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THE INFLUENCE OF SMALL PERMANENT CHARGES AND PARTIAL

BOUNDARY CONDITIONS ON INDIVIDUAL FLUXES VIA

POISSON-NERNST-PLANCK SYSTEMS

Yiwei Wang1,2 and Lijun Zhang2,3,†

Abstract We investigate ionic flow through membrane channels within a one-dimensional
Poisson-Nernst-Planck framework, considering two oppositely charged ion species and incor-
porating a small but non-zero permanent charge. Building upon prior analysis in [50], which
was confined to cases with higher left-side concentrations, we relax this constraint to examine
a broader and more physiologically relevant range of boundary conditions. Crucially, instead
of considering the product of zeroth- and first-order terms in the flux expansion, we focus
on the first-order term itself, which directly captures the leading effects of channel geometry
and permanent charge. Under partial electroneutral boundary conditions, our analysis re-
sults demonstrate that the permanent charge plays a regulatory role: It can either enhance
or suppress both ion fluxes simultaneously, or exert opposing effects by increasing anion flux
while decreasing cation flux - an outcome that depends on the electric potential applied at
the boundary. We further identify and compare several critical electric potentials, providing
new insights into the transport mechanisms operative across different potential intervals.
Numerical simulations on selected cases yield results in excellent agreement with the theory,
confirming and supporting our analytical conclusions.

Keywords PNP systems, permanent charges, individual fluxes, partial boundary condi-
tions.
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1. Introduction

Ion channels are large proteins embedded in the cell membrane with a central pore that provides
a regulated pathway for the electrodiffusion of ions (such as Na+, K+, Ca++ and Cl−) across
biological membranes. They enable communication between cells and their external environ-
ment, thereby controlling a wide range of biological functions. In addition to external driving
forces, such as boundary electric potentials and ion concentrations, ionic flow through these
atomic-scale channels is also influenced by other factors, including the shape of its pore and the
distribution of permanent charge along the channel’s inner surface [12,13,16–18,22].

Ionic flows follow electrodiffusion laws, where current-voltage relations capture key channel
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properties: Permeation and selectivity. However, individual ion fluxes–though rarely measurable
directly–provide more functional insight than total current alone [23,29]. Mathematical analysis
is crucial to reveal underlying mechanisms, especially when analytical solutions are attainable.
Recent advances in Poisson-Nernst-Planck (PNP) models [2,6–8,11,14,15,25,29,31,33,34,38–41,
43,47,48,52] have greatly improved our qualitative understanding of flow behavior and internal
dynamics.

1.1. The Poisson-Nernst-Planck model

The Poisson-Nernst-Planck (PNP) system serves as the foundational continuum model for ionic
flows. It can be derived from multiple theoretical frameworks, including molecular dynamics [44],
Boltzmann equations [3], and variational principles [26–28]. The classical Poisson-Nernst-Planck
(cPNP) system, the simplest form of the PNP model, incorporates only the ideal electrochemical
potential µid

k (x) from (1.6), treating ions as point charges. This model has been extensively
simulated and analyzed for a wide range of applications (see, [1, 3–5, 10, 20, 24, 35, 42, 45, 46, 49,
53,54]).

The narrow cross-sections of ion channels compared to their lengths allows for a reduction of
the three-dimensional PNP system to a quasi-one-dimensional model, an approach first proposed
in [42] and later rigorously justified in [37] for special cases. For k = 1, 2, . . . , n, a quasi-one-
dimensional steady-state PNP model takes the form:

1

h(x)

d

dx

(
εr(x)ε0h(x)

dΦ

dx

)
= −e

( n∑
s=1

zscs +Q(x)
)
,

dJk

dx
= 0, −Jk =

1

kBT
Dk(x)h(x)ck

dµk

dx
,

(1.1)

where x ∈ [0, 1] is the coordinate along the axis of the channel that is normalized to [0, 1],
h(x) is the area of cross-section of the channel over the location x, Q(x) is the permanent
charge density, εr(x) is the relative dielectric coefficient, ε0 is the vacuum permittivity, e is
the elementary charge, kB is the Boltzmann constant, T is the absolute temperature, Φ is the
electric potential. For the kth ion species, ck is the concentration, zk is the valence, µk is
the electrochemical potential depending on Φ and ck, Jk(x) is the flux density through the
cross-section over x, and Dk(x) is the diffusion coefficient.

For k = 1, 2, · · · , n, system (1.1) is governed by the boundary conditions given below (see [14]
for a derivation):

Φ(0) = V, ck(0) = Lk > 0; Φ(1) = 0, ck(1) = Rk > 0. (1.2)

Beyond the effects of boundary conditions and ion properties, the distribution of permanent
charge serves as the principal determinant of channel type [18], providing a crucial component
to the complex behaviors in ion channels. Specifically, the permanent charge reflects the protein
structure and is influenced by factors such as atomic positions and channel geometry [15]. The
permanent charge Q(x) is typically modeled as a piecewise constant function. Specifically, we
partition the interval [0, l] as x0 = 0 < x1 < · · · < xm−1 < xm = l and define Q(x) = Qj for
x ∈ (xj−1, xj), where each Qj is a constant. The conditions Q1 = Qm = 0 are imposed, with
the intervals [x0, x1] and [xm−1, xm] interpreted as the reservoirs without permanent charges.

Within the framework of geometric singular perturbation theory, the work in [14] established
the local existence and uniqueness of solutions to the boundary value problem (1.1)-(1.2) with
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one cation and one anion. The permanent charge Q(x) was modeled by

Q(x) = 0 if 0 < x < a; Q(x) = Q0 if a < x < b; Q(x) = 0 if b < x < 1. (1.3)

Building on this, [31] investigated the case of small Q0 in (1.3), employing a regular perturbation
analysis to examine its effects on ionic flows. This study revealed interesting flow properties and
emphasized the critical role of permanent charge in shaping these properties.

Macroscopic reservoirs are essential for modeling channels or transistors [9,19–21], but their
boundary conditions introduce boundary layers that can significantly influence the device’s core
region, with charge layers having long-range effects. Nonetheless, studies of key ionic flow
properties (individual fluxes and I-V relations for permeation and selectivity) commonly simplify
this by imposing electroneutrality boundary conditions (see, [1, 6, 7, 30–33, 36, 53]), defined as
follows:

n∑
s=1

zsLs =

n∑
s=1

zsRs = 0. (1.4)

Although the electroneutrality condition (1.4) significantly simplifies the analysis of ionic flow
dynamics, it also precludes the examination of boundary layer effects, which carry critical phys-
ical information.

Within the framework of ion channel biophysics, the boundary layer typically refers to the
narrow region near the channel entrance or exit. In this region, local electroneutrality is often
violated, leading to sharp variations in ion concentration and electrical potential, which in turn
play a decisive role in the overall ion transport behavior. Boundary layer effects exert a funda-
mental influence on key macroscopic functional properties, including ion selectivity, the nonlinear
current–voltage relations, and voltage-dependent rectification behavior. Consequently, neglect-
ing the boundary layer would impede a precise comprehension of the fundamental mechanisms
driving these phenomena.

A complete understanding of ionic flow mechanisms through membrane channels requires
careful consideration of boundary layer effects. Given this sensitivity of electric potentials to
these layers, our study employs the PNP model under the assumption of partial neutral boundary
condition, which is defined as follows:

−z2L2 = σ(z1L1) and − z2R2 = z1R1, (1.5)

where σ is some positive constant not equal to 1 (σ = 1 in (1.5) implies neutral state).
In this work, our analysis reveals richer qualitative properties of ionic flows beyond those

observable under electroneutrality conditions. Furthermore, we examines boundary layer effects
on ionic flows through a one-dimensional classical PNP model with small permanent charges.
A primary objective is to characterize the nonlinear interplay among key parameters, includ-
ing channel geometry, permanent charge, boundary conditions, and boundary layers. These
results offer a mechanism for controlling ionic flows through the application of boundary electric
potentials.

1.2. The boundary value problem and settings

Under the assumption of partial neutral boundary condition (1.5), we take the following settings:

(i). Two ion species (n = 2) with z1 > 0 and z2 < 0.
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(ii). The permanent charge Q(x) is modeled by (1.3).

(iii). The model only includes the ideal component of the electrochemical potential, which is
defined as

µid
k (x) = zkeΦ(x) + kBT ln

ck(x)

c0
, (1.6)

where c0 is some characteristic number density.

(iv). εr(x) = εr and Dk(x) = Dk.

Under the assumptions (i)–(iv), we first make the following dimensionless rescaling. Let

ϕ =
e

kBT
Φ, V =

e

kBT
V, ε2 =

εrε0kBT

e2
, Jk =

Jk

Dk
.

Correspondingly, for k = 1, 2, the boundary value problem (1.1)-(1.2) becomes

ε2

h(x)

d

dx

(
h(x)

d

dx
ϕ

)
= −z1c1 − z2c2 −Q(x),

h(x)
dck
dx

+ zkh(x)ck
dϕ

dx
= −Jk,

dJk
dx

= 0,

(1.7)

with the boundary conditions

ϕ(0) = V, ck(0) = Lk; ϕ(1) = 0, ck(1) = Rk. (1.8)

1.3. Motivation and the main results

This work focuses on elucidating the mechanism by which boundary layers influence ionic flows
in the PNP system (1.7)-(1.8) with small permanent charges. By considering the case of small
|Q0| relative to the boundary concentrations Lk and Rk, the authors in [31] subsequently derive
Q0-expanded approximations for the individual fluxes:

Jk = Jk0 + Jk1Q0 + o(Q0), k = 1, 2, (1.9)

where

J10 =
(cL1 − cR1 )(z1V + lnL1 − lnR1)

H(1)(ln cL1 − ln cR1 )
, J20 =

(cL2 − cR2 )(z2V + lnL2 − lnR2)

H(1)(ln cL2 − ln cR2 )
,

J11 =
A(z2(1−B)λ+ 1)

(z1 − z2)H(1)
(z1λ+ 1), J21 =

A(z1(1−B)λ+ 1)

(z2 − z1)H(1)
(z2λ+ 1),

(1.10)

with

λ =
ϕL − ϕR

ln cL1 − ln cR1
, A =

(cL1 − cR1 )(c
b
10 − ca10)

ca10c
b
10(ln c

L
1 − ln cR1 )

, B =
ln cb10 − ln ca10

A
,

ϕL = V − 1

z1 − z2
ln

−z2L2

z1L1
, z1c

L
1 = −z2c

L
2 = (z1L1)

−z2
z1−z2 (−z2L2)

z1
z1−z2 ,

ϕR = − 1

z1 − z2
ln

−z2R2

z1L1
, z1c

R
1 = −z2c

R
2 = (z1R1)

−z2
z1−z2 (−z2R2)

z1
z1−z2 ,

ca10 = cL1 + α(cR1 − cL1 ), cb10 = cL1 + β(cR1 − cL1 ),
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α =
H(a)

H(1)
, β =

H(b)

H(1)
, H(x) =

∫ x

0

1

h(s)
ds.

Here, V denotes the voltage. cLk and cRk represent the concentrations of the k-th ion species at
the leftmost and rightmost ends of the channel, respectively.

While previous research [50] has established the influence of small permanent charges on ion
fluxes by examining the signs of Jk0Jk1, it does not account for the critical role of Jk1 itself. In
this work, we address this by providing a detailed analysis of Jk1, the leading-order term in the
individual fluxes that captures the effects of small permanent charges and channel geometry.
In particular, the condition Jk0 = 0 corresponds to a unique critical potential, denoted V 1

kc,
while the condition Jk1 = 0 is associated with two distinct critical potentials, V 1

kc and V 2
kc (see

Lemma 2.1 and Theorem 2.1). By employing more generalized boundary conditions, we first
investigate the qualitative properties of both Jk0 and Jk1 through their signs. Furthermore, we
compare the critical potentials V 1

kc and V 2
kc under certain conditions, thereby offering a more

comprehensive understanding of how permanent charge governs individual fluxes within different
potential intervals.

The remainder of this paper is structured as follows. Section 2 provides a detailed analysis
of how boundary layers and small permanent charges affect individual fluxes. In Section 3,
numerical simulations offer visual validation of our analytical findings. Finally, the conclusions
of this work are presented in Section 4.

2. Influence of permanent charges on individual fluxes with par-
tial boundary layers

Under assumption (1.5), we analyze the influence of permanent charges and channel geometry

on the individual fluxes. Let t = L1
R1

and σ1 = σ
z1

z1−z2 , equation (1.10) can be expressed as

J10 =
R1(σ1t− 1)(z1V + ln t)

ln(σ1t)H(1)
, J20 = −z1

z2

R1(σ1t− 1)(z2V + ln(σt))

ln(σ1t)H(1)
,

J11 =
A1

(
z2A2V + (1 + z2

z1−z2
(1−A2)) lnσ + ln t

)(
z1V + ln t

)
(z1 − z2) ln

2(σ1t)H(1)
,

J21 =
A1

(
z1A2V + z1

z1−z2
(1−A2) lnσ + ln t

)(
z2V + ln(σt)

)
(z2 − z1) ln

2(σ1t)H(1)
,

(2.1)

where

A1 = −(β − α)(σ1t− 1)2

ω(α)ω(β) ln(σ1t)
, A2 =

s(β)

(β − α)(σ1t− 1)2
,

with

s(β) = ω(α)ω(β) ln(σ1t) ln
ω(β)

ω(α)
+ (β − α)(σ1t− 1)2,

ω(α) = (1− α)σ1t+ α > 0, ω(β) = (1− β)σ1t+ β > 0.

(2.2)

Note here that we introduce a new parameter σ1, which is defined based on parameter σ in the
boundary conditions (1.5) to quantify the influence of the boundary layer on the ion flux.
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In this work, we restrict our discussion to the case A2 ̸= 0. When σ = 1, the expression for
Jk1 in (2.1) reduces to the electroneutral case previously established in [31].

Notice that V 1
1c, V

2
1c are two roots of J11(V ) = 0, and V 1

2c, V
2
2c are two roots of J21(V ) = 0,

respectively, which are given by

V 1
1c = − ln t

z1
, V 2

1c =
1

z1 − z2

(
lnσ − z1 lnσ + (z1 − z2) ln t

z2A2

)
,

V 1
2c = − lnσt

z2
, V 2

2c =
1

z1 − z2

(
lnσ − z1 lnσ + (z1 − z2) ln t

z1A2

)
.

(2.3)

For k = 1, 2, we observe that Jk0 and Jk1 share a common zero, specifically at the potential
V 1
kc. Based on the equations (2.1), the following conclusion regarding Jk0 can be immediately

established.

Lemma 2.1. For the monotonicity of Jk0(V ), one has

(i) J10 is monotonically increasing in V . Furthermore, J10 < 0 for V ∈ (−∞, V 1
1c) and J10 > 0

for V ∈ (V 1
1c,+∞).

(ii) J20 is monotonically decreasing in V . Furthermore, J20 > 0 for V ∈ (−∞, V 1
2c) and J20 < 0

for V ∈ (V 1
2c,+∞).

We firstly define the following functions, which will be used frequently in our analysis. For
t > 0 and σ1t ̸= 1, we set

γ1(t) =
σ1t

σ1t− 1
− 1

ln(σ1t)
,

γ2(t) =
σ1t

σ1t− 1
−
(
1− z1

z2

)
1

ln(σ1t)
,

γ3(t) =
σ1t

σ1t− 1
−
(
1− z2

z1

)
1

ln(σ1t)
.

(2.4)

2.1. An analysis of the fluxes Jk1

For k = 1, 2, Jk1 is the dominant term characterizing the influence of permanent charges on
individual ionic fluxes. The properties of Jk1 are analyzed in this subsection.

Our analysis begins with an examination of the sign of the V 2 coefficient in Jk1 for k = 1, 2,
as it is crucial for the subsequent discussion. Direct calculation on equations (2.1) lead to

d2J11
dV 2

= −d2J21
dV 2

=
z1z2A1A2

(z1 − z2) ln
2(σ1t)H(1)

.

The sign of A1 can be readily established.

Lemma 2.2. A1 and σ1t− 1 have opposite signs.

We next consider the sign of A2, which will be used later for our analysis.

Lemma 2.3. Assume t = L1
R1

, γ1(t) is defined by (2.4) and

s1(α) = (1− α)(1− σ1t)
2 − ω(α) ln(σ1t) lnω(α).

Then,



2224 Y. Wang & L. Zhang

(i) For σ1t > 1,

(i1) When α ≥ γ1(t), A2 > 0;

(i2) When α < γ1(t), A2(β) has a unique zero β1 ∈ (α, 1), with A2 < 0 for β ∈ (α, β1)
and A2 > 0 for β ∈ (β1, 1).

(ii) For σ1t < 1,

(ii1) For α ≥ γ1(t), one has A2 < 0;

(ii2) For α < γ1(t), s1(α) has a unique zero α1 ∈ (0, 1), such that

(ii21) When α < γ1(t) ≤ α1 or α < α1 < γ1(t), A2 > 0;

(ii22) When α1 < α < γ1(t), A2(β) has a unique zero β2 ∈ (α, 1), with A2 > 0 for
β ∈ (α, β2) and A2 < 0 for β ∈ (β2, 1).

Proof. We will proceed to prove statement (i), as the remaining statements can be established
by an similar argument. Obviously, A2 has the same sign as that of s(β). Direct calculation on
s(β) leads to

s′(β) =

(
ω(α) ln

ω(β)

ω(α)
+ (1− σ1t)(α− γ1(t))

)
(1− σ1t) ln(σ1t),

s′′(β) =
ω(α)

ω(β)
(1− σ1t)

2 ln(σ1t),

where γ1(t) is defined in (2.4). When σ1t > 1, we have s′′(β) > 0, which implies s(β) is concave
upward. If β → α, then

lim
β→α

s(β) = 0, lim
β→α

s′(β) = (1− σ1t)
2(α− γ1(t)) ln(σ1t).

Under the condition α ≥ γ1(t), we have lim
β→α

s′(β) ≥ 0. Together with s′′(β) > 0, we conclude

that s(β) > 0.
We now turn to the case α < γ1(t), where lim

β→α
s′(β) < 0. Our objective is to establish the

sign of s(1), as this is key to characterizing the sign of s(β) over the entire interval. Let

s1(α) = s(1) = (1− α)(1− σ1t)
2 − ω(α) ln(σ1t) lnω(α).

By calculation, one has

s′1(α) = −(1− σ1t)
(
(1− σ1t) + (1 + lnω(α)) ln(σ1t)

)
,

s′′1(α) = − 1

ω(α)
(1− σ1t)

2 ln(σ1t) < 0.

Clearly, s1(1) = 0. Set
s11(t

∗) = s1(0) = (1− t∗)2 − t∗ ln2 t∗,

where t∗ = σ1t > 1. Direct calculation on s11(t
∗) yields

s′11(t
∗) = 2(t∗ − 1)− ln2 t∗ − 2 ln t∗, s′′11(t

∗) =
2

t∗
(t∗ − 1− ln t∗) > 0.

It’s easy to check that s11(1) = s′11(1) = 0, and thus s11(t
∗) = s1(0) > 0, which indicates that

s1(α) = s(1) > 0. Note that s′′(β) > 0. Therefore, there exists a unique β1 ∈ (α, 1) such that
s(β) < 0 for β ∈ (α, β1) and s(β) > 0 for β ∈ (β1, 1). It completes the proof.

It follows directly from Lemmas 2.2 and 2.3 that
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Theorem 2.1. Assume t = L1
R1

and γ1(t) is defined by (2.4). Let Vmin = min{V 1
kc, V

2
kc} and

Vmax = max{V 1
kc, V

2
kc}, then

(i) d2J11
dV 2 > 0 and d2J21

dV 2 < 0 if one of the following conditions holds:

(i1) α ≥ γ1(t);

(i2) σ1t > 1, α < γ1(t) and β ∈ (β1, 1);

(i3) σ1t < 1, α1 < α < γ1(t) and β ∈ (β2, 1).

Moreover, the signs of J11 and J21 are as follows:

(a) For V ∈ (Vmin, Vmax), J11 < 0 and J21 > 0, that is, (small) positive permanent charge
reduces J1 but enhances J2.

(b) For V ∈ (−∞, Vmin) or V ∈ (Vmax,+∞), J11 > 0 and J21 < 0, that is, (small)
positive permanent charge enhances J1 but reduces J2.

(ii) d2J11
dV 2 < 0 and d2J21

dV 2 > 0 if one of the following conditions holds:

(ii1) σ1t > 1, α < γ1(t) and β ∈ (α, β1);

(ii2) σ1t < 1 and α < min{α1, γ1(t)};
(ii3) σ1t < 1, α1 < α < γ1(t) and β ∈ (α, β2).

Moreover, the signs of J11 and J21 are as follows:

(a) For V ∈ (Vmin, Vmax), J11 > 0 and J21 < 0, that is, (small) positive permanent charge
enhances J1 but reduces J2.

(b) For V ∈ (−∞, Vmin) or V ∈ (Vmax,+∞), J11 < 0 and J21 > 0, that is, (small)
positive permanent charge reduces J1 but enhances J2.

In the following, we present a rigorous analytical computation to compare the magnitudes
of V 1

kc and V 2
kc for k = 1, 2. It follows from (2.3) that

V 2
1c − V 1

1c =
ln(σ1t)f1(β)

z1z2s(β)
, V 2

2c − V 1
2c =

ln(σ1t)f2(β)

z1z2s(β)
.

To facilitate the subsequent analysis, we first introduce the following two functions.

f1(β) = z2ω(α)ω(β) ln(σ1t) ln
ω(β)

ω(α)
+ (z2 − z1)(β − α)(σ1t− 1)2,

f2(β) = z1ω(α)ω(β) ln(σ1t) ln
ω(β)

ω(α)
+ (z1 − z2)(β − α)(σ1t− 1)2.

Then, it follows

Lemma 2.4. Assume t = L1
R1

, γ2(t) is defined by (2.4) and

p1(t) = (z2 − z1)(1− t)2 − z2t ln
2 t,

f11(α) = (z2 − z1)(1− α)(1− σ1t)
2 − z2ω(α) ln(σ1t) lnω(α).

Then,

(i) For σ1t > 1,

(i1) When α ≥ γ2(t), f1(β) < 0;
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(i2) When α < γ2(t), f1(β) has a unique zero β3 ∈ (α, 1), with f1(β) > 0 for β ∈ (α, β3)
and f1(β) < 0 for β ∈ (β3, 1).

(ii) For σ1t < 1, when α ≥ γ2(t), f1(β) > 0; when α < γ2(t), p1(t) has a unique zero t1 ∈ (0, 1),
such that

(ii1) For σ1t ∈ (t1, 1), one has f1(β) < 0;

(ii2) For σ1t ∈ (0, t1), f11(α) has a unique zero α2 ∈ (0, 1), such that

(ii21) When α < γ2(t) ≤ α2 or α < α2 < γ2(t), f1(β) < 0;

(ii22) When α2 < α < γ2(t), f1(β) has a unique zero β4 ∈ (α, 1), with f1(β) < 0 for
β ∈ (α, β4) and f1(β) > 0 for β ∈ (β4, 1).

Proof. Statement (i) is proved below, with the rest following from similar reasoning. Direct
calculation on f1(β) leads to

f ′
1(β) = z2

(
ω(α) ln

ω(β)

ω(α)
+ (1− σ1t)(α− γ2(t))

)
(1− σ1t) ln(σ1t),

f ′′
1 (β) = z2

ω(α)

ω(β)
(1− σ1t)

2 ln(σ1t) < 0,

where γ2(t) is defined in (2.4) and σ1t > 1. As β → α, it holds that

lim
β→α

f1(β) = 0, lim
β→α

f ′
1(β) = z2(1− σ1t)

2(α− γ2(t)) ln(σ1t).

Given α ≥ γ2(t), we observe that lim
β→α

f ′
1(β) ≤ 0 and f ′′

1 (β) < 0, and thus f1(β) < 0.

For the case α < γ2(t), characterized by lim
β→α

f ′
1(β) > 0, and we proceed to determine the

sign of f1(1). Define

f11(α) = f1(1) = (z2 − z1)(1− α)(1− σ1t)
2 − z2ω(α) ln(σ1t) lnω(α).

Therefore,

f ′
11(α) = (z1 − z2)(1− σ1t)

2 − z2(1− σ1t)(1 + lnω(α)) ln(σ1t),

f ′′
11(α) = − z2

ω(α)
(1− σ1t)

2 ln(σ1t) > 0.

Since one can easily verify that f11(0) < 0 and f11(1) = 0, it follows that f11(α) = f1(1) < 0.
Therefore, there exists a unique β3 ∈ (α, 1) such that f1(β) > 0 for β ∈ (α, β3) and f1(β) < 0
for β ∈ (β3, 1). It completes the proof.

Since the proof follows an argument similar to that of Lemma 2.4, we omit the details and
state the conclusion directly as follows.

Lemma 2.5. Assume t = L1
R1

, γ3(t) is defined by (2.4) and

p2(t) = (z1 − z2)(1− t)2 − z1t ln
2 t,

f21(α) = (z1 − z2)(1− α)(1− σ1t)
2 − z1ω(α) ln(σ1t) lnω(α).

Then,

(i) For σ1t > 1,
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(i1) When α ≥ γ3(t), f2(β) > 0;

(i2) When α < γ3(t), f2(β) has a unique zero β5 ∈ (α, 1), with f2(β) < 0 for β ∈ (α, β5)
and f2(β) > 0 for β ∈ (β5, 1).

(ii) For σ1t < 1, when α ≥ γ3(t), f2(β) < 0; when α < γ3(t), p2(t) has a unique zero t2 ∈ (0, 1),
such that

(ii1) For σ1t ∈ (t2, 1), one has f2(β) > 0;

(ii2) For σ1t ∈ (0, t2), f21(α) has a unique zero α3 ∈ (0, 1), such that

(ii21) When α < γ3(t) ≤ α3 or α < α3 < γ3(t), f2(β) > 0;

(ii22) When α3 < α < γ3(t), f2(β) has a unique zero β6 ∈ (α, 1), with f2(β) > 0 for
β ∈ (α, β6) and f2(β) < 0 for β ∈ (β6, 1).

Combined with Lemmas 2.3 and 2.4, we obtain the following result.

Theorem 2.2. Assume t = L1
R1

. One has

(i) V 2
1c > V 1

1c under one of the following conditions:

(i1) σ1t > 1,

(1) α ≥ γ1(t);

(2) γ2(t) ≤ α < γ1(t) and β ∈ (β1, 1);

(3) α < γ2(t) and β ∈ (α,min{β1, β3}) ∪ (max{β1, β3}, 1);
(i2) σ1t < 1,

(1) α1 < α < min{α2, γ1(t)} and β ∈ (β2, 1);

(2) α2 < α < α1 < γ1(t) and β ∈ (β4, 1);

(3) max{α1, α2} < α < γ1(t) and β ∈ (min{β2, β4},max{β2, β4});
(4) t1 < σ1t, γ1(t) ≤ α < γ2(t) or α1 < α < γ1(t) and β ∈ (β2, 1);

(i3) σ1t < t1 < 1,

(1) γ1(t) ≤ α < min{α2, γ2(t)} ;

(2) max{α2, γ1(t)} < α < γ2(t) and β ∈ (α, β4);

(3) α2 ≥ γ2(t), α1 < α < γ1(t) and β ∈ (β2, 1);

(4) α2 < γ2(t), α2 < α < γ1(t) ≤ α1 and β ∈ (β4, 1).

(ii) V 2
1c < V 1

1c under one of the following conditions:

(ii1) σ1t > 1,

(1) γ2(t) ≤ α < γ1(t) and β ∈ (α, β1);

(2) α < γ2(t) and β ∈ (min{β1, β3},max{β1, β3});
(ii2) σ1t < 1,

(1) α ≥ γ2(t);

(2) α < min{α1, α2}, α1 < γ1(t) and α2 < γ2(t);

(3) α1 < α < min{α2, γ1(t)} and β ∈ (α, β2);

(4) α2 < α < α1 < γ1(t) and β ∈ (α, β4);

(5) max{α1, α2} < α < γ1(t) and β ∈ (α,min{β2, β4}) ∪ (max{β2, β4}, 1);
(6) t1 < σ1t, α < min{α1, γ1(t)} or α1 < α < γ1(t) and β ∈ (α, β2);

(ii3) σ1t < t1 < 1,
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(1) max{α2, γ1(t)} < α < γ2(t) and β ∈ (β4, 1);

(2) α2 ≥ γ2(t) and α < min{α1, γ1(t)};
(3) α2 ≥ γ2(t), α1 < α < γ1(t) and β ∈ (α, β2);

(4) α < min{α2, γ1(t)}, α1 ≥ γ1(t) and α2 < γ2(t);

(5) α2 < γ2(t), α2 < α < γ1(t) ≤ α1 and β ∈ (α, β4).

Based on Lemmas 2.3 and 2.5, the order of V 1
2c and V 2

2c can easily be established, yielding
the conclusion as follows.

Theorem 2.3. Assume t = L1
R1

. One has

(i) V 2
2c < V 1

2c under one of the following conditions:

(i1) σ1t > 1,

(1) α ≥ γ1(t);

(2) γ3(t) ≤ α < γ1(t) and β ∈ (β1, 1);

(3) α < γ3(t) and β ∈ (α,min{β1, β5}) ∪ (max{β1, β5}, 1);
(i2) σ1t < 1,

(1) α1 < α < min{α3, γ1(t)} and β ∈ (β2, 1);

(2) α3 < α < α1 < γ1(t) and β ∈ (β6, 1);

(3) max{α1, α3} < α < γ1(t) and β ∈ (min{β2, β6},max{β2, β6});
(4) t2 < σ1t, γ1(t) ≤ α < γ3(t) or α1 < α < γ1(t) and β ∈ (β2, 1);

(i3) σ1t < t2 < 1,

(1) γ1(t) ≤ α < min{α3, γ3(t)};
(2) max{α3, γ1(t)} < α < γ3(t) and β ∈ (α, β6);

(3) α3 ≥ γ3(t), α1 < α < γ1(t) and β ∈ (β2, 1);

(4) α3 < γ3(t), α3 < α < γ1(t) ≤ α1 and β ∈ (β6, 1).

(ii) V 2
2c > V 1

2c under one of the following conditions:

(ii1) σ1t > 1,

(1) γ3(t) ≤ α < γ1(t) and β ∈ (α, β1);

(2) α < γ3(t) and β ∈ (min{β1, β5},max{β1, β5});
(ii2) σ1t < 1,

(1) α ≥ γ3(t);

(2) α < min{α1, α3}, α1 < γ1(t) and α3 < γ3(t);

(3) α1 < α < min{α3, γ1(t)} and β ∈ (α, β2);

(4) α3 < α < α1 < γ1(t) and β ∈ (α, β6);

(5) max{α1, α3} < α < γ1(t) and β ∈ (α,min{β2, β6}) ∪ (max{β2, β6}, 1);
(6) t2 < σ1t, α < min{α1, γ1(t)} or α1 < α < γ1(t) and β ∈ (α, β2);

(ii3) σ1t < t2 < 1,

(1) max{α3, γ1(t)} < α < γ3(t) and β ∈ (β6, 1);

(2) α3 ≥ γ3(t) and α < min{α1, γ1(t)};
(3) α3 ≥ γ3(t), α1 < α < γ1(t) and β ∈ (α, β2);

(4) α < min{α3, γ1(t)}, α1 ≥ γ1(t) and α3 < γ3(t);
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(5) α3 < γ3(t), α3 < α < γ1(t) ≤ α1 and β ∈ (α, β6).

In summary, our analysis has elucidated the modulation of individual fluxes J1 and J2 by
a small positive permanent charge. The effect is determined by the sign of the first-order term
Jk1: A positive value enhances the flux, and a negative value reduces it. By comparing the
critical potentials V 1

kc and V 2
kc, we partitioned the voltage into distinct intervals. This allowed us

to characterize precisely how the permanent charge influences individual fluxes Jk within each
potential interval.

2.2. The impact of permanent charges on |Jk|

In this subsection, we investigate how permanent charges influence |Jk|, as determined by the
sign of Jk0Jk1, under the constraints of boundary conditions (σ, Lk, Rk) and channel geometry
(α, β).

Theorem 2.4. Assume t = L1
R1

. The modulation of individual fluxes by a small positive Q0 are

characterized as follows, depending on the order of the critical potentials V 2
1c and V 2

2c:

(i) V 2
1c > V 2

2c under one of the following conditions:

(1) α ≥ γ1(t);

(2) σ1t > 1, α < γ1(t), and β ∈ (β1, 1);

(3) σ1t < 1, α1 < α < γ1(t), and β ∈ (β2, 1).

Under this ordering, the effect of Q0 is:

(a) For V < V 2
2c, Q0 reduces both |J1| and |J2|.

(b) For V 2
2c < V < V 2

1c, Q0 reduces |J1| but enhances |J2|.
(c) For V > V 2

1c, Q0 enhances both |J1| and |J2|.
(ii) V 2

1c < V 2
2c under one of the following conditions:

(1) σ1t > 1, α < γ1(t), and β ∈ (α, β1);

(2) σ1t < 1 and α < min{α1, γ1(t)};
(3) σ1t < 1, α1 < α < γ1(t), and β ∈ (α, β2).

Under this ordering, the effect of Q0 is:

(a) For V < V 2
1c, Q0 enhances both |J1| and |J2|.

(b) For V 2
1c < V < V 2

2c, Q0 reduces |J1| but enhances |J2|.
(c) For V > V 2

2c, Q0 reduces both |J1| and |J2|.

Proof. Direct calculation on (2.3) gives

V 2
1c − V 2

2c = −z1 lnσ + (z1 − z2) ln t

z1z2A2
.

Therefore, a direct application of Lemma 2.3 establishes the order of V 2
1c and V 2

2c. Statement (i)
is proved below, with the rest following from similar reasoning. By calculation, we have

J10J11 =
R1A1(σ1t− 1)(z1V + ln t)2

(z1 − z2) ln
3(σ1t)H2(1)

(
z2A2V + (1 +

z2
z1 − z2

(1−A2)) lnσ + ln t
)
,
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J20J21 =
z1R1A1(σ1t− 1)

(
z2V + ln(σt)

)2
z2(z1 − z2) ln

3(σ1t)H2(1)

(
z1A2V +

z1
z1 − z2

(1−A2) lnσ + ln t
)
.

If V 2
1c > V 2

2c, a small positive Q0 modulates the fluxes as follows:

(i) For V < V 2
2c, it reduces both |J1| and |J2| (J10J11 < 0, J20J21 < 0).

(ii) For V 2
2c < V < V 2

1c, it reduces |J1| but enhances |J2| (J10J11 < 0, J20J21 > 0).

(iii) For V > V 2
1c, it enhances both |J1| and |J2| (J10J11 > 0, J20J21 > 0).

It completes the proof.
The critical potentials V 2

1c and V 2
2c, which balance small permanent charge effects and are

experimentally accessible (see Section 4), play a key role in our study. They split the electric
potential into three subregions, each exhibiting distinct qualitative behaviors of the individual
fluxes |J1| and |J2|. This framework thus provides an efficient way to control ionic flows and ion
species preference through the adjustment of boundary conditions.

2.3. Critical potentials: Electroneutrality vs boundary layers

Our aim in this subsection is to compare the orders of critical potentials: V 2
kc (with boundary

layers) and V k
q (under electroneutrality conditions) identified in [31]. We point out that when

σ = 1, one has V 2
kc = V k

q , where the critical potentials from [31] (Formula (4.8) in Theorem 4.8)
are given by:

V 1
q = − ln t

z2(1−B)
, V 2

q = − ln t

z1(1−B)
,

where

B =
ω1(α)ω1(β) ln t

(α− β)(t− 1)2
ln

ω1(β)

ω1(α)
,

ω1(α) = (1− α)t+ α, ω1(β) = (1− β)t+ β.

For k = 1, 2, we have

Theorem 2.5. As β → α, V 2
1c(resp. V 2

2c) is monotonically increasing(resp. decreasing) in
σ > 0. That is, V 2

1c ≥ V 1
q (resp. V 2

2c ≤ V 2
q ) for σ ≥ 1 and V 2

1c < V 1
q (resp. V 2

2c > V 2
q ) for σ < 1.

Proof. We just prove the monotonicity of V 2
1c, and the other can be discussed similarly. As

recalled from equation (2.3),

V 2
1c =

1

z1 − z2

(
lnσ − z1 lnσ + (z1 − z2) ln t

z2A2

)
.

By considering V 2
1c as a function of σ, it follows from above that

dV 2
1c

dσ
=

1

σz2(z1 − z2)

g(β)

s2(β)
,

where s(β) are defined in (2.2) and

g(β) = z2s
2(β) + z1(α− β)(t∗ − 1)

[
(β − α)(t∗ − 1)

(
(t− 1)2 + t ln2 t

)
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+ t∗
(
ω(α) + ω(β)

)
ln2 t∗ ln

ω(β)

ω(α)

]
,

with t∗ = σ1t. When β → α, it is easy to check that

lim
β→α

g(β) = lim
β→α

g′(β) = 0, lim
β→α

g′′(β) = 2(t∗ − 1)2g1(α),

where

g1(α) = z2
(
(1− t∗) ln t∗

)2
α2 + 2z2(1− t∗)

(
(1− t∗) ln t∗ + t∗ ln2 t∗

)
α

+ (z2 − z1)(t
∗ − 1)2 +

(
z1 ln t

∗ + z2t
∗ ln t∗ + 2z2(1− t∗)

)
t∗ ln t∗.

Direct calculation shows that g1(α) is a downward-concave quadratic function in α. More-
over, its discriminant is given by

△ = 4z1z2(t
∗ − 1)2

(
(t∗ − 1)2 + t∗ ln2 t∗

)
ln2 t∗ < 0.

Thus, g1(α) < 0, which implies that g(β) < 0. Therefore, V 2
1c is monotonically increasing in σ

since
dV 2

1c
dσ and g(β) have the opposite signs.

3. Numerical simulations

Aiming to provide an intuitive illustration of our key analytical results, this section presents
numerical simulations that determine the critical potentials V 2

kc (with boundary layers) and
V k
q (under electroneutrality conditions), characterizing the influences of boundary layers and

permanent charge. Our analysis starts by reformulating the system (1.7)-(1.8) as a system of
first order ordinary differential equations. Introducing the variables u = εϕ̇ and τ = x, for
k = 1, 2, one has

εϕ̇ = u, εu̇ = −z1c1 − z2c2 −Q(x)− ε
hx(x)

h(x)
u,

εċk = −zkcku− ε
Jk
h(x)

, J̇k = 0, τ̇ = 1,

(3.1)

with boundary conditions

ϕ(0) = V, ck(0) = Lk; ϕ(1) = 0, ck(1) = Rk. (3.2)

Then, we simulate system (3.1)-(3.2) with the following parameter values: z1 = −z2 = 1, ε =
0.05, L1 = 2, R1 = 10, Q0 = 0.05, a = 0.4, b = 0.45, r0 = 0.5,

Q(x) =


0, 0 < x < a,

Q0, a < x < b,

0, b < x < 1,

and h(x) =


π
(
− x+ r0 + a

)2
, 0 ≤ x < a,

πr20, a ≤ x < b,

π
(
x+ r0 − b

)2
, b ≤ x < 1.

With the above setup established, direct calculations lead to

α = H(a)/H(1) = 0.3608, β = H(b)/H(1) = 0.3832, β2 = 0.3824,
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α1 = 0.1024, γ1(t) = 0.3715, γ2(t) = γ3(t) = 0.9938,

from which one has

0 < α1 < α < γ1(t) < β2 < β < γ2(t) = γ3(t) < 1, (3.3)

for σ = 1.005 in our numerical simulations. More precisely,

(i) Through numerical simulations, we can determine the electric potential V 1
kc and V k0

q for
k = 1, 2, and observe the monotonicity of function Jk0(V ), thereby verifying the content
of Lemma 2.1. It is further noted that V 1

kc represents a common zero of Jk1(V ) under
boundary layer conditions, whereas V k0

q corresponds to a common zero of Jk1(V ) under
electroneutrality boundary conditions.
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Figure 1. Numerical identifications of V 1
kc and V k0

q for k = 1, 2. The monotonicity of the function Jk0(V ) is
shown clearly.

(ii) Under our framework, the inequalities V 1
1c < V 2

1c and V 2
2c < V 1

2c hold, aligning with state-
ment (i2)(1) in Theorems 2.2 and 2.3, respectively. Moreover, we observe that the function
J11(V ) is concave upward, while J21(V ) is concave downward, which is consistent with the
conclusion of Theorem 2.1 (i3), as illustrated in the left panel of Figure 2. It is clear that
V 1
kc ̸= V k0

q and V 2
kc ̸= V k

q , which demonstrates the significant role of boundary layers in
the study of ionic flows through membrane channels.

(iii) The inequality V 2
1c > V 2

2c is confirmed by our numerical simulations (see the left panel of
Figure 3), which is consistent with the analytical result in Theorem 2.4 (i). Furthermore,
for k = 1, 2,

1. Jk0(V )Jk1(V ) < 0 if V < V 2
2c;

2. J20(V )J21(V ) > 0 while J10(V )J11(V ) < 0 if V 2
2c < V < V 2

1c;

3. Jk0(V )Jk1(V ) > 0 if V > V 2
1c.

That is, a small positive Q0 modulates the individual fluxes as follows: It reduces both
|J1| and |J2| for V < V 2

2c; reduces |J1| but enhances |J2| for V 2
2c < V < V 2

1c; and enhances
both |J1| and |J2| for V > V 2

1c. This agrees with our analytical finding in Theorem 2.4 (i).
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Figure 2. Identification of critical potentials V 1
kc, V

2
kc (with boundary layers) and V k0

q , V k
q (under electroneutrality

conditions) for k = 1, 2.
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Figure 3. Numerical simulations to Jk0(V )Jk1(V ) under both electroneutrality and non-electroneutrality condi-
tions. The ordering of the critical potentials can be directly observed.

4. Concluding remarks

By analyzing a classical Poisson-Nernst-Planck system with two ion species and small permanent
charges, this work examines the combined effects of permanent charge and boundary layers on
individual ionic fluxes. In contrast to earlier work [50] that focused on the sign of Jk0Jk1, we
emphasize the critical role of Jk1 itself, the leading-order term that incorporates the influence
of small permanent charges and channel geometry. Our results reveal critical potentials that
balance the permanent charge effects and play a fundamental role in determining flow properties.
The consistency between our numerical simulations and the theoretical analysis provides solid
confirmation of the proposed model.

A key contribution of this work lies in its capacity to elucidate the complex interplay among
multiple system parameters–including boundary conditions (σ, Lk, Rk), small permanent charges
Q0, and channel geometry (α, β)–in governing individual ion fluxes. Through rigorous analysis,
we identify several critical potentials that divide the total region into distinct subregions, each
characterized by qualitatively different ionic current behaviors. These results provide essential
insights into the underlying mechanisms of ionic flow, particularly its internal dynamics, which
are not directly accessible to experimental observation. Importantly, certain of these critical



2234 Y. Wang & L. Zhang

potentials may be estimated experimentally, thereby offering a promising avenue for bridging
theoretical predictions and empirical validation.

In concluding this section, we note that while our model is relatively simple and does not
capture the full complexity of crowded ionic mixtures. It was essential for achieving our primary
goal: To analyze the specific effects of small permanent charges. This approach is well-justified
in contexts like semiconductor problems and synthetic channels, providing a critical first step
toward more realistic models. The analytical insights gained, particularly the explicit expressions
for ionic fluxes, establish a foundational framework for future research and the development of
more complex theories.
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