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EXISTENCE RESULTS FOR SYSTEM OF GENERALIZED HYBRID
PANTOGRAPH EQUATIONS OF SEQUENTIAL TYPE
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Abstract The aim of this work is to prove the existence and uniqueness of solutions for a
coupled system that generalizes hybrid pantograph equations incorporating some fractional
operators of Caputo and Riemann-Liouville types. This is achieved throughout Banach and
Leray-Schauder fixed point theorems. In addition, we investigate the stability by using the
Ulam-Hyer technique, and an illustrative example is provided to show the validity of our
findings.
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1. Introduction

Fractional differential equations have attracted considerable attention over the past decades, due
to their ability to model memory and nonlocal effects inherent in many physical and engineering
systems. These equations have been successfully applied in diverse fields such as biophysics,
bioengineering, signal and image processing, viscoelasticity, and optical communication. For
further details, the reader is referred to [12,14,18,21]. Recent developments in the broader
field of fractional differential equations have further increased interest in this topic, leading to
a substantial expansion of the literature; see, for example, [2,20,22,24]. These results moti-
vate further investigation of generalized fractional pantograph equations and provide a solid
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theoretical foundation for our analysis.

Pantograph-type equations constitute an important subclass of functional differential equa-
tions in which the delay depends proportionally on the independent variable. Owing to this
distinctive feature, such equations have attracted sustained interest from researchers in both
theoretical and applied mathematics. They have been successfully employed in a variety of
scientific fields, including stochastic processes, nonlinear dynamical analysis, electromagnetic
theory, and quantum physics. The extension of these models to the fractional-order setting has
significantly enhanced their descriptive power, making them particularly suitable for capturing
systems in which memory effects coexist with delayed responses. For studies on fuzzy fractional
pantograph equations, the reader is referred to [1,7,11,15,17,25], while investigations addressing
multi-pantograph fractional models can be found in [5,6,8,9].

The authors in [16] examined the following generalized fractional hybrid pantograph equa-
tion:

wlvo(w). ol (o) ~ MW WD)

where D 4 represents the (RL) Riemann-Liouville fractional derivative of order § within the
interval [0, 1], and the functions 7 and p are defined on [0, 1].

In [10], the authors established the existence and uniqueness of a fractional pantograph
equation given by the form:

RL 159 w(t) PPN
P <C(t,w(t),w(m)))—¢(v (t),w(et)), t € [0,1],

w(0)=0,0<9<1, 0< K, <1,

(1.1)

where T£DV denote the Riemann-Liouville fractional derivative, ¢ : [0,1] x R? — R\{0} and
¢ :[0,1] x R? — R are two continuous functions.
Recently, the authors in [13], have considered the following problem:

w07 (0 (Gt ) ) = o w0, 0 e <1

w(0)=0, w(l)=0,0<6,A<1, 0<y,06<1,

(1.2)

where BLDY and ©D? denote the fractional derivatives of Riemann-Liouville and Caputo,
respectively. The functions p : [0,1] x R? — R\{0} and ¢ : [0,1] x R? — R are given continuous
functions.

In this paper, we analyze the following hybrid pantograph system:

) = Ho (v, 84(x), V(ea(x)), 0 < 9, p,v,v <1,  (L.3)
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where DY, ¢D¥ ELDP and FLDV are the Caputo and RL fractional derivatives, respec-
tively. The functions ¢1,¢2 : [0,1] x R? — R\ {0} and Hi,Hs : [0,1] x R? — R are given
continuous functions, and (;, €; (for i = 1,2) are continuous functions mapping [0, 1] into itself.

2. Basic concepts and results

The following auxiliary results can be found in [19,23].

Definition 2.1. Let y > 0. The Riemann-Liouville integral of order py for any ¢ € L[0, 1] is:

19(v) = F(IU) /On(n — ) Lp(e)de, for v e [0,1]. (2.1)

Definition 2.2. We consider 1) € C"™[0,1]. The Caputo fractional derivatives of 1) is given by:

VN SR L5
D) = ey ), g 40

Definition 2.3. Given o > 0, then the Riemann-Liouville fractional derivatives for ¢ : (0, 00) —
R is defined as:

RL _ L AN W
D%(M)_T(m—a) (du> /o (u—f)"“‘mdf’ #=0

For the reader the following lemmas are needed.

Lemma 2.1. Let ¢ > 0. Ify € L'(0,1) N C(0,1), and %Dy € C(0,1) N L*(0,1), then we
have:

p
1I7(" Doy (&) = > bt + y(©),
=1

for some b; e R,i =1,p, p=[o] + 1.

Lemma 2.2. Given z € C™[0,1],m € N. For v € Jm — 1,m|, then we have
m—1 '
D(OD72(€)) = 2(6) + ) ai€,
i=0

in which a; € R,i=0,1,2,...,m—1,m=[y] + 1.

Theorem 2.1. [4] Let B be a convex subset of a Banach space £, and assume 0 € B. Let
T :B — B be a completely continuous operator, and let

U={zeB:z=NT(x) for some 0 <\ <1}.

Then, either the set U is unbounded or T has at least one fized point.
We start by proving the following key result which will be useful in the sequel:
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Lemma 2.3. Let 0 < 9,p,v,v < 1. If ¢1 and ¢2 belong to C([0,1] x R2 R — {0}), and
wy,we € C([0,1],R), then the solution of the problem

( C9 RLP U(r) — 5
(%05 05,) <¢1<r,ﬂ<r>,i7<<1<r>>>> 1
RLpv Cpv Q}(t) _
(D5 D5) <¢2< e} %(@))) 20 (22)
$1(0) = 0, ¢1(s1,8(s1), B(Ca(s1))(L) = 1 (1, U(1), V(¢ (1)) (1), 1 € ]0, 1,
\‘3(0) =0, Ba(s2,(s2), Ve1(s2)))$h(1) = po(1,4(1), £h(e1(1)))B(s2), 52 € 10, 1],

s given by

() =1 (v, {1(2), D(C1 (1)) (P”Wf) (I - 1w () ¢ iﬂ) ’

1

and

D) =6a(e 0 Ber(0) (177 0ale) + (1 Btee) = P 00(0) -y ).
2

Proof. By applying the operator I to the first equation in (2.2) and utilizing Lemma (2.2),

we get,
RL pyp £U(r) _ g .
" (sfn(u (). 9 <t>>>> B1(e) + a0, a0 ER. (23)
Taking I” for (2.3) and by Lemma (2.1), we get
ﬂ(t) I+p .~ P .
A~ ~ = I p b p 7 b R. 2'4
o1 (r, U(r), B(¢1(v))) wi(r) + aor(p ) + bot 0 € (2.4)

By using £1(0) = 0, we obtain by = 0. Equation (2.4) becomes

5:1(1?) _ 19+ i a v’
PR OE A A TPE Ty 25
and the condition 61 (<1, 8(c1). B(G (e))H(1) = 1 (1, (1), B¢ (1))H(c1) vields
L(p+1)

ap = (ﬂﬂ@@g—ﬂﬂ@ug.

1—¢f

Inserting ag in equation (2.5) gives
() P

¢1 (t7 LL(t)? m(cl (t)))

Consequently, we have

:ﬂﬂ@@w(ﬂﬂ@@ﬁ—ﬂﬂ@ugl -
51

() = én (v, L(x), B (1)) (F””ﬁl () 4+ (177 () = I (1)) § iﬂ) '

1



2038 H. Albala, H. Benmehidi, M. Houas, M. Tayeb, Z. Dahmani, A. Moumen & H. Saber

For the second equation of (2.2), we utilize the RL fractional integral with order 7 to get

C v Q](t) —I'% TR
Dg+ (@(t,ﬂ(t),ii(gl(t)))) = I"Wa(r) + cot”" 7, o € R, (2.6)

Again, By applying the Riemann—Liouville integral, we obtain

B(v)
¢2(x, 4(x), V(e (v)))

N I'(v) _
— Jutv — 7 vl gy, dy € R. 2.
w2(t)+cor(v+y)f +do, dop € (2.7)

Applying the condition 23(0) = 0, givesus dp =0.. ) ) )
According to the condition ¢a(s2, U(s2), V(e1(s2)))U(1) = ¢p2(1, (1), U(e1(1)))DV(s2) we get

F(V) F(V) v+1/71‘

Iv—i-l//\ 1 _—\") _—\")
s )+COI‘(U—|—1/) F(v—l—y)gz

= I""5(s2) + co

Hence, from the above equation, we obtain

I'(v+v)

(1 - §U+V_1)F(U) (IU+V@2(§2) - IU+V@2(1)) .
2

Co —

Substituting the value of ¢g in (2.7), we obtain

A~

R R v+v—1
B(x) = ¢o(r, U(x), D(ea (v))) <1v+m2(t) + (I (2) — IV (1)) T - gw_l)> .
2

Thus the proof is established. O

3. Main results

We denote by F = &([0, 1], R) the Banach space of continuous functional from [0,1] to R, with
the norm ||4|| = sup {|U(v)| : v € [0,1]}. Considering F = € x &, (F,||(-,-)||) is a Banach space
with:
(&, D) [ = (14l + 23]

(1.3

Using Lemma (2.3), we can transform ) as a fixed-point problem in the following manner:

R:G—G,
o - . (3.1)
A B)®) = (K D)), R (L D))
where
(9 _ 1 y 1 ' B+p—1 1 5
&(u,m)(r)—¢1<t,u<r>,m<<1<r>>>><(W [ =07 e i) (Gt

P

AT [ /0 (51— §)7 771 (. 4U(E), DG (1))

- (1= 67194, (6,6(8), DG (®))) dé]) ,

0
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and
KL B)(x) = 2(x L(x), Bea (1)) (F(Ui ” /0 (e O e, ), D (8)
v+rv—1 S2 R N
T < L et . B
2

- / 1(1 — )V Iy (6, 4U(8), V(ea(8))) dE]) .
0

We start by introducing the following assumptions:
(A1): We suppose H; and My continuous, and there are positive constants Ly, and Ly,
such that for all v € [0,1], ;,0; € R, (i = 1,2), we have
‘7'[1 (t,ﬂl,@l) —Ha (1‘,112"1}2)‘ < Ly, (‘ﬂl —ﬂ2‘ + ‘le — Q}z‘) :
and

[#Ho (1,80, 91 ) = Ha (1,86, 95) | < Lo, ([0 = S| + | B0 - B ).

(A2): We suppose that ¢ and (fz; are continuous and bounded, that is, there exist wp, wo > 0
such that
’¢1(t, {1, %)

< @, ‘@(t,ﬂ,ﬁz)( <, Veel0,1], (D) e R2.

(A3): Suppose that S is a bounded subset of G. Then there exist 1;1, ”IZQ > 0 such that

‘Hl(t, ﬂ(t),i](tt))] <, \Hg(t,ﬂ(t),qﬁ(t))\ <o, V(LD eS.

A4): Let the functions ¢, ¢o are assumed to be continuous, and 3Ly, , Ls, > 0 such that
o1 Moo
‘(251 <tagla®1> - ¢1 (tvﬁ27®2)‘ < Ld)l (‘ﬂl _QQ‘ + ‘@1 - ®2‘> ’

and

‘<Z52 <t7ﬂ1,@1> — ¢ (13112,@2)’ < Lg, (‘111 —112‘ + ’@1 - ®2‘> ;

for all v € [0,1], £, V; € R, (i = 1,2).
Also, we introduce the following notations to simplify formulas of our estimates:

Ki = L .

YT TWAp+1) ISP TW+p+ 1)

1 2

Ko := + ,

T Tlw+v+1) 1— ™ T (v+v+1)

1 v t?

Ri:= su / v— &)t ae +

o= e f e <100+ 1)

X qu (¢1 —&)7TP~Lae — /01(1 — g)Utet de”

1 (ﬁ%”—l’

< 1+ ,
STW+p+1) 11— <]
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and
v+r—1

1 v t
Ro := su _— v— Bt ge +
? 0<r51{F(U+V)/0( ) |1 - ™ T (v+v)

X |:/0§2(§2 —g)vtrlage — /01(1 — E)U+”—1de”

37— 1 ]

m

<7
“Tv+v+1)

Now we give the proof of our first main theorem.

Theorem 3.1. Suppose that the assumptions (A;), (i = 1,4) hold and that

il@ (me + L@@) <1, (3.2)

i=1

then (1.3) has a unique solution.

Proof. We show that 8 is a contraction. Let (£, 201), ({2, Vo) € G and ¢ € [0,1]. Then
‘.ﬁl (ﬂ1,§ﬁ1> (‘C) — ﬁl (ﬂz,@g) (t)‘

< ‘gbl(t,ﬂl(t),q“rl(gl(t)))‘ « (leﬂ)) /Ot(t—ewp—l
tp
(I =<)L+ p)

X [/Oq(q — )7L | (8, £ (8), D (G (8))) —Ha (8, £2(8), Do (Ga(8)))| dt

x [Ha (8,80 (€), V1 (Ca(€))) — Ha(E, Ua(E), Da(Ca(E))) | dt +

1
+ /0 (1 —&)7FP7 (6, L0 (8), D (Ga(8))) — Ha (8, o (8), D (Ga(®) \de])

MG OGO EASHOR AN
?
A=DTW+0)

1 C eyl A
x (F(v"—i—p) /0 (c — )71 7y (8, Lo (8), Va(Ca())) | +

S1 ~ 1
X [ /0 (61— &)7TP71 5 |1 (e, o (8), Do (Ga(E))| dt + /O (1—¢+ !

X [H (8, £a(8), Do ((o(E }d?])
Consequently

]ﬁl (ﬂl,in) (t) — & (QZ,%) (t)\
2Ly,
1= [T +p+1)

Ly,
< - s
=1 ( (W +p+1)

(o)
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X (‘ﬂl —gz‘ + )%1 _@2‘))

+ Loy ([ — o+ |91 - B (F(ﬁf2+ " |1—<1\I?;f91+ﬂ+1)>

Hence
‘ﬁl (ﬂl,in) (t) — & (ﬂg,%) (t)‘ <Ky (Llel + L¢1$1) (‘ul - /{12‘ + )in - 132‘) . (33)
It follows that

) - (5 < im0 (- ). o0
By an analogous reasoning, we find

) 5 58 < () (- [ l) o

The inequalities in (3.4) and (3.5) lead to
2
I (5 0) 3 (G 22) | < 30 (1 (mwm + 20) ) ([t =] + -]
i=1
Under (3.2), it follows that 7 is a contraction operator. Therefore, 7 possesses a unique fixed

point that represents the solution to (1.3). O

Theorem 3.2. Provided that conditions (A2) and (A3) are fulfilled, the system (1.3) admits
at least one solution.

Proof. To begin, we establish the complete continuity of & This property comes directly from
the continuity assumptions of the functions ¢, ¢, Hi, and Hs. The proof of this result can be
completed by proceeding through the following steps.

Step 1. In this step, we show that the operator K is uniformly bounded. For all (fl, @) €S, we
obtain

]ﬁl (ﬂ,ﬁz) (t)’ <w sup {(1) /0 "o — gyt ’Hl(k,ﬂ(é),ﬁ](@(é)))‘dé

o<e<1 (T'(9 +p
tf ©1 i1 N N
e rererrr i) ACRUAE \H SCR O F
1
_/(1 ﬂ+p1‘7—[1€§13) }}
0
< w191 Ry
By following the same method, we obtain
. 1 v o L
2 (4,9) (v) Sw?oifgl{r(vm/o (6 = &) [Ha(e, S1(8), D(ea(8))) | e
e [ ” (e — gutvl (H (¢, £1(t), V(e (E)))’d%
TS (o) /o (2=¥) S (3.7)

1
- / (1—gvtvt \%Q(E,Q(E),ﬁ(ag(@))\ de} }
0
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In view of the inequalities (3.6) and (3.7)it follows that

2 (0.9)] < 3 mim.
=1

which means that R is uniformly bounded.

Step 2. We demonstrate that the operator £ is equicontinuous. Let ty,to € [0, 1] such that
t; < to. Then, we obtain

R (8,D) (r2) — £ (81, D) (tl)‘ <w; sup {(1) /0‘1 ((tl _ gyttt (g, - E)ﬂ+p+1>

o<e<1 (T'(0 +p
A 1 t
xhﬁﬂ&mMmW%nw)/(Q4wM
tg—&-l tﬁH—l‘

‘7‘[1 (e,41(e), V(G )))‘d?-l— 1 —‘Ep+1|r(79+,0)

< [ =07 (e 80 Bicate) |
_fu4wwhﬁmwaMﬂ}
0

(3.8)
we therefore obtain
[1(8,9) (52) — 1 (4,9 (1)
< 19+p+1 _ p\U+p+l
_w1w1’Fﬁ+p / ( (- b) )de
1 9+p+1 (3.9)
- £)TPT e
MH)L“Z) |
‘t@“ t‘l’H‘ s 1
_ p\9+p—1 _ 1— Y+p—1
w0 [a-ereal
Thus o o
’ﬁ%m@%&wmmw%Qasq%n (3.10)
Similarly, we find the following inequality:
Lwﬁmwp@@ﬁmwaaasq%m (3.11)

Therefore, the set RS is equicontinuous. Utilizing the Arzela-Ascoli theorem, we deduce that
RS is relatively compact, which means that the operator K is completely continuous.

Step 3. We show that the set defined below
Q= {({L,0) € F : ({1,0) = AR(L V), 7 € [0, 1]},
is bounded. The equation (, V) = AR(L, V) yields
(r) = Ak (4, D) (v),

A~

BV(r) = pfo(8L, V) (v).
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Then, we have

||5~1H < 721\1731731,

I1B]| < dowaRo.
Consequently, we obtain R X R R
[U + 1B < 1w Ry + o2 Rs. (3.12)
From inequality (3.12), it follows that € is bounded. Using Theorem 2.1, we infer that the
system (1.3) possesses at least one solution over the interval [0, 1]. O

4. Stability

Here, we focus on the stability of the generalized hybrid pantograph system (1.3) in the sense
of Ulam-Hyers.

Definition 4.1. The generalized hybrid pantograph system of Equations (1.3) is considered
Ulam-Hyers stable provided there exists m = max(mjy, m2) > 0 so that, for any A = max(A1, A2)

> 0 and for any (1,0) € G satisfying

<A, 0<e<1,

(°Dy.*EDg,) < —— ) — H (5, 4(6), D(G(v))
(4.1)
<A, 0<tr<1.

("*Dg.“ D) ( K ) — Ha (e, 4(x), Blea(v))

Then one can find a unique solution (81, %) € G of the system (1.3) with

£U(e) — $i(), T(x) — ir(t)] <m\ telo1].

Theorem 4.1. Assuming that the assumptions (A1) and (A2) are fulfilled, if

Ly, 1 Ly, 1
— < — and ———2F—— < —, 4.2
FrW+p+1)  w Fv+v+1l)  wo (4.2)

thus the system (1.3) is stable in the sense of Ulam-Hyers.

Proof. Consider (LTL, %) € G that satisfies (4.1) also, let’s take (£,%) € G representing the
unique solution of the system

© =

—~
=)
N~—
I
£:>I
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=)
N~—
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By Lemma 2.3, we have:

§(6) = o045 Dl () [ 17 0) + ao s

and

D) = 35, D Bler () | P 0) + o et bt

such that R X R R R X
wi'(v) = Ha (v, 4(r), B(ca(r))) and wy' (v) = Ha(r, 8U(r), B(ea(r)).

Integrating (4.1), we obtain

&o—¢mﬂaw&qam{ﬂﬂw%0+%r@inﬂ

A1t19+p
“TW4+p+1)
A1
< 77
“TW+p+1)

and

B(x) — o(e, 4(x), Bea(x)) 1v+vw§<t)+col;<>ytv+y_l N do]

v+v

Vot
“T(v+v+1)
<N
“Tv+rv+1)

From (A,), for ¢ = 1,2, we obtain

i) — ()|

gpm¢@amm@m»ﬁ“%%ﬂ+% f ]‘

(e 400, Bl ()| 177 | () — 1)

)\1 9 = ~
< I +p’ )t i ’
_F(19+p+1)+w1 wi (v) —wi(v)|,
this implies that
[e) — 4(v)|
>\l W1L’H1

STW+p+) T TO+p+1D) (‘ﬁ(t) _ﬂ(t)‘ + ‘%(t) _ﬁ(t)D'

Also, we have

)ix(t) - ix(t)]
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)\2 WQL’}.LQ = - R
< - J—
_F(U+V+1)+F(U+V+1)(u() il(t)’—i— U(v) m(t)D
Thus
() — ), D) — B(o)|
1 1
< L(9+p+1) + T(v+v+1) N
- . w1 L oo L
i (1 ~ T L - r<v2+ffl>>
=mA.
Hence, the system (1.3) is Ulam-Hyers stable. 0

5. Examples

Here we present some practical examples to support the theoretical results obtained.
Suppose that we have the following system:

([ ¢t rLnd £(v) _ % s
< DO+ DO+> <¢1(t,ﬂ(t),®(€1(t)))> - Hl(t>ﬂ(t)am(c2(t)))ao <t<l,
RLS Cpe Qj(t) _ 1 5
< Dy D0+> <¢2(t,ﬂ(t),ﬁl(al(t)))> = Ha (v, U(x), V(e2(v))), (5.1)
(0) = 0, 613 S BG NI = 611,80, DG M),
B(0) =0, (. 8(5), Dlea()NDW) = 6:(1,801), Der()D(3),
where : 19:%, p:%, U:g, 1/2%, §1=i, §2:%>
(e, e), TGy (1) = o] | B (1))
o1 (v, U(x), V(¢ (v = 0619 1—|—£l(t)‘ cosV(¢1(v)) |,
6o (t, (), B(e1 (1)) = 80(41“) (sindl(s) + cos B(e (1))

Example 5.1. To guarantee the existence and uniqueness of the solution for the considered
fractional hybrid pantograph system, we consider two nonlinear functions: #Hj,Hz : [0,1] x
R? — R given by:

1 (6,4(6), D(ae))) = 5 (sin (0) + D(()))

-t

+ (tiiz)g (ﬁl(t) + ‘iI(Cz(t))) :
~ . cos V(ez(v)) 1 tan~" ¢l(t)

Ha e 1(e), Ve2(0) = =550 + 3@ 150 -
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For any {41, 8y, U1, Yo € R and t € [0, 1], we have

38

Hi (t,ﬂl,@1> — Hi (t,ﬂg,sﬁz)‘ < %

(0~ + 9 -],

#y (5,80, 91) — s (v, 8,8 | < oo ([ — o] + |91 - )
P1 (t,{ll,@1> — ¢ <t,f12,§32)‘ < % ()gl —ﬂ2‘ + “271 —‘232D ;
62 (6. 90,9) — 62 (6.80,9)| < oo (J — o + B - ).

From the derived Lipschitz-type inequalities, it is clear that each nonlinear term satisfies a global
Lipschitz condition with respect to the unknown functions. More precisely, the constants

L3,, Ly, Lg, and Ly,,

are explicitly computed and shown to be sufficiently small.
Based on the previous inequalities, we deduce that the functions ¢; and ¢o satisfy the
assumption (A2), as

’¢1(t, (v, i}(gl(t)))\ < 0.033333 = w1,

and
‘@(t, £U(v), ﬁz(gl(t)))‘ < 0.000625 = .

After performing a series of calculations, we obtain the following results

_ 1 1
K (L’lel n L¢1¢1> — 0.25 x <200 X 0.03333 + = x 0.11481)
— 0.00051,
_ 1 1
Ko (L%m n qug) — 0.33333 x <200 X 0.00062 + o x 0.01481>
— 0.00014,
and we find that:

2
Z’CZ (LHiwi + L¢i¢i> < 1.
i=1

Using Theorem 3.1, we can assert that the problem given by (5.1) has a unique solution defined
over the interval [0, 1].

Example 5.2. To illustrate the theoretical results concerning the existence of at least one
solution to the problem under study, we consider the functions H1 and H2 : [0,1] x R? — R
defined as follows:

o ot {2 T
Ha (v, 4(0), D) = 3675 + n g([;)(t) M +§?g)&>y
R 1 7sin£l(t) e v (|

Ho (v, U(t), V(ea(x))) tan ! £l(e9(x)).

T 1t v+ 2 (2v+1)
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We can easily verify that the functions H; and Hs are bounded, with

N . 33 A - 11
Hi (e, U(r), V(C(r)))] < 6 and  |Ha(r,4U(r), V(ea(r)))| < -
According to Theorem 3.2, the system (5.1) possesses at least one solution defined over [0, 1].

Example 5.3. Using Theorem 4.1, we deduce that the system (5.1) exhibits Ulam-Hyers sta-
bility. This means that, for any approximate solution (ﬁ:l, QAI) satisfying the system under a small
perturbation parameter A > 0, there exists an exact solution (ﬂ, @) such that the deviations
between the approximate and exact solutions are uniformly bounded.

More precisely, we have

T(e) — iﬁ(t)’ < 15836\, telo,1].

This inequality demonstrates that the system is not only theoretically solvable but also Ulam—
Hyers stable.

6. Conclusion

We have shown the existence, uniqueness, and stability in the sense of Ulam-Hyers of solutions for
a system of sequential generalized hybrid pantograph equations. This was accomplished through
the application of Banach’s contraction principle and Leray-Schauder’s alternative fixed-point
theorem. Additionally, we provided illustrative examples to enhance the clarity and comprehen-
sion of our findings.
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