Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 16, Number 4, August 2026, 21542171 DOI:10.11948 /20250371

GLOBAL SOLUTION FOR THE INCOMPRESSIBLE MHD EQUATIONS
WITH A CLASS OF LARGE DATA IN BMO~*(R3)*

Congchong Guo®f

Abstract In [12], Koch & Tataru have proved the global well-posedness of the Navier-Stokes
equations with small initial data ug € BMO~1(R™), and then the spatial and time analyticity
of the Koch & Tataru solution have been presented by Germain-Pavlovié-Stffilani [9] and
the first author [3] when the initial data ug € BMO™!(R") small enough. Subsequently,
the similar results for the incompressible MHD equations have been studied by the first
author [4] for (ug,by) € BMO™!(R") small enough. In this paper, we shall prove the global
well-posedness for the incompressible MHD equations with a class of large data (ug,by) €
BMO~(R"). Besides, the space-time regularities also have been proved.
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1. Introduction

This paper is devoted to study the periodic solution for the incompressible MHD equations on
the domain (x,t) € R3 x R*.
The incompressible MHD equations have the following form

fgt]+(U-v>U—uAU+VP: (B-V)B,
OB
5 FU-V)B=(B-V)U -nAB =0, (1.1)

V-U=V-B=0,
kt:O,U:’U,O, B:b(),

where U(z,t) and B(x,t) denote the fluid velocity field and the magnetic field respectively,
P=p+ %|B[2 with p is the pressure. p > 0 is the constant kinematic viscosity, and 1 > 0 is the
constant magnetic diffusivity. For simplicity, we take y = n =1 in this paper.
Magnetohydrodynamics (MHD) equation describes the motion of an electrically conducting
fluid in the presence of the magnetic field, which essentially needs to consider the interaction
between the fluid velocity and the magnetic field. There are a lot of studies on this equation
in the literature. Duraut and Lions [6] constructed a class of global weak solution with finite
energy. In [25], for the two dimensional case, the smoothness and uniqueness of classical solution
have been presented. In [22], the authors have proved the Koch & Tataru [12] type solution
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for for MHD equation (1.1) when initial data (ug,by) € BMO™!(R"). See more efforts in
[8,15,19,20,24,26,27] etc.

To make a clearer introduction to the results of this paper, we shall recall some well-posedness
results of Navier-Stokes equations firstly.

In [17], Leray proved the local well-posedness for local strong solutions and for any finite
square-integrable initial data there exists a (possibly not unique) global in time weak solution
in R™. Moreover, for case of two space dimensions, he proved in [18] the uniqueness of the weak
solution. Subsequently, in the work of Fujita-Kato [7], they proved the local well-posedness
for strong solutions to the Navier-Stokes equations in a scaling invariant space H 31 The
scaling-invariance in the context of the Navier-Stokes equations is as follows. Define

(Ux, P\)(,t) = (AU (Ax, A2t), A2P( Az, \2t)), (1.2)

if the pair (U(z,t), P(x,t)) solves the incompressible Navier-Stokes equations, then (Uj(z,t),
Py(z,t)) is also a pair of solution to the incompressible Navier-Stokes equations with initial
data (Uy(x,0), P\(z,0)) = (AMug(Az), \2Py(Az)). The spaces which are invariant under such
a scaling are also called critical spaces. The study of the Navier-Stokes equations in critical
spaces was initiated by Kato [11] and continued by many authors, see [1,10,23] etc. In 2001
Koch-Tataru [12] proved the existence of solutions to Navier-Stokes equations in R™ when the
corresponding initial data in BMO™!, see also [16]. The space BMO~! has a special role since
it is the largest critical space for Navier-Stokes equations with well-posedness results available.
Hereafter, we call the solution presented by Koch & Tataru [12] as Koch-Tataru solution.

The results listed above are most concerned the incompressible N-S equations with the initial
data small enough. To prove whether global existence or finite time blow up for a large data is a
famous open problem. Recently, in Lei-Lin-Zhou [14] the authors have explored the solution with
the initial data close to a Beltrami flow, and proved the global well-posedness with large data in
the energy space. Subsequently, in Du-Zhou [5], the global well-posedness for the incompressible
N-S equations in BMO~!(R?) have been proved. Motivated by the paper of Du-Zhou [5], this
paper is to study the global well-posedness for the 3D incompressible MHD equations with
general initial data in BMO~!.

The Navier-Stokes equations share some similar structures with MHD equations, therefore,
the space analytical to the Koch & Tataru type solution of the MHD equations (1.1) with
initial data (ug,bg) € BMO™! have been given by [21]. Here, it is also worth to mention that
the MHD equations have their special structures compare to the Navier-Stokes equations. An
impression example is that the global regularity to the axially symmetric solutions to Navier-
Stokes equations are widely open, however, it had been verified by Lei [15] for the axially
symmetric solutions to the ideal MHD equations in three dimensions.

Before stating the main results, we shall give some definitions and notations. Let

Q(yo,7) = B(yo, ) x (0,77] (1.3)
be the space-time ball. For (z,t) € Q(yo,r) means x € B(yo,r) and 0 < t < 72, where

B(yo,r) C R™ is a n-dimensional space ball centered at yo € R™ and radius 7.

Definition 1.1. Let f be a tempered distribution, W be the solution of W; — AW = 0 with
initial data f. Denote

1

2

[fIBMo®n) = sup (7“_"/ VW|2dtdy> ,
yoER” Q(yo,?’)
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we say the function f € Li (R") is in BMO if the semi-norm [f]gn0 is finite.
If there exist g; € BMO and f=>"", gg?, denote
J

[f1Brmo-1@ny = inf Y llgill Baron).
=1

we say f € BMO™! if the above norm [f]ga0-1 is finite.

Clearly the divergence of a vector field with components in BMO is in BMO~!. See more
details in Koch-Tataru [12] and Chapl1 in [16].

In Koch& Tataru [12], the following results have been presented:

Theorem 1.1. If ||ug||garo-1 is small enough, then the incompressible Navier Stokes equations
admits a unique pair of global solution.

Our main result is as follows:

Theorem 1.2. Let A be a given arbitrary constant and My be a arbitrary positive constant,
suppose that the initial data (ug,bo) of system (1.1) is a pair of periodic functions with

/’ w@myz/' boy)dy = 0, (1.4)
T3 (x) T3 (x)

and
[woll Brro—1(r3ynLee sy < Mo, (1.5)
then there exists a constant €y which depend on My and X small enough, the system (1.1) admits
a unique global periodic solution if
IV x uo — Aol aro-1(m3) < €o, (1.6)
and
luo — boll Bpro-1(R3)n Lo (R?) < €0- (1.7)

Remark 1.1. Without loss of generality, in this paper we take T3(z) = [z — m, 2 + 7], x is
the center. Actually, the condition (1.6) looks natural. Roughly speaking, the condition (1.6)
implies that the initial velocity almost parallel to the initial vorticity, which illumined by the
Beltrami flow. The constrain (1.7) means that the initial data by is just similar to ug.

Furthermore, we also have the following results:

Theorem 1.3. Under the conditions of Theorem 1.2, then the solution presented by Theorem
1.2 is analytic about the space and time.

We immediately obtain the following decay estimates.

Corollary 1.1. Under the condition of Theorem 1.2, then there exists a constant C(m, k), such
that the unique solution (U, B) of (1.1) satisfying

m m —El_
107" VFU || oo r3y + 107" VF B oo gy < Ct 2 7™, (1.8)

for any t > 0 and integers m,k > 0.
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Our results do not need ||ug|| garo-1 and ||bo|| paro-1small, actually, we can take it as large
as we want. Therefore, to prove the large data results for the incompressible MHD equations in
BMO™! space, we need to explore the structure of the nonlinear term, where we have used the
idea “nonlinear small” from Chemin et al. [2]. It expanded the results of Koch-Tataru [12].

This paper is organized as following: In the next section, we present some preliminaries and
some prepare work for the linear homogenous heat equation. The main theorem will be proved
in Section 3. Throughout this paper, we sometimes use the notation A < B as an equivalent to
A < CB with a uniform constant C'.

2. Preliminaries

At the beginning, we recall some properties for the Leary projection operator P to divergence
free vector fields, which is defined by its matrix valued Fourier multiplier P(§) = &;; — f’ff . For

5 2
any multi-indices , this symbol satisfies Mihlin-Hormander condition sup [§|*[0gP(§)| < C.
€10

Besides, we have the following pointwise bound (see [16]).

Lemma 2.1. Denote et is the heat operator, n is the space dimensions, and If”(x,t) 1s the

kernel of VFH1Pet®, then holds

- 1
B, 1) < OOy i

(2.1)

where and C(k) is a constant depending on k.

2

Lemma 2.2. Let K(z,t) = ﬁef%t, then there exists a polynomial Jk+2m(%) with degree
k 4+ 2m, such that
OMVEK (z,1) = — K(z, ) JF2m(2). 2.2
; (z,1) o (z,1) ( \/i) (2.2)
Proof. It can be proved by induction. Ol

For completeness, we also give the following well-known equality:

Lemma 2.3. Let V- f =0 and 7 - g = 0, then we have

fvg+g-vf=—fx(Uxg)—gx(vxf)+v(f-9), (2.3)

and
(f-)g—(g9-V)f =V x(gx[) (2.4)
To go ahead, we introduce the following function set:

Definition 2.1. Let f be a function defined on R? x [0,T) (0 < T < +o00). We say f € Xrp if

1
1 2
1fllr 2 sup 3 fll s+ sup <7~—3 / |f|2dydt) <t (25)
0<t<T 0<r<vT Q(yo,r)
We say f € Yrp if
1flvr 2 sup t)floms +  sup 7“3/ | f|dydt < +o0. (2.6)
0<t<T 0<r<vT Q(yo,r)
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At the beginning, we shall give some estimates for the following homogenous heat equation
in R™:

Ou— Au =10
e 2u =0 (2.7)
u|t:0 = ug, V- ug = 0.
We have the following proposition:
Proposition 2.1. There exists a uniform constant Cy, such that
lullx; < Colluoll prro-1- (2.8)
Proof. We write the solution of the linear equation as
u = S(t)ug, (2.9)
where S(t) is the heat flow. Then we have:
3t
1 1 8
t2||ul| oo (rny = 472 S(t—71)(S(T)ug)dr
5 Lo (R")
3t 1/2
1 8 1 w92 2
<t 2 / ( ——e 40-7) uQ dg]) dr
5 /R VS (#500) L (R")
1/2
(=2
<t 3 (/ / —e ~ 4= ( O)ngde) At
00 2 A 1/2
< e T —5 / / e dyd7'>
H <Z_: vt <lv—g] y‘<q+1 ) Lo (R™)
1/2
< sup < / / e™A ) dyd7'>
B(y,V/t)CRn \/m y\f
S llwoll Baro—1 (- (2.10)
. _ 2 1/2
We need to estimate the term yslellg" (r n fQ(yo,r) U dydT) .
1/2
sup <7’”/ quydt) < sup rHuHLoo Qo))
YoER™ Q(yo,r) YoER™
< sup - / S(t )dT
voeRr 11/ 55 L2 (Q(yo:))
2
< 1 / 5 < e 4(f T)
S sup =
yoeRn T - Rn — T
A ~ 2,5~ :
X (eT uo(y—y,T)) dy | dr
L=*(Q(yo,r))
3r2 1
8 2
< sup (/2 ||eTAu0|%OO(R3)dT> (2.11)
YoER™ 5 L>*(Q(yo,r))
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Recalling (2.10) that T%||€TAUO”LOO(RW,) S lluoll Brro-1(mny, Wwe have

= :
B(y(?%)CR" </*828 HeTAuO”?LOO(TS)dT) L2 (Q(yo,7)) S elzarom 212
Combining (2.10)-(2.12), we completed this proof. O
Corollary 2.1. For any integers m,k > 0 we have
6270V rul xS llwol saso-r- (2.13)

Proof. Similar to the proof of Proposition 2.1, by Lemma 2.2, we have:

+

3t

= 4tk21+m‘ /8 aZndS(t—T)(eTAuo)dT

(/nw

< COHUOHBMO*L (2.14)

We still need to estimate the term  sup ~ (r™" fQ( )(t§+m8[”Vku)2dydt) 12, Here, if we
Yo ER™ r>0 voor
estimate it directly as in (2.11), then we will have a non-integrable factor. By using 9/"u =

IO = A™u, we get

sup <7"_"/ (t§+m6tmvku)2dydt)
YyoER™,r>0 Q(yo,r)

1/2
< sup <7’_”/ (t§+mvk+2mu)2dydt> : (2.15)
YyoER™,r>0 Q(yo,r)

1/2

Therefore, it is sufficient to estimate the term  sup  (r™" |, Qo) (tgvkufdydt) Y2 for any
Yo ER™ r>0 ’
integer k > 0.

. ) 1/2
sup <r_”/ (tivku) dydt>
yoER™ r>0 Q(yo,r)

< sup rHt%VkuHLoo(

yoER™,r>0 Qwo.r))
3r2
1 8
< sup - t2 /2 S(t—T)Vk(eTAuo)dT
yo€R?r>0 T = L>(Q(yo,r))
3r2 L
E 8 2
s s ([ IV Bl nr)
Yo ER™ 0 <t <12 = L>(Q(yo,r))

8
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32 k/2\ ok TA 2 1
T Ve ™ upl| < 2
¢ A([F O ),
YoE€R™ 0<t<r2 2 T
SlwollBao-1- (2.16)
In the last inequality above, we have used (2.14). O
Proposition 2.2. Let G| be a tensor, and Vi be the solution of the following system,
Vig = AVI + VP =V -Gy,
V-V =0, (2.17)
t=0: V1 =0,
then we have
Villx, S I1Gallye- (2.18)
Proof. First, we rewrite the system (2.17) as an integral equation
t
= / St —7)PV - Gidr. (2.19)
0
When 0 < 7 < t/2, by using Lemma 2.1, we get:
. t/2
t2 S(t—7)PV-Gidr
Lo (R™)
) t/2
t2 - Gidydr
/ / V=14 y —g|)nt! Loo(R™)
t/2 1
S ’Glf dydr
R (1+ L(R")
00 t/2 ‘Gl‘
< dy dr
\f =0 gzl cgir (L)1 Lo (Rn)
< \Gl\ dydr
S HGlHYT~ (2.20)
If%ngt,weget
1 1G1ll Lo mm)
S(t—71)PV-Gy| < / - dgj' |G1|| oo mny S ——F——-. (2.21)
|5( ) ‘ rn (V=T + [y — g)n (R™) Vi1
Therefore we have
) t t
t2 S(t—71)PV-Gydr < / T”G]_HLOO re) dT S |G|y - (2.22)
Loy Jt/2 \f\/ = !

t/2
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2
We still need to estimate the term  sup - [/ fB(yo ") \Vi(s,y)|?dyds. For any given

Yo ER™ r>0
yo € R™ and r > 0, take a smooth cut-off function
1, |y—uo| <3,
\ (g) _ |y — yol < 3r (2.93)
r 0, |y—yol =5r

Then, it is sufficient to estimate the following term

t 2
I = sup <7‘"/ (V/ S(t —1)PxGy dT) dydt) ’
YyoER™,r>0 Q(yo,r) 0

t 2 2
+ sup <r‘”/ (V/ S(t—7)P(1 —x)G1 d7'> dydt>
YyoER™ r>0 Q(yo,r) 0
2L+ D (2.24)

To deal with I, we will drop the projector P, which is a bounded operator in L? and which
commutes with S(¢ — 7), V and the integral about ¢. We set up a heat function

Wy — AW =xG1,  W|,_,=0. (2.25)

2
Then I; = sup (r—n \var/alp: > . By Lemma 2.3, we get
yo€R™ >0 I ”L2(Q(y0,7’))

7"2 7'2
1YW 12 000y < /0 / (VIV)2dydr < /O /R NG W |dydr. (2.26)

For the term fOTQ Jgn [XG1W |dydt, recalling that x = x(y/r) and t < r?, we have

r2 2
/O /R G W [dydr < Wl ((s5m) / /R G dydr, (2.27)

where

T

/2
Wl Lo (Qyo,5r)) = H /0 S(t — s)xGrds + B S(r — s)xGrds

(2.28)

L2 (Q(yo,57))

We shall study the above inequality separately.
By Lemma 2.2, we have

T/2
H/ S(t—s)G1ds
0 L (Q(yo,5r))

1 [P 2
< —q i
NHﬁn/o qzo/q<”<q+le G djjds

NG

1 T
s sw [ jaidids
yeRr 0<r<T* VT Jo JBy,v7)
SIG vy - (2.29)

L>2(Q(yo,57))
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Recalling the definition of the cut-off function x, we have

L %5 o did
—pe W= x(G1 dyds
7/2 nm" L (Q(yo,57))
(=9
S 4(Ts>s Vdgds - 7]|G1|| 7
//2 5 m gds - TlIG1 | 2(@two.5m)
1
Sl [ Sis
7'/23
SIG vy -

To finish the estimate of I;, from (2.27), we still need to estimate

7"2 7'2
/ / XGildydr < v / / Ghldydr < |G llys.
0 n 0 B(yo,5r)

Combining (2.26)-(2.31), we get
LS Gy

As to the term Iy, we have

2
122: sup r?

t
V/ St —7)P(1 —x)G1dr
0<r<vT

L Qo)

When 0 < 7 < t < (r/2)?, noting the cut-off function 1 — x and Lemma 2.1, we have

2
sup r? V/St—r) (1 —=x)Gidr
YoER™ 0<r<VT

L>2(Q(yo,r))
2

E
< osup P x(;) G| didr

Yo ER™ ,0<r</T / /n Vi—T+ ’y y’)n—i—l
t 00
G
S sup r? / / | Tlirl dydr
Yo€R™,0<r</T gr<ly—gl<(g+1)r (@r)

1
S sup (n/ / |G1|dg]d7'>
yoeRm,0<r<vT \T J0O JB(yr)

S G,

2

For the remaining part (r/2)? < t < r?, we shall divide into two parts to estimate.

(i): When (r/2)? <t <72 and 0 < 7 < t/2, by Lemma 2.1, we have

t/2 2
sup r2 ||V St —71)P(1—x)Gydr
YoER™,0<r<V/T 0 L>(Q(yo,r))
2 (1-x) 2
S sup - |G1(7,9)| dgdr
YR 0<r</T n (VE—T7 4y —g[)nt!
t/g 0 G 2
< sup G, T'qﬁ‘l dgd
YOERM 0<r<y/T <qt1 (1 +4) L%(Q(yor))

L>2(Q(yo,r))

L= (Q(yo,r))

L (Q(yo.r))

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)
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2

1 t/2 o0 !
: yoER”S,BlETS\/T tn/o QZ:; (1+ )+t /(y Vi) (G1(n.9)] dgar L (Q(yo.r))
S IG5, (2.35)
(ii): When (r/2)? <t <r? and t/2 < 7 < t, we have
(L= 0G| S VG £ = [Gally. (2:36)

Then by (2.36) and Lemma 2.1, we get

2
sup 7"2
yo,7>0

V. t S(t—T)IP’( —x)Gydr

L>=(Q(yo.7))
1

2
d§d7>
f o (VI )
1 2
= dyd
\f R E— 7 (14 Syt y7’>

g HGl“%/T

"
S ||G1H%T(
(

\/7 2
ste ([, v / i )
S Gl (2.37)
Then from (2.33)-(2.37), we can get
I S 1G5 (2.38)
U

Corollary 2.2. Under the same conditions of Proposition 2.2, for any integers m,k > 0 we
have .
1620V EV | xp S G e (2.39)

Proof. This result can be verified similarly to Corollary 2.1. See also [9] and [3]. O
Proposition 2.3. Let fT3(I) Ga(y,-)dy =0, and V, be the solution of the following system:

‘/ét*A‘/Q‘FVPQ:GQ’
V-V, =0, (2.40)
t=0: Vo =0,

then for any positive integers m and k, we have
[t R OEV ™ Vallxep S (162 ROV Gy (2.41)

Proof. It is sufficient to prove the case when m = k = 0. For any given r* > 0, we have

Galw )= f | (Golt0) — Calt )y

][ / —Gtm—i—sy)dsdy
T(0)
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1
-V (/ ][ G(t,x+sz)zdzds>
0 J T (0)
Ga(x,t) (2.42)
where
/ ][ (z + sz)zdzds. (2.43)
’I[‘n
Now by using Proposition 2.2, we get
IVallxy S [1Gallvs- (2.44)
For the term ||Gal|y;., we have
1
sup t||G2||Loo Rn)y = sup t ‘/ ][ Ga(t,x + sz)zdzds
0<t< o<t<T || Jo J 1n(0) Lo (R7)
S sup |Gl peegny, (2.45)
o<t<T
and
sup / / |Go| dydr
o<r<yT " (z,r)
= sup / / </ ][ |Ga (T, + s2)z ]dzds) dxdr
o<r<vT " B(yo, T (0)
= sup / n/ ][ 2] / |G (7, x + sz)| dedzdrds
0<r<yvT /0 T T"(0) (,7)
< sup / / |Ga(T,y)| dydr. (2.46)
0<r<yT " B(z,r)
Combining (2.44)—(2.46), this proposition is proved. O
3. Proof of the Theorem 1.2
Write the solution U of (1.1) as
U=u+v, B=b+r, (3.1)
where u = e'®uy and b = e'*by. Then from the system (1.1) we get
—Av+Vp=—@w-V)v—u-Vov—v-Vu—u-Vu
+b-Vo+b-Vr+r-Vb+r-Vr, (3.2)
and
—Ar=—u-Vb—u-Vr—v-Vb—v-Vr
+b-Vu+b-Vo+r-Vu+r-Vo. (3.3)

Now, we are ready to prove the main results of our paper. We shall study our problem by

the classical fixed point argument. First, we introduce the following space:
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Definition 3.1. Let 0 < ¢g < € < 1 and T > 0 be given constants. We say (f,g) € Ep if the
following hold:

(i) f(x) and g(x) are periodic functions on T?;
(ii) H(fvg)HET,e = HfHXT + HgHXT <€
(ili) V- f=V-g=0 and [V x f=Alxz [V xg=Alsxr: If = gllxr < o
We define v = §v and r = §7 by solving the following linear equations with v,7 € Ep:
—Av+Vp
=—u-Vu—2-Vo—u-Vo—9-Vu+b-Vb+b-Vir+7-Vb+7-VT
=ux(Vxu—-—A\u) =V -(0@0+u®@0+0®@u) —bx (V xb—Ab)

o - Jul® — [0
+V - FRT+bR7T+7®b) -V e

2 b2
= 5.4

and
—-Ar=—u-Vb—u-Vr—0-Vb—0-Vi+b-Vu+b-Vo+7-Vu+7r-V0o
=V - 00u-u®@b+bR0-1Q00+TQu—-UuRT+7R0—-0QT)
=-V x[(u+72) x (b+7)]
L2 B, (3.5)
The proof of our main theorem.

Proof. We shall prove the main theorem by using the fixed point argument. For simplicity, we
write the solution of (3.4)-(3.5) as (v,r) = §(0,7). Before that, we give the following proposition.

Proposition 3.1. When (0,7) € Er., then there exists a uniform constant Cy, for Ty =
1

Tranzcs We have
o= rllxs, < €o. (3.6)
Proof. By using (3.4) and (3.5), we have
8t(v r)—A(v—r)+ VP
—[(u+0)-V][(u+0) = (b+7)] = [(b+7) - V][(u+70) = (b+7)]
—(u-V)(u=0) = (u-V)(©—=7) = (0-V)(u—-0b) = (0-V)(0 -7)
—(b VI(u—=0)—(b-V)(0o—-7)— (7 -V)(u—0)— (7 V)(0—7). (3.7)

Then by Proposition 2.2, we get
[0 = 7llxr S Nl + [6))(Jw =0 + [0 = FDllvz + (0] + [F)([w = b + |0 = 7)) lv4
ST (lullzee + 18] z2) (= bllxy + 19 = #lx,)
+ (Iollxy + 17l x7) (le = bllxy, + 10 = 7l x7)
< eey+ T%M(]GQ
< Cyeeg + C()T%Moeo, (3.8)

where Cj is a uniform constant. By taking e small enough and Ty = we proved this

1
- 1+4MEC?’
proposition. O
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3.1. Estimating the bound for (v,r) = §(7,7)
At the beginning, we give the following prepare work.

Proposition 3.2. When (0,7) € Er ., then we have

/ Fi@)de = | Fy(x)dz =0, (3.9)
T3 T3

Proof. By noting the periodic boundary condition, it is sufficient to estimate ng ux (Vxu—
Au)dz.

2
/ ux (Vxu—Au)dr = Jul® _ (u®u)dr =0. (3.10)
T3 T3 2

O
Recall that the initial data (ug,bg) satisfying (1.6) and (1.7), for VI' > 0, (9,7) € Er,, by
using Proposition 2.3 and Proposition 3.2, we have

[vllxy S llux (V xu—Au)lly + [[bx (V x 0 = A0)||yy,
+ |0 x (VX0 =X0)|lyy + [Ju x (V X 0= A0)|ly,
+ |17 X (VX 7= AF)|lyy + |0 X (V X u— )|y,
+ 16X (VX7 = AF)|lyye + |7 x (V x b= Xb) ||y
S (lullxr + 10l x2) IV x w = Auflxr)
+ (lullxy + [12llxy + 10llx,) [V % 0 = Av[|x,)
+ (7l x7 + 1Bl x) [V X 7 = AF||x.)
+7llx, [V x b = Abl|x.- (3.11)

To estimate the term ||V X u — Aju||x,, noting that
V X u— Au = eV x ug — Aug), (3.12)

we set up the system as

—Ag=0
g 29= (3.13)
t=0: g=V Xuy— Aug,
then following Proposition 2.1, we have
”V XU — )\UHXT S HV X ug — )‘UOHBMofl(RS) S €0. (3.14)
Similarly, we have
||V Xb— )\bHXT S ||V X bo — /\bUHBMofl(RL”) S €0- (3.15)
Combining (3.11)-(3.15), we get the bound as
[vlixy < €0Mo + €e€o <, (3.16)

where we take €y small enough such that Mpey < €/2.
Similarly, we can get

17llxz S [lu > bllvy + [lu x 740 X blly, + |0 % vy
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S 1w =6) X bllyy + [[(w =) X Fllyg, + [[(0 = 7) X bllyy + [[(0 = 7) X 7|y,
S ([0 = 7llxr + llu = bl )0l xr + 17 x7)- (3.17)

Similar to (3.13)—(3.14), we get
lu = bllxz = [le" (uo = bo)llxr < lluo = bollpno-1 (ze) S €o- (3.18)
Combining (3.17)—(3.18), by taking €y small enough, we get

7]l x, < e (3.19)

3.2. Proving that (v,r) = §(?0,7) is a contracting map

By a similar process, let (v1,71) be the corresponding solution to (3.4)—(3.5) when (01,71) € Er,.
and (v, r2) be the solution with (0, 72) € Ep.
Denote ¥ = 0, — U9, 7 = 71 — 79, U = v1 — V2, and ¥ = 11 — r9; then there holds:
O — A= —(02 - V)0 — (0- V)01 — (u- V)0 — (0 V)u
+ (b-V)F+ (F-V)b+ (7 V)i + (F2 - V)T (3.20)

By using Proposition 2.2, we have

1Pllx7 S (02llxr + [101]x7 + [72llx7 + 172l xr
+ T2 (ful o + [1B]l 2o ) (17l + 7] 57)
< Cule + T2 Mo) (|77 + 17l x7), (3.21)

where (' is a uniform constant.
Similarly, we also have

17z < (92l xr + 007 + 172l x7 + 171l xp

+ T2 (ffull oo + (1Bl ) (N7 + 1711 x2)

< Ci(e+ T Mo) (17| + 1]l x)- (3.22)
For € small enough, we take
= 1—1-41]\43012’ (3.23)
then for t € [0,77], from (3.21) and (3.22), we have
17l + 19l x, < 19l + 7] x.- (3.24)

3.3. Estimate of |V x v — \v||x, and ||V X — Ar|/x,

By using (3.4), we get

2 |52 2 %2
(Vxv—)\v)t—A(va—)\v)—/\V<p—|—luz‘+‘v2’+u-’f)—62’—r2|—b-77>

:Vx(ux(qu—)\u)+z7x(Vxﬁ—)\f;)%—ux(Vxﬁ—)\f))
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+ox(Vxu—Au)—bx (Vxb—Ab) —bx (VX7 —AF)
—7x (Vxb—Xb)+7 x (fo—AF))
—)\<u>< (Vxu—du)+0x (VXx0—A0)4+ux(Vx0—A0)
+0x (Vxu—Au)—bx (Vxb—=Ab)—bx (VX7 —\F)
fx(be)\b)JrFx(fo)\f)), (3.25)
and
(Vxr—=Ar)y—A(V xr—Ar)
=V X <u>< b—u)+uxr—(b—u)x0—uxr+(0—7) xf). (3.26)
Following Proposition 2.2 and Proposition 2.3, we get
IV xv— vl x,
SA+A)lux (Vxu—Au)+0x (Vx0—=A0)+ux (Vx0—A0)|y,
< Co(1 + A (MoT2 + €)eo, (3.27)
and
IV xr—Ar|x,
SA+ M) lux (b—u)+uxi—(b—u)x0—ux7+ (0—7) X 7|y,
< Co(1 + AN (MoT= + €)eo, (3.28)
where (5 is a uniform constant.
For € small enough, we take
1
Th=————— 3.29
2T 14+ 4NM2ECT (3.29)
then when T' < T3, we have
IV xv—XMl|x,, |V xr—A|x, <eo. (3.30)
Taking
T = min{Ty, Th, T>}, (3.31)

then from (3.16), (3.19), (3.24), and (3.30), the system (3.2)-(3.3) admits a unique pair of

solutions on [0, T.

3.4. Extension of the local solution

Based on the computations above, at time ¢t = T, we have
(i) (v(x,T),r(z,T)) is a pair of periodic functions on T3;
(i) [(o(z, T),r(z,T))llgmo-1 <€

(iii) V-o=V-r=0and ||V x v —Xv|gmo-1, IV X1 —=Ar|gmo-1, [V — 7llgmo-t < €o-

Then we take (v(z,T),r(x,T)) as the initial data and repeat the process above; we can thus

obtain the global well-posedness.

O]



Global solution for the incompressible MHD equations 2169

4. Time and spatial analyticity

In this section, we prove Theorem 1.3 and Corollary 1.1. The argument follows a very similar
procedure to the proof of Theorem 1.2. Before proceeding, we first define the following:
Definition 4.1. Let g be a function defined on R™ x [0,7%) (0 < T* < 400). For any integers
M,K >0, wesay g € X%’K if

M K

k1
oy = = 3 ((supt 5o TPl
m=0 k=0

+ sup (7“_3 /
Yo€ER3,r>0 Q(yo,r)

< +00. (4.1)

1
2 2
t§+matmvkg’ dydt) >

For M, K = 0, X% (simply denoted as X) is the Koch-Tataru space; for M = 0, K > 0, a
similar definition can be found in [9]. It is obvious that X%’K for M, K > 0 is a Banach space.
Moreover, we have that g € X%’K if and only if M +§8§‘/1 VEg € Xp« for any g.

Subsequently, we introduce the following function spaces:

Definition 4.2. Let 0 < ¢ < 1 and T > 0 be given constants. For any integers M, K > 0, we
say f € E¥ éK if the following conditions hold:

(i) f(z) is a periodic function on T3;

.. N

(i) HfHEg{;K £ (|f lyarre < e

Repeating the process in Section 3, we can prove Theorem 1.3 and Corollary 1.1. For
simplicity, we omit the details here.
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