary 3.3. If one of the two following conditions holds
(i) Sy =+0o0 and foo =0;
(it) fy=0and f = oc.

Then the SBVP (1.1) has at least one positive solution.

4. Examples

To explain the results obtained in Section 3, we construct two concrete examples. Let o =

O]

35
16°

b=20and \ = 6%1. We can calculate the estimated values of C7 &~ 0.00248 and Cy ~ 9.61983.

Example 4.1. Consider the following SBVP

35 1 1 1 3 1 s 3
AIG — _ t—21 T v -+ =
Pt = ~55¢ 3T+ ) T ) )
13 13
20 = Ap(—22
21
355 1 3

(4.1)
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where

By simple calculation, we have io = f_ = +oc. Choosing r = 8, then f(t,x) < 0.01905 < 8C1,
t e Ng:%, and 0 < x < 8. Thus all conditions of Corollary 3.1 are satisfied. Therefore, the
SBVP (4.1) has at least two positive solutions z7 and x5 such that 0 < [jz1]] < 8 < ||z2].
Figure 1 illustrates numerical results of the two solutions for Example 4.1 by Matlab. The
values of solutions are also presented in the table Figure 2. The numerical solutions align with
the theoretical results.

Example 4.1: Two Positive Solutions of Discrete Fractional Boundary Value Problem

1075 Small Positive Solution x_f(t) 105 Large Positive Solution xz(t)

b *

1 1
[l%4]1 = 0.5000 ——e Smal Solution x,(t} [I%,]| = 10.0000 = Large Solution x, (1)
max(x,) = 0.5000 x %(a-3)=0 max(x,) = 10.0000 x x{a-3)=0

_ 0.8 min(x,)= 0.0000 Nonlocal BC . 0.8 min(x,) = 0.0000 Nonlocal BC

< &

@ [}

35 o6 S o8

E =

[=] o

[ (o]

= =

5 04 5 04

3 2

[=] [=]

W w

0.2 0.2
Ao i

0 13 A0 A5 rinl 0 14 10 -4 0 -

a5

X A0 A5 200 - E =T. 8 75
Theorem Condition: 0 < [|x,|| < 8 < ||x,|| [SATISFIED] | Actual: |jx,|| = 0.5000, ||x,|| = 10.0000

Figure 1. Example 4.1 simulation.

Time t Small_Solution_x1 Large Solution_x2 Ratio x2 x1
0.1875 0.076601 0.2298 3
3.125 1.0842 3.2525 3
6.25 2.7906 8.3717 3
9.375 4 12 3
12.5 3.8833 11.65 3
15.625 2.5204 7.5613 3
18.75 0.84581 2.5374 3
22.188 24788 11.774 4,75

Figure 2. Example 4.1 numerical values.
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Example 4.2: Solution of Discrete Fractional BVP
20

Equation: A% | x(f) = -fitra-2, x(t+e-2))
1g | fltx) = (3x/25)(1/50 + 81 1+x%)
a=2.1875.b =20, A= 0.0156
Ix]| = 18.656876
16 -
14r
12
=
=
c
£ 10
2 —= Solution x{t}
(5] QO xa3=0
afF A\ xibropEAEx(sta-2)
6k
e
P
0®
(] 5 10 15 20

Time t

Figure 3. Example 4.2 simulation.

Example 4.2. Consider the following SBVP

5 3 3. (1 81
/\ 16 = —— A =N
7% (t) 25x(t+ 16) (50 1 —|-x3(t+ 136)> 7
13 13
- :A -7 L) =
2 16) 3621 16) 0, )
355 1
PR

where f(t,x) = g—:g (% + 142;3) . By calculation, we can obtain that f, = 0.0024 < C; and
[y, = 9.7224 > (5, which yields to the condition (Hsz). With Theorem 3.4, SBVP (4.2) has at

least one positive solution. Numerical simulation for this example is presented in Figure 3.
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