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Abstract This paper investigates a fixed-point theorem within the framework of quasi-
(m,β)-normed spaces, extending the results of Brzdek [5] and El-Fassi [6] to a more gen-
eralized setting. The extension is utilized to study the hyperstability of Apollonius-type
functional equations, emphasizing the role of inequalities in stability analysis. By employ-
ing advanced fixed-point methods, we provide a comprehensive framework that highlights
the interplay between inequalities and stability phenomena in functional equations. These
findings contribute to the growing body of research on inequalities in functional analysis and
their applications in diverse mathematical contexts.
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1. Introduction

A review of the evolution of stability theory for functional equations is essential as a starting
point. The foundation of this theory dates back to 1925, when Pólya and Szegő’s [27] pioneering
work presented a significant stability result. Since then, numerous researchers have contributed
to the development and deepening of this theory, exploring various aspects and generalizations.
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Notably, many authors have investigated the stability of functional equations under different con-
ditions and in diverse mathematical structures [1,11,13,22,29,30]. The question “if a solution to
a slightly perturbed version of a functional equation is found, under what circumstances can we
guarantee that this solution remains close to the exact solution of the original equation?” about
stability of functional equation was raised by the Ulam [31] the case of group homomorphisms
in 1940. In 1941, Hyers [12] provided an initial answer to Ulam’s question regardg the stability
of functional equations in Banach spaces. Rassias [28] extended this foundational work in 1978
and introduced a generalized version of Hyers’ theorem by considering additive mappings with
unbounded control functions. Rassias’ extension significantly contributed to developing what
is now called Hyers-Ulam-Rassias stability for functional equations. Over time, several mathe-
maticians have explored related problems various spaces, we refer [14–19, 27] for more details.
However, a number of researchers [2,5,6,24] have already used fixed point theorems to the theory
of Hyers-Ulam Rassis stability, and it appears that Baker [3] is the first to employ this approach
in this area of study. In the context of fixed point methods applied to stability theory, Brzdęk et
al. [6] and Dung et al. [7] obtained notable results in metric and quasi-Banach spaces, while El-
Fassi [8] found hyperstability results for radical-type functional equations in quasi-(2, β)-normed
spaces. These contributions, while important, are often restricted to particular functional equa-
tions or certain normed spaces. In contrast, our work generalizes the fixed point framework to
quasi-(m,β)-normed spaces, which include and extend many previously studied cases. Moreover,
unlike earlier works that dealt with radical-type or classical additive equations, we investigate
the Apollonius-type additive functional equation, for which no hyperstability results currently
exist. This establishes our research as a methodological and structural extension of the existing
literature.

To the best of our knowledge, the initial hyperstability finding appeared in [4] and related
to ring homomorphisms. However, it appears that the word hyperstability was first used in [23]
(commonly mistaken with superstability, which accepts bounded functions).

In 2008, Park and T. M. Rassias [26] introduced the following Apollonius type additive
functional equation

f(u1 + u2) + 2f(u3 − u1) + 2f(u3 + u2) = 4f

(
u3 −

u1 + u2
4

)
.

Kim and J. M. Rassias [21] investigated the functional equation in modular space and fuzzy
Banach spaces. El-Fassi [8] found hyperstability result for the Apollonius equation on a restricted
domain in normed space. Although, there is no result on the hyperstability of Apollonius type
additive functional equation. Thus, we investigate the hyperstability of Apollonius type additive
functional equation in quasi (m,β)-normed space.

In 2018, the fixed point theorem of Brzdek et al [6] was extended by Dung et al. [7] in metric
space to quasi-Banach spaces and also found the hyperstability for the general linear equation.
In 2020, El Fassi extended the fixed point theorem in quasi-(2, β)-normed space and found the
hyperstability of radical-type functional equation. As far as we know, there is no result on fixed
point theorem in quasi (m,β)-normed space, thus we extend the Brzdek et al and El Fassi results
on fixed point theorem.

A. Misiak [25] defined m-normed spaces in 1989 as a generalisation of the concept of 2-normed
spaces, which was first proposed by S. Gähler [9, 10] 25 years prior. In 2015, Yang et al. [32]
provide the notion of (m,β)-normed space. Here, we generalize the concept of (m,β)-normed
space and provide the notion of quasi-(m,β)-normed space.
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The aim of this research is to find the notion of quasi-(m,β)-normed space. Later, we
investigates the validity of a fixed point theorem with the framework of quasi-(m,β)-normed
spaces, extending the foundational results established by Brzdek and El-Fassi. At last, using the
results of fixed point theory, we study the hyperstability for Apollonius type additive functional
equation in quasi (m,β)-normed space.

Throughout this paper, N0 represents the set of whole numbers, N represents the set of
natural numbers, R denote the set of real numbers, R0 denotes the set of real numbers excludg
zero, R+ denotes the set of positive real numbers and the parameters m,β, p and k are used with
the following meanings: m ∈ N denotes the number of vectors in the m-tuple norm structure,
β > 0 represents the weight or scaling parameter in the (m,β) norm and k is the modulus of
convexity parameter. p > 0 is the order parameter that determines the degree of the quasi-norm,
controlling how sizes and distances are aggregated in our stability and fixed-point framework.

Now, we generalize the basic definitions, terminology, and typical characteristics of quasi-
(m,β)-NS.

Definition 1.1. [20] Let U(R)(dimU ≥ n) be a vector space and ||., ..., .||β : Un → R be a
mapping holds below conditions

1. ||u, z1, ..., zm−1||β = 0 ↔ u1, ...., un are linearly dependent,

2. ||u, z1, ..., zm−1||β is invariant under permutations of u, z1, ..., zm−1,

3. ||cu, z1, ..., zm−1||β = |c|β||u, z1, ..., zm−1||β ,

4. ||u+ v, z1, ..., zm−1||β ≤ ||u, z1, ..., zm−1||β + ||u+ v, z1, ..., zm−1||β

for all u, v, z1, ..., zm−1 ∈ U, c ∈ R and 0 < β ≤ 1.
The mapping ||., ..., .||β is known as (m,β)-norm and the pair (U, ||., ..., .||β) is known as

(m,β)-NS.

Definition 1.2. Let U(R)(dimU ≥ n) be a vector space and ||., ..., .|| : Un → R be a mapping
holds below conditions

1. ||u, z1, ..., zm−1||q = 0 ↔ u1, ...., un are linearly dependent,

2. ||u, z1, ..., zm−1||q is invariant under permutations of u, z1, ..., zm−1,

3. ||cu, z1, ..., zm−1||q = |c|||u, z1, ..., zm−1||q,
4. ||u+ v, z1, ..., zm−1||q ≤ k(||u, z1, ..., zm−1||q + ||u+ v, z1, ..., zm−1||q)

for all u, v, z1, ..., zm−1 ∈ U, c ∈ R and 0 < β ≤ 1, and k is the modulus of concavity.
The mapping ||., ..., .||β is known as quasi-m-norm and the pair (U, ||., ..., .||β) is known as

quasi-m-NS.

The main difference between quasi-m-norm and m-norm is modulus of concavity. In quasi-
m-norm the value of the modulus of concavity is greater than or equal to 1 and in m-norm the
value of the modulus of concavity is equal to 1.

Definition 1.3. Let U(R)(dimU ≥ n) be a vector space and ||., ..., .|| : Un → R be a mapping
holds below conditions

1. ||u, z1, ..., zm−1||q,β = 0 ↔ u1, ...., un are linearly dependent,

2. ||u, z1, ..., zm−1||q,β is invariant under permutations of u, z1, ..., zm−1,
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3. ||cu, z1, ..., zm−1||q,β = |c|β||u, z1, ..., zm−1||q,β ,

4. ||u+ v, z1, ..., zm−1||q,β ≤ k(||u, z1, ..., zm−1||q,β + ||v, z1, ..., zm−1||q,β)

for all u, v, z1, ..., zm−1 ∈ U, c ∈ R and 0 < β ≤ 1, and k is the modulus of concavity.
The mapping ||., ..., .||q,β is known as quasi-(m,β)-norm and the pair (U, ||., ..., .||q,β) is known

as quasi-(m,β)-NS.

Example 1.1. Let U = Rn with m = n and 0 < β ≤ 1. For any vectors u, z1, ..., zm−1 ∈ Rn,
define the mapping ||u, z1, ..., zm−1||q,β = | det{u, z1, ..., zm−1}|β , where det{u, z1, ..., zm−1} denotes
the determinant of the n × n matrix whose columns are the given vectors. Then the pair
(Rn, ||u, z1, ..., zm−1||q,β) is a quasi-(m,β)-NS.

Lemma 1.1. Suppose (U, ||., ..., .||q,β) is a quasi-(m,β)-NS, m ≥ 2, 0 < β ≤ 1. If v ∈ U and
||v, z1, ..., zm−1||q,β = 0 for all linearly independent vectors z1, ..., zm−1 ∈ U, then v = 0.

Proof. Let us suppose that v ̸= 0. Also, it is given that dim(U) = m, so choose a set
{z1, ..., zm−1} of linearly independent vectors from U. Now using definition(1.3), we find that
||u, z1, ..., zm−1||q,β ̸= 0 which is contradiction, hence v = 0.

The advantage of this work lies in that it generalizes the fixed-point approaches to quasi-
(m,β)-normed spaces, yielding more flexiblility than conventional normed structures and en-
abling a more efficient framework of hyperstability analysis. Innovation lies in the construction
of a new family of fixed-point theorems for contractive-type mappings in the generalized setup
and applying them to establish the hyperstability of Apollonius-type functional equations, which
has not been carried out previously in literature. The motivation is the rising appeal to gen-
eralized spaces as universal tools for the description of non-standard convergence and stability
behaviors and for expanding the usage of the fixed-point methodologies in functional equations.
One of the weaknesses of the present work, however, is that the results are restricted to quasi-
(m,β)-normed spaces; generalizing these conceptions to other spaces such as modular spaces or
the variable exponent Lebesgue spaces is an open pathway for future study.

2. Main results
In this part, we discuss our results, starting with the formulation of an equivalent quasi-m
norm in a quasi-m normed space. In Theorem 2.1, we prove that every quasi-m normed space
admits an equivalent quasi-m norm having the same topology. Theorem 2.2 shows that this
equivalent norm preserves the main inequalities and structure of the space, sometimes with
better bounds. Theorem 2.3 applies these results to stability theory, proving that stability and
continuity properties with respect to the original norm also hold for the equivalent norm.

Theorem 2.1. Let (U, ∥., ..., .∥q, k) be a quasi-m-NS. There is an equivalent quasi-m-norm ∥|.,
..., .|∥q on U holds

∥|u+ v, z1, ..., zm−1|∥pq ≤ ∥|u, z1, ..., zm−1|∥pq + ∥|v, z1, ..., zm−1|∥pq (2.1)

for all u, v, z1, ..., zm−1 ∈ U and p (0, 1], with

∥|u, z1, ..., zm−1|∥q = f

{( n∑
i

∥ui, z1, ..., zm−1∥pq
) 1

p
}
, (2.2)

where, u =
∑n

i=1 ui, z1, ..., zm−1 U and p = log2km.
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Proof. Let k be the modulus of concavity of ∥., ..., .∥q and m
1
p = 2k. Let z1, ..., zm−1 ∈ U be

fixed and define a new quasi-m-norm by

∥|u, z1, ..., zm−1|∥q = f

{( n∑
i

∥ui, z1, ..., zm−1∥pq
) 1

p
}
, u =

n∑
i=1

ui. (2.3)

It is clear that ∥|αu1, z1, ..., zm−1|∥q = |α|∥|u, z1, ..., zm−1|∥q, ∥u, z1, ..., zm−1|∥q ≤ ∥|u, z1, ..., zm−1∥q
and fulfils the inequality requirement. Now, we prove that

∥
n∑

i=1

ui, z1, ..., zm−1∥q ≤ m
2
p

(
∥

n∑
i=1

ui, z1, ..., zm−1∥pq
) 1

p

(2.4)

for all {ui}ni=1. This means that ∥u, z1, ..., zm−1∥q ≤ m
2
p ∥|u, z1, ..., zm−1|∥q and concludes the result.

Now, for every u ∈ U take Nz1,...,zm−1(u) = m
t
p , where the integer t is taken such that

m
t−1
p < ∥u, z1, ..., zm−1∥q ≤ m

t
p .

The inequality (2.1) is proved by showing that

∥
n∑

i=1

ui, z1, ..., zm−1∥q ≤ m
1
p

( n∑
i=1

Nz1,...,zm−1(ui)
p

) 1
p

. (2.5)

Suppose there are two ui’s say u and v such that Nz1,...,zm−1(u) = Nz1,...,zm−1(v) = m
t
p then, we

can replace the pair u, v in the proof of (2.5) by their sum. Certainly,

∥u+ v, z1, ..., zm−1∥q ≤ k∥u, z1, ..., zm−1∥q + k∥v, z1, ..., zm−1∥q ≤ 2km
t
p

by the choice of p. Thus

Nz1,...,zm−1(u+ v)p = mt+1 = Nz1,...,zm−1(u)
p +Nz1,...,zm−1(v)

p. (2.6)

Using (2.6) and reorganising the ui’s, let the sequence {Nz1,...,zm−1(ui)
p}ni=1 be a strictly decreasing

sequence. So,

∥ui, z1, ..., zm−1∥q ≤ Nz1,...,zm−1(ui) ≤ m
−(i−1)

p Nz1,...,zm−1(u1)

for all i(1 ≤ i ≤ n). The iterative use of the concavity modulus definition and the definition of p
provides

∥
n∑

i=1

ui, z1, ..., zm−1∥q ≤ k∥u1, z1, ..., zm−1∥q + k2∥u2, z1, ..., zm−1∥q + ...+ kn∥un, z1, ..., zm−1∥q

≤
n∑

i=1

Nz1,...,zm−1(u1)k
im

−(i−1)
p

=m
1
pNz1,...,zm−1

n∑
i=1

1

2i
≤ m

1
pNz1,...,zm−1

≤m
1
p

( n∑
i=1

Nz1,...,zm−1(ui)
p

) 1
p

(2.7)

as required.
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Theorem 2.2. If (U, ∥., ..., .∥q) is a quasi-m-norm space then (U, ∥., ..., .∥q,β) is a quasi-(m,β)-
norm space, i.e.

∥u1, z1, ..., zm−1∥q,β = ∥u1, z1, ..., zm−1∥βq ∀ u1, z1, ..., zm−1 U, 0 < β ≤ 1.

Proof. Since U is a quasi-m-norm space, then
(1) ∥u1, z1, ..., zm−1∥q,β = 0 ⇐⇒ ∥u1, z1, ..., zm−1∥q = 0 ⇐⇒ {u1, z1, ..., zm−1} is linearly

dependent.
(2) ∥u1, z1, ..., zm−1∥q,β is invariant under permutations of u1, z1, ..., zm−1.
(3) ∥λu1, z1, ..., zm−1∥q,β = ∥λu1, z1, ..., zm−1∥βq = |λ|β∥u1, z1, ..., zm−1∥q,β .
(4)

∥u1 + u2, z1, ..., zm−1∥q,β = ∥u1 + u2, z1, ..., zm−1∥βq
≤ kβ(∥u1, z1, ..., zm−1∥q + ∥u2, z1, ..., zm−1∥q)β

≤ kβ(∥u1, z1, ..., zm−1∥q + ∥u2, z1, ..., zm−1∥q)β

≤ kβ(∥u1, z1, ..., zm−1∥βq + ∥u2, z1, ..., zm−1∥βq )
= kβ(∥u1, z1, ..., zm−1∥q,β + ∥u2, z1, ..., zm−1∥q,β).

Sce kβ ≥ 1, then (U, ∥., ..., .∥q,β, kβ) is a quasi-(m,β)-normed space.

Theorem 2.3. Consider the quasi-(m,β)-normed space (U, ∥., ..., .∥q,β, k), where 0 < β ≤ 1.
There is an equivalent quasi-m-norm ∥|., ..., .|∥q,β on U holds

∥|u1 + u2, z1, ..., zm−1|∥pq,β ≤ ∥|u1, z1, ..., zm−1|∥pq,β + ∥|u2, z1, ..., zm−1|∥pq,β

for all u1, u2, z1, ..., zm−1 ∈ U, p ∈ (0, 1] with

∥|u1, z1, ..., zm−1|∥q,β = inf

{( n∑
i=1

∥u1i, z1, ..., zm−1∥
p
β

q,β

) 1
p

: u1=

n∑
i=1

u1i, u1i ∈ U, z1, ..., zm−1 ∈ U

}
and p = βlog2km.

Proof. We will show that ∥., ..., .∥q := ∥., ..., .∥
1
β

q,β is a quasi-m-norm on U with the modulus

of concavity (2k)
1
β

m .To do this, we assume that ∥., ..., .∥q,β is a quasi-(m,β)-norm on U. Then for
each u1, u2z1, ..., zm−1, we have

∥u1, z1, ..., zm−1∥q = 0 ⇐⇒ ∥u1, z1, ..., zm−1∥
1
β

q,β = 0

⇐⇒ ∥u1, z1, ..., zm−1∥q,β = 0

⇐⇒ {u1, z1, ..., zm−1} is linearly dependents.

Also, ∥u1, z1, ..., zm−1∥q is invariant under permutations of u1, z1, ..., zm−1, and

∥λu1, z1, ..., zm−1∥q = ∥λu1, z1, ..., zm−1∥
1
β

q,β = |λ|∥u1, z1, ..., zm−1∥q,

and

∥u1 + u2, z1, ..., zm−1∥q = ∥u1 + u2, z1, ..., zm−1∥
1
β

q,β
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≤ k
1
β (∥u1, z1, ..., zm−1∥q,β + ∥u2, z1, ..., zm−1∥q,β)

1
β . (2.8)

Suppose g(t) = tr ∀ t > 0 with r ≥ 1 is a convex function. we have

g

(
t1 + t2 + ...+ tm

m

)
≤ 1

m
(g(t1) + g(t2) + ...+ g(tm)) ∀ t1, t2, ..., tm > 0.

This implies

(t1 + t2 + ...+ tm)
r ≤ mr−1(t1

r + t2
r + ...+ tm

r).

Using above inequality, (2.8) becomes

∥u1 + u2, z1, ..., zm−1∥q ≤
(mk)

1
β

m

(
∥u1, z1, ..., zm−1∥

1
β

q,β + ∥u2, z1, ..., zm−1∥
1
β

q,β

)
=

(mk)
1
β

m

(
∥u1, z1, ..., zm−1∥q + ∥u2, z1, ..., zm−1∥q

)
.

This implies that (U, ∥., ..., .∥q, (mk)
1
β

m is a quasi-space with a m-norm. We obtain a quasi-m-norm
∥|., ..., .|∥q from Theorem 2.1, on U satisfies

∥|u1 + u2, z1, ..., zm−1|∥pq ≤ ∥|u1, z1, ..., zm−1|∥pq + ∥|u2, z1, ..., zm−1|∥pq,

and there is ν1, ν2 > 0 such that

µ1∥u1, z1, ..., zm−1∥
1
β

q,β = µ1∥u1, z1, ..., zm−1∥q
≤ ∥|u1, z1, ..., zm−1|∥q
≤ µ2∥u1, z1, ..., zm−1∥q

= µ2∥u1, z1, ..., zm−1∥
1
β

q,β.

Now, from Theorem 2.2, we get ∥|., ..., .|∥q,β = ∥|., ..., .|∥βq is also a quasi-(m,β)-norm on U and

∥|u1 + u2, z1, ..., zm−1|∥pq,β = ∥|u1 + u2, z1, ..., zm−1|∥pβq
≤ (∥|u1, z1, ..., zm−1|∥pq + ∥|u2, z1, ..., zm−1|∥pq)β

≤ ∥|u1, z1, ..., zm−1|∥pβq + ∥|u2, z1, ..., zm−1|∥pβq
= ∥|u1, z1, ..., zm−1|∥pq,β + ∥|u2, z1, ..., zm−1|∥pq,β.

Also, we have

νβ1 ∥u1, z1, ..., zm−1∥q,β ≤ ∥|u1, z1, ..., zm−1|∥βq ≤ νβ2 ∥u1, z1, ..., zm−1∥q,β.

Hence,

M1∥u1, z1, ..., zm−1∥q,β ≤ ∥|u1, z1, ..., zm−1|∥βq ≤ M2∥u1, z1, ..., zm−1∥q,β (2.9)

where M1 = νβ1 ,M2 = νβ2 .
Next, we show that the fixed point Theorem is still applicable the quasi-(m,β)-Banach space.

We shall provide the subsequent four assumptions:
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1. (H1): W is a non-empty set. (U, ∥., ..., .∥q,β, k) is a quasi-(m,β)-Banach space.

2. (H2): gi : W → W and Li : W× U× U× ...× U → R+ are given maps for i = 1, ..., r.

3. (H3): T : UW → UW is an operator follows the inequality

∥(Tψ1)(u1)− (Tψ2)(u1), z1, ..., zm−1∥q,β

≤
r∑

i=1

Li(u1, z1, ..., zm−1)∥ψ1(gi(u1))− ψ2(gi(u1)), z1, ..., zm−1∥q,β

for all ψ1, ψ2 ∈ UW and (u1, z1, ..., zm−1) ∈ W× U× U× ...× U.

4. (H4): Ω : R+
W×U×U×...×U → R+

W×U×U×...×U is a linear operator defined as

(Ωδ)(W× U× U× ...× U)

:=

r∑
i=1

Li(u1, z1, ..., zm−1)δ(gi(u1), z1, ..., zm−1), δ ∈ R+
W×U×U×...×U.

Theorem 2.1. Let assumptions (H1)-(H4) be true and let ϕ : W×U×U×...×U → R+, ξ : W → U
fulfil the conditions

∥(Tξ)(u1)− ξ(u1), z1, ..., zm−1∥β ≤ ϕ(u1, z1, ..., zm−1), (2.10)

ϕ∗(u1, z1, ..., zm−1) =

∞∑
n=0

(Ωnϕ)θ(u1, z1, ..., zm−1) <∞ (2.11)

where θ = β log2km, then limit

φ(u1) = lim
n→∞

Tnξ(u1), (2.12)

exists and the fixed point of T is a function ζ : W → U defined by (2.12) fulfills

∥ξ(u1)− ζ(u1), z1, ..., zm−1∥θq,β ≤ Cϕ∗(u1, z1, ..., zm−1) (2.13)

for some constant C > 0. Moreover, if

ϕ∗(u1, z1, ..., zm−1) ≤
(
M

∞∑
n=0

(Ωnϕ)(u1, z1, ..., zm−1)

)θ

<∞ (2.14)

for M > 0, then T has unique fixed point ζ satisfies (2.13).

Proof. By induction, it is simple to show that, for any n ∈ N0

∥(Tn+1ξ)(u1)− (Tnξ)(u1), z1, ..., zm−1∥β ≤ (Ωnϕ)(u1, z1, ..., zm−1). (2.15)

Using (2.10), we get

∥(Tξ)(u1)− ξ(u1), z1, ..., zm−1∥β ≤ (Ω0ϕ)(u1, z1, ..., zm−1). (2.16)

Hence, the inequality is true for n = 1. Now, suppose that equality (2.15) is true for n ∈ N0.
Now, by using (H3) and (H4), we have

∥(Tn+2ξ)(u1)− (Tn+1ξ)(u1), z1, ..., zm−1∥q,β
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= ∥T(Tn+1ξ)(u1)− T(Tnξ)(u1), z1, ..., zm−1∥q,β

≤
r∑

i=1

Li(u1, z1, ..., zm−1)∥Tnξ(gi(u1))− Tn+1ξ(gi(u1)), z1, ..., zm−1∥q,β

≤
r∑

i=1

Li(u1, z1, ..., zm−1)(Ω
nϕ)(gi(u1), z1, ..., zm−1)

= (Ωn+1ϕ)(u1, z1, ..., zm−1).

Hence, the inequality (2.15) is true for all n ∈ N0. Now, by using (2.15), (2.9) and Theorem 2.1,
we have

∥|(Tnξ)(u1)− (Tn+tξ)(u1), z1, ..., zm−1|∥θq,β

= ∥|
t−1∑
i=0

(Tn+iξ)(u1)− (Tn+i+1ξ)(u1), z1, ..., zm−1|∥θq,β

≤
t−1∑
i=0

∥|(Tn+iξ)(u1)− (Tn+i+1ξ)(u1), z1, ..., zm−1|∥θq,β

≤M2
θ
t−1∑
i=0

∥|(Tn+iξ)(u1)− (Tn+i+1ξ)(u1), z1, ..., zm−1|∥θq,β

≤M2
θ
t−1∑
i=0

(Ωn+iϕ)θ(u1, z1, ..., zm−1)

=M2
θ
n+t−1∑
i=n

(Ωn+iϕ)θ(u1, z1, ..., zm−1)

≤M2
θϕ∗(u1, z1, ..., zm−1). (2.17)

It implies from (3.17) and the convergence of the series
∑

(Ωnϕ)θ(u1, z1, ..., zm−1) that the se-
quence {Tnξ(u1)}n∈N is Cauchy in (U, ∥|., ..., .|∥q,β). Also, by using Theorem 2.3, we get that
the sequence {Tnξ(u1)}n∈N is also a Cauchy in the quasi-(m,β)-Banach space (U, ∥., ..., .∥q,β,k) ,
hence convergent, then the limit φ(u1) = limk→∞ Tkξ(u1) exists for all u1 ∈ W, therefore (2.12)
holds. Taking n = 0 and t → ∞ (2.17), we have

∥|ξ(u1)− φ(u1), z1, ..., zm−1|∥θq,β ≤ M2
θϕ∗(u1, z1, ..., zm−1). (2.18)

Using the inequality (2.9),

∥ξ(u1)− φ(u1), z1, ..., zm−1∥θq,β ≤M1
−θ∥|ξ(u1)− φ(u1), z1, ..., zm−1|∥θq,β

≤
(
M2

M1

)θ

ϕ∗(u1, z1, ..., zm−1), (2.19)

therefore (2.13) holds with C =

(
M2
M1

)θ

. Now, applying (H3), (2.12) and (2.9), we have

∥(Tn+1ξ)(u1)− (Tφ)(u1), z1, ..., zm−1∥q,β

≤
r∑

i=1

Li(u1, z1, ..., zm−1)∥(Tnξ)(gi(u1))− φ(gi(u1)), z1, ..., zm−1∥q,β
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≤M1
−1

r∑
i=1

Li(u1, z1, ..., zm−1)∥|(Tnξ)(gi(u1))− φ(gi(u1)), z1, ..., zm−1|∥q,β. (2.20)

Taking n→ ∞ (2.20), we get

lim
n→∞

∥(Tn+1ξ)(u1)− (Tφ)(u1), z1, ..., zm−1∥q,β = 0,

this proves limn→∞(Tn+1ξ)(u1) = (Tφ)(u1) for all u1 ∈ W, this implies Tφ = φ. Therefore, φ is
a fixed point of T that satisfies (2.13). Next, we prove the φ is unique. For this, we assume that
T has another fixed point φ′ satisfies (2.13). First we prove that

∥φ(u1)− φ′(u1), z1, ..., zm−1∥q,β = ∥(Tkφ)(u1)− (Tkφ′)(u1), z1, ..., zm−1∥q,β

≤ (mM)
1
θ C

∞∑
i=k

(Ωiϕ)(u1, z1, ..., zm−1). (2.21)

Infact, for k = 0 and using (2.18), we get

∥|φ(u1)− φ′(u1), z1, ..., zm−1|∥θq,β
≤ ∥φ(u1)− ξ(u1), z1, ..., zm−1∥θq,β + ∥ξ(u1)− φ′(u1), z1, ..., zm−1∥θq,β
≤mM2

θϕ∗(u1, z1, ..., zm−1).

Using inequality (2.9) and (2.14), we get

∥|φ(u1)− φ′(u1), z1, ..., zm−1|∥θq,β ≤M1
−θ∥|φ(u1)− φ′(u1), z1, ..., zm−1|∥θq,β

≤
(
M2

M1

)θ

ϕ∗(u1, z1, ..., zm−1)

≤mC
(
M

∞∑
n=0

(Ωnϕ)(u1, z1, ..., zm−1)

)θ

.

Hence, (2.21) is true for k = 0. Now, let us suppose that (2.21) is true for some k ∈ N, by using
(H3), we have

∥(Tk+1φ)(u1)− (Tk+1φ′)(u1), z1, ..., zm−1∥q,β

≤
r∑

i=1

Li(u1, z1, ..., zm−1)∥(Tkφ)(gi(u1))− (Tkφ′)(gi(u1)), z1, ..., zm−1∥q,β

≤
r∑

i=1

Li(u1, z1, ..., zm−1)(mC)
1
θM

∞∑
i=k

(Ωnϕ)(u1, z1, ..., zm−1)

= (mC)
1
θM

∞∑
i=k+1

(Ωnϕ)(u1, z1, ..., zm−1).

Hence, (2.21) is true for all k ∈ N0. From (2.9) and (2.21), we get

∥|(Tkφ)(u1)− (Tkφ′)(u1), z1, ..., zm−1|∥θq,β ≤M2
θ∥(Tkφ)(u1)− (Tkφ′)(u1), z1, ..., zm−1∥θq,β

≤mCM2
θ

(
M

∞∑
n=0

(Ωnϕ)(u1, z1, ..., zm−1)

)θ

. (2.22)
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Let k → ∞ (2.22) and using (2.14), we have

∥|(Tkφ)(u1)− (Tkφ′)(u1), z1, ..., zm−1|∥q,β = 0 =⇒ φ ≡ φ′.

Hence, T has unique fixed point φ.

Theorem 2.2. Suppose that (U, ∥., ..., .∥q,β, k) is a quasi-(m,β)-normed space where 0 < β ≤ 1
and hi : R× U× ...× U → R+ are given functions for i ∈ {1, 2, 3}. Assume

M0 = {n ∈ N : k(2s1(1 + a)s2(1 + a)s3(1 + a) + s1(1 + 2a)s2(1 + 2a)s3(1 + 2a)) < 1}

is an infite set, where

s1(ρ) = inf{t ∈ R+ : h1(ρu1, z1, ..., zm−1)

≤ th1(u1, z1, ..., zm−1) for all (u1, z1, ..., zm−1) ∈ R× U× ...× U},
s2(ρ) = inf{t ∈ R+ : h2(ρu1, z1, ..., zm−1)

≤ th2(u1, z1, ..., zm−1) for all (u1, z1, ..., zm−1) ∈ R× U× ...× U},
s3(ρ) = inf{t ∈ R+ : h3(ρu1, z1, ..., zm−1)

≤ th3(u1, z1, ..., zm−1) for all (u1, z1, ..., zm−1) ∈ R× U× ...× U},

ρ ∈ R0, and s1, s2, s3 satisfy the followg two conditions:

(1) ( lim
ρ→∞

s1(±ρ)s2(±ρ)s3(±ρ) = 0.

(2) lim
ρ→∞

s1(ρ) = 0 or lim
ρ→∞

s2(ρ) = 0 or lim
ρ→∞

s3(ρ) = 0.

If the function f : U → V follows the following inequality

∥f(u1 + u2) + 2f(u3 − u1) + 2f(u3 + u2)− 4f

(
u3 −

u1 + u2
4

)
, z1, ..., zm−1∥q,β

≤ h1(u1, z1, ..., zm−1)h2(u2, z1, ..., zm−1)h3(u3, z1, ..., zm−1), (2.23)

then f satisfies the equation

f(u1 + u2) + 2f(u3 − u1) + 2f(u3 + u2) = 4f

(
u3 −

u1 + u2
4

)
. (2.24)

Proof. Obviously, for i ∈ {1, 2, 3}, we obtain

hi(ρu1, z1, ..., zm−1) ≤ si(ρ)hi(u1, z1, ..., zm−1). (2.25)

Changing (u1, u2, u3) by (au1,−au1, au1 + u1) in (2.23), we have

∥2f(u1) + 2f((1 + 2a)u1)− 4f((1 + a)u1), z1, ..., zm−1∥q,β
≤ h1(au1, z1, ..., zm−1)h2(−au1, z1, ..., zm−1)h3(au1 + u1, z1, ..., zm−1).

Then

∥ − f(u1)− f((1 + 2a)u1) + 2f((1 + a)u1), z1, ..., zm−1∥q,β
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≤
(
1

2

)β

h1(au1, z1, ..., zm−1)h2(−au1, z1, ..., zm−1)h3(au1 + u1, z1, ..., zm−1). (2.26)

Now, we will define an operator Ta : VU⋆ → VU⋆ by

Taξ(u1) = 2ξ((1 + a)u1)− ξ((1 + 2a)u1), ξ ∈ U⋆.

Now, put

ϵa(u1, z1, ..., zm−1) =

(
1

2

)β

h1(au1, z1, ..., zm−1)h2(−au1, z1, ..., zm−1)h3(au1 + u1, z1, ..., zm−1).

Then by (2.25), we have

ϵa(u1, z1, ..., zm−1)

≤ s1(a)s2(−a)s3(1 + a)

(
1

2

)β

h1(u1, z1, ..., zm−1)h2(u1, z1, ..., zm−1)h3(u1, z1, ..., zm−1). (2.27)

Then the equality (2.26) takes the form

∥(Taf)(u1)− f(u1), z1, ..., zm−1∥q,β ≤ ϵa(u1, z1, ..., zm−1).

Now, we observe that the operator Ωa : R+
R0×U×...×U → R+

R0×U×...×U defined by

(Ωaδ)(u1, z1, ..., zm−1) = 2kδ((1 + a)u1, z1, ..., zm−1) + kδ((1 + 2a)u1, z1, ..., zm−1)

has the shape given in (H4) with i = 2,

g1(u1) ≡ (1 + a)u1, g1(u1) ≡ (1 + 2a)u1, L1(u1, z1, ..., zm−1) = 2βk, L1(u1, z1, ..., zm−1) = k.

Furthermore, for every ψ1, ψ2 ∈ R+
R0×U×...×U and (u1, z1, ..., zm−1) ∈ R0 × U× ...× U, we get

∥(Taψ1)(u1)− (Taψ2)(u1), z1, ..., zm−1∥q,β
= ∥2ψ1((1 + a)u1)− ψ1((1 + 2a)u1)− 2ψ2((1 + a)u1) + ψ2((1 + 2a)u1), z1, ..., zm−1∥q,β
×2βk∥ψ1((1 + a)u1)− ψ2((1 + a)u1), z1, ..., zm−1∥q,β + k∥ψ1((1 + 2a)u1)

−ψ2((1 + 2a)u1), z1, ..., zm−1∥q,β

×
2∑

i=1

Li(u1, z1, ..., zm−1)∥ψ1(gi(u1))− ψ2(gi(u1)), z1, ..., zm−1∥q,β.

Therefore, (H3) is hold for Ta with a ∈ N2. Next, we have to prove that

Ωn
aϵa(u1, z1, ..., zm−1)

≤
(
1

2

)β

kns1(a)s2(−a)s3(1 + a)(2s1(1 + a)s2(1 + a)s3(1 + a)

+s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))n (2.28)
×h1(u1, z1, ..., zm−1)h2(u1, z1, ..., zm−1)h3(u1, z1, ..., zm−1).

The equality (2.28) is true for n = 0. Now, assume that inequality (2.28) holds for n = k, n ∈ N0.
Then, we prove that result is true for n = k + 1.

Ωk+1
a ϵa(u1, z1, ..., zm−1)
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=Ωa(Ω
k
aϵa(u1, z1, ..., zm−1))

= 2kΩk
aϵa((1 + a)u1, z1, ..., zm−1) + kΩk

aϵa((1 + 2a)u1, z1, ..., zm−1)

= 2k

(
1

2

)β

kks1(a)s2(−a)s3(1+a)(2s1(1+a)s2(1+a)s3(1 + a) + s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))k

×h1((1 + a)u1, z1, ..., zm−1)h2((1 + a)u1, z1, ..., zm−1)h3((1 + a)u1, z1, ..., zm−1)

+k

(
1

2

)β

kks1(a)s2(−a)s3(1+a)(2s1(1+a)s2(1+a)s3(1+a) + s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))k

×h1((1 + 2a)u1, z1, ..., zm−1)h2((1 + 2a)u1, z1, ..., zm−1)h3((1 + 2a)u1, z1, ..., zm−1)

≤ 2k

(
1

2

)β

kks1(a)s2(−a)s3(1+a)(2s1(1+a)s2(1+a)s3(1 + a) + s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))k

×s1(1 + a)s2(1 + a)s3(1 + a)h1(u1, z1, ..., zm−1)h2(u1, z1, ..., zm−1)h3(u1, z1, ..., zm−1)

+k

(
1

2

)β

kks1(a)s2(−a)s3(1+a)(2s1(1+a)s2(1+a)s3(1+a) + s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))k

×s1(1 + 2a)s2(1 + 2a)s3(1 + 2a)h1(u1, z1, ..., zm−1)h2(u1, z1, ..., zm−1)h3(u1, z1, ..., zm−1)

≤
(
1

2

)β

kk+1s1(a)s2(−a)s3(1+a)(2s1(1+a)s2(1+a)s3(1+a) + s1(1+2a)s2(1+2a)s3(1 + 2a))k+1

×h1(u1, z1, ..., zm−1)h2(u1, z1, ..., zm−1)h3(u1, z1, ..., zm−1).

This demonstrates that (2.28) holds for every n ∈ N. Now, by using the definition of M0, we
find that

ϵ⋆a(u1, z1, ..., zm−1)

=
∞∑
n=0

(Ωn
aϵa)

θ(u1, z1, ..., zm−1)

≤
∞∑
n=0

(
1

2

)θβ

kθns1
θ(a)s2

θ(−a)s3θ(1 + a)(2s1(1 + a)s2(1 + a)s3(1 + a)

+s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))θn

×h1
θ(u1, z1, ..., zm−1)h2

θ(u1, z1, ..., zm−1)h3
θ(u1, z1, ..., zm−1)

=

(
1

2

)θβ s1
θ(a)s2

θ(−a)s3θ(1 + a)h1
θ(u1, z1, ..., zm−1)h2

θ(u1, z1, ..., zm−1)h3
θ(u1, z1, ..., zm−1)

1− (2s1(1 + a)s2(1 + a)s3(1 + a) + s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))θ
.

As a result of Theorem 2.4, the operator Ta has a fixed point Oa : R0 → U that satisfies

∥f(u1)−Oa(u1), z1, ..., zm−1∥θq,β
≤ Cϵ⋆a(u1, z1, ..., zm−1)

≤ C

(
1
2

)θβ
s1θ(a)s2θ(−a)s3θ(1+a)h1

θ(u1,z1,...,zm−1)h2
θ(u1,z1,...,zm−1)h3

θ(u1,z1,...,zm−1)
1−(2s1(1+a)s2(1+a)s3(1+a)+s1(1+2a)s2(1+2a)s3(1+2a))θ

. (2.29)

That is,

Oa(u1) = 2Oa((1 + a)u1)−Oa((1 + 2a)u1)

and (2.29) holds for all (u1, z1, ..., zm−1) R× U× ...× U. Moreover,

Oa(u1) = lim
n→∞

Tn
af(u1). (2.30)
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Now, we prove that

∥Tn
af(u1 + u2) + 2Tn

af(u3 − u1) + 2Tn
af(u3 + u2)− 4Tn

af

(
u3 −

u1 + u2
4

)
, z1, ..., zm−1∥q,β

≤ kns1(a)s2(−a)s3(1 + a)(2s1(1 + a)s2(1 + a)s3(1 + a) + s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))n

×h1(u1, z1, ..., zm−1)h2(u1, z1, ..., zm−1)h3(u1, z1, ..., zm−1). (2.31)

Indeed, if n = 0, then (2.31) follows by (2.23). Assume that (2.31) is true for some n. By the
help of induction, we prove that (2.31) is true for all n ∈ N. Using definition of Ta, we get

∥Tn+1
a f(u1 + u2) + 2Tn+1

a f(u3 − u1) + 2Tn+1
a f(u3 + u2)

−4Tn+1
a f

(
u3 −

u1 + u2
4

)
, z1, ..., zm−1∥q,β

= ∥2Tn
af((1 + a)(u1 + u2))− Tn

af((1 + 2a)(u1 + u2))

+4Tn
af((1 + a)(u3 − u1))− 2Tn

af((1 + 2a)(u3 − u1))

+4Tn
af((1 + a)(u3 + u2))− 2Tn

af((1 + 2a)(u3 + u2))− 8Tn
af

(
(1 + a)

(
u3 −

u1 + u2
4

))
+4Tn

af

(
(1 + 2a)

(
u3 −

u1 + u2
4

))
, z1, ..., zm−1∥q,β

≤ k2β∥Tn
af((1 + a)(u1 + u2)) + 2Tn

af((1 + a)(u3 − u1)) + 2Tn
af((1 + a)(u3 + u2))

−4Tn
af

(
(1 + a)

(
u3 −

u1 + u2
4

))
, z1, ..., zm−1∥q,β + k∥Tn

af((1 + 2a)(u1 + u2))

+2Tn
af((1 + 2a)(u3 − u1)) + 2Tn

af((1 + 2a)(u3 + u2))

−4Tn
af

(
(1 + 2a)

(
u3 −

u1 + u2
4

))
, z1, ..., zm−1∥q,β

≤ 2k

(
1

2

)β

kns1(a)s2(−a)s3(1+a)(2s1(1+a)s2(1+a)s3(1+a) + s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))n

×h1((1 + a)u1, z1, ..., zm−1)h2((1 + a)u1, z1, ..., zm−1)h3((1 + a)u1, z1, ..., zm−1)

+k

(
1

2

)β

kns1(a)s2(−a)s3(1+a)(2s1(1+a)s2(1+a)s3(1+a) + s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))n

×h1((1 + 2a)u1, z1, ..., zm−1)h2((1 + 2a)u1, z1, ..., zm−1)h3((1 + 2a)u1, z1, ..., zm−1)

≤ 2k

(
1

2

)β

kns1(a)s2(−a)s3(1+a)(2s1(1+a)s2(1+a)s3(1+a) + s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))n

×s1(1 + a)s2(1 + a)s3(1 + a)h1(u1, z1, ..., zm−1)h2(u1, z1, ..., zm−1)h3(u1, z1, ..., zm−1)

+k

(
1

2

)β

kns1(a)s2(−a)s3(1+a)(2s1(1+a)s2(1+a)s3(1+a) + s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))n

×s1(1 + 2a)s2(1 + 2a)s3(1 + 2a)h1(u1, z1, ..., zm−1)h2(u1, z1, ..., zm−1)h3(u1, z1, ..., zm−1)

≤
(
1

2

)β

kn+1s1(a)s2(−a)s3(1+a)(2s1(1+a)s2(1+a)s3(1+a) + s1(1+2a)s2(1+2a)s3(1 + 2a))n+1

×h1(u1, z1, ..., zm−1)h2(u1, z1, ..., zm−1)h3(u1, z1, ..., zm−1).

Hence, with the help of induction, we have proved that (2.31) is true for all n ∈ N0. Now, from
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(2.31) and (2.22), we get

∥|Tn
af(u1 + u2) + 2Tn

af(u3 − u1) + 2Tn
af(u3 + u2)− 4Tn

af

(
u3 −

u1 + u2
4

)
, z1, ..., zm−1|∥θq,β

≤M2
θ∥Tn

af(u1 + u2) + 2Tn
af(u3 − u1) + 2Tn

af(u3 + u2)− 4Tn
af

(
u3 −

u1 + u2
4

)
, z1, ..., zm−1∥θq,β

≤M2
θ

(
1

2

)θβ

kθns1
θ(a)s2

θ(−a)s3θ(1 + a)(2s1(1 + a)s2(1 + a)s3(1 + a)

+s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))θn

×h1
θ(u1, z1, ..., zm−1)h2

θ(u1, z1, ..., zm−1)h3
θ(u1, z1, ..., zm−1). (2.32)

Since ∥|., ..., .|∥θ is continuous, taking limit n→ ∞ (2.32) and using (2.30), we get

∥|Oa(u1 + u2) + 2Oa(u3 − u1) + 2Oa(u3 + u2)− 4Oa

(
u3 −

u1 + u2
4

)
, z1, ..., zm−1|∥θq,β

= lim
n→∞

∥|Tn
af(u1+u2) + 2Tn

af(u3−u1) + 2Tn
af(u3 + u2)− 4Tn

af

(
u3 −

u1 + u2
4

)
, z1, ..., zm−1|∥θq,β

= 0. (2.33)

This implies that

Oa(u1 + u2) + 2Oa(u3 − u1) + 2Oa(u3 + u2)− 4Oa

(
u3 −

u1 + u2
4

)
= 0. (2.34)

Now, we prove that Oa : R0 → U is a unique mapping. Let O′
a : R0 → U be a the solution of

(2.34) and

∥f(u1)−O′
a(u1), z1, ..., zm−1∥θq,β

≤ C

(
1
2

)θβ
s1θ(a)s2θ(−a)s3θ(1+a)h1

θ(u1,z1,...,zm−1)h2
θ(u1,z1,...,zm−1)h3

θ(u1,z1,...,zm−1)
1−(2s1(1+a)s2(1+a)s3(1+a)+s1(1+2a)s2(1+2a)s3(1+2a))θ

. (2.35)

Now, replacing (u1, u2, u3) by (au1,−au1, au1+u1) in (2.34), we get TaO
′
a(u1) = O′

a(u1) ∀ u1 ∈ R0.
Moreover, we have

∥|Oa(u1)−O′
a(u1), z1, ..., zm−1|∥q,β

≤ M2∥Oa(u1)−O′
a(u1), z1, ..., zm−1∥q,β

≤ kM2(∥Oa(u1)− f(u1), z1, ..., zm−1∥q,β + ∥f(u1)−O′
a(u1), z1, ..., zm−1∥q,β)

≤ C
1
θ

(
1

2

)β

2kM2
s1(a)s2(−a)s3(1 + a)h1(u1, z1, ..., zm−1)h2(u1, z1, ..., zm−1)h3(u1, z1, ..., zm−1)

(1− (2s1(1 + a)s2(1 + a)s3(1 + a) + s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))θ)
1
θ

.

Now, we can simply show by induction on n that

∥|Oa(u1)−O′
a(u1), z1, ..., zm−1|∥q,β

≤ C
1
θ

(
1

2

)β

2kM2k
ns1(a)s2(−a)s3(1 + a)(2s1(1 + a)s2(1 + a)s3(1 + a)

+s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))n
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× 1

(1− (2s1(1 + a)s2(1 + a)s3(1 + a) + s1(1 + 2a)s2(1 + 2a)s3(1 + 2a))θ)
1
θ

h1(u1, z1, ..., zm−1)

×h2(u1, z1, ..., zm−1)h3(u1, z1, ..., zm−1). (2.36)

Taking n → ∞ in (2.36), we get Oa ≡ O′
a, hence Oa is unique fixed of Ta. Now, taking a → ∞

in (2.29), we get

lim
a→∞

∥f(u1)−Oa(u1), z1, ..., zm−1∥q,β = 0 =⇒ lim
a→∞

Oa(u1) = f(u1). (2.37)

Also, taking a→ ∞ in (2.33) and using (2.37), we get

∥|f(u1 + u2) + 2f(u3 − u1) + 2f(u3 + u2)− 4f

(
u3 −

u1 + u2
4

)
, z1, ..., zm−1|∥q,β

= lim
a→∞

∥|Oa(u1 + u2) + 2Oa(u3 − u1) + 2Oa(u3 + u2)− 4Oa

(
u3 −

u1 + u2
4

)
, z1, ..., zm−1|∥q,β

= 0,

this implies that

f(u1 + u2) + 2f(u3 − u1) + 2f(u3 + u2)− 4f

(
u3 −

u1 + u2
4

)
= 0

for all u1, u2, u3 ∈ R0. This demonstrates that f is a solution to equation (2.24).

Conclusion

In this work, we validated a fixed-point theorem within the broader framework of quasi-(m,β)-
normed spaces, extending the foundational contributions of Brzdek and El-Fassi. This extension
facilitated the analysis of the hyperstability of Apollonius-type functional equations, demonstrat-
ing the effectiveness of fixed-point methods in addressing stability phenomena under generalized
normed structures.

The results presented underscore the essential role of inequalities in understanding stability
in functional equations and highlight the applicability of fixed-point techniques in addressing
advanced mathematical problems. Future research could explore the hyperstability of other
classes of functional equations, such as Jensen-type, quadratic, or mixed-type equations, further
advancing the integration of inequalities and fixed-point methodologies in stability theory.
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