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HYPERSTABILITY ANALYSIS FOR APOLLONIUS FUNCTIONAL
EQUATIONS WITH FIXED POINT THEORY
BASED ON A QUASI SPACE
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Abstract This paper investigates a fixed-point theorem within the framework of quasi-
(m, B)-normed spaces, extending the results of Brzdek [5] and El-Fassi [6] to a more gen-
eralized setting. The extension is utilized to study the hyperstability of Apollonius-type
functional equations, emphasizing the role of inequalities in stability analysis. By employ-
ing advanced fixed-point methods, we provide a comprehensive framework that highlights
the interplay between inequalities and stability phenomena in functional equations. These
findings contribute to the growing body of research on inequalities in functional analysis and
their applications in diverse mathematical contexts.

Keywords Apollonius type functional equation, hyperstability, (m, 8)-normed space, fixed
point theorem.
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1. Introduction

A review of the evolution of stability theory for functional equations is essential as a starting
point. The foundation of this theory dates back to 1925, when Poélya and Szegd’s [27] pioneering
work presented a significant stability result. Since then, numerous researchers have contributed
to the development and deepening of this theory, exploring various aspects and generalizations.
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Notably, many authors have investigated the stability of functional equations under different con-
ditions and in diverse mathematical structures [1,11,13,22,29,30]. The question “if a solution to
a slightly perturbed version of a functional equation is found, under what circumstances can we
guarantee that this solution remains close to the exact solution of the original equation?” about
stability of functional equation was raised by the Ulam [31] the case of group homomorphisms
in 1940. In 1941, Hyers [12] provided an initial answer to Ulam’s question regardg the stability
of functional equations in Banach spaces. Rassias [28] extended this foundational work in 1978
and introduced a generalized version of Hyers’ theorem by considering additive mappings with
unbounded control functions. Rassias’ extension significantly contributed to developing what
is now called Hyers-Ulam-Rassias stability for functional equations. Over time, several mathe-
maticians have explored related problems various spaces, we refer [14-19, 27| for more details.
However, a number of researchers [2,5,6,24] have already used fixed point theorems to the theory
of Hyers-Ulam Rassis stability, and it appears that Baker [3] is the first to employ this approach
in this area of study. In the context of fixed point methods applied to stability theory, Brzdek et
al. [6] and Dung et al. [7] obtained notable results in metric and quasi-Banach spaces, while El-
Fassi [8] found hyperstability results for radical-type functional equations in quasi-(2, 5)-normed
spaces. These contributions, while important, are often restricted to particular functional equa-
tions or certain normed spaces. In contrast, our work generalizes the fixed point framework to
quasi-(m, B)-normed spaces, which include and extend many previously studied cases. Moreover,
unlike earlier works that dealt with radical-type or classical additive equations, we investigate
the Apollonius-type additive functional equation, for which no hyperstability results currently
exist. This establishes our research as a methodological and structural extension of the existing
literature.

To the best of our knowledge, the initial hyperstability finding appeared in [4] and related
to ring homomorphisms. However, it appears that the word hyperstability was first used in [23]
(commonly mistaken with superstability, which accepts bounded functions).

In 2008, Park and T. M. Rassias [26] introduced the following Apollonius type additive
functional equation

Pl )+ 210y = ) 4 20, + ) = 4 (3, - 2,

Kim and J. M. Rassias [21] investigated the functional equation in modular space and fuzzy
Banach spaces. El-Fassi [8] found hyperstability result for the Apollonius equation on a restricted
domain in normed space. Although, there is no result on the hyperstability of Apollonius type
additive functional equation. Thus, we investigate the hyperstability of Apollonius type additive
functional equation in quasi (m, §)-normed space.

In 2018, the fixed point theorem of Brzdek et al [6] was extended by Dung et al. [7] in metric
space to quasi-Banach spaces and also found the hyperstability for the general linear equation.
In 2020, El Fassi extended the fixed point theorem in quasi-(2, 3)-normed space and found the
hyperstability of radical-type functional equation. As far as we know, there is no result on fixed
point theorem in quasi (m, 8)-normed space, thus we extend the Brzdek et al and El Fassi results
on fixed point theorem.

A. Misiak [25] defined m-normed spaces in 1989 as a generalisation of the concept of 2-normed
spaces, which was first proposed by S. Géhler |9, 10] 25 years prior. In 2015, Yang et al. [32]
provide the notion of (m, #)-normed space. Here, we generalize the concept of (m, 3)-normed
space and provide the notion of quasi-(m, 5)-normed space.
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The aim of this research is to find the notion of quasi-(m, )-normed space. Later, we
investigates the validity of a fixed point theorem with the framework of quasi-(m, 8)-normed
spaces, extending the foundational results established by Brzdek and El-Fassi. At last, using the
results of fixed point theory, we study the hyperstability for Apollonius type additive functional
equation in quasi (m, §)-normed space.

Throughout this paper, Ny represents the set of whole numbers, N represents the set of
natural numbers, R denote the set of real numbers, Ry denotes the set of real numbers excludg
zero, Ry denotes the set of positive real numbers and the parameters m, 5, p and € are used with
the following meanings: m € N denotes the number of vectors in the m-tuple norm structure,
B > 0 represents the weight or scaling parameter in the (m, ) norm and £ is the modulus of
convexity parameter. p > 0 is the order parameter that determines the degree of the quasi-norm,
controlling how sizes and distances are aggregated in our stability and fixed-point framework.

Now, we generalize the basic definitions, terminology, and typical characteristics of quasi-

(m, B)-NS.

Definition 1.1. [20] Let Y(R)(dimil > n) be a vector space and [|.,...,.|[g : 4" — R be a
mapping holds below conditions

w305 s 3m—1]|p = 0 <> wq, ..., uy, are linearly dependent,

- |u, 315 -, 3m—1|p is invariant under permutations of u, 3y, ..., jm—1,

e sas s smeslls = lel®lus 2, ey smea ],

90 sl < 1300 o 3l [ 0,300 3l

=W NN =

for all u,9,31,....,3m—1 €4 cERand 0 < < 1.

The mapping ||.,...,.||[g is known as (m,)-norm and the pair (4, ||.,...,.||g) is known as
(m, B)-NS.
Definition 1.2. Let §(R)(dimil > n) be a vector space and ||.,...,.|| : 4 — R be a mapping
holds below conditions

Lo |Jw, 315 ey 3m—1llqg = 0 <> u1, ..., uy are linearly dependent,

2. |4, 31, -y 3m—21]|q Is invariant under permutations of u, 3., ..., jm—1,

3. [|ew, 31, '--a5m71||q = |e[l[u, 31, ""3mfl”q7

4' ”u + 073l7 ~-‘73m—1”q S E(Hua$l7 -"75m—1”q + Hu + 07317 "'73111—1”q)
for all u,9,31,...,3m—1 €4, cE€Rand 0 < # <1, and ¢ is the modulus of concavity.

The mapping ||., ..., .|| is known as quasi-m-norm and the pair (&, ||.,...,.|[) is known as
quasi-m-NS.

The main difference between quasi-m-norm and m-norm is modulus of concavity. In quasi-
m-norm the value of the modulus of concavity is greater than or equal to 1 and in m-norm the
value of the modulus of concavity is equal to 1.

Definition 1.3. Let Y(R)(dimil > n) be a vector space and ||.,...,.|| : 4" — R be a mapping
holds below conditions
Lo {Jw, 305 3m—1llq,3 = 0 <> u1, ..., u, are linearly dependent,

2. |4, 31, s 3m—1]q,3 Is invariant under permutations of u,3,, ..., jm—1,
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3. ”0ua317 "'73m*l||q,,3 = |C‘ﬁ||ua517 -~-73m71| 9,8

q,8 < P(Hu,gl, "'75111—1’ 0.6 T Hnaﬁla "'73111—1‘

4. |u+10,31, . 3m-1] 0s)

for all u,9,31,...,3m—1 €4, cE€Rand 0 < # <1, and ¢ is the modulus of concavity.
The mapping ||., ..., .||q, is known as quasi-(m, §)-norm and the pair (4,1, ..., .|[q,8) is known
as quasi-(m, 5)-NS.

Example 1.1. Let 4 = R” with m = n and 0 < 8 < 1. For any vectors u,3;,...,3m—1 € R",
define the mapping ||u, 31, ...; 3m—1|q.,8 = | det{u, 31, ..., 3m—1 }|”, where det{u, 31, ..., 3m—1 } denotes
the determinant of the m X n matrix whose columns are the given vectors. Then the pair
(R™, ||ty 315 - dm—1]lq,8) is & quasi-(m, §)-NS.

Lemma 1.1. Suppose (L, |.,...,.||q,3) is a quasi-(m,3)-NS, m > 2,0 < f < 1. Ifv € U and
110,315 3m—1|lq,3 = O for all linearly independent vectors 3., ...,3m—r € 4, then v = 0.

Proof. Let us suppose that v # 0. Also, it is given that dim({) = m, so choose a set
{31, ---y3m—1} of linearly independent vectors from . Now using definition(1.3), we find that
[1t,31, s 3m—1|]q,8 7 O which is contradiction, hence v = 0. O

The advantage of this work lies in that it generalizes the fixed-point approaches to quasi-
(m, B)-normed spaces, yielding more flexiblility than conventional normed structures and en-
abling a more efficient framework of hyperstability analysis. Innovation lies in the construction
of a new family of fixed-point theorems for contractive-type mappings in the generalized setup
and applying them to establish the hyperstability of Apollonius-type functional equations, which
has not been carried out previously in literature. The motivation is the rising appeal to gen-
eralized spaces as universal tools for the description of non-standard convergence and stability
behaviors and for expanding the usage of the fixed-point methodologies in functional equations.
One of the weaknesses of the present work, however, is that the results are restricted to quasi-
(m, B)-normed spaces; generalizing these conceptions to other spaces such as modular spaces or
the variable exponent Lebesgue spaces is an open pathway for future study.

2. Main results

In this part, we discuss our results, starting with the formulation of an equivalent quasi-m
norm in a quasi-m normed space. In Theorem 2.1, we prove that every quasi-m normed space
admits an equivalent quasi-m norm having the same topology. Theorem 2.2 shows that this
equivalent norm preserves the main inequalities and structure of the space, sometimes with
better bounds. Theorem 2.3 applies these results to stability theory, proving that stability and
continuity properties with respect to the original norm also hold for the equivalent norm.

Theorem 2.1. Let (U, |.,...,.[|q,€) be a quasi-m-NS. There is an equivalent quasi-m-norm |||.,
e |llq on LU holds

w40, 525 oo dma [ [1§ < (130, 3mal 1§ + 110,32, s 3ma |1 (2.1)

for all u, 0,31, ..., 3m—1 € & and p (0, 1], with

n 1
p
I, 31, '~-73m71|||q = f{ (Z llui, 31, ---a3m1||§> }7 (2.2)
7

where, w =" | Wi, 31, ..., 3m—r Y and p = logyem.
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Proof. Let £ be the modulus of concavity of ||.,...,.||q and mvy = 2¢. Let 315 3m—1 € 4 be
fixed and define a new quasi-m-norm by

n 1 n
p
118, 3, -ees 3| llg = f{ (Z [ '--75m—1‘|2> } u=> u. (2.3)
7 =1

It is clear that |||aus, 31, ..., 3m—1lllq = [/t 31 o dmerlllqs 11630, s 3m—slllq < [t 32, s Fm—1llq
and fulfils the inequality requirement. Now, we prove that

n 2 n %
quiaély"'vém—luq Smp <quivél7"'73m—l“g> (24)
=1 =1

2
for all {u;}?_;. This means that |[u, 3., ..., 3m—1|lq < m?[||U, 31, ..., 3m—1]||q and concludes the result.

t
Now, for every u € 4 take N, (u) = m#¥, where the integer t is taken such that

7"'73\“—1
t—1 t
m » < ||u)3l7 -'~75m—1Hq S me.

The inequality (2.1) is proved by showing that

=

p

n l n
DINERSNERT S I (25)
i=1 =1

t
Suppose there are two w;’s say u and v such that Ny, . = (u) =N,  5._,(0) = m¥ then, we
can replace the pair u, v in the proof of (2.5) by their sum. Certainly,

t
Hu + t)7517 °")3m—l”q S E||u7315 ‘--)3m—1”q + E||053l7 "‘73m—lHq S ZEmP
by the choice of p. Thus
N; (W) + N, (0)P. (2.6)

Using (2.6) and reorganising the u;’s, let the sequence {Nj, . ;._, (u)P}I_; be a strictly decreasing
sequence. So,

_ ot
l,m,jm—l(u + U)p =m - N;lw“:jm—l

—(@{-1)
Hui7317 "‘73m_1Hq S '/\/‘317---7311171 (ui) S m. ¥ ‘/\/éla--wémfl (ul)

for all i(1 <i < mn). The iterative use of the concavity modulus definition and the definition of p
provides

n
H Zui73l7 -"73m—1||q S E||ul53l7 "‘73m—lHq + EZH“Z;&JJ °")3m—l||q + + EnHunuﬁlv -~-u3m—1”q
=1
—(i-1)

< ZMl,...,zm_l (uy)€'m ™

=1

n
1 1 1
= mp'/\[ﬁlv---:?ﬂmfl § :5 < m”./\/;,l’.__73m71

i=1

S m% <Z'/\/'317---73ml(ui)p> ’ (27)
=1

as required. O
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Theorem 2.2. If (4, ||.,...,.|q) is a quasi-m-norm space then (L, |., ..., .||q,8) is a quasi-(m, [3)-
norm space, i.e.

[lus, 31 ---vZﬁm*l”q,,B = [Jug, 31, ---»Zﬁmleé} VU, 3e,endma Y 0< B < 1L

Proof. Since 4 is a quasi-m-norm space, then

(1) Hul,gl,...,gm_lﬂqﬂ =0 <= ||Ju,31,0dmallg =0 <= {ui,31,...,3m—1} is linearly
dependent.
(2) [|u1,315 - 3m—1]lq,8 is invariant under permutations of u;, 3, ..., dm—1.

(3) HAulvﬁla “'731’(1—1”%3 = H)‘ul7317 "'73m—l”ﬁ = ‘)“BHuhjlv "'aﬁm—lHq,B'
(4)
Hul + Uy, 31, ---;3111—1”q,ﬁ = Hul + Uz, 31, ~--75m—1H§
< EB(“ul731a ooy dm—allq + [z, 31, ---a?)m—lHq)ﬂ
ul73l7 "'aém—l q u273l7 "'aém—l q
<#7(| g + |l lg)”
S EB(Huhﬁlv -'-aﬁmleqﬁ + Hu27517 "'>3m*l||§)
=¢ (

A ||ul7317 "'azm*l|

q,3 + Hu2>317 ---73m71||q”3)'
Sce €9 > 1, then (8, |., ..., .]lq.5, ¢’) is a quasi-(m, B)-normed space. O

Theorem 2.3. Consider the quasi-(m, 3)-normed space (4, ||, ...,.|[q,3.€), where 0 < B < 1.
There is an equivalent quasi-m-norm |||., ..., .|||q,8 on Lk holds

[z + 12, 34, ---;3m—1’”§,5 < 1,31, ---73m—1m§,5 + [[uz, 31, "'73m—l”|§ﬁ

for all uy, 1y, 31, .y 3m—1 € 4, p € (0, 1] with

n » % n
|q,ﬁ :inf{<2”uha31w--a3m1||§”3) : ul:Zuliv Ui € 830,005 3m—1 Eil}
=1

1=1

|||u17317 --~73m71|

and p = Blogagm.

1
Proof. We will show that ||.,...,.[[g :== ||, ..., .Hfﬁ is a quasi-m-norm on Y with the modulus
1
of concavity %.To do this, we assume that ||.,...,.||q,8 is a quasi-(m, §)-norm on Y. Then for

each uy, 4531, ..., 3m—1, We have

1
Hu17317 ...,5m71||q =0 <= ||u1731a "'73m*l||qﬁ7[3’ =0
— ||u1751a "'73m*l||‘3{75 =0
<= {Uy,31, -, 3m—1} is linearly dependents.

Also, |[uy, 31, -, 3m—1]|q is invariant under permutations of u;, 3, ..., jm—1, and

1
||)‘u17317 maamleq = ||)‘ul731a "'aﬁm*l”ﬁ = |)‘|Hul>511 "'75m*l||q7
9,8

and

1
Hul + Uy, 31, ---aém—lHq = HU1 + Uz, 31, ---,5m—1H§,g
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1 1
S €5 (Hul)3l7 "'73m—lHq,6 + Hu2751) "'731’1’1—1”:],[3)6 . (28)
Suppose g(t) =tV t > 0 with t > 1 is a convex function. we have

t,+t6L+ ..+t 1
g( — m) < —(a(t) +(t) + o+ gtn)) Vb oyt > 0.

This implies

(4t A+ F ) <m T+ 654+ ).

Using above inequality, (2.8) becomes

=

mE 1 1
0 (il + i el
(mt)

[us + 142,315 s dm—aflg <

=

<”u17517 ---73m—1Hq + Hul?él? "'75m_1Hq> .

This implies that (8L, ||., .., .[|q, T2

., 18 a quasi-space with a m-norm. We obtain a quasi-m-norm
-5 -||lq from Theorem 2.1, on Y satisfies

[lur + 12,31, -~-a5m71|||§ < [[|urs 31, --->5m—1\|\§ + Iz, 31 ---,Zm—llllﬁv
and there is vy, 5 > 0 such that

1

MlHuhﬁlv "'75m—lHCf,ﬁ = Ml“ul731? "'aém—lHq
< furs 315 s 3m—alllq
S ILL2||111,31, "'aém*l”q

= M2Hu1a317 ~~a3m—1”§5-
Now, from Theorem 2.2, we get |[.,...,.|||q,8 = [|[-, ---s |||§ is also a quasi-(m, #)-norm on Y and
[ur + 12, 34, "’75m—l|Hs’B = [[Jur + 12, 31, ‘--aﬁm—leﬁ

< ([[|u1, 31, ---73m71|||g + Iz, 31, --->3m71‘”g)5
< s 31 ---,3m71|‘|26 + [z, 31, ---73m71|’|26

= [[|u, 31, ---,3m—1\H§,g + [[uz, 31, ~-~73m—1’”f|75-
Also, we have

Vf”“laél: ---aém—luq,b’ < I, 315 ---:5m—1’Hq’B < VQBHuhﬁh ---a?)m—l”qﬂ'
Hence,

8 [ THR TR T

|q,6 < [y 3, ---73m71|||é3 < M, ||uy, 3, ---»3mfl||q,,8 (2.9)

where 91, = uf,zmz =2

O
Next, we show that the fixed point Theorem is still applicable the quasi-(m, 3)-Banach space.

We shall provide the subsequent four assumptions:
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1. (H1): 20 is a non-empty set. (&, ||.,...,.[|q,3,€) is a quasi-(m, §)-Banach space.
2. (H2): g : W — W and £ : W x U x U x ... x 4 — R, are given maps for i =1, ..., 7.

3. (H3): T:u¥ — 4¥ is an operator follows the inequality
1(FP1) () = (F42) (1), 305 -s 3ma lla
< Z Si(ul73l7 -.'73m—1)|!1/)1(91(u1)) - w2(gi(u1))a317 --wﬁm—l”q,ﬂ
i=1
for all 11,12 € U and (g, 31,y 3m1) € W x L x U x ... x L.
4. (H4): Q: R Wb AU 4o 3 Jinear operator defined as

(Q0) (20 x L x Lhx ... x 8h)
= Z Li(tr, 315 3m—1)0(@i (1), 315 - dm—1), 0 € RJrQUxlele...xu‘
=1

Theorem 2.1. Let assumptions (H1)-(H4) be true and let ¢ : QX UXUX ... xU — Ry, € : 0 — U
fulfil the conditions

”(zf)(ul) - g(ul)7317 "'75111-1”,3 S ¢(u17317 "'73111—1)7 (210)
¢*(u17517 "'73m—l) = Z(Qn¢)0(u17517 maﬁm—l) < o0 (2'11)
n=0

where = Blogge m, then limit

ouy) = liﬁm T (uy), (2.12)
exists and the fized point of T is a function ¢ : W — U defined by (2.12) fulfills
Hé(ul) - C(ul)7317 "'75m—ch€|7ﬁ S ¢¢*(u17517 "‘75111—1) (213)

for some constant € > 0. Moreover, if

oo 0
¢ (Ur 31, s 3m—r) < (mZ(Q"gb)(ul,gl, ---,3m—1)> < 00 (2.14)
n=0

for M > 0, then T has unique fized point  satisfies (2.13).
Proof. By induction, it is simple to show that, for any n € Ny
(T () = (F€) (ur), 315 - dm—allp < (") (a3, -y 5m)- (2.15)
Using (2.10), we get
1(TE) (2) = €@ua) 315 s 3m—rllp < (200 (11,31, wvvs G- (2.16)

Hence, the inequality is true for n = 1. Now, suppose that equality (2.15) is true for n € Ny.
Now, by using (H3) and (H4), we have

I(E"F26) (un) = () (1), 2, ovs dma [l
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= [T(EE) (1) = T(TE) (), 315 +wvs m—s [lg,5

<D il gy e e TR0 (1)) — THE(0i (1), 31, s s

=1

< Z it 31y e 3m—1) (2"O) (@i (41) 315 -5 3m—1)
=1
= (Qn+1¢)(u17317 ---a?)m—l)-

Hence, the inequality (2.15) is true for all n € Ny. Now, by using (2.15), (2.9) and Theorem 2.1,
we have

9,8

I(Z") (ua) = (T (1), 30 5msl g 5

t—1

=1 (T () = (T (), 51, s 3wl llg 5

1=0

t—1
< Z "’(Sﬂ+i§)(ul) - (Sn+i+l§)(ul)aﬁl> ---ﬁm—l’”ﬁ,ﬁ
=0

t—1
<L IEO () — (T (), 505 3ma Iy 6
i=0
t—1 '
S E)‘/nl‘9 Z(Qn+l¢)9(ul7317 LS 3111—1)
i=0
n4t—1 '
= E)J’tzéw Z (Qn+l¢)9(ul7317 "'aﬁm—l)
i=n
§m29¢*(u175l7"‘73m—1)' (217)
It implies from (3.17) and the convergence of the series S (2"¢)? (11,31, ..., 3m_1) that the se-
quence {T"E(uy)}nen is Cauchy in (L, [||.,...,.|[lq,8)- Also, by using Theorem 2.3, we get that
the sequence {T"¢(u,)}nen is also a Cauchy in the quasi-(m, §)-Banach space (4, ||, ..., .[lq,5¢)

hence convergent, then the limit ¢(u,) = limg oo THE(u,) exists for all u, € W, therefore (2.12)
holds. Taking n =0 and t — oo (2.17), we have

H‘g(ul) - so(ul)73l7 "‘75m—1|||§75 S m20¢*(ul7317 "'73111—1)' (218)

Using the inequality (2.9),

1€ ws) = o(ur), 31, wors 3m—allg s < M TE ) = ©(ur), 30, s 3ms [ 5

o\ L
S (ml) ¢ (u17517"'73m—l)7 (219)

0
therefore (2.13) holds with C = <%i> . Now, applying (H3), (2.12) and (2.9), we have

(T () — (T9)(Ua), 31, - dmlla.s

<D L 50s3m-) (T (81(1) — (i), 305 +00s 3m
=1

9.8
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<MY i 30y e 3 ) (T (@i(1) = @(0i(102)) 50 s malgp- (2:20)
i=1

Taking n — oo (2.20), we get

lim [[(T"7€) (1) — (T0) (42), 315 s dm—1lq,8 = O

n—o0

this proves limy, oo (T"E) (uy) = (T)(uy) for all u, € W, this implies T = ¢. Therefore, ¢ is
a fixed point of T that satisfies (2.13). Next, we prove the ¢ is unique. For this, we assume that
¥ has another fixed point ¢’ satisfies (2.13). First we prove that

() = ' (2), 305 - 3m—sllas = () (w2) = (T ) (W), 31, s 3 [lg. 8
o0
%Cz ngzb Y(Uyy 31y ey Fme1)- (2.21)
i=k

Infact, for £ = 0 and using (2.18), we get

() — ' (1), 31, ~--a3m—1|‘|§,6
< lp(wr) — &(ur), 31, ---aémleg,B + 1€ (un) = ¢’ (1), 3, --.,mell!g,ﬁ
< mm26¢*(u17317 -~-75m—1)-

Using inequality (2.9) and (2.14), we get
o(w) = @' (1), 31, s 3m-alll 5 <IN lo(wr) = @ (W0), 30, s 3ms[[I9 5

m,\? .
(2 i

<me (mi(@”¢><u1,3l, ...,z,ml))e.

n=0

Hence, (2.21) is true for k = 0. Now, let us suppose that (2.21) is true for some k € N, by using
(H3), we have

[T 0) () = (T1) (), 32, - 3m-s

< Z Li(u, 31, -~-73m—1)"(‘zk¢)<gi<ul)) - (Skwl)(gi(ul))ﬁb ooy 3m—1llq,

=1
<Z£1 u1731,~ -y dm— 1 mC % Z Qn¢ ulvﬁla- '73m—l)
i=1 i=k
) 0o
= (mC)7m Z (") (w1, 31, -, m—1)-

1=k+1

Hence, (2.21) is true for all k£ € Np. From (2.9) and (2.21), we get
(Z*0) () = (T ) (W) 31, -os 3n—slllg 5 < D (FF0) (1) — (T5¢) (wa), 31, oo

00 0
SmCSﬁf(i)ﬁZ(Q”cb)(ul,gl,...,;m_l)) . (2.22)
n=0
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Let k — oo (2.22) and using (2.14), we have

|||(Sk¢)(ul) - (‘Ikspl)(ul)?ﬁlv "'15m71|||q75 =0 = Y = gOl.
Hence, T has unique fixed point ¢. =

Theorem 2.2. Suppose that (4, ., ..., .||q,8,8) is a quasi-(m, 3)-normed space where 0 < 3 <1
and b : R x U x ... x & — Ry are given functions fori € {1,2,3}. Assume

Mo={neN:82s(1+a)s,(1+a)s;(1+a)+s,(1+2a)s,(1+2a)s;(1+2a)) <1}
is an infite set, where

s, (p) =inf{t € Ry : by(pity, 31, e, 3m—1)

<thy (s, 31, ey 3m—1) for all (Uy, 31, 3m—1) € R X L x ... x U},
52(,0> = inf{t €eRy: hz(pulaﬁla ---73m—1)

< th,(Uy, 31, ey 3me1) JOr all (Mg, 31, 3m—1) € R X L X ... x 8},

s3(p) =inf{t € Ry : h5(puus, 3as ooy 1)
S th},(u17517 "'7311171) fOT all (u17317 ...,3mfl) ERxUX.. X il},

p € Ry, and s,,s,,s; satisfy the followg two conditions:

(1) (lim s (£p)sa(£p)s3(Ep) = 0.

(2) lim s:(p) =0 or lim 5:(p) =0 or lim s5(p) = 0.

If the function f : U — YV follows the following inequality

u, +u
[ (4 12) +2f (U3 —wr) 4+ 2f (u3 +u,) —4f (ua - 142> 1315 dm—1lq,8
S hl(u17317 -~'75m—1)hz(u27317 ‘--73m—l)hs(u37317 "'75111—1)7 (223)
then f satisfies the equation
Uy, +

fln +w) +2f(us —wy) +2f(uy +uy) = 4f <u3 - 14le> (2.24)

Proof. Obviously, for i € {1,2,3}, we obtain
hi(pulﬂala "'75?11—1) S 5i(p)bi(u17317 "'751’11—1)' (225>

Changing (u,,u,,u;) by (au,, —au,, au, +u,) in (2.23), we have

12f (uy) + 2 (1 4 2a)uy) —4f((1 + a)ur), 31, - 3m—1llq,8
< bi(aty, 3us s dm—r)b2(—aty, 31, -'-aﬁmfl)hs(aul + U, 30, s dme)-

Then

[ = fur) = I+ 2a)uy) +2f((1 + @)ur), 31 o dm—allq



Hyperstability analysis for Apollonius functional equations 2183

1\?
S <2> hl(aulvéla"'73m*l)h2(_aulvﬁl>"'73mfl)b3(aul +u17517---73m71)- (226)

Now, we will define an operator T, : V¥ — V¥ by
Ta€ () = 26((1 + a)uy) — £((1 + 2a)uy), € € U

Now, put

B
1
ea(u15317 -~-a3m71) = (2> hl(aulvﬁla -~a3mfl)hz(_au1a317 -~-33m71)b3(au1 + Uy, 31, -~a3m71)~

Then by (2.25), we have
6a(ulaﬁh "‘75m—l)

1 B
<s,(a)s,(—a)s;(1+ a) (2> (s 31y ooes 3m—1)02 (U1, 31y ooy 3m—1) B3 (U1, 31, ooy Fmer) - (2:27)

Then the equality (2.26) takes the form

I1(Taf) () — f(u), 31, ---aﬁm—lHq,B < €q(Urs 315 e dm—)-

Now, we observe that the operator Qg : Ry Rox#x->xtt _y R Roxtb.. x4 qefined by

(2a6) (U1, 315 -5 3m—1) = 285((1 + @)y, 31, -, dm—2) + (L + 2a)U1, 315 s 3m—1)
has the shape given in (H4) with i = 2,

gl(ul) = (1 + a)ula gl(ul) = (1 + 251)“17 21(”13317 "'73“171) = 2537 Sl(ulaﬁla "'73!1171) =t

Furthermore, for every iy, by € R Roxx.. x4

||(3a1/)1)(u1) - (‘Ian)(ul)’jlu sy dm—1 ‘q,ﬂ
= [12¢1((1 + a)wy) — 1 ((1 4 2a)ur) — 2¢2((1 + a)us) + Y2((1 + 2a)w1), 315 -, 3m—allq,8
2% 91 (1 + a)ur) = ¥2((1+ a)tr), 30, ooy 3w [las + Bl (1 + 2a)uy)
—th2((1 + 2a)w,), 31, -~-73m—l”qﬂ
2

and (U, 31, .y 3m—1) € Ro X & X ... X &L, we get

X Z Si(ul731) --'aﬁm—l)"¢1(gi(u1)) - ¢2(gi(u1))7317 sy dm—1

=1

q?B'

Therefore, (H3) is hold for T, with a € No. Next, we have to prove that
Qgea(u17317 -~-73m—l>
1\7?
< <2> t"s,(a)s,(—a)s;(1 +a)(2s,(1 4+ a)s,(1 + a)s;(1 + a)
+s,(1 + 2a)s,(1 4 2a)s;(1 + 2a))" (2.28)
XBy (U1, 315 s 3m—1) D2 (U15315 s 3m—1)03 (W15 315 o0y Jms)-

The equality (2.28) is true for n = 0. Now, assume that inequality (2.28) holds for n = k,n € Ny.
Then, we prove that result is true for n = k + 1.

Q§+1ea(ula 517 e 31’(1—1)
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= Qa(QZGa(ulaﬁla -~-,3m71))
= ZEQ’gea((l +a)uy, 31, ey Jm_r) + EQ];ea((l +2a)Uy, 31, ey Fm—1)

— 23(;>6eksl(a)sz(—a)53(1+a)(251(1+a)sz(1+a)53(1 +a) + 5,(1 4+ 2a)s,(1 + 2a)s5(1 + 2a))*
xbu((1 4 a)us, 31y oy 3m—1)02((1 4+ @)us, 31, ooy 5m—1) 05 (1 + @)ts, 31y ooy 5m)
+£’<;)Bfksl(a)ﬁz(—a)ss(1+a)(251(1—|—a)52(1+a)53(1—l—a) +5:(1 4 2a)s, (1 + 2a)s5(1 + 2a))*
xbu (14 2a)1, 51, oy 3m—1) D2 (1 + 2a) 0, 505 ooy Jm—1) B3 (1 + 2a)01, 31, s Fm—s)

< 2&(;)ﬁé’fsl(a)sz(—a)53(1+a)(251(1+a)sz(1+a)53(1 +a) +5,(1 + 2a)s,(1 + 2a)s;(1 + 2a))*
x51 (1 + a)sy (1 + a)s3(1 4+ a)hy (e, 315 s dm—1)02 (1, 315 oo 3m—1) B3 (Uas 315 s Jmr)
+e<1)ﬂek51( o2 (—a)s5(1+) (26, (1+a)s,(1+a)ss(1+a) + su (1 + 2a)s (1 + 2a)s5(1 + 2a))*
x51 (1 +2a)s, (1 + 2a)85(1 + 2a)b1 (Ur, 1, s Jm—1) D2 (M1, 305 -y m1) B3 (U1, 31y oo Fm—s)
<1> thtls, —a)s;(1+a) (25, (14a)s,(1+a)s;(1+a) + s,(1+2a)s,(1+2a)s;(1 + 2a))*

xbl(u17517 "'75111*1)[]2(1117517 "'73m*l)b3(u17517 "'73111*1)'

This demonstrates that (2.28) holds for every n € N. Now, by using the definition of My, we
find that

€Z(u13317 "'73111—1)
o0
- Z(QZGa)e(ul7317 -~-73m—1)

n=0
<Z() €75, ()5, (~a)s, (1 + ) (26,(1 + )5 (1 + )5 (1 + a)

+5,(1 + 2a)s,(1 + 2a)s;(1 + 2a))™"
xhlg(ul,;,l, ...,3m_l)h29(ul,3l, --->3m—1)f339(u1:317 ey dm—1)

_ <1)06519(a)57_‘9(—a)539(1 + a)hle(u]_a317 "'73mfl)h26(u15317 -"73m71)h30(u17317 "'7311171)
S \2 1—(25,(1+a)s,(1 4 a)s;(1 4+ a) +,(1 + 2a)s,(1 + 2a)s;(1 + 2a))? '

As a result of Theorem 2.4, the operator ¥, has a fixed point O, : Ry — U that satisfies

£ () = Oa(ur), 31, - 3m-allf 5
< &2(’41731, ey 3m—1)

08
<C 1 519(‘1)510(_0)530(1+0)h19(ul7317-~-75m—1)f)19(u1751’-~-73m—1)h39(u17317-~-75m—l) (2 29)
= 2 1—(251(14a)s, (14a)s;(1+a)+s1 (14+2a)s, (14+2a)s5(142a))? A

That is,
Ou(11) = 20, ((1 4 a)uy) — Oy ((1 + 2a)u,)
and (2.29) holds for all (uy,31,...,3m—1) R x & x ... x L. Moreover,
Oulus) = lim T2 (1) (2.30)
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Now, we prove that

n mn n n Uy +u
([ Fa f(uy +u,) + 2Saf(u3 —1uy) + 2‘3:@]0(“3 +u,) — 4Saf<u3 - 1 Z)a?)la ---aﬁm—lHq,ﬂ

<{t"s,(a)s,(—a)s;(1+ a)(2s,(1 + a)s,(1 + a)s;(1 + a) + 5,(1 + 2a)s,(1 + 2a)s;(1 + 2a))"
Xbl(ulaﬁla -~-33m71)bz(u1>517 "'73m71)h3(u17317 ~--73m71)- (2'31)

Indeed, if n = 0, then (2.31) follows by (2.23). Assume that (2.31) is true for some n. By the
help of induction, we prove that (2.31) is true for all n € N. Using definition of T,, we get

||TZ+1f(ul +u,) + 2‘33+1f(u3 —1uy) + Q‘I;H'lf(ua +u,)

u; +u
_4zg+1f<u3_ ! 4 Z)aﬁlv'-wﬁm—l

‘q,ﬂ

= 2T f(1 + a)(us +u2)) — TG f((1 + 2a) (. +u,))
FASES(14 ) ) FELF(1 + 200 — )
AT+ ), + ) 2T+ 2000 + ) = 5727 (1 +0) (1, - 202 ))

" u; +u
4T f 1+2a)<u3— 14 2>> 15+ dm—llq,8
af((1

(
< €27 TR F((1+ a)(uy + 1)) + 285 (1 + @) (w5 —w)) + 2T (1 + a)(us + u2))
(

5
4z (<
!

u; +u .
<u3 d 1)),31,...,5ml||q,ﬁ+eufa,f<<1+2a><ul+uz>>

S+ 2a)(u; — )) + 235 f((1 + 2a)(u3 + 1))
14+ 2a )(u3 ul+uz>>,3l,...,3m_lHqﬁ

B
2E<; t"s,(a)s,(—a)s;(14+a)(2s,(14+a)s,(1+a)s;(1+a) + s, (1 + 2a)s, (1 + 2a)s;(1 + 2a))"

+2%T7

—430 f

IN

by ((1+ @)y, 35 s 3m—1)b2((1 + @)uy, 31, ~--,5m71)h3((1 + @)Uy, 31,0 3mo1)
B
—i—?(l t"s,(a)s,(—a)s;(14a) (28, (14+a)s,(1+a)s;(1+a) + 5, (1 + 2a)s, (1 + 2a)s;(1 + 2a))"

2
Xbl((l + 2a)u1731a "'75m—1)hl((1 + 2“)111’517 ---aém—l)hs((l + 2a)uy, 31, ---;Zam—l)

IN

B
2?(;) t"s,(a)s,(—a)s;(14+a)(2s,(14+a)s,(1+a)s;(1+a) + 5, (1 + 2a)s,(1 + 2a)s;(1 + 2a))"
X51(1 + (1)51(1 + a)53(1 + a)hl(uhél’ ~w3m—1)bz(u17317 "'73m—1)h3(u1)317 ~~73m—1)

B
—H’(é) t"s,(a)s,(—a)s;(14a)(2s,(14+a)s,(1+a)s;(1+a) + 5,(1 + 2a)s, (1 + 2a)s;(1 + 2a))"

X51(1 + 2&)51(1 + 2&)53(1 + 2&)[]1(111,31, "'azm*l)bl(ulﬂélv "'73111*1)[)3(“1)317 --->3m71)

IN

2
Xbl(ulaﬁla --~73m—1)h2(u17317 "'73111—1)63(1117517 "'73!’11—1)'

B
<1> £ s, (a)s,(—a)s;(1+a) (28, (1+a)s,(1+a)s;(1+a) + 5, (142a)s,(1+2a)s;(1 + 2a))" !

Hence, with the help of induction, we have proved that (2.31) is true for all n € Ny. Now, from
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(2.31) and (2.22), we get

52 o+ )+ 252y — ) + 2827, + ) = 4527 (= 5 ) i1

<O (1T F (uy +1y) + 2T F (U — uy) + 2T F(u; +u,) — 4Saf<u3 -2 1 Z>,5l, o dmalll g
0
o1\ gon_ 6, .0 0
<M, (2) t7"s,%(a)s,” (—a)s; (1 +a)(28,(1 + a)s,(1 + a)s;(1 + a)
45, (1 + 2a)s,(1 + 2a)s;(1 + 2a))"
Xhle(u15317 -~-a3m71)h29(u1,517 -"73m71)h36(u15517 '~-73m71)-

(2.32)
Since |||, ..., ||| is continuous, taking limit n — oo (2.32) and using (2.30), we get
u, +u
[10a (s +uz) + 204 (u; — ur) + 204(u3 +u,) — 40, (ua - = 1 2) »315 ~--75m71‘”g,5
. n n n n U+, 0
= Jim 2 )+ 252 oy =) + 25270y ) =457 (3= ) el
n—o0 4 )
=0. (2.33)
This implies that
u, +u,
Oq(u; +uy) +204(uy —uy) + 204 (u; +u,) — 40, (u3 - > =0. (2.34)

Now, we prove that O, : Ry — 4 is a unique mapping. Let O : Ry — 4l be a the solution of
(2.34) and

[f(u2) = O (wr), 31, -~-73m—1Hg,5

08
<C 1 519(‘1)510(_0)530(1+G)h16(ul7317-~-75m—1)hzo(u1751’-~-73m—1)h39(u17317-~-75m—l) (2 35)
= 2 1—(2s1(14a)s, (14a)s;(1+a)+s1 (14+2a)s, (14+2a)s5(142a))? T

Now, replacing (u,, u,,u3) by (au,, —au,, au, +u,) in (2.34), we get T,0,(u,) = O (u,) Vu, € Ry.
Moreover, we have

[110a(uy) — O:z(ul)u'na O — q,8
< M, ||Oa(uy) — Oé(ul)vﬁlv ---,5mleq,ﬁ

<N, ([|Oa(uy) — f(u1), 31, ---aémleq,B + | f(uy) — O;(ul)aﬁb "'73111*1”6[75)
<¢ <1>6239ﬁ 51(a)5z(_a)53(1 + a)hl(u173l7 -'-73m—1)bz(u17317 "'75m—1)h3(u17317 ~--73m—1) '
B 2 : (1—(25,(1+a)s,(1+a)s;(1+a)+s,(142a)s,(1+2a)s;(1 +2a))9)%

Now, we can simply show by induction on n that

S

[10a(ur) — O;(ul),gl, --->3mfl|Hq,ﬂ

L 1)
< ¢o (2) 2E0,¢"s,(a)s,(—a)s;(1 + a)(25,(1 + a)s,(1 + a)s;(1 + a)
F5,(1+ 20)5,(1 + 2a)s5(1 + 2a))"
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X L lbl(u17317"'75m—l>
(1—(28,(1 + a)s,(1 4 a)s5(1 + a) + s, (1 + 2a)s,(1 + 2a)s;(1 + 2a))?)?

Xbl(ul73l7 "‘7$m—l)h3(ul73l7 ~--’3m—1)- (2'36)

Taking n — oo in (2.36), we get O, = O/, hence O, is unique fixed of T,. Now, taking a — oo
in (2.29), we get

lim || f(uy) — Oa(tr),31, s 3m-1llq3 =0 = ali_)rgo Oa(uy) = f(uy). (2.37)

a—r 00

Also, taking a — oo in (2.33) and using (2.37), we get

u, +u,

nfw1+ua+af@3—uo+2fw3+u»—4ng—- )@hnq%1ﬂmﬁ

. u; +u
= all>no10 11Oa(uy +u,) + 204 (u; — uy) + 204 (u5 +u,) — 40, <u3 - 142> 1315+ 3m—1]lq,8
= O’
this implies that
U +u,
P )+ 21 = )+ 200, +) — 47 (u, = 2T ) o
for all u,,u,,u; € Rg. This demonstrates that f is a solution to equation (2.24). O

Conclusion

In this work, we validated a fixed-point theorem within the broader framework of quasi-(m, §)-
normed spaces, extending the foundational contributions of Brzdek and El-Fassi. This extension
facilitated the analysis of the hyperstability of Apollonius-type functional equations, demonstrat-
ing the effectiveness of fixed-point methods in addressing stability phenomena under generalized
normed structures.

The results presented underscore the essential role of inequalities in understanding stability
in functional equations and highlight the applicability of fixed-point techniques in addressing
advanced mathematical problems. Future research could explore the hyperstability of other
classes of functional equations, such as Jensen-type, quadratic, or mixed-type equations, further
advancing the integration of inequalities and fixed-point methodologies in stability theory.
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