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STATIONARY DISTRIBUTION OF A STOCHASTIC ENTERPRISE
CLUSTER MODEL WITH HIGH-ORDER PERTURBATION

Shuxiang Shao!, Bo Du?' and Xiaoliang Li%'

Abstract The survival and development of enterprise clusters are closely related to the
sustainable development of the entire economy, so research on them has attracted much
attention. In this article, we study the dynamic properties of a stochastic enterprise cluster
model with high-order perturbation. First, we study stochastically ultimate boundedness of
the system. Then, some sufficient condition for the existence of the stationary distribution
in the system are obtained. We also discussed the destructiveness and permanence of the
system. Finally, three numerical examples are applied to verify the obtained results.
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1. Introduction

Enterprise cluster refers to the concentration of similar enterprises in a fixed area, forming
a large economic output and having a significant economic impact on the regional economy
[4]. Many scholars follow with interest its complex behavior including administering process,
running mechanism, risk and efficiency, evolvement cycle and so on. The classic competition
and cooperation system of two enterprises can be expressed by

dv (t) p— (1 o) Bava(t) - 02)2)

dt a a ’
(1.1)

dv;ft) = agva(t) <1 _ U2at) L, B (ta - cl)2>7

where v; and vy denote the output of enterprises Vi and Vs, respectively. a; and as represent
the intrinsic growth rate, « is the carrying capacity of market, 81 and 82 denote the competitive
coefficients, ¢; and c¢o denote the initial production of enterprises Vi and Vs, respectively.

In recent years, there has been growing interest among scholars in studying enterprise clus-
ters using concepts and principles from ecological theory and dynamic system theory. Xu and
Saho [15] studied a enterprise cluster model with impulsive terms by using Lyapunov func-
tional method and coincidence degree theory, and obtained existence and global attractivity of
periodic solution. A enterprises cluster model with feedback controls on time scale was inves-
tigated based on the comparison theorems on time scales, some results belonging to asymp-
totically stable almost periodic solution were obtained [16]. For enterprise cluster models with
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delays, see [3,7,11,12]. For the dynamical behavior of fractional-order enterprise cluster models,
see [13,14].

Enterprise clusters are located in complex social and economic environments, and are in-
evitably subject to various random factors. Therefore, introducing a random disturbance term
in system (1.1) can more accurately characterize the dynamic mechanism of system (1.1). We
introduce random terms into system (1.1) using different methods. Replace the parameters a;
and a9 by

a1 = a1 + (w11 + wigv1 (1) Bi(t), a2 = ag + (w21 + waava(t)) Ba(t),

where Bj;(t) is the white noise, w;j > 0 denotes the intensity of the white noise, i, j = 1,2. The
stochastic version corresponding to system (1.1) takes the following form

d’Ul(t) = alvl(t) (1 —
(1.2)

dvy(t) = agua(t) <1 — + )dt + va(t) (wa1 + warva(t))dBa(t).

The random perturbations in system (1.2) depend on square of v; and vy, which are high-order
perturbations. The recent research about the stochastic systems with high-order perturbations,
see [5,6,8,10].

To the authors’ knowledge, there are no results for the enterprise cluster model with high-
order perturbations. Using random analysis theory and Lyapunove functional method, we ob-
tained stationary distribution and some dynamic properties of system (1.2). The main innova-
tions of this paper are given as follows:

(1) There are no results for a enterprise cluster model with high-order perturbations. The re-
search model presented in this article can accurately depict the survival and development status
of enterprise clusters, thus the results of this article have important practical significance for the
development of enterprise clusters.

(2) The existence of an ergodic stationary distribution can help us formulate reasonable policies
and promote the healthy development of enterprises.

(3) The research methodology presented in this article can assist us in studying other types of
stochastic systems with high-order perturbations.

The output of a company is limited, in the whole paper we have the following assumption
for system (1.2): v1 V v < v*, where v* is a positive constant.

Let R2 = {(vi,v2) € R? : v1,v2 > 0} and (O, F, {F})}i>0, P) be a complete probability
set with a o—field filtration {F}}+>( satisfying the standard conditions. For a function x(7) on
[0, 00), denote xt = SUP7>g X(7), x~ = infr>0 x(7).

From the standard proof in [9], we have the following lemma:

Lemma 1.1. For any initial (v1(0),v2(0)) € R%, system (1.2) has unique positive solution
(v1(t),v2(t)) on t >0, and the solution will stay on R with probability 1.

The remainder of the paper is organized as follows. In Section 2, we study stochastically
ultimate boundedness of system (1.2). In Section 3, Ergodicity and stationary distribution of
system (1.2) are obtained. In Section 4, we discuss the cases of enterprise cluster extinction.
In Section 5, we obtained some sufficient condition for guaranteeing permanence in the mean.
Three numerical simulations supporting our theoretical results are give in Section 6. Section 7
concludes this paper.
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2. Stochastically ultimate boundedness

Since the property of ultimate boundedness indicates the long-term existence of enterprise clus-
ters, we will obtain the stochastically ultimate boundedness of system (1.2). We first give the
following definition:

Definition 2.1. System (1.2) is said to be stochastically ultimately bounded if for any ¢ € (0,1)
and initial data (v1(0),v2(0)) € RZ, there is a positive constant M () such that the solution
v(t) = (v1(t),v2(t)) of system (1.2) satisfies the following property:

lim sup P(Jv(t)] < M) >1—p.
t—00

Theorem 2.1. For any given initial value (v1(0),v2(0)) € R3. Then, system (1.2) is stochas-
tically ultimately bounded.

Proof. Let
V('Ul,UQ) = 1}? + Ug, v, v2 € Ry, 6 € (0, 1].

Applying the Ité formula to system (1.2) leads to
dV(Ul, Ug) = ,CV(Ul, Ug)dt + 01)?((«011 + w121 (t))dBl (t) + 91)3(0021 + wooq (t))ng(t), (2.1)

where

1) Alenl®) - cz>2> +0.50(0 — 1) (wiy + wizvr (£)) %]

v2(?) N Ba(vi(t) — ca)®

EV(Ul,Ug) = alevf <1 — Y

+ az60 <1 — > +0.50(6 — 1) (w1 + waava(t))*vh

fa Oa v* + ¢ 2
< ool — P10 1 g — 082130 4 g P20+
o a o
<M,
where M is a positive constant. Substituting this into (2.1) gives

dV (v1,v9) < Mdt + 008 (w11 + wiovy (£))dBy () + 005 (wa1 + waov (t))dBa(t). (2.2)
By (2.2) we have
d [etV(Ul, U2):| < Meldt + eté?vf(wu + w1201 (t))dBl (t) + etQUg(OJﬂ + woa1 (t))dBQ (t)
Thus,

e'BV (v1,v2) < €'V (v1(0),v2(0)) + Met — M

which implies that
lim sup EV (v1(t), v2(t)) < M.
t—o0

We also have

2
lv|? < 2<max{vl, U2}>
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and

N[

0
w|? < 25 <max{v1,vg}> < 25V (u1 (), va(t)).

Thus,
9 —
lim sup E|v|? < 22M := M.
t—o00

For any 0 > 0. let a = %. By Chebyshev’s inequality, we get
E M
Pl > a)< <M
a a
which results in
P(lv|<a)>1-op.
The proof is completed. O

3. Ergodic stationary distribution

Let Y (t) be a homogeneous Markov process in E?, where E is a d—dimensional Euclidean space.
Consider the following stochastic differential system:

k
dY (t) =m(Y)dt+ > _ h.(Y)dB,.
r=1

The diffusion matrix is defined by

k

Gy) = gi;(y) = > _ hi.(y)hi(y).

r=1

Lemma 3.1. [1] The Markov process Y (t) has a unique ergodic stationary distribution v(-) if
there exists a bounded domain A C B¢ with reqular boundary T' such that
(i) there is a positive constant N such that

d
Z 9ij(y)nim; > Ninl*, y € A, n € E%
ij=1

(i3) there is a nonnegative C?—function V such that such that LV is negative for any E%\ A.

Then, .
P{ i [“avonae= [ nwwtan} =1,

where y € B¢, h is a integrable function with respect to the measure v.

Define a parameter
@ @

= — 4+ —.
Qﬁlcg 2520%

Theorem 3.1. Assume that Hy > 1. Then, for any initial value (v1(0),v2(0)) € RT, system
(1.2) admits a unique stationary distribution v(-) which has ergodic property.

H
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Proof. From Lemma 1.1, system (1.2) has a unique positive solution (v1(t),v2(¢)) on ¢ > 0.
We first verify the condition (i) in Lemma 3.1. The diffusion matrix of (1.2) is

2

> gijlvr,v2)min; = ((wirvr + wizo])m, (Warve + waav3)12) )
ij=1 (w21v2 + wav3)N2

(wi1v1 + w12”%)7l1

= (w11v1 + w120%)277% + (w21v2 + WQQUS)QU%
> N|n||?,

where N' = ming,, ,)ex, {(wi1o1 + w1207)*n7 + (warva + waov3)?n3}, (v1,v2) € Ay C RE,n =
(7717772) € R%—a Ak = [%Jf] X [%7]{‘1]7 k> 0.
To prove the condition (ii) in Lemma 3.1, define a C?—function V5(v1,v2) : R2 — R by

k1 (w11 + wigvp) M

Y1(1 = y1)wi]

VQ(Ul,UQ) =N|—Fklnvi —kylnvy +

SO
= NVi(v1,v2) + v]* + v3°,
where
k1(wi1 + wigvg)"
(1 —m)w
k1 and ko are positive constants to be determined later, v1,v2 € (0,1), N > 0 is a sufficiently
large number such that

Vl(’Ul,Ug) = —ki1lnv; — kalnvy +

fT+f —2N(Ro — A + —AL
where A is defined by (3.2). It is easy to see that

lim inf Vo (v, v2) = +00 for vy, vy € R2\Ay.
k—+o0

Since Va(v1,v2) is a continuous, Va(v1,v2) has a minimum point (v, v9). Define a C2—function
Va(vi,v2) : R — R by
V(v1,02) = Va(vr, v2) — Va(ef, 03).

Making use of the Ito’s formula to Vi (vy,v2), we get

vi(t)  Pr(vat) — 02)2>

k
LV, = — kiay <1 — + %(wn + W12U1)2

k1 (wiivr + wi90?) "ty aoy (1 vi(t)  Bi(va(t) — c2)?
(1 —y1)wi o
kq (w11U1 + w12v%)71w%20%

(6 o

2w
t t)—ec1)? k
~ hoay (1 B vzo(é ) I ﬁ2(v1(a 1) > n ;(wm +w22v2)2

kiavr | kiaifics | kiafioy |k
y Rk 10[512+ 1 le+?1(w11+w1201)2
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k1(wi1v1 + wiov?) M Lwg
(1 —y1)wi;

a1V

k k 2k 2k
by 4 20202 20205207 n 2a2 5207 52 1+ waawn)?. (3.1)
« o 2
Let ) )
kra1Bics _ kaasBacy Y (3.2)
a a
Then,
A A
b= Y gy = 2

y ko= ——.
alﬂﬁ% G2ﬂ20%
Substituting these expressions into (3.1) leads to
a a
Lv; < — <+—2)/\
Bic3  Back

kiaiv kiai1 8102k
4 M 1010y +?1(W11+W12U1)2

«
k1(wiiv1 + wig0v?) " twy
(1 —y)wi}

aiv

k k k
202V2 2612521)1 K2 ot + wayva)? (3.3)
a a 2
kiaqv kia181v k
— _9(Hy— DA+ 14101 | M1 18103 1(w11+w12v1)2
leY « 2
k1 (w1101 + wi202)7 " Lwys
a1v1
(1—- 71)W11
k k k
| Fedgva 2@521}1 2 K2 (1 + waswa)2.
« leY 2
On the other hand, we obtain
t t) — c2)?
L[Uiyz _|_U;2] :,72,[)’1)/2&1 (1 _ v ( ) _ 51@2( ) 62) )
Q o
1
+ 572(72 — D)o} (w11 + wigvr)?
vo(t v1(t) — ¢1)?
+ Y2097 as (1 — 20(4) + Ba( 1((1 1) > (3.4)

1
+ —ya(y2 — 1)vg?* (war + waa)?

2
Ba(v* +C1)2‘

<youi?ar + 203 as + y2v57as -

From (3.1), (3.3) and (3.4), we have

kiaiv ka1 8103k
1Ojl+11612+71

LV <N| —-2(Hg—1
V< (0 ))\—i- o 9

(wn + w12v1)2

2y —1
k1 (wi1vr + wiov) M rwig

(1- 71)‘*’11

ajv
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koagv kyasfov? k
+ 2; 242 252 L +?2(w21 + wog2)? | + f1(v1) + fa(v2)

::F(Ul, ’Ug),
where

Bo(v* + c1)?
fi(v1) = yv?ar, fo(v2) = yv)as + V2U;2a2¥.

For vy,vy — 0%, in view of f + ff —2N(Hp — 1)\ + % + ]QQL% < —2, we have
F(Ul,vg) < -2.

It is easy to see that
F(v1,v2) < F(+00,v3) = —00 as v1 — 400

and
F(vi,v2) < F(v1,4+00) = —00 as vy — +00.

Therefore, there exists a sufficiently large k such that

LV(’Ul,Ug) < -1 for any (’Ul,’l)g) S RQ \ Ak.

The condition (2) of Lemma 3.1 holds. Based on Lemma 3.1, system (1.2) is ergodic and has a
unique stationary distribution. O

4. Extinction
In this section, we consider the the extinction of the the output vy (or v2). Define two parameters

2a 4aq Brcov* ~ 2a 282 (v* + ¢1)?
Hy =20 15122 and H, = 2%2 Ba( 1)°
w1, QWi w21 aw1

Theorem 4.1. Assume Hy < 1. Let (vi(t),v2(t)) be the positive solution of (1.2) with initial
value (v1(0),v2(0)) € R%. Then,

lim v;(¢) =0 almost surely.
t—o0

Furthermore, assume I:Tl < 1, then

lim vy (t) =0 almost surely.
t—o00

Proof. Applying the Ité’s formula to Inwv(¢) yields

arvi(t) a1 (va(t) — 2)?
)

1
dlnwvy(t) = [al — — 5((«011 + w121 (t))2 dt

+ (w11 + wi2vy (t))dBl (t (4.1)

2a181c0v* 1
< (al + % — 2w%1>dt + (w11 + wi2v1(t))dBi ().
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Integrating the both sides of (4.1) from 0 to ¢, we obtain

1 2 *
In vy (t) < (a1 — suh + W)t +E(t) + Invy (0), (4.2)
where
E(t) = ((A.)11 + wlgvl(t))dBl(t). (4.3)

E(t) is a continuous martingale with =(0) = 0. Since the quadratic variation

t
(Z(t),E(t)) = /0 (Wit + wizv1 (5))2ds < (Wit + wiav*)2t

and
) < *\ 2 .
Am = (w11 + wi2v™)” < 00
Thus,
= 0 almost surely. (4.4)

lim 7<:(t)
t—oo ¢t

Dividing both sides of (4.2) and taking the limit superior, in view of (4.4) and H; < 1, we have

1 t 1 2 *
lim sup nvi(t) <ay — ﬂu%l 7(11&02”
t—o0 t 2 a
2
- Hy -1
<0,

which means lim;_,~ v1(t) = 0 almost surely. Similar to the above proof, we also have

Inwy(t) < (ag + 62(1)*;_61)2 - w2221>t + Z(t) + Inva(0), (4.5)
where B
E(t) = (w21 + WQQ’UQ(t))dBQ(t). (4.6)

In view of (4.5), (4.6) and H; < 1, we have

t—00 t

In vy (t 2 (=
lim sup nva(t) < w221<H1 — 1) <0,
which means lim;_,o v2(t) = 0 almost surely. O

5. Permanence

Define two parameters

-1

2 *\2
a1 1¢5 n a1B1(v*) (i1 + wiav")?2

[0 o

_l’_

Hy = ay

N

and
~ 2(12

H=—— .
(LL)Q]_ + (JJ22’U*)2
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Theorem 5.1. Assume Hy > 1 and Hy > 1. The positive solution (vi(t),va(t)) of (1.2) with
initial value (v1(0),v2(0)) € R2 is permanent in the mean, i.e., v1 and vo satisfy the following
properties:

Jim inf (v (£)) > H%(H2 —1)
and o ~
tlilgl(}inf(m(lf)) > E(HQ -1).
Proof. By (4.1), we obtain
In vy (?) ; In vy (0) > aq — aliw% B a1ﬂ10(év*)2 B %(wn +wpo?)? — %(vl(t» n 57(:5)’

where Z(t) is defined by (4.3). Thus,

[ch B a1 B1c3 B a1 By (v*)? - %(wﬂ ™) — Invy(t) — Inwvy(0) n E(t)]

(ni(t) > =

al o o t t

If 0 < v1(t) < 1, we have

(v1(2))) > @ [al B a1 5163 B a1B1(v*)?

1

1 N Invy (0 =(t
o — 5(&)11 + w12V )2 + ;() + 2(5):| . (5.1)

[1]

Using limyeo ™29 = 0 and lim—e

(5.1), we have

% = 0, and taking the inferior limit of both sides of

2 *\2 1
tliglo inf (o (1)) > agl [al B a1i162 B a151(iv )* §(w11 +w120*)2]
a181¢5 4+ a1B1(v*)? + £ (w11 + wigv*)?
— 2 ( ) 2( ) (H2 . 1)
ai
> 0.

If v1(t) > 1, we have

a {aq Cafis  afi(v)?

al (6]

t * t

- %(OJH + wiav*)? — nor(f) E(t)] (5.2)

Q

(1]

Using lim; oo = = 0 and lim; oo Et) = 0, and taking the inferior limit of both sides of
(5.2), we have

.. e apicd  arfi(v*)? 1 2
> = _ _ _ =
tligqo inf (v (t)) > o [al " o 2(w11 + wi2v™)
_a1f163 + a1 B1(vF)? 4 §(win + wizv*)?) (Hy — 1)
ajq 2
> 0.

Similar to the above proof, if 0 < va(t) < 1, we have

« 1 In v (0 Z(t
— lag — = (w21 +w22v*)2+ 2( )+ ®)

5.3
a9 2 t t | (5-3)

(v2(t)) =
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2()

where Z(t) is defined by (4.6). Using lim;_e m”f(o) = 0 and lim;_,o, =% = 0, and taking the
inferior limit of both sides of (5.3), we have
lim inf(v(t)) > fan — 2 (wnn + wa’)?
tigloln V2 = a9 5 w1 wWw22v
_ 2%2((021 + waov®) A (Hy — 1)
> 0.

If vo(t) > 1, we have

Inwy(t) N E(t)]' (5.4)

o 1 N
(202 g = o+t - 2220 2L

= 0 and lim;_,o Egt) = 0, and taking the inferior limit of both sides of

Inva(¢)
t

Using limy_,
(5.4), we have

N « 1
tlgélo inf(ve(t)) > . |:CL2 — —§(w21 + WQQU*)2:|
— %(wm + OJQQU*)Q(_HQ — 1)
> 0.
The proof is completed. ]

6. Numerical examples

In this section, we present three examples which support our results. Based on Milstein’s
method [2], system (1.2) can be discretized into the following system:

(V1)k41 = (v1)k + a1 (v1)k (1 - (U;)k _ Bullo)e 02)2>At + (01)k(wi1 + wiz(v1)k) VAW,

(07

(v2)i  Ba((vi)k — 1)

(01

(U2)k+1 = (Ug)k + a2(v2)k (1 — )At + +(7)2)k(w21 + WQQ(UQ)k)\/EWQ,

where At > 0 is the increment, wy and wy are the Gaussian random variables.

Example 6.1. To illustrate the ergodicity and stationary distribution of system (1.2), choose
the following coefficients:

a1 =0.25, ap =0.32, a=2.5, 51 =03, B2 =02, c1 =1, co =1,
w11 = 0.022, wio = 0.022, wo; = 0.035, wey = 0.042.

By computation, we get
Q

=2 4
2613 2fact

Hence, all conditions of Theorem 3.1 hold and system (1.2) has a unique ergodic stationary
distribution. From Figures 1 and 2, we observe that system (1.2) has a unique ergodic stationary
distribution.

Ho ~10.41 > 1.
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L L L L
o 50 100 150 200 250 300 350 0 50 500

Figure 1. Figure 1(a) is the stochastic path of v1, Figure 1(b) is the frequency histogram of v1, using parameters
of Example 6.1.

Figure 2. Figure 2(a) is the stochastic path of ve, Figure 2(b) is the frequency histogram of v, using parameters
of Example 6.1.

Example 6.2. To illustrate the extinct of enterprise clusters v; and vy in system (1.2), taking
the coefficients as follows:

a1 =0.62, ap =042, «a =0.5, 51 =12, By =15, ¢; =0.1, ¢ = 0.1,
w11 = 16.05, w12 = 6.05, w91 = 18.03, wog = 8.03.

Choosing v* = 2.5, we have

2a1 4a161 CQU*

Hy=— 3 ~0.06 <1
w1y QwT,
and
" 9 9 * 2
HI:E+M%0.127<1_
w21 awa]

Hence, all conditions of Theorem 4.1 hold and the solution of system (1.2) is extinct.
From Figure 3, we observe that the solution of system (1.2) becomes zero, which means that
the enterprise clusters will become extinct.



2362 S. Shao, B. Du & X. Li

16 (a‘)

1.4 =
12 =
E‘?—« 0.8 -
0.6 -
0.4 — -

0.2 — =

0 50 100 150 200 250 300 350 400 450 500

(t‘i)

25

15 -

v,(0)

0.5 =

o

50 100 150 200 250 300 350 400 450 500

Figure 3. The solution of system (1.2) is extinct by using parameters of Example 6.2.

Example 6.3. To illustrate the results of Theorem 5.1, take the following coefficients:

a1 =12, a0 =14, a=10, g1 =0.1, fo =12, ¢c; = 1.4, cg = 1.5,
wi1 = 0.1, wie = 0.2, wo = 0.1, woe = 0.2.

Choosing v* = 2, we have

2 %) 2 1 -1
H2 =aq alﬁlCQ + alﬂl(v ) + *(W11 +w1221*)2 ~14.63 > 1
leY o 2
and
~ 2&2
H=—""-—"—"""-=96>1.
2 (wa1 + wagv*)?
Thus,
2 *)2 a *\2
lim inf(o, (1)) > Q2T UB )5t e g
t—o00 al
and

. . (6% i
tllglo 1nf<1)2(t)> > T‘Q(Wm + CUQQU*)2(H2 — 1) ~ 7.67.

Hence, all conditions of Theorem 5.1 hold and the solution of system (1.2) is permanent. From
Figure 4, we observe that the solution of system (1.2) is permanent.
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v,

0 50 100 150 200 250 300 350 400 450 500

16

v,(0

0 50 100 150 200 250 300 350 400 450 500

Figure 4. The solution of system (1.2) is permanent by using parameters of Example 6.3.

7. Conclusion

In this paper, we introduce a a stochastic enterprise cluster model with high-order perturbation.
On the one hand, from the perspective of the development of enterprise clusters, there exists a
relationship of competition and cooperation among enterprises. On the other hand, enterprise
clusters in external environment is inevitably affected by stochastic perturbation. Therefore,
it is of great significance to study environmental noise in investigating the interaction among
enterprise clusters. It is worth noting that the disturbance studied in this article belongs to
high-order disturbances, and there is currently not much research work in this area. Systems
with high-order disturbances are better able to characterize the survival environment of enter-
prise clusters. This article considers the long-time dynamical behavior of a stochastic enterprise
cluster model with high-order perturbation. We first studied the stochastically ultimate bound-
edness of the system. Then, we obtained sufficient conditions for the existence of the stationary
distribution and Ergodicity of the system and the extinction of enterprise clusters, and fur-
ther discussed the permanence in the mean. Finally, the theoretical results were verified using
three numerical examples. Up to now, there is no paper to study the dynamical behavior of
the stochastic enterprise cluster model with high-order perturbation, so this study fills the gap
mentioned above and expands the scope of research in the aforementioned fields. Some other
interesting problems on stochastic enterprise cluster model deserve further consideration, in the
future, we will study stochastic enterprise cluster model with Lévy jumps. Also, we will inves-
tigate dynamical behavior and optimal control problems of the enterprise cluster model with
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impulsive terms, which certainly has value for further exploration.
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