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ANTI-PERIODIC SYNCHRONIZATION FOR NABLA

QUATERNION-VALUED COHEN-GROSSBERG NEURAL NETWORKS

WITH TIME-VARYING DELAYS AND IMPULSIVE EFFECTS

ON TIME SCALES∗

Xiaoli Huang1,2, Shixin Lu1, Jianglian Xiang3,† and Wen Sun1,2

Abstract This paper aims to consider a class of Nabla quaternion-valued Cohen-Grossberg
neural networks with time-varying delays and impulsive effects on time scales. By employing
a continuation theorem of coincidence degree and calculus theory on time scales, we first es-
tablish a novel analytical framework for anti-periodic solutions to such networks. Secondly,
by constructing appropriate Lyapunov functions and designing state feedback and impulsive
controllers, some sufficient conditions are derived to ensure the global exponential synchro-
nization of the response system and the driving system. The proposed results are extensions
and supplements of existing findings in the field. Finally, a numerical example is given to
verify the feasibility of the main results.
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1. Introduction

The Cohen-Grossberg neural network (CGNNs), introduced by Cohen and Grossberg [8], serves
as a more generalized framework that can be readily adapted to different types of neural net-
works, including Hopfield neural networks, cellular neural networks, and recurrent neural net-
works. Over the past few years, CGNNs have found broad application in various real-world
engineering scenarios, such as signal processing, pattern recognition, optimization tasks, and
associative memory systems. Given that these applications heavily rely on the dynamic prop-
erties of the networks, the dynamical behaviors of CGNNs have attracted extensive research
attention, leading to a wealth of [16,19,26,35,38]. For example, in [11], authors investigated the
positivity and exponential stability a BAM-Cohen-Grossberg neural networks model with time-
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varying delays and nonlinear self-excitation rates via differential-integral inequalities. In [40],
authors considered the problem of stabilization for neutral-type inertial Cohen-Grossberg neu-
ral networks with time-varying delays and proportional time delays by constructing two distinct
Lyapunov functions.

In parallel, quaternions were firstly invented by Hamilton [33] in 1843. Quaternion multiplica-
tion does not meet the commutative law, so the investigation on quaternion is much harder than
that on plurality. As is known that, quaternion-valued neural networks can deal with multi-level
information, and require only half the connection weight parameters of complex-valued neural
networks [18, 28]. Recently, the study of quaternion-valued Cohen-Grossberg neural networks
(QVCGNNs) has received much attention of many scholars and some results about dynamical
behaviors of QVCGNNs have been obtained. For example, in [21], authors investigate the expo-
nential stabilization problem for the QVCGNNs by using the homeomorphism mapping theory
and lexicographical order method. In [22], by starting from basic quaternion algebra proper-
ties and algorithms, several new sufficient conditions are derived to ensure existence and global
asymptotic stability and global exponential stability of the equilibrium point for QVCGNNs.
Moreover, synchronization is a widespread phenomenon in practical systems, which means that
two or more systems are mutually regulated to achieve common dynamic behavior. Through
synchronization, we can understand the unknown system through a known system. At present,
many good results have been obtained about the synchronization of QVCGNNs [5–7,13,17].

Despite the above results of synchronization for QVCGNNs, there are still at least three
problems which are essential to be discussed.

The first is to study the synchronicity of QVCGNNs on time scales. The synchronization
discussed above pertains to continuous QVCGNNs, nevertheless, discrete systems exhibit dis-
tinct advantages in terms of computational efficiency and numerical simulation capabilities. In
order to unify continuous analysis and discrete analysis, Stefan Hilger proposed the time scale
theory in his 1988 doctoral dissertation [14]. This theory has attracted much attention due to
its ability to cover both the conventional continuous time scale (real numbers) and the discrete
time scale (integers), providing a universal tool for studying dynamic equations on time scales.
Therefore, the research on artificial neural network models on time scales is both necessary and
meaningful, such as [30, 32, 37]. Recently, in [20], authors investigated exponential lag synchro-
nization results for the Cohen-Grossberg neural networks with discrete and distributed delays on
an arbitrary time domain by applying feedback control. In [31], stability and synchronization of
octonion-valued neural networks with leakage and mixed delays on time scales were investigated
based on Halanay-type inequalities. However, these conclusions are invalid on the QVCGNNs
on time scales.

The second is to involve impulsive effects into the QVCGNNs on time scales. Neural networks
may undergo abrupt changes at certain moments due to instantaneous perturbations, which leads
to impulsive effects and the existence of impulses is often a source of instability, bifurcation
and chaos for neural networks, therefore, it is necessary to consider neural networks on time
scales with impulsive effects [1, 9, 24, 34, 36]. Especially recently, the incorporation of impulsive
effects into CGNNs has demonstrated many positive outcomes, such as [12,38]. However, these
studies have primarily focused on real-valued CGNNs of impulsive effects on the set of real
numbers. Therefore, it is both necessary and meaningful to investigate the dynamical behavior
of quaternion-valued CGNNs of impulsive effects on time scales.

The third is to explore the existence of anti-periodic solutions of the QVCGNNs on time
scales by employing a continuation theorem of coincidence degree theory. In [23, 39, 41], ap-
plying the Mawhin continuation theorem, the authors respectively explored the existences of
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periodic solution and anti-periodic solution for delayed Cohen-Grossberg BAM neural networks
with impulse on time scales, anti-periodic solutions for impulsive fuzzy Cohen-Grossberge neu-
ral networks on time scales, and periodic solutions for delayed Cohen-Grossberg BAM neural
networks with impulses on time scales. In order to pursue a more straightforward computa-
tional methodology, many authors have explored the anti-periodic existence of CGNNs by using
extension theorems different from the Marvian extension theorem [10,25]. However, due to the
computational complexity of time scales and impulsive terms, no relevant results have been
found yet on the exploration of QVCGNNs with impulsive effects on time scales using the new
extension theorem.

Based on the content provided, the highlights and major contributions of this paper are as
follows:

(i) This study extends the previous research results on the synchronicity of continuous
quaternion-valued Cohen-Grossberg neural networks to the time-scale theoretical frame-
work. The conclusions obtained have broader applicability and are more general compared
to the results in [20,30,32,37].

(ii) We incorporate impulsive effects into the quaternion-valued Cohen-Grossberg neural net-
works on time scales to investigate their dynamic behavior, thereby more comprehensively
and accurately depicting the dynamic evolution laws of this model.

(iii) In addition, the continuation theorem of coincidence degree theory used to establish the
existence of anti-periodic solutions of (2.1) in this paper is different from that used in
[23,39,41] and its calculation method is more straightforward.

(iv) In [1, 8, 12, 20, 23, 24, 30–32, 34, 35, 37–39, 41], the authors discuss the dynamic behavior of
delta dynamical systems on time scales. It should be pointed out that the neural network
(2.1) of this paper is described by nabla dynamic equations on time scales. Compared
with the Delta dynamical system, it has more advantages in terms of practical modeling
convenience, result reliability, and application scope adaptation.

Our main aim of this paper is to study the existence of anti-periodic solutions and the global
exponential synchronization of (2.1) by using the methods of coincidence degree theory and
Lyapunov functions. Our results of this paper are completely new and our proposed methods
of this paper can be applied to study other types of QVNNs.

The rest of the paper is organized as follows. In Section 2, we introduce some definitions
and lemmas. In Section 3, we establish the existence of anti-periodic solutions of (2.1) by
using the method of coincidence degree theory. The sufficient conditions for the exponential
synchronization of system (2.1) are derived in Section 4. In Section 5, a example is given to
verify the theoretical results. A brief conclusion is drawn in Section 6.

2. System description and preliminaries

2.1. System description

In this paper, we consider the following QVCGNNs with time-varying delays and impulsive
effects on time scales:

x∇p (t) = −ap(xp(t))
[
αp(xp(t))−

n∑
q=1

bpq(t)fq(xq(t− τpq(t))) + Ip(t)
]
,

t ∈ T, t > 0, t ̸= tr,

∆xp(tr) = Φpr(xp(tr)), r ∈ Z+,

(2.1)
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where p ∈ {1, 2, . . . , n} := Γ, T is an ω-periodic time scale; xp(t) ∈ Q is the state vector,
ap : Q → Q represents the amplification function, αp : Q → Q represents the behaved function;
the time delay τpq(t) > 0 corresponds to the transmission delay at time t, which denotes to the
finite speed of the axonal signal transmission; bpq : T → R is the connection weight; Ip : T → Q
denotes the external input; fq : Q → Q denotes the activation function of the qth neuron at
time t; ∆xp(tr) = xp(t

+
r ) − xp(t

−
r ), xp(t

+
r ), xp(t

−
r ) (p ∈ Γ) represent the right and left limit of

xp(tr) in the sense of time scales, respectively, and xp(t
−
r ) = xp(tr); {tr} ⊂ T is a sequence of

real numbers such that 0 < t1 < t2 < . . . < tr → ∞ as r → ∞ and there is a nature number
ρ such that tr+ρ = tr +

ω
2 , Φpr+ρ = −Φpr, r ∈ Z+, p ∈ Γ. Without loss of generality, we also

assume that [0, ω2 )T ∩ {tr : r ∈ Z+} = {t1, t2, . . . , tρ}.
Let xp = xRp + ixIp + jxJp + kxKp ∈ Q, xlp ∈ R, l ∈ {R, I, J,K} := Λ, p ∈ Γ, for every function

hq : Q → Q, we assume

hp(xp) = hRp (x
R
p , x

I
p, x

J
p , x

K
p ) + ihIp(x

R
p , x

I
p, x

J
p , x

K
p )

+jhJp (x
R
p , x

I
p, x

J
p , x

K
p ) + khKp (xRp , x

I
p, x

J
p , x

K
p ),

where hlp : R4 → R, l ∈ Λ, p ∈ Γ.
Throughout this paper, we assume that:

(A1) a
l
p ∈ C(R4,R+), alp(−xRp ,−xIp,−xJp ,−xKp ) = alp(x

R
p , x

I
p, x

J
p , x

K
p ), and there are positive

constants (alp)
m, (alp)

M and Ap such that

(alp)
m ≤ alp(t) ≤ (alp)

M , t ∈ R

and

|alp(xRp , xIp, xJp , xKp )− alp(y
R
p , y

I
p , y

J
p , y

K
p )|

≤Ap(|xRp − yRp |+ |xIp − yIp |+ |xJp − yJp |+ |xKp − yKp |),

where p ∈ Γ, l ∈ Λ;

(A2) α
l
p ∈ C(R4,R) satisfies

αl
p(−xRp ,−xIp,−xJp ,−xKp ) = −αl

p(x
R
p , x

I
p, x

J
p , x

K
p ),

αl
p(0, 0, 0, 0) = 0, and there are positive constants δp and δ̃p such that

δ̃p(x
l
p − ylp) ≤ αl

p(x
R
p , x

I
p, x

J
p , x

K
p )− αl

p(y
R
p , y

I
p , y

J
p , y

K
p ) ≤ δp(x

l
p − ylp),

for p ∈ Γ, l ∈ Λ;

(A3) f
l
q ∈ C(R4,R) satisfies

f lq(−xRq ,−xIq ,−xJq ,−xKq ) = f lq(x
R
q , x

I
q , x

J
q , x

K
q ),

and there exists a positive constant F such that

|f lq(xRq , xIq , xJq , xKq )− f lq(y
R
q , y

I
q , y

J
q , y

K
q )|

≤ F (|xRq − yRq |+ |xIq − yIq |+ |xJq − yJq |+ |xKq − yKq |),

and f lq(0, 0, 0, 0) = 0, where q ∈ Γ, l ∈ Λ;
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(A4) I
l
p, bpq ∈ C(T,R) are ω

2 -anti-periodic functions, and τpq ∈ C1(T,R+) is a ω-periodic func-

tion, τ̇pq(t) < 1, Φl
pr ∈ C(R4,R), and there exists a positive number ΦM

p such that

|Φl
p(·)| ≤ ΦM

p , p ∈ Γ, l ∈ Λ.

The system (2.1) is supplemented with initial values:

xp(s) = φp(s), s ∈ [τ, 0]T, τ = max
1≤p,q≤n

sup
t∈[0,ω]T

τpq(t), p ∈ Γ,

where φp = φR
p + iφI

p + jφJ
p + kφK

p , φl
p ∈ C([−τ, 0]T,R), l ∈ Λ.

For convenience, we introduce the following notations:

amp = min
l∈Λ

{(alp)m}, aMp = max
l∈Λ

{(alp)M}, δMp = max{δ̃p, δp},

τpq = sup
t∈[0,ω]T

τpq(t), τ̇pq = sup
t∈[0,ω]T

τ̇pq(t), b
M = max

1≤p,q≤n
sup

t∈[0,ω]T
{|bpq(t)|},

zM = max{(zR)M , (zI)M , (zJ)M , (zK)M}, zm = min{(zR)m, (zI)m, (zJ)m, (zK)m},

(zl)M = sup
t∈[0,ω]T

{|zl(t)|}, (zl)m = inf
t∈[0,ω]T

{|zl(t)|}, ||z||2 =
(∫ ω

0
|z(t)|2∇t

) 1
2

,

where z(t) ∈ Q is an ω-periodic function, l ∈ Λ.
It follows from Hamilton rules that (2.1) can be decomposed to the following real-valued

neural network:

(xRp (t))
∇ = −

(
aRp [t, xp]α

R
p [t, xp]− aIp[t, xp]α

I
p[t, xp]− aJp [t, xp]α

J
p [t, xp]

− aKp [t, xp]α
K
p [t, xp]

)
+

n∑
q=1

bpq(t)
(
aRp [t, xp]f

R
q [t, xq]

− aIp[t, xq]f
I
q [t, xq]− aJp [t, xp]f

J
q [t, xq]− aKp [t, xp]f

K
q [t, xp]

)
−
(
aRp [t, xp]I

R
p (t)− aIp[t, xp]I

I
p (t)− aJp [t, xp]I

J
p (t)

− aKp [t, xp]I
K
p (t)

)
:= NR

p (t, x(t)), t > 0, t ̸= tr,

∆xRp (tr) = ΦR
pr[tr, xp], p ∈ Γ, r ∈ Z+,

(xIp(t))
∇ = −

(
aRp [t, xp]α

I
p[t, xp] + aIp[t, xp]α

R
p [t, xp] + aJp [t, xp]α

K
p [t, xp]

− aKp [t, xp]α
J
p [t, xp]

)
+

n∑
q=1

bpq(t)
(
aRp [t, xp]f

I
q [t, xq]

+ aIp[t, xp]f
R
q [t, xq] + aJp [t, xp]f

K
q [t, xq]− aKp [t, xp]f

J
q [t, xq]

)
−
(
aRp [t, xp]I

I
p (t) + aIp[t, xp]I

R
p (t) + aJp [t, xp]I

K
p (t)

− aKp [t, xp]I
J
p (t)

)
:= N I

p (t, x(t)), t > 0, t ̸= tr,

∆xIp(tr) = ΦI
pr[tr, xp], p ∈ Γ, r ∈ Z+,
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(xJp (t))
∇ = −

(
aRp [t, xp]α

J
p [t, xp]− aIp[t, xp]α

K
p [t, xp] + aJp [t, xp]α

R
p [t, xp]

+ aKp [t, xp]α
I
p[t, xp]

)
+

n∑
q=1

bpq(t)
(
aRp [t, xp]f

J
q [t, xq]

− aIp[t, xp]f
K
q [t, xq] + aJp [t, xp]f

R
q [t, xq] + aKp [t, xp]f

I
q [t, xq]

)
−
(
aRp [t, xp]I

J
p (t)− aIp[t, xp]I

K
p (t) + aJp [t, xp]I

R
p (t) + aKp [t, xp]I

I
p (t)

)
:= NJ

p (t, x(t)), t > 0, t ̸= tr,

∆xJp (tr) = ΦJ
pr[tr, xp], p ∈ Γ, r ∈ Z+

and

(xKp (t))∇ = −
(
aRp [t, xp]α

K
p [t, xp] + aIp[t, xp]α

J
p [t, xp]− aJp [t, xp]α

I
p[t, xp]

+ aKp [t, xp]α
R
p [t, xp]

)
+

n∑
q=1

bpq(t)
(
aRp [t, xp]f

K
q [t, xq]

+ aIp[t, xp]f
J
q [t, xq]− aJp [t, xp]f

I
q [t, xq] + aKp [t, xp]f

R
q [t, xq]

)
−
(
aRp [t, xp]I

K
p (t) + aIp[t, xp]I

J
p (t)− aJp [t, xp]I

I
p (t) + aKp [t, xp]I

R
p (t)

)
:= NK

p (t, x(t)), t > 0, t ̸= tr,

∆xKp (tr) = ΦK
pr[tr, xp], p ∈ Γ, r ∈ Z+,

where

alp[t, xp] := alp(x
R
p (t), x

I
p(t), x

J
p (t), x

K
p (t)),

αl
p[t, xp] := αl

p(x
R
p (t), x

I
p(t), x

J
p (t), x

K
p (t)),

f lq[t, xq] := f lq(x
R
q (t− τpq(t)), x

I
q(t− τpq(t)), x

J
q (t− τpq(t)), x

K
q (t− τpq(t))),

Φl
pr[tr, xp] := Φl

pr(x
R
p (tr), x

I
p(tr), x

J
p (tr), x

K
p (tr)).

That is system (2.1) can be transformed into(xlp(t))
∇ = N l

p(t, x(t)), t > 0, t ̸= tr,

∆xlp(tr) = Φl
pr[tr, xp], l ∈ Λ, p ∈ Γ, r ∈ Z+.

(2.2)

The initial values of system (2.2) are

xlp(s) = φl
p(s), s ∈ [−τ, 0]T,

where φl
p ∈ C([−τ, 0]T,R), p ∈ Γ, l ∈ Λ.

2.2. Basic definitions and lemmas

LetT be a time scale. We denote by σ and ρ the forward jump and the backward jump operators,
respectively. A point t ∈ T is called left-dense if t > inf T and ρ(t) = t, left-scattered if ρ(t) < t,
right-dense if t < supT and σ(t) = t, and right-scattered if σ(t) > t. If T has a left-scattered
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maximum m, then Tk = T \ {m}; otherwise Tk = T. If T has a right-scattered minimum m,
then Tk = T \ {m}; otherwise Tk = T. Function ν : Tk → [0,∞) defined by ν(t) = t− ρ(t) is
called the backwards graininess function.

A function f : T → R is called ld-continuous if it is continuous at left-dense point in T and
its right-side limits exist at right-dense points in T.

Definition 2.1 ( [4]). Let f : T → R be a function and t ∈ Tk. Define f∇(t) to be the number
(provided its exists) with the property that given any ε > 0, there is a neighborhood U of t (i.e,
U = (t− δ, t+ δ) ∩T for some δ > 0) such that

|f(ρ(t))− f(s)− f∇(t)(ρ(t)− s)| ≤ ε|ρ(t)− s|

for all s ∈ U , we call f∇(t) the nabla derivative of f at the point t.

Lemma 2.1 ( [4]). Let f, g : T → R be functions and let t ∈ Tk. Then we have the following.

(i) If f is nabla differentiable at t, then f is continuous at t.

(ii) If f is continuous at t and t is left-scattered, then f is nabla differentiable at t with

f∇(t) =
f(t)− f(ρ(t))

ν(t)
.

(iii) If t is left-dense, then f is nabla differentiable at t iff lim
s→t

f(t)−f(s)
t−s exists as a finite number.

In this case,

f∇(t) = lim
s→t

f(t)− f(s)

t− s
.

Lemma 2.2 ( [4]). If f, g are nabla differentiable functions on T, then

(i) (v1f + v2g)
∇ = v1f

∇ + v2g
∇, for any constants v1, v2;

(ii) (fg)∇(t) = f∇(t)g(t) + f(ρ(t))g∇(t) = f(t)g∇(t) + f∇(t)g(ρ(t));

(iii) If f and f∇ are continuous, then (
∫ t
a f(t, s)∇s)

∇ = f(ρ(t), t) +
∫ t
a f(t, s)∇s.

Remark 2.1. Let f : T → R be a function, for any t ∈ T , if T = R, then f∇(t) = f ′(t); If
T = Z, then f∇(t) = f(t)− f(t− 1).

Let f : T → R be ld-continuous. If F∇(t) = f(t), then we define the nabla integral by∫ b
a f(t)∇t = F (b)− F (a). For more knowledge about time scale theory, we refer to [4].

Definition 2.2 ( [15]). For A ∈ Crd(T,Rn) and V ∈ Crd(T× Rn, R+), we call D−V ∇(t, A(t))
the left upper derivative of the function V at (t, A(t)), if

D−V ∇(t, A(t)) =


V (t, A(t))− V (ρ(t), A(ρ(t)))

t− ρ(t)
, t > ρ(t);

lim
s→t−

sup
V (t, A(t)) + (s− t)F (t, A(t))− V (t, A(t))

s− t
, t = ρ(t).

Definition 2.3 ( [27]). A matrix Q = (qij)n×n is said to be a nonsingular M-matrix, if qii > 0,
qij ≤ 0, for i ̸= j, and Q−1 ≥ 0, i, j = 1, 2, . . . , n.

Similar to the proof of Lemma 2.4 in [3], one can easily prove
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Lemma 2.3. For any t1, t2 ∈ [0, ω]T. If x : T → R is ω-periodic, then

x(t) ≤ x(t1) +

∫ ω

0
|x∇(s)|∇s, x(t) ≥ x(t2)−

∫ ω

0
|x∇(s)|∇s.

Lemma 2.4 ( [29]). If a, b ∈ T and functions f, g : [a, b] → R are rd-continuous, then

∫ b

a
|f(t)g(t)|∇s ≤

(∫ b

a
|f(t)|2∇s

) 1
2
(∫ b

a
|g(t)|2∇s

) 1
2

.

Definition 2.4. A piecewise continuous function x = (x1, x2, . . . , xn)
T : [−τ,+∞)T → Qn is

said to be a solution of system (2.1), if

(i) x(s) = φ(s) for s ∈ [−τ, 0]T, where φ = (φ1, φ2, . . . , φn)
T ∈ C([−τ, 0],Qn);

(ii) x(t) satisfies system (2.1) for t ≥ 0;

(iii) x(t) is continuous everywhere except for some tk and left continuous at t = tk, and the
right limit x(t+k ) exists for k ∈ N.

Definition 2.5. A solution x of system (2.1) is said to be ω
2 -anti-periodic solution of system

(2.1), if x(t+
ω

2
) = −x(t), t ̸= tk,

x((tk +
ω

2
)+) = −x(t+k ), k ∈ N.

Lemma 2.5 ( [2]). Let X and Y be two Banach spaces, and let L : Dom L ⊂ X → Y be
linear, N : X → Y continuous. Assume that L is one-to-one and T := L−1N is compact.
Furthermore, assume there exists a bounded and open subset Ω ⊂ X with 0 ∈ Ω such that the
equation Lx = λNx has no solutions in ∂Ω∩DomL for any λ ∈ (0, 1). Then equation Lx = Nx
has at least one solution in Ω.

Remark 2.2. To avoid the problems brought about by the non-commutative law of quaternion
algebra in the application of continuation theorem, the system (2.1) is decomposed into four
real-valued systems (2.2).

Remark 2.3. If x = (xR1 , x
I
1, x

J
1 , x

K
1 , . . . , x

R
n , x

I
n, x

J
n, x

K
n )T is a solution to system (2.2), then

(x1, x2, . . . , xn)
T is a solution to (2.1), where xp = xRp + ixIp + jxJp + kxKp , p ∈ Γ.

3. Existence of anti-periodic solutions

In this section, by using Lemma 2.5, we shall study the existence of at least one anti-periodic
solution of (2.1).

Theorem 3.1. If assumptions (A1)-(A4) hold. Suppose further that

1− 2nωaMLα > 0,

then system (2.1) has at least one ω
2 -anti-periodic solution.
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Proof. Define Ck[0, ω; t1, t2, . . . , tρ, . . . , t2ρ]T =
{
x = (x1, x2, . . . , xn)

T : [0, ω]T → Qn
∣∣x(k)(t)

is a piecewise continuous map with first-class discontinuity points in [0, ω]T ∩ {tr}, and at each
discontinuity point it is continuous on the left

}
, where k = 0, 1. Take

X =

{
x ∈ C[0, ω; t1, t2, . . . , tρ, . . . , t2ρ]T : x(t+

ω

2
) = −x(t),∀t ∈ [0,

ω

2
]T

}
,

Y = X×Qn×ρ,

the norm of X is defined by

||x||X =
n∑

p=1

||xp||0,

where ||xp||0 = sup
t∈[0,ω]T

||xp(t)||, l ∈ Λ, then X is a Banach space.

Define a linear operator L : DomL ∩ X → Y by setting

Lx = (x∇,∆x(t1), . . . ,∆x(tρ)),

where Dom L =
{
x ∈ C1[0, ω; t1, t2, . . . , tρ, . . . , t2ρ]T : x(t + ω

2 ) = −x(t),∀t ∈ [0, ω2 ]T
}
. Define a

continuous operator N : X → Y by setting

Nx =




Π1(x(t))

Π2(x(t))
...

Πn(x(t))

 ,


Φ11(x1(t1))

Φ21(x1(t1))
...

ΦR
n1(xn(t1))

 , . . . ,


Φ1q(x1(tq))

Φ2q(x1(tq))
...

Φnq(xn(tq))



 ,

where

Πp(x(t)) = −ap(xp(t))
[
αp(xp(t))−

n∑
q=1

bpq(t)fq(xq(t− τpq(t))) + Ip(t)
]
, p = 1, 2, · · · , n.

It is easy to see that kerL = {0} and ImL = {z = (v, C1, . . . , Cρ) ∈ Y :
∫ ω
0 v(s)∇s = 0} = Y.

Hence, L is reversible and the inverse L−1 is given by

L−1z =

∫ t

0
v(s)∇s+

∑
t>tr

Ck −
1

2

∫ ω
2

0
v(s)∇s−

ρ∑
k=1

Ck.

Using the Arzela-Ascoli theorem, we can easily see that T = LN−1 is compact.
Corresponding to the operator equation Lx = λNx, λ ∈ (0, 1), we have{

x∇p (t) = λNp(x(t)), t ̸= tr,

∆xp(tr) = λΦpr(xp(tr)), p ∈ Γ, t = tr, r ∈ Z+.
(3.1)

Suppose that x = (x1, x2, . . . , xn)
T ∈ X is a solution of (3.1) for some λ ∈ (0, 1). Set t0 = t+0 ,

t2ρ+1 = ω, in view of (3.1) and (A1)-(A4), we obtain∫ ω

0
||x∇p (t)||∇t
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=

2ρ+1∑
r=1

∫ tr

t+r−1

||x∇p (t)||∇t+
2ρ∑
r=1

||∆xp(tr)||

≤
(∫ ω

0
||ap(xp(t))αp(xp(t))||∇t+

n∑
q=1

∫ ω

0
||ap(xp(t))bpq(t)fq(xq(t− τpq(t)))||∇t

+

∫ ω

0
||ap(xp(t))Ip(t)||∇t++

2ρ∑
r=1

||Φpr(xp(tr))||

≤ aM
∫ ω

0
||αp(xp(t))− αp(0)||∇t+

n∑
q=1

aMbM
∫ ω

0
||fq(xq(t− τpq(t)))||∇t

+aM
∫ ω

0
||Ip(t)||∇t+ 2ρΦM

≤ aMLα

∫ ω

0
||xp(t)||∇t+ nωaMbMF + ωaMIM + 2ρΦM

≤ ωaMLα||xp||0 + nωaMbMF + ωaMIM + 2ρΦM . (3.2)

From the definition of space X, it is known that x is ω-periodic. Therefore, from Lemma 2.3,
for any ζ lp, η

l
p, p ∈ Γ, l ∈ {R, I, J,K}, we have∫ ω

0
xlp(t)∇t ≤

∫ ω

0
xlp(ζ

l
p)∇t+

∫ ω

0

(∫ ω

0
|(xlp(t))∇|∇t

)
∇t, (3.3)∫ ω

0
xlp(t)∇t ≥

∫ ω

0
xlp(η

l
p)∇t−

∫ ω

0

(∫ ω

0
|(xlp(t))∇|∇t

)
∇t. (3.4)

Noting that
∫ ω
0 xlp(t)∇t = 0, in view of (3.3) and (3.4), we can obtain

xlp(ζ
l
p) ≥ −

∫ ω

0
|(xlp(t))∇|∇t, xlp(η

l
p) ≤

∫ ω

0
|(xlp(t))∇|∇t.

By the arbitrariness of ζ lp, η
l
p, it is easy to see that for any t ∈ [0, ω]T, l ∈ {R, I, J,K}

|xlp(t)| ≤
∫ ω

0
|(xlp(t))∇|∇t.

Therefore, we obtain

||xp||0 = sup
t∈[0,ω]T

(∑
l∈Λ

|xlp(t)|2
) 1

2

≤
(∑
l∈Λ

( ∫ ω

0
|(xlp(t))∇|∇t

)2) 1
2

≤
∫ ω

0

∑
l∈Λ

|(xlp(t))∇|∇t

≤ 2

∫ ω

0
||x∇p (t)||∇t, p ∈ Γ. (3.5)

Hence, from (3.2) and (3.5), one has

||x||X =
n∑

p=1

||xp||0
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≤ 2

∫ ω

0

n∑
p=1

||x∇p (t)||∇t

≤ 2

n∑
p=1

aMLαω||xp||0 + n2ωaMbMF + 2(nωaMIM + 2nρΦM )

≤ 2nωaMLα||x||X + n2ωaMbMF + 2nωaMIM + 4nρΦM .

That is,

||x||X ≤ n2ωaMbMF + 2nωaMIM + 4nρΦM

1− 2nωaMLα
≜ Π.

Take
Ω =

{
x ∈ X : ∥x∥X < Π+ 1

}
.

It is clear that Ω satisfies all the requirements in Lemma 2.5. Hence by Lemma 2.5, system (2.1)
has at least one ω

2 -anti-periodic solution. This completes the proof.

4. Global exponential synchronization

In this section, we consider system (2.1) as the drive system, and the corresponding response
system is designed as

y∇p (t) = −ap(yp(t))
[
αp(yp(t))−

n∑
q=1

bpq(t)fq(yq(t− τpq(t))) + Ip(t)

]
+ Up(t),

t ∈ T, t > 0, t ̸= tr,

∆yp(tr) = Φpr(yp(tr)), p ∈ Γ, r ∈ Z+,

(4.1)

where yp(t) = yRp (t)+iyp(t)+y
I
p(t)+jy

J
p (t)+ky

K
p (t) represents the state of the response system,

Up(t) is the state-feedback controller, the rest of the notations are the same as those in system
(2.1), and the initial condition is in the form of

yp(s) = ψp(s), s ∈ [τ, 0]T, p ∈ Γ,

where ψp = ψR
p + iψI

p + jψJ
p + kψK

p , ψl
p ∈ C([−τ, 0]T,R), p ∈ Γ, l ∈ Λ.

Put ep(t) = eRp (t) + ieIp(t) + jeJp (t) + keKp (t), elp(t) = xlp(t) − ylp(t) (p ∈ Γ, l ∈ Λ). By
subtracting (2.1) from (4.1), we obtain the error system

e∇p (t) = −
[
ap(yp(t))αp(yp(t))− ap(xp(t))αp(xp(t))

]
+

n∑
q=1

bpq(t)

×
[
ap(yp(t))fq(yq(t− τpq(t)))− ap(xp(t))fq(xq(t− τpq(t)))

]
−
[
ap(yp(t))Ip(t)− ap(xp(t))Ip(t)

]
+ Up(t),

t ∈ T, t > 0, t ̸= tr,

∆ep(tr) = Φpr(yp(tr))− Φpr(xp(tr)), p ∈ Γ, ∈ Z+.

(4.2)

Remark 4.1. It is well known that in scenarios such as unmanned aircraft formations, dis-
tributed energy storage in smart grids, and autonomous vehicle formations where multi-node
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exponential synchronization occurs, system time-varying delays are ubiquitous and arise from
communication link transmission delays, directly undermining synchronization performance.
Therefore, the controller must introduce time-varying delays consistent with the system. The
core reason lies in ensuring synchronization stability and accuracy. The essence of synchronous
control is to track the reference state. However, system time-varying delays cause the refer-
ence state at the receiving end to lag behind the real-time state. For instance, delayed grid
charging and discharging instructions lead to voltage fluctuations, and delayed brake signals
in autonomous driving increase the risk of collision. Eventually, this leads to an expansion of
synchronization errors or even instability. When the controller’s delay is less than the system’s
delay, it will result in insufficient compensation, thereby generating residual synchronization er-
rors. When the controller’s delay is greater than the system’s delay, it will introduce additional
dynamic lag, further deteriorating control performance. Only under the condition that the con-
troller’s delay is strictly equal to the system’s delay, the lag feedback term in the control law
can accurately reflect the actual reference state after transmission through the system’s delay.
Through the collaborative operation of the current state and the lagging state, the phase devi-
ation and error accumulation effect caused by the delay can be effectively eliminated, thereby
ensuring the synchronization stability of the formation system.

Remark 4.2. In addition, in order to adaptively suppress the nonlinear terms of the system
itself and ensure the energy attenuation of the error system, a nonlinear function gq(eq) related
to the error is added to the controller.

Therefore, to achieve global exponential synchronization of the drive-response system with
lower costs, we take the following state-feedback controller:

Up(t) = −ξp(t)ep(t) +
n∑

q=1

γpq(t)gq(eq(t− τpq(t))),

where

ξp(t) = ξRp (t) + iξIp(t) + jξJp (t) + kξKp (t), ξlp ∈ C(T,R+),

γpq(t) = γRpq(t) + iγIpq(t) + jγJpq(t) + kγKpq(t), γlpq ∈ C(T,R),
gq(eq) = gRq (e

R
q , e

I
q , e

J
q , e

K
q ) + igIq (e

R
q , e

I
q , e

J
q , e

K
q ) + jgJq (e

R
q , e

I
q , e

J
q , e

K
q )

+kgKq (eRq , e
I
q , e

J
q , e

K
q ), glq ∈ C(R4,R),

for p ∈ Γ, l ∈ Λ.

Definition 4.1. Let x = (xR1 , x
I
1, x

J
1 , x

K
1 , · · · , xRn , xIn, xJn, xKn )T be an ω

2 -anti-periodic solution of
system (2.1) with initial value φ = (φR

1 , φ
I
1, φ

J
1 , φ

K
1 , · · · , φR

n , φ
I
n, φ

J
n, φ

K
n )T and y = (yR1 , y

I
1 , y

J
1 ,

yK1 , · · · , yRn , yIn, yJn , yKn )T be an ω
2 -anti-periodic solution of system (4.1) with initial value ψ =

(ψR
1 , ψ

I
1 , ψ

J
1 , ψ

K
1 , · · · , ψR

n , ψ
I
n, ψ

J
n , φ

K
n )T . If there exist positive constants λ and M such that

∥y(t)− x(t)∥ ≤Mê⊖λ(t, 0)∥ψ − φ∥τ , t ∈ [0,+∞)T,

where

∥y(t)− x(t)∥ =
n∑

p=1

(
|yRp (t)− xRp (t)|+ |yIp(t)− xIp(t)|
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+ |yJp (t)− xJp (t)|+ |yKp (t)− xKp (t)|
)
,

∥ψ − φ∥τ =
n∑

p=1

sup
s∈[−τ,0]

(
|ψR

p (s)− φR(s)|+ |ψI
p(s)− φI(s)|

+ |ψJ
p (s)− φJ(s)|+ |ψK

p (s)− φK
p (s)|

)
.

Then the response system (2.1) and the drive system (4.1) achieve globally exponentially syn-
chronized.

System (4.2) can be decomposed to the following real-valued system:

(eRp (t))
∇ = −

[(
aRp [t, yp]α

R
p [t, yp]− aRp [t, xp]α

R
p [t, xp]

)
−
(
aIp[t, yp]α

I
p[t, yp]

−aIp[t, xp]αI
p[t, xp]

)
−
(
aJp [t, yp]α

J
p [t, yp]− aJp [t, xp]α

J
p [t, xp]

)
−
(
aKp [t, yp]α

K
p [t, yp]− aKp [t, yp]α

K
p [t, yp]

)]
+

n∑
q=1

bpq(t)

×
[(
aRp [t, yp]f

R
q [t, yq]− aRp [t, xp]f

R
q [t, xq]

)
−
(
aIp[t, yp]f

I
q [t, yq]

−aIp[t, xp]f Iq [t, xq]
)
−
(
aJp [t, yp]f

J
q [t, yq]− aJp [t, xp]f

J
q [t, xq]

)
−
(
aKp [t, yp]f

K
q [t, yq]− aKp [t, xp]f

K
q [t, xq]

)]
−
[(
aRp [t, yp]I

R
p (t)

−aRp [t, xp]IRp (t)
)
−
(
aIp[t, yp]I

I
p (t)− aIp[t, xp]I

I
p (t)

)
−
(
aJp [t, yp]I

J
p (t)− aJp [t, xp]I

J
p (t)

)
−
(
aKp [t, yp]I

K
p (t)

−aKp [t, xp]I
K
p (t)

)]
−
(
ξRp (t)e

R
p (t)− ξIp(t)e

I
p(t)− ξJp (t)e

J
p (t)

−ξKp (t)eKp (t)
)
+

n∑
q=1

(
γRpq(t)g

R
q [t, eq]− γIpq(t)g

I
q [t, eq]

−γJpq(t)gJq [t, eq]− γKpq(t)g
K
q [t, eq]

)
:= ΥR

p (t, x(t)), t ∈ T, t > 0, t ̸= tr,

∆eRp (tr) = ΦR
pr(yp(tr))− ΦR

pr(xp(tr)), p ∈ Γ, r ∈ Z+,

(eIp(t))
∇ =−

[(
aRp [t, yp]α

I
p[t, yp]− aRp [t, xp]α

I
p[t, xp]

)
+

(
aIp[t, yp]α

R
p [t, yp]

− aIp[t, xp]α
R
p [t, xp]

)
+
(
aJp [t, yp]α

K
p [t, yp]− aJp [t, xp]α

K
p [t, xp]

)
−
(
aKp [t, yp]α

J
p [t, yp]− aKp [t, xp]α

J
p [t, xp]

)]
+

n∑
q=1

bpq(t)

×
[(
aRp [t, yp]f

I
q [t, yq]− aRp [t, xp]f

I
q [t, xq]

)
+
(
aIp[t, yp]f

R
q [t, yq]

− aIp[t, xp]f
R
q [t, xq]

)
+
(
aJp [t, yp]f

K
q [t, yq]− aJp [t, xp]f

K
q [t, xq]

)
−
(
aKp [t, yp]f

J
q [t, yq]− aKp [t, xp]f

J
q [t, xq]

)]
−
[(
aRp [t, yp]I

I
p (t)

− aRp [t, xp]I
I
p (t)

)
+
(
aIp[t, yp]I

R
p (t)− aIp[t, xp]I

R
p (t)

)
+
(
aJp [t, yp]I

K
p (t)− aJp [t, xp]I

K
p (t)

)
−
(
aKp [t, yp]I

J
p (t)

− aKp [t, xp]I
J
p (t)

)]
−
(
ξRp (t)e

I
p(t) + ξIp(t)e

R
p (t) + ξJp (t)e

K
p (t)
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− ξKp (t)eJp (t)
)
+

n∑
q=1

(
γRpq(t)g

I
q [t, eq] + γIpq(t)g

R
q [t, eq]

+ γJpq(t)g
K
q [t, eq]− γKpq(t)g

J
q [t, eq]

)
:=ΥI

p(t, x(t)), t ∈ T, t > 0, t ̸= tr,

∆eIp(tr) =ΦI
pr(yp(tr))− ΦI

pr(xp(tr)), p ∈ Γ, r ∈ Z+, (4.3)

(eJp (t))
∇= −

[(
aRp [t, yp]α

J
p [t, yp]− aRp [t, xp]α

J
p [t, xp]

)
−
(
aIp[t, yp]α

K
p [t, yp]

−aIp[t, xp]αK
p [t, xp]

)
+
(
aJp [t, yp]α

R
p [t, yp]− aJp [t, xp]α

R
p [t, xp]

)
+
(
aKp [t, yp]α

I
p[t, yp]− aKp [t, xp]α

I
p[t, xp]

)]
+

n∑
q=1

bpq(t)

×
[(
aRp [t, yp]f

J
q [t, yq]− aRp [t, xp]f

J
q [t, xq]

)
−
(
aIp[t, yp]f

K
q [t, yq]

−aIp[t, xp]fKq [t, xq]
)
+
(
aJp [t, yp]f

R
q [t, yq]− aJp [t, xp]f

R
q [t, xq]

)
+
(
aKp [t, yp]f

I
q [t, yq]− aKp [t, xp]f

I
q [t, xq]

)]
−

[(
aRp [t, yp]I

J
p (t)

−aRp [t, xp]IJp (t)
)
−
(
aIp[t, yp]I

K
p (t)− aIp[t, xp]I

K
p (t)

)
+
(
aJp [t, yp]I

R
p (t)− aJp [t, xp]I

R
p (t)

)
+
(
aKp [t, yp]I

I
p (t)

−aKp [t, xp]I
I
p (t)

)]
−
(
ξRp (t)e

J
p (t)− ξIp(t)e

K
p (t) + ξJp (t)e

R
p (t)

+ξKp (t)eIp(t)

)
+

n∑
q=1

(
γRpq(t)g

J
q [t, eq]− γIpq(t)g

K
q [t, eq]

+γJpq(t)g
R
q [t, eq] + γKpq(t)g

I
q [t, eq]

)
:= ΥJ

p (t, x(t)), t ∈ T, t > 0, t ̸= tr,

∆eJp (tr) = ΦJ
pr(yp(tr))− ΦJ

pr(xp(tr)), p ∈ Γ, r ∈ Z+

and

(eKp (t))∇ = −
[(
aRp [t, yp]α

K
p [t, yp]− aRp [t, xp]α

K
p [t, xp]

)
+
(
aIp[t, yp]α

J
p [t, yp]

−aIp[t, xp]αJ
p [t, xp]

)
−
(
aJp [t, yp]α

I
p[t, yp]− aJp [t, xp]α

I
p[t, xp]

)
−
(
aKp [t, yp]α

R
p [t, yp]− aKp [t, xp]α

R
p [t, xp]

)]
+

n∑
q=1

bpq(t)

×
[(
aRp [t, yp]f

K
q [t, yq]− aRp [t, xp]f

K
q [t, xq]

)
+
(
aIp[t, yp]f

J
q [t, yq]

−aIp[t, xp]fJq [t, xq]
)
−
(
aJp [t, yp]f

I
q [t, yq]− aJp [t, xp]f

I
q [t, xq]

)
+
(
aKp [t, yp]f

R
q [t, yq]− aKp [t, xp]f

R
q [t, xq]

)]
−
[(
aRp [t, yp]I

K
p (t)

−aRp [t, xp]IKp (t)
)
+
(
aIp[t, yp]I

J
p (t)− aIp[t, xp]I

J
p (t)

)
−
(
aJp [t, yp]I

K
p (t)− aJp [t, xp]I

K
p (t)

)
+
(
aKp [t, yp]I

R
p (t)

−aKp [t, xp]I
R
p (t)

)]
−
(
ξRp (t)e

K
p (t) + ξIp(t)e

J
p (t)− ξJp (t)e

I
p(t)
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+ξKp (t)eRp (t)
)
+

n∑
q=1

(
γRpq(t)g

K
q [t, eq] + γIpq(t)g

J
q [t, eq]

−γJpq(t)gIq [t, eq]− γKpq(t)g
R
q [t, eq]

)
:= ΥK

p (t, x(t)), t ∈ T, t > 0, t ̸= tr,

∆eKp (tr) = ΦK
pr(yp(tr))− ΦK

pr(xp(tr)), p ∈ Γ, r ∈ Z+,

where glq[t, eq] := gl
(
eRq (t− τpq(t)), e

I
q(t− τpq(t)), e

J
q (t− τpq(t)), e

K
q (t− τpq(t))

)
, q ∈ Γ, l ∈ Λ.

That is, system (4.2) can be decomposed to the following real-valued system:(elp(t))
∇ = Υl

p(t, x(t)), t > 0, t ̸= tr,

∆elp(tr) = Φl
pr[tr, xp], l ∈ Λ, p ∈ Γ, r ∈ Z+.

(4.4)

Theorem 4.1. Under the hypotheses of Theorem 3.1. Suppose further that

(A5) γ
l
pq ∈ C(T,R) is an ω

2 -anti-periodic function, ξlp ∈ C(T,R+), ξlp(t+
ω
2 ) = ξlp(t), and there

exist positive constants (ξlp)
m, (ξlp)

M such that for p ∈ Γ, l ∈ Λ, we have

(ξlp)
m ≤ ξlp(t) ≤ (ξlp)

M , t ∈ R;

(A6) g
l
q ∈ C(R4,R), glq(−eRq ,−eIq ,−eJq ,−eKq ) = gl

(
eRq , e

I
q , e

J
q , e

K
q

)
, glq(0, 0, 0, 0) = 0, and there

exists a positive constant G such that

|glp(xRp , xIp, xJp , xKp )− glp(I
R
p , I

I
p , I

J
p , I

K
p )|

≤G(|xRp − IRp |+ |xIp − IIp |+ |xJp − IJp |+ |xKp − IKp |),

for p ∈ Γ, l ∈ Λ;

(A7) for p ∈ Γ, there exists a positive constant λ such that

sup
t∈[0,ω]T

Wp(λ, t) > 0,

where

Wp(λ, t) = −λ+ (1− λν(t))
(
[(aRp )

mδ̃p + (ξRp )
m]− [(aIp)

M + (aJp )
M

+ (aKp )M ]δp − [(ξIp)
M + (ξJp )

M + (ξKp )M ]− 16IMp Ap

)
−

n∑
q=1

16

1− τ̇pq
(bMaMq F + γMG)(1− λν(t+ τpq(t)))êλ(t+ τpq(t), t),

γM = max
1≤p,q≤n

sup
t∈[0,ω]T

{|γpq(t)|};

(A8) the impulsive operator Φpr(xp(tr)) satisfies Φl
pr[tr, xp] = −βprxlp(tr), βpr ∈ (0, 2), where

p ∈ Γ, r ∈ Z+, l ∈ Λ.

Then the response system (2.1) and the drive system (4.1) achieve globally exponentially syn-
chronized.
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Proof. By (4.4), for l = R, t ̸= tr, r ∈ Z+, p ∈ Γ, we can obtain from (A5)-(A7) that

D−∣∣eRp (t)∣∣∇ ≤ sgn(eRp (t))
(
eRp (t)

)∇
≤−(aRp )

mδ̃p|eRp (t)|+ (aIp)
Mδp|eIp(t)|+ (aJp )

Mδp|eJp (t)|

+(aKp )Mδp|eKp (t)|+
n∑

q=1

4bMaMp F
(
|eRq (t− τpq(t))|

+|eIq(t− τpq(t))|+ |eJq (t− τpq(t))|+ |eKq (t− τpq(t))|
)

+4IMp Ap

(
|eRp (t)|+ |eIp(t)|+ |eJp (t)|+ |eKp (t)|

)
−(ξRp )

m|eRp (t)|+ (ξIp)
M |eIp(t)|+ (ξJp )

M |eJp (t)|+ (ξKp )M |eKp (t)|

+

n∑
q=1

4γMG
(
e(t− τpq(t))|+ |eIq(t− τpq(t))|

+|eJq (t− τpq(t))|+ |eKq (t− τpq(t))|
)

≤−
[
(aRp )

mδ̃p + (ξRp )
m
]
|eRp (t)|+

[
(aIp)

Mδp + (ξIp)
M
]
|eIp(t)|

+
[
(aJp )δp + (ξJp )

M
]
|eJp (t)|+ [(aKp )Mδp + (ξKp )M ]|eKp (t)|

+

n∑
q=1

4(bMaMp F + γMG)
(
|eRq (t− τpq(t))|+ |eIq(t− τpq(t))|

+|eJq (t− τpq(t))|+ |eKq (t− τpq(t))|
)
+ 4IMp Ap

×
(
|eRp (t)|+ |eIp(t)|+ |eJp (t)|+ |eKp (t)|

)
.

Similarly, by (4.4), for l = I, J,K, we have

D−∣∣eIp(t)∣∣∇ ≤−[(aRp )
mδ̃p + (ξRp )

m]|eIp(t)|+ [(aIp)
Mδp + (ξIp)

M ]|eRp (t)|
+[(aJp )

Mδp + (ξJp )
M ]|eKp (t)|+ [(aKp )Mδp + (ξKp )M ]|eJp (t)|

+
n∑

q=1

4(bMaMp F + γMG)(|eRq (t− τpq(t))|+ |eIq(t− τpq(t))|

+|eJq (t− τpq(t))|+ |eKq (t− τpq(t))|) + 4IMp Ap

×(|eRp (t)|+ |eIp(t)|+ |eJp (t)|+ |eKp (t)|),

D−∣∣eJp (t)∣∣∇ ≤−[(aRp )
mδ̃p + (ξRp )

m]|eJp (t)|+ [(aIp)
Mδp + (ξIp)

M ]|eKp (t)|
+[(aJp )

Mδp + (ξJp )
M ]|eRp (t)|+ [(aKp )Mδp + (ξKp )M ]|eIp(t)|

+

n∑
q=1

4(bMaMp F + γMG)(|eRq (t− τpq(t))|+ |eIq(t− τpq(t))|

+|eJq (t− τpq(t))|+ |eKq (t− τpq(t))|) + 4IMp Ap

×(|eRp (t)|+ |eIp(t)|+ |eJp (t)|+ |eKp (t)|),

D−∣∣eKp (t)
∣∣∇≤−[(aRp )

mδ̃p + (ξRp )
m]|eKp (t)|+ [(aIp)

Mδp + (ξIp)
M ]|eJp (t)|

+[(aJp )
Mδp + (ξJp )

M ]|eIp(t)|+ [(aKp )Mδp + (ξKp )M ]|eRp (t)|

+

n∑
q=1

4(bMaMp F + γMG)(|eRq (t− τpq(t))|+ |eIq(t− τpq(t))|
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+|eJq (t− τpq(t))|+ |eKq (t− τpq(t))|) + 4IMp Ap

×(|eRp (t)|+ |eIp(t)|+ |eJp (t)|+ |eKp (t)|).

From (4.4) and (A8), we have

|ylp(t+r )− xlp(t
+
r )|= |1− βpr||ylp(tr)− xlp(tr)|

≤ |ylp(tr)− xlp(tr)|, p ∈ Γ, l ∈ Λ, r ∈ Z+. (4.5)

Hence, for t ∈ [0,+∞)T, t ̸= tr, r ∈ Z+, q ∈ Λ, we have

D−(|eRp (t)|∇ + |eRp (t)|∇ + |eJp (t)|∇ + |eKp (t)|∇)

≤−
[
[(aRp )

mδ̃p + (ξRp )
m]− [(aIp)

M + (aJp )
M + (aKp )M ]δp

−[(ξIp)
M + (ξJp )

M + (ξKp )M ]− 16IMp Ap

]
(|eRq (t)|+ |eIq(t)|

+|eJq (t)|+ |eKq (t)|) +
n∑

q=1

16(bMaMp F + γMG)(|eRq (t− τpq(t))|

+|eIq(t− τpq(t))|+ |eJq (t− τpq(t))|+ |eKq (t− τpq(t))|). (4.6)

Construct the following Lyapunov function:

V (t) = V1(t) + V2(t),

where

V1(t) =

n∑
p=1

êλ(t, 0)
(
|eRp (t)|+ |eIp(t)|+ |eJp (t)|+ |eKp (t)|

)
,

V2(t) =

n∑
p=1

n∑
q=1

∫ t

t−τpq(t)

16

1− τ̇pq

(
bMaMp F + γMG

)(
1− λν(s+ τpq(t))

)
×êλ(s+ τpq(t), 0)

(
|eRq (s)|+ |eIq(s)|+ |eJq (s)|+ |eKp (s)|

)
∇s.

For t ∈ [0,+∞)T, t ̸= tr, r ∈ Z+, calculating the nabla derivative of V (t) along the solutions of
(4.4) and using (4.6), we can get

D−V ∇
1 (t)≤

n∑
p=1

λêλ(t, 0)(|eRp (t)|+ |eIp(t)|+ |eJp (t)|+ |eKp (t)|)

+

n∑
p=1

êλ(ρ(t), 0)D
−(|eRp (t)|+ |eIp(t)|+ |eJp (t)|+ |eKp (t)|)

≤
n∑

p=1

λêλ(t, 0)(|eRp (t)|+ |eIp(t)|+ |eJp (t)|+ |eKp (t)|)

−
n∑

p=1

(1− λν(t))êλ(t, 0)
[[
(aRp )

mδ̃p + (ξRp )
m
]
−
[
(aIp)

M

+(aJp )
M + (aKp )M

]
δp −

[
(ξIp)

M + (ξJp )
M + (ξKp )M

]
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−16IMp Ap

]
(|eRp (t)|+ |eIp(t) + |eJp (t)|+ |eKp (t)|)

+
n∑

p=1

n∑
q=1

16(bMaMp F + γMG)(1− λν(t))êλ(t, 0)

×(|eRq (t− τpq(t))|+ |eIq(t− τpq(t))|
+|eJq (t− τpq(t))|+ |eKp (t− σpq)|)

≤−
n∑

p=1

[
− λ+ (1− λν(t))

([
(aRp )

mδ̃p + (ξRp )
m
]
−
[
(aIp)

M

+(aJp )
M + (aKp )M

]
δp −

[
(ξIp)

M + (ξJp )
M + (ξKp )M

]
−16IMp Ap

)]
êλ(t, 0)

(
|eRp (t)|+ |eIp(t) + |eJp (t)|+ |eKp (t)|

)
+

n∑
p=1

n∑
q=1

16(bMaMp F + γMG)(1− λν(t))êλ(t, 0)

×(|eRq (t− τpq(t))|+ |eIq(t− τpq(t))|
+|eJq (t− τpq(t))|+ |eKp (t− τpq(t))|),

D−V ∇
2 (t) =

n∑
p=1

n∑
q=1

16

1− τ̇pq
(bMaMp F + γMG)(1− λν(t+ τpq(t)))

×êλ(t+ τpq(t), 0)(|eRq (t)|+ |eIq(t)|+ |eJq (t)|+ |eKp (t)|)

−
n∑

p=1

n∑
q=1

16(1− τ̇pq(t))

1− τ̇pq
(bMaMp F + γMG)(1− λν(t))

×êλ(t, 0)(|eRq (t− τpq(t))|+ |eIq(t− τpq(t))|
+|eJq (t− τpq(t))|+ |eKp (t− τpq(t))|).

By condition (A7), it concludes that

D−V ∇(t) =D−V ∇
1 (t) +D−V ∇

2 (t)

≤−
n∑

p=1

[
− λ+ (1− λν(t))

(
[(aRp )

mδ̃p + (ξRp )
m]− [(aIp)

M

+(aJp )
M + (aKp )M ]δp − [(ξIp)

M + (ξJp )
M + (ξKp )M ]

−16IMp Ap

)]
êλ(t, 0)(|eRp (t)|+ |eIp(t) + |eJp (t)|+ |eKp (t)|)

+
n∑

p=1

n∑
q=1

16

1− τ̇pq
(bMaMq F + γMG)(1− λν(t+ τpq(t)))

×êλ(t+ τpq(t), 0)(|eRp (t)|+ |eIp(t)|+ |eJp (t)|+ |eKp (t)|)

+

n∑
p=1

n∑
q=1

16

(
1− 1− τ̇pq(t)

1− τ̇pq

)
(bMaMp F + γMG)

×(1− λν(t))êλ(t, 0)(|eRq (t− τpq(t))|+ |eIq(t− τpq(t))|
+|eJq (t− τpq(t))|+ |eKp (t− τpq(t))|)
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≤−
n∑

p=1

{
− λ+ (1− λν(t))

(
[(aRp )

mδ̃p + (ξRp )
m]− [(aIp)

M

+(aJp )
M + (aKp )M ]δp − [(ξIp)

M + (ξJp )
M + (ξKp )M ]

−16IMp Ap

)
−

n∑
q=1

16

1− τ̇pq
(bMaMq F + γMG)(1− λν(t+ τpq(t)))

×êλ(t+ τpq(t), t)
}
êλ(t, 0)(|eRp (t)|+ |eIp(t) + |eJp (t)|+ |eKp (t)|)

≤ 0, t ∈ [0,+∞)T, t ̸= tr, r ∈ Z.

Also, by (4.5), we have

V (t+r ) = V1(t
+
r ) + V2(t

+
r )

=

n∑
p=1

êλ(t
+
r , 0)

(
|eRp (t+r )|+ |eIp(t+r )|+ |eJp (t+r )|+ |eKp (t+r )|

)
+

n∑
p=1

n∑
q=1

∫ t+r

t+r −τpq(t
+
r )

16

1− τ̇pq
(bMaMp F + γMG)

×(1− λν(s+ τpq(t)))êλ(s+ τpq(t), 0)

×
(
|eRq (s)|+ |eIq(s)|+ |eJq (s)|+ |eKp (s)|

)
∇s

≤
n∑

p=1

êλ(t, 0)
(
|eRp (t)|+ |eIp(t)|+ |eJp (t)|+ |eKp (t)|

)
+

n∑
p=1

n∑
q=1

∫ tr

tr−τpq(tr)

16

1− τ̇pq
(bMaMp F + γMG)

×
(
1− λν(s+ τpq(t))

)
êλ(s+ τpq(t), 0)

×
(
|eRq (s)|+ |eIq(s)|+ |eJq (s)|+ |eKp (s)|

)
∇s

= V (tr), r ∈ Z+.

Therefore, V (t) ≤ V (0) for all t ∈ [0,+∞)T.
On the other hand, we have

V (0) = V1(0) + V2(0)

=

n∑
p=1

êλ(0, 0)
(
|eRp (0)|+ |eIp(0)|+ |eJp (0)|+ |eKp (0)|

)
+

n∑
p=1

n∑
q=1

∫ 0

−τpq(t)

16

1− τ̇pq
(bMaMp F + γMG)

(
1− λν(s+ τpq(t))

)
×êλ(s+ τpq(t), 0)

(
|eRq (s)|+ |eIq(s)|+ |eJq (s)|+ |eKp (s)|

)
∇s

≤
n∑

p=1

{
1 +

n∑
q=1

∫ 0

−τ

16

1− τ̇pq
(bMaMq F + γMG)

(
1− λν(s+ τpq(t))

)
×êλ(s+ τpq(t), 0)∇s

}
sup

s∈[−τ,0]

(
|ψR

p (s)− φR
p (s)|
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+|ψI
p(s)− φI

p(s)|+ |ψJ
p (s)− φJ

p (s)|+ |ψK
p (s)− φK

p (s)|
)

≤M ||ψ − φ||,

where

M = max
1≤p≤n

{
2 +

n∑
q=1

∫ 0

−τ

16

1− τ̇pq
(bMaMq F + γMG)

(
1− λν(s+ τpq(t))

)
×êλ(s+ τpq(t), 0)∇s

}
> 0.

It is obvious that

n∑
p=1

êλ(t, 0)
(
|eRp (t)|+ |eIp(t)|+ |eJp (t)|+ |eKp (t)|

)
≤ V (t) ≤ V (0) ≤M ||ψ − φ||.

So we can finally get

||y(t)− x(t)|| ≤Mê⊖λ(t, 0)||ψ − φ||τ , t ∈ [0,+∞)T.

From Definition 4.1, the response system (2.1) and the drive system (4.1) achieve globally
exponentially synchronized.

5. A numerical example

Example 5.1. Consider the following quaternion-valued Cohen-Grossberg neural network sys-
tem with impulses on time scales as the drive system:

x∇p (t) = −ap(xp(t))
[
αp(xp(t))−

2∑
q=1

bpq(t)fq(xq(t− τpq(t))) + Ip(t)

]
,

t ∈ T, t > 0, t ̸= tr, r ∈ Z+,

∆xp(tr) = Φpr(xp(tr)), p = 1, 2,

(5.1)

the corresponding response system is given by
y∇p (t) = −ap(yp(t))

[
αp(yp(t))−

2∑
q=1

bpq(t)fq(yq(t− τpq(t))) + Ip(t)

]
+ Up(t),

t ∈ T, t > 0, t ̸= tr, r ∈ Z+,

∆yp(tr) = Φpr(yp(tr)), p = 1, 2,

(5.2)

and the controller is as follow:

Up(t) = −ξp(t)ep(t) +
2∑

q=1

γpq(t)gq(eq(t− τpq(t))),

where t ∈ T, xp(t) = xRp (t)+ix
I
p(t)+jx

J
p (t)+kx

K
p (t) ∈ Q, ω = 2π, [0, ω]T

⋂
{tr : r ∈ Z} = {t1, t2},

for q = 1, 2,

fq(xq) =
1

10
cos(xRq + xIq)− i

1

10
sin |xkq |+ j

1

10
cos2(xIq + xJq )− k

1

10
cosxJq ,
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gq(eq) =
1

100
sin(|eJq |+ |eKq |) + i

1

100
cos eKq − j

1

100
cos(eRq + eIq)− k

1

100
sin |eRq |,

a1(x1) =
1

100π
(2 + sin |xR1 |) + i

1

50π
(2 + sin |xJ1 |) + j

1

100π
(3 + cosxK1 ) + k

1

100π
(2 + cosxJ1 ),

a2(x2) =
1

50π
(2 + sin |xR2 |) + i

1

100π
(2 + cosxI2) + j

1

50π
(3 + sin |xJ2 |) + k

1

100π
(3 + sin |xK2 |),

ξ1(t) =
1

10
(1 + | sin t|) + i

1

200
(1 + | sin t|) + j

1

100
(1 + | cos t|) + k

1

200
(1 + | cos t|),

ξ2(t) =
1

10
(1 + | sin t|) + i

1

200
(1 + | sin t|) + j

1

300
(2 + | cos t|) + k

1

400
(3 + | sin t|),

α1(x1) =
1

100
xR1 + i

1

50
xI1 + j

1

50
xJ1 + k

1

10
xK1 ,

α2(x2) =
1

100
xR1 + i

3

100
xI1 + j

1

20
xJ1 + k

7

100
xK1 ,

I1(t) =
1

1200
cos t+ i

1

1500
sin t− j

3

3500
cos t+ k

1

1000
sin t,

I2(t) =
1

1000
sin t− i

1

1500
cos t+ j

1

1500
sin t+ k

1

1000
sin t,

Ψ1k(x1(tr)) = − 1

10
xR1 (tr)−

1

100
xI1(tr)−

1

5
xJ1 (tr)−

2

5
xK1 (tr),

Ψ2k(x2(tr)) = − 3

10
xR2 (tr)−

1

50
xI2(tr)−

3

100
xJ2 (tr)−

1

25
xK2 (tr),

γ11(t) = γ12(t) =
1

100
sin t− i

7

100
cos t+ j

2

100
cos t− k

5

100
sin t,

γ21(t) = γ22(t) =
11

100
cos t+ i

13

100
cos t− j

1

100
sin t− k

3

100
sin t,

b11(t) =
1

1000
cos t, b12(t) =

1

1001
sin t, b21(t) =

1

1010
sin t, b22(t) =

1

1200
cos t,

τ11(t) = 1, τ12(t) =
1

5π
| sin(πt)|, τ21(t) =

1

10π
| sin(2πt)|, τ22(t) = 1.

By calculating, we have

F =
1

10
, G =

1

100
, (aR1 )

m =
1

100π
, am1 =

1

100π
, aM1 =

1

25π
,

(aI1)
M =

3

50π
, (aJ1 )

M =
1

25π
, (aK1 )M =

3

100π
, (aR2 )

m =
1

50π
,

am2 =
1

100π
, aM2 =

2

25π
, (aI2)

M =
3

100π
, (aJ2 )

M =
2

25π
,

(aK2 )M =
1

25π
, A1 =

1

50π
, A2 =

1

50π
, δ̃1 =

1

100
, δ1 =

1

10
,

δ̃2 =
1

100
, δ2 =

7

100
, bM =

1

1000
, IM1 = IM2 =

1

1000
,

(ξI1)
M = (ξK1 )M = (ξI2)

M = (ξJ2 )
M = (ξK2 )M =

1

100
,

(ξR1 )
m =

1

10
, (ξJ1 )

M =
1

50
, (ξR2 )

m =
1

10
, γM =

11

100
, τ̇11 = τ̇22 = 0, τ̇12 = τ̇21 =

1

5
.

It is obvious that (A1)-(A6) and (A8) are satisfied. Furthermore, whether T = R or T = Z, we
can easily calculate that

ωam1 δ̃1 − ω2am1 δ̃1a
M
1 δ

M
1 − 4bMF (ωaM1 + ω2am1 δ̃1) ≈ 1491× 10−7,
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ωam2 δ̃2 − ω2am2 δ̃2a
M
2 δ

M
2 − 4bMF (ωaM2 + ω2am2 δ̃2) ≈ 14926× 10−8

and
−(ωaMp δ

M
p + ω2amp δ̃pa

M
p δ

M
p ) < 0,−4bMF (ωaMp + ω2amp δ̃) < 0, p = 1, 2.

Hence, E is a nonsingular M matrix when T = R or T = Z. By Theorem 3.1, system (5.1) has
a π-anti-periodic solution. Take λ = 0.01, when T = R, ν(t) = 0, we have that

Figure 1. T = R. Curves of xR
p and xI

p, p=1,2.

W1(λ, t) ≈ 0.906 > 0, W2(λ, t) ≈ 0.946 > 0.

When T = Z, ν(t) = 1. We obtain that

W1(λ, t) ≈ 0.069 > 0, W2(λ, t) ≈ 0.073 > 0.

Hence, whether T = R or T = Z, (A7) holds. By Theorem 4.1, system (5.1) and (5.2) achieve
global exponentially synchronization when T = R, see Figures 1-5, and when T = Z, see Figures
6-10.

Remark 5.1. From Figure 1–Figure 4 and Figure 6–Figure 9, it can be seen that all the
components of all the state variables of the system (2.1) and (5.2) exhibit certain π-anti-periodic
oscillations whether T = R or T = Z, indicating that both the drive system and response
system have a π-anti-periodic oscillation state. At the same time, from Figure 5 and Figure 10,
synchronization errors e(t) are all approaching zero, which indicates that system (5.1) and (5.2)
achieve achieve global exponential synchronization whether T = R or T = Z.

Remark 5.2. Since the quaternion-valued CGNNs considered in [5–7,13,17] is a special case of
ours, the exponential synchronization they considered can be directly obtained from Theorem
2. Additionally, we extend our research to time scales. When T = R, our results are consistent
with those on the real number set. Therefore, the synchronization results of this paper are more
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0 50 100 150 200 250 300 350 400 450 500

time n

-1

-0.5

0

0.5

1

y
pR
,p

=
1
,2

.

y
1

R

y
2

R

0 50 100 150 200 250 300 350 400 450 500

time n

-1

-0.5

0

0.5

1

y
pI
,p

=
1
,2

.

y
1

I

y
2

I

Figure 3. T = R. Curves of yR
p and yI

p, p=1,2.

inclusive and extensive. Moreover, although [23,39,41] studied dynamic systems with impulsive
effects on time scales, they were not Nabla dynamic systems with quaternion algebra. Clearly,
it is evident that all results reported in [23, 39, 41] and the references therein are invalid for
Example 5.1. This implies that the results established in this paper are essentially new.
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Figure 5. T = R. The drive system (5.1) and its response system (5.2) are synchronized.

6. Conclusion

In this paper, we proposed a class of quaternion-valued Cohen-Grossberg neural networks with
impulses on time scales. By using a continuation theorem of coincidence degree theory and
constructing a suitable Lyapunov function, we obtained sufficient conditions for the existence of
anti-periodic solutions and the global exponential synchronization for quaternion-valued Cohen-
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Figure 7. T = Z. Curves of xJ
p and xK

p , p=1,2.

Grossberg neural networks with impulses on time scales. This is the first time to study the
existence of anti-periodic solutions and the global exponential synchronization of quaternion-
valued Cohen-Grossberg neural networks with impulses on time scales. The method of this
paper can be extended to study other types of QVNNs such as quaternion-valued BAM neural
networks, high-order Hopfield neural networks, shunting inhibitory cellular neural networks and
so on.
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Figure 8. T = Z. Curves of yR
p and yI

p, p=1,2.
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Figure 10. T = Z. The drive system (5.1) and its response system (5.2) are synchronized.
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