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A SEQUENTIAL COMPLETE INERTIAL BREGMAN ADMM FOR
MULTI-BLOCK NONCONVEX PROBLEMS*

Lina Xia!, Yujie Zhang' and Hongwei Li'{

Abstract In this paper, a sequential complete inertial Bregman alternating direction
method of multipliers (SCIB-ADMM) is proposed for multi-block nonconvex problems. The
iterative method is established by utilizing the inertial strategy and Bregman distance to
enhance its processing speed and efficiency. At each iteration, the SCIB-ADMM method
utilizes two different relaxation factors and updates the Lagrange multiplier twice. The
convergence of the SCIB-ADMM can be established under appropriate assumptions. More-
over, numerical experiments are presented on smoothly clipped absolute deviation (SCAD)
and robust principal component analysis (PCA) problems to show the effectiveness of the
SCIB-ADMM method.

Keywords Multi-block nonconvex problems, inertial strategy, Bregman distance, alternat-
ing direction method of multipliers, global convergence.
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1. Introduction

In this paper, a special class of multi-block optimization problems with nonlinear constraints is
discussed. The problem comprises | decision variables u; (i = 1,...,1) and a decision variable v,
along with an equality constraint. The multi-block nonconvex problem is formulated as

min Zfl u;) + g(v)  s.t. ZPuH—Qv =r, (1.1)

i=1 i=1

where [ > 1, f; : RPi — RU {400} (i = 1,2,---,1) and g : R? — R are variables, P, €
R™%Pi Q € R™¥9, u; € R%, v € RY, r € R™.
For the i and j (j >4, 4,5 € NT), denote

Py jyugi ) = Z Pruy,

where 13[1,]] = (Ra IDH-ly T 7P]) and u[l,j] = (’U,;-F,’U,;FJFI, e, U
The augmented Lagrangian function for problem (1.1) is

T\T
i)

I
La(up g, v,w) = Z fi(wi) + g(v) — (w, Py gup g +Qu — 1)

i=1
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+ gH-P[l,l]u[l,l]"‘Q'U — 7|, (1.2)

where w € R™ and 8 > 0. The ADMM is an effective method for problem (1.1) [10,12], and its
iteration form is

ubtt = argumin{ﬁg(uhufg,l],vk,wk)}, (1.3a)
1

ub ™ = argurglin{ﬁﬁ(ulfH’ ug, ufy p, v, wh)}, (1.3b)

utt = argurlnin{ﬁ,g(uﬁtl,l],ubUkywk)}ﬁ (1.3¢)

oF 1 — arggnin{ﬁﬁ(uﬁ—;]la v, wh)}, (1.3d)

wh = wh — 5(13[1,l}uf€1§f+ka+l - 7). (1.3¢)

When [ = 1, the convergence analysis of ADMM and its variants has been gradually mature
and perfect in cases where both f; and g are convex [18,27,28,45]. When at least one of f;
and ¢ is a nonconvex function, the convergence cannot be guaranteed. Extensive research has
been conducted to identify the conditions in order to nonconvex ADMM converges [6,7,11,17,
21,30,43]. Guo et al. [17] conducted a convergence analysis of the (1.3) applied to the two-
block problem. Xu et al. [43] proposed an inertial Bregman ADMM that introduces a proximal
term via Bregman distance, enabling the derivation of new proximal splitting methods for two-
block nonconvex problems. Without relying on smoothness or differentiability, Barber et al. [6]
obtained the convergence of the nonconvex ADMM and applied it to CT image processing. In
addition, Liu et al. [30] explored the convergence of the ADMM for the nonconvex cosparse
problem.

When [ > 2, the ADMM or other splitting methods are well studied [15,19,20,31] in cases
where both f; and g are convex. When at least one of f; and ¢ is a nonconvex function, for
multi-block optimization problems, the convergence of the corresponding ADMM still needs
further research, and in certain cases, it may even fail to converge. However, its outstanding
performance in certain practical engineering applications has motivated scholars to investigate
the improved version ADMM. Hong et al. [22] demonstrated the convergence of the multi-block
ADMM when resolving the sharing and consensus issue. Additionally, when Q = I, Guo et
al. [17] further developed the two-block variant [16] into a three-block version and verified its
convergence. Unfortunately, in many cases, the u;-subproblems (1.3a)-(1.3c) and v-subproblem
(1.3d) of ADMM cannot be easily solved [8,26]. In order to resolve the aforementioned draw-
back, Wang et al. [36] added the Bregman distance to the w;-subproblems (1.3a)-(1.3c) and
v-subproblem (1.3d). Then they developed these results to the multi-block Bregman alternat-
ing direction method of multipliers (BADMM). Furthermore, for multi-block problems, Jian et
al. [24] established a partially symmetric regularized alternating direction method of multipli-
ers (PSRADMM) and proved the subsequential convergence of the PSRADMM. In addition,
the PSRADMM globally converges under the Kurdyka-Lojasiewicz property. For multi-block
problem, combining inertial strategy and proximal term, Wang et al. [39] proposed an iner-
tial proximal partially symmetric alternating direction method of multipliers (IPPS-ADMM)
and obtained its global convergence. As a result, many improved ADMM variants have been
proposed, see [4,5,23,25,29,38] and their associated literatures.
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Recently, some scholars have devoted their research to exploring the inertial strategy of the
ADMM. The inertial technique has its origins in the time discretization of some second-order
differential inclusions [33, 34|, similarly sharing the feature that the new iterate is defined by
using the previous two iterates. Subsequently, this inertial technique was extended to solve the
maximal monotone operator inclusion problem in [1,2]. An increasing number of scholars are
focusing on studying inertial strategies to solve optimization problems, including the alternated
multi-step inertial iterative algorithm [37], the inertial proximal gradient methods [40,41] and
the inertial proximal alternating algorithm [13].

The aforementioned works provide clear evidence that the inertial strategy effectively en-
hances the computational performance of the method, while the Bregman distance indeed sim-
plifies the original subproblems. However, there has been limited attention in the literature to
applying the inertial strategy and Bregman distance for solving multi-block nonconvex optimiza-
tion problems. This motivates us to develop an ADMM framework that leverages the benefits
of both the inertial strategy and the Bregman distance to improve computational efficiency. In
this paper, a sequential complete inertial Bregman ADMM is proposed, which has the following
contributions.

Firstly, a sequential complete inertial Bregman ADMM is proposed for solving the problem
(1.1). This iterative method is an extension of numerous variants of well-known ADMM, such as
the ADMM [16, 17], the algorithm in [26] and the BADMM [36]. Secondly, the inertial strategy
and the Bregman distance are incorporated into all the u;-subproblems and v-subproblem. The
appropriate Bregman distance can be chosen to simplify the u;-subproblems and v-subproblem
at each iteration. Thirdly, for the SCIB-ADMM, the augmented Lagrangian function does
not exhibit inherent monotonic nonincrease. For this purpose, an auxiliary function, with the
augmented Lagrangian function as its foundation, is established to promote the analysis of the
global convergence.

The framework of the paper is outlined below. Section 2 summarizes preliminaries. Section
3 introduces the SCIB-ADMM and prove its convergence. Section 4 validates the performance
of the SCIB-ADMM through numerical results. In Section 5, some conclusions are presented.

2. Preliminaries

For two vectors u,v € R”, let (u,v) = u'v, ||u|| = \/{u,u). For a subset § C R" and a

point w € R™, if S is nonempty, the distance from w to S is defined as d(u, S) = ing |lv —ul.
ve

When S = 0, d(u, S) = +o0o. For function f : R" — (—o0, +00], the domain of f is defined by

domf={ueR": f(u) < +oo}.

Definition 2.1. [35] Let f: R" - RU {—i—oo}Ais proper and lower semicontinuous.
(i) The Fréchet subdifferential denoted by df(u), of f at u € dom f, is

df(u) = {u € R": liminf f(v) = flu) = {u,v —u)

vEU VU H'v — ’U,H

> 0},

where Of (u) = @ if u ¢ dom f.
(ii) If w € R™ is the minimum value of f, then 0 € df(u). w is a critical point of f if it
satisfies 0 € 9f(u). The critical set of f can be denoted by crit f.

Lemma 2.1. [14] Let Q € R™*9 denotes the nonzero matriz, juq represents the smallest
eigenvalue that is positive among all the eigenvalues of QT Q, Pg(-) represents the orthogonal
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projection to denotes the ImQ. Then
|Pgrul = ——|Qull, Vu < &
ru|| = —||Qu||, Vu .
@ N
Lemma 2.2. [32] If g is continuously differentiable and Vg is Lq-Lipschitz continuous. Then
Lg 2 n
l9(v) —g(u) = (Vg(u),v —w)| < *flv —u|”, Vu,veR"

The following lemma characterizes key properties of the Bregman distance.

Lemma 2.3. [36] Let Ay(u,v), ¥V u,v € R" be the Bregman distance, it is formulated as

Dy(u,v) = ¢(u) — ¢(v) = (Vo(v),u — v),

where ¢ is convex differentiable. Then
(i) Ng(u,v) >0,
(11) Ag(u,v) may not be convexr at v, but it remains convex for all values of u,
(i11) Ny(u,v) > %Hu — v||? when ¢ is £-strongly conver.

Definition 2.2. [3] Let & : R" — R U {400} be proper and lower semicontinuous. There is a
positive e and a neighborhood U of o satisfying

(i) £(0) =0,

(ii) € is continuously differential and continuous at 0,

(iii) &'(s) > 0, Vs € (0, e),

(iv) &' (h(w) — h(22))d(0,0h(wo)) > 1, for all ww € U N [A(0) + e > h(w) > ()],
where ¢ : [0,e) — R, is continuous and concave. Then £ has the Kurdyka-Lojasiewicz (KL)
property at zo.

The lemma presented below holds significant importance for demonstrating the global con-
vergence of the SCIB-ADMM.

Lemma 2.4. [7] If © denotes the compact set, O, is the set of concave functions © that fulfill
conditions (i), (ii), and (iii) as outlined in Definition 2.2. If h(w) =t for all o € O and h has
the KL property for any ©. Then

¢ (Wwo) —)d(0,0h(w)) > 1,

where o € {ww € R"|d(w,0) <e, t < h(w) <t+e}, e¢>0, e>0, £<€O,.
Definition 2.3. If the following (2.1) holds,

Prw* € 0f;(u}), i=1,2,---,1, Vg(v*)=QTw", Pygjufy +Qut —r =0, (2.1)

then (uﬁ’l],v*,w*) € critLg.

3. Convergence analysis

In this section, the SCIB-ADMM is proposed and its global convergence is proved.
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3.1. SCIB-ADMM description

Motivated by the inertial strategy and the Bregman distance, the following method for problem
(1.1) is proposed. Note that the following iterative schemes are sequentially updated using the
inertial strategy and the Bregman distance, therefore the proposed method is named sequential
complete inertial Bregman ADMM.

SCIB-ADMM. The iterative scheme of the sequential complete inertial Bregman ADMM
is as follows.

(@l =uf foi(uf —ufh, =12, 1, (3.1a)
ultt = argmin{Ls(ur, ufy ), vF, W) + Ay, (ur, uf)}, (3.1b)
w1
ub™ = arg min{ﬁg(u'fﬂ,ug,uf&l], vk, wh) + A¢2(u27ﬁ§)}, (3.1c)
u2
uf‘“ = arg min{ﬁg(ufﬂil},ul,vk,wk) + Ny, (ul,ﬁf)}, (3.1d)
u
1
whtz = wk — Tﬁ(ﬂl’l]um]l+ka -7), (3.1e)
"t = arg min{ﬁg(uﬁ*l]l, v, wk+%) + Dp(v,v%) + plv, "t — M)} (3.1f)
” ;
1
wh =tz = BBy gl QU — 7). (3.1g)

The SCIB-ADMM method has the following characteristics.

Remark 3.1. (i) The inertial step of the w;-subproblems (3.1b)-(3.1d) is u¥ = uf + o;(uf —
uf‘l). The inertial step is derived from the previous two iterations in order to avoid the
large difference between two consecutive iteration points. The functions defined in (3.1b)-(3.1d)
possess the term Ay, (u;, @F). By incorporating the inertial term into the w;-subproblems (3.1b)-
(3.1d), the new iteration point tends to the direction u¥ —uffl, which is a “descending direction”
of the u;-subproblems (3.1b)-(3.1d).

(ii) The term p(v,v*~! — v*) is called the inertial term. By incorporating p(v, v*~! — v¥)
into the w-subproblem (3.1f), the new iteration point tends to the direction v* — vF~1.

(iii) Choosing an appropriate Bregman distance will be able to simplify the subproblem. For
the u;-subproblems (3.1b)-(3.1d), if ¢;(u;) = 0, then

wk

B 2
filwi) + EHP[l,iq]uﬁzl_l] + Pu; + P[i,”uﬁl]%—ka -7 — ?H .

Solving the above problem is difficult. If ¢;(w;) = & |u;[? — gHP[Li—I]uﬁJ,ril—l] + Pu; + P[i’”uﬁ.’l]
2
+QuF — 7 — %kH with ¢ > ||@Q]|?, then the wu;-subproblems (3.1b)-(3.1d) is transformed into

minimizing function

Fitas) + 2 s — e

where ¢, = @} — p1QT (13[1,1'—1]1‘?151_1} + Pu; + P[i,l]uﬁ» ”—i-Q'vk —r— %k) and ¢, is a certain
known vector. The functions f; are proper, lower semicontinuous, and bounded below, from the
proximal behavior in [9,44], the u;-subproblems (3.1b)-(3.1d) has a closed form solution.
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(iv) The SCIB-ADMM incorporate two relaxation factors 7 and 7, whose appropriate selec-
tion across diverse applications effectively enhance experimental performance.

(v) The SCIB-ADMM is an extension of many variants of well-known ADMM. For example,
whenT=0,n=1, ¢; =0, ¢ =0, 0, =0, p =0, the SCIB-ADMM becomes the ADMM [16,17];
whenl =1, 7=0,n=1, ¢; =0, 0; =0, p =0, the SCIB-ADMM becomes the algorithm
in [26]; when 7 =0, n =1, p=0, 0; =0, the SCIB-ADMM becomes the BADMM [36].

Based on the problem (1.1) and the SCIB-ADMM (3.1), the following assumptions are
provided.

Assumption 3.1. (i) f; (i =1,2,--- 1) are proper and lower semicontinuous, g is continuously
differentiable, and the gradient Vg is Ly-Lipschitz continuous;

(i1) Ny, (i =1,2,---,1) and A, denote the Bregman distance corresponding to the functions
¢; and @, respectively;

(i11) ¢; (i = 1,2,---,1) are strongly convex continuously differentiable and V¢; are Lg,-
Lipschitz continuous;

(v) Vi is Ly-Lipschitz continuous.

The global convergence of the SCIB-ADMM will be proved below: (i) Q@ = I; (ii) Q # I
and 7 = 1. For convenience, the following notations that will be utilized throughout this paper
are introduced.

T 7T T\T .
upy = (up,ug, ) = (U, upgay), i=1,2,00 1
Auf = uf - ’U;?‘_l, A'Uk = ’Uk — ’Ukil, Awk = wk _ wkil_

3.2. Convergence analysis when Q =1

Based on the optimality condition of the u;-subproblems (3.1b)-(3.1d) and v-subproblem (3.1f),
one has

0€ dfi(uj ™) — Plw* + P! (P[l,i}uk+1 + Plipanup g + 0" - 7‘)

! [L,i]
+V¢i(uf+1)_v¢i(ﬁ?)’ 1 = 1’2’... ’l’ (3.2&)
1 —
0=Vg(o"") —wh2 4 5(P[1,Z]UF1J,FZ]1+UI’““ —7) + p(vFt =)
+Vp (o) = Ve (vh). (3.2b)

In this subsection, {w® = (uf“1 I v¥, w*)} is generated by the SCIB-ADMM. Denote

~ k k k k , k=1 k-1 _ k-2 2 ~ N~
w = (u[l’l]vv , W ,'U/[ ] )7 w = (u[u],v,w,u[u],v,v).

An auxiliary function is constructed with the augmented Lagrangian function as its founda-
tion, namely

l 2712
. o L,
Lo(@") = Lo(w") + 37 =52 I Duf P 4+ ma | A0M P + ol A0F 2, (33)
=1
2 2
where k1 = % + % and ko = ((l:fy)]f;
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In order to analyze the monotonicity of the auxiliary function {ﬁg('fzk)}, denote

Ei—l—O'zLQ_ _ 2
6i - o - (l+6)ﬁ(1 77) AIna‘x(‘P’iT—Pi)7 = 1727"‘ ,la
2 T—|—7]
Spag = [7(1 = 2n) + 1 —2(1+6)(1 = n)?| B2 — (Lg + L2 + p* + 2) (7 + n)B — 2(1 + 6) (L2 + 2L + 2p?)
2t +n)B ’
5:min{517527'” 76l+1}‘

(3.4)
Based on (3.4), the following assumptions are provided.

Assumption 3.2. The parameters 7, n, 8 and {; satisfy:
(i) The solution set of T and n can be denoted by (1,m) € S = S1 U S, where

(). ()

o —?72<1_n)2(l+6>_77 y I+6—VI+6 I +6++1+6
2 ’ 1-2n I+6 ' 1+6

9

y (rm) (Ly+L+p°+2)
() B> sri=spi—stre =

" (T 4+0)2(Lg+L2+p?+2)2+8(146) (L2 +2L2 +2p?)[r(1—2n)+n—2(1+6)(1-1)?]
2[r(1-2n)+n—2(1+6)(1-n)?] ’

—n)2 ,
(iii) £; > 20U\ (PEP) + 0212 +1, i=1,2,...,1
Remark 3.2. From (3.4) and Assumption 3.2, it holds that § > 0.

The following lemma establishes that (3.3) is monotonically nonincreasing.

Lemma 3.1. If Assumptions 3.1 and 3.2 hold. Then
Lo(@ ) +0([|oufty I + 180" ?) < L&), k=2

Furthermore, the function referenced by (3.3) is monotonically nonincreasing.

Proof. From (1.2) and (3.2b), one has
1 1
E/g(uﬁ';]l, 'Uk+1, wk+2) — E/B(uﬁ';]l, vk, wk+2)

L
= T

+ (vFH = ok, V() = V(o) 4 plof — oF 7))

2 —L,— L2 -2
LA PN e ke I PN (5.5)

where the two inequalities above utilize Lemma 2.2, Assumptions 3.1 (i) and (iv).
In view of (3.1a)-(3.1d), it holds that

Lalupgly i, v w") = Lo(upiy g, v" w')

< Dy, (uf,a7) — Do, (w ™ ay)

7 » g

=(Voi(uy) — Vi (uy), uf ™ —uf) — (¢i(uf™) — ¢i(uf) — (Voi(ul), ul ™' — uf))
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1 _ 4
< IVei(al) — Voiu?)|* + *Huk“ | = 5w — |
212

o;Ls ¢
<SP Auf]? - =

—1
R AL A

where the second inequality above utilizes Lemma 2.3 (iii). Then, one has

o~

s
Loluh o ) — Lo oot wt) < = 37 (P A - TR A P). 6)
=1

From (3.1g), one has wk*! = whte — nﬁ(P[l,l]ukH—i—ka — 7). This, together with (3.2b), one

(1,0]
has

Hwk+1 k”2 (l +6)B2 ZAmax PTP)HAuk—&-l”Q
i=1

(4 6) (L2 + L2 + B2(1 = )2 |50k
2 2 k12 2 k—112
+ (14 6)(p* + LY IAV" > + (1 + 6)p°|| Av™ . (3.7)

In view of (3.1e) and (3.1g), one has

1
Ly(u, o wh2) — L(u o wh) = 78] Py, Z]U[l 1 ot — |2, (3.8)
1
Lo(@™h) = Lu T o™ wh2) = )| Py ity +o™ — v, (3.9)
1

Py pubtlaoftl —p = T Avk - — = _Awht, 3.10
AR T+ (+n)B (3.10)

and ]
Py guftlpof —p = S Ry AT o . S N 3.11
(L1, T+ (t+n)B ( )

According to (3.7), (3.10), (3.11) and 7 +n > 0, one has

B Py gufyl +0* = vl + nBl P guf o -2

™p 1
— 7”A’Uk+1”2 + 7||Awk+1u2
+n (t+n)pB
14+ 6)3(1—n)? < 1 +6)p
_( Z rnax PTP ||A k+1H2 !HA k— 1||2
T+77 — (T+n)B
(1 +6)(p*+L7)
| AvF(|?
(T+n)p
77752+(l+6)<L52]+L3+B2(1_77)2) k+12
+ | AvR L2, (3.12)
(T+mn)pB

Combining (3.5), (3.6), (3.8), (3.9) and (3.12), one has

ﬁg(wk—’—l)
l 2

<Lo(w") +) <U

L2 .
o padl? - S L Au ’““u?)
=1
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2 <
+(l+6)ﬁ(1 77) Z)\max(-PiT-Pi)”Auf—i_”P

7’+’I7 =1
l 14+6)(p*>+ L? 2
O pgporpe o (2L LI L 28 oty
(T+n)B (T+n)B
(5—L9 —L2—-2 mf?+(1+6)(L2+ L2+ 5%(1 _n)2)>HA _r
— — v .
2 (T+n)B
This, together with (3.3), one has
ﬁﬁ(‘&%k+1)
l 212
; bi—1-07L5  (1+6)5(1—1n)°
< ~ k _ 7 ¢z _ )\max PTR A k‘+1 2
<t -3 (s L (BIP) )12t
8% + (I +6)( L + 2L + B*(1 — n)* + 2p?
+ ( 9 ¥ ) ||Avk+1||2
(T+n)B
2 2
_B—Lg—l;p—2—p ”A’l}k+1”2.
It follows from (3.4) that
Lp(&") + O ([l dugly 1P + [|a0F ) < Lp(c"). (3.13)

From & > 0, the auxiliary function {£3(<*)} is monotonically nonincreasing. So, the lemma
holds. O

Lemma 3.2. If Assumptions 3.1 and 3.2 hold and {w*} is bounded. Then

+oo

Z |ttt — wF||2 < 4o00.
k=0
Proof. Since {w”} is bounded, {&*} is also bounded. Then i lim @ = &*, where {&"}
]—H-oo
is a subsequence of ©o*. From Assumption 3.1 (i), lim inf £/3( ki) > L(co*). Thus, {ﬁg(ﬁ'ki)}
kj—+o00
is bounded below. Combining Lemma 3.1,
La(e") < La(w").
By summing (3.13) for k > 2, one has
o0
5> (HAuk“n? + [|AvT?) < Lg(w?) - La(w™) < +oo.

+oo
Since § > 0, one has kz—:o HAulirl]lH2 < 400, kzo | AvFTY|?2 < +o0. This, together with (3.7),

400
shows that Y ||Aw*+1||? < +oc0.
k=0
+oo
Thus, Y ||e"*t! — =F||2 < +oo. O

k=0
The following subsequential convergence can be proved.
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Theorem 3.1. If Assumptions 3.1 and 3.2 hold and {="} is bounded. The sequence {w"}
possesses a cluster point set of ©, while {‘z%k} possesses a cluster point set of ©. Then
(i) lim d(z*,6)= lim d(w* ©)=0.
k—+o00 k—+o00
(ii) © C critﬁg
(iii) The {Cﬂ( )} is convergent, and Eﬁ( *) = lim Lz(&").

k—+o00

Proof. (i) From the characteristics of © and ©, the assertion (i) holds.
k

(ii) Setting w* € O, a subsequence {w"} of {w’} satisfies the condition i lim =t =
j—>+00

zo*. From Lemma 3.2, i lim kTl = w*. Therefore, it follows from (3.1e) that {wkﬁ%} is
j—+00

convergent. Let lim w2 = w**. Then by taking limit k; — 400 in (3.1e) and (3.1g), it

kj—H-oo

follows that
w” =w" = 7H(Pygufy gtvt - 7). w' =w" = BBy yup +vt - 1),
Considering the fact that 7 + 7 > 0, one has
w™ = w”, P[L”uf‘lyl}—i—v* —r=0. (3.14)

Thus, problem (1.1) has a valid solution, which is (u*, v*). Since uk s (4

the u;-subproblems (3.1b)-(3.1d), it follows that

i=1,2,--- 1) minimize

ki+1 kj+1
filw ) = (whi, P + *wa“ TP b |2

[H—ll
+A ( k+1’,ak‘)

KA
* ; * 6 kj+1
< fi(u]) — (", Pauy) + §”P[1,i—1} i1 HEPiui + Piggu [H—l 1 +oM — |
+ D, (ui, ).

Associated with lim &% = lim <okit!

= @™, one has
k——+o0 k——+o0

fi(u!) > limsup fi(ufjﬂ).

kj—H-oo

Moreover, From Assumption 3.1 (i), one has lim  f;(u,; ki +1) > fi(u}). Hence

kj—+o00
1 *
lim  fi(up ) = fi(ul). (3.15)
kj—+o00
In view of (3.1a), Assumption 3.1 (iii) and lim ||AulC +1|| =0(=1,2,---,1), one has
kj~>+oo
. k +1 kj +1 _k;
1 \Y4 Vi = lim L .’
i [Vo ™) - Vo] = m Lo ful - b

< lim Ly | AP 4+ oiLg, | Aul
< im L |8l + il aul |

=0. (3.16)
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Combining the closeness of df;, the continuity of Vg, and (3.14)-(3.16), by taking the limit
k =k; — 400 in (3.2), one has

Plw* € 0fi(uf), Vg(v*)=w", Py jup vt —r=0.
From Definition 2.3, @™ € critLg. Thus, © C critLg

(iii) Setting ©* € O, a subsequence {€7%i} of {&*} satisfies the condition i HIE whitl =
j—>1T00
@*. According to (3.3), (3.15) and continuity of g, one has Ls(&*) = N hril Ls(c*H1). Asso-
—+00
ciated with the monotonicity of {L£s(%*)}, one has {Eﬁ( #)} is convergent. Thus, Lz(*) =
lim Ls(w"), ¥V &* € 6. O
k—+o00
Lemma 3.3. If Assumptions 3.1 and 3.2 hold. For all k > 2, define
et = —PT AWk + BPT (P g Aultl ) + BT A
+o2L2, Au’?“ — (Voulul ) = Vo (ah)), i = 1,2, 1,
i = 18Py +or T — 1) 4 pAwok 2k AvP T - (W(v’““) — Vw(v’“)>,
k
614—:2 = (P[Ll} [1,] ‘H’kﬂ - ),
ik = oL A, i 1,2, L
615#3 = 2k AVF — 211 AvF T 6151114 = — 2k AVF.
k41 k41 k41 _k+1 k+1 k+1 Aoak k41 _ (k41 k41
Thus, €1 (€[1+l}7 €31 €l V€t 12 oLy Caipa) € OLa(ST), where ety = (7, €y,

k“) for j >1i. Then
A(0,0L5(* 1) < x(lAufy gl + 18w+ 1205 + 1A + |205 1] ), x>0

Proof. By the characteristics of £5(**!) and &**+!, one has

8u1£ﬁ( whtl) = 8fi(uf+1) - IJika+l + BI)iT(IJ[l,l]u[l 1] ot - T)
+oL3 At i=1,2,- 1,

O Eﬁ( whtl) = Vg(vF ) — wht + 2k Aokt ﬁ(P[L”uﬁJ’“l}l—l—vk*l —r),

OwLp(w" ) = —(Pyy ﬁﬁhv’““ - ),

O0a, Lo( 1) = —02L2 Auf™, i=1,2,--- 1,

| D6 Ls(wh ) = 2@&1} — 201 AR 95 L (e HY) = 2k AP

From this together with (3.2), one has

—PrAwkt! + pPT AvR L 4 g PT (P[z+1 Z]Au[Hl l]> + U?LéiAufH
~(Vilu - Vou(@h)) € duLo(@t ), i =12, L,

nB(P i+t = 1) — (Vi) = Ve(vh) ) + pAvt

+2r1 ARt € 9, L (),

—(Pugufy +o*! =) € 0y Ly(e 'f+1>

—0?L2 AufTh € 05, Lo(w™HY), i =1,2,-- 1,

2/€2A’U —2n1Avk+1 € 0 ﬁlg( k+1) —QKQA’U € 0y Eﬁ( k—H)

(3.17)
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which implies €**' € 9Lg(co**!). From (3.17) and the Lipschitz continuities of V¢; (i =
1,2,---,1), there is a positive xg satisfying

1 < xo(llAul |+ [Aui + [ w4 [ A0F] + | AvkH]).  (3.18)

From (3.7), there is a positive x; satisfying

HAwk+1H < Xl(HAuﬁ—f—l]lH + HAkaIH + HA,ka + ”A,Uk+1”) (319)

For k > 2, combining (3.18), (3.19) and €*+! € dLg(co" ), one has

d(0,0L5(" )
<xo(1 + ><1)(||Auf‘i,l]ll + HAuﬁfﬁll + | A0 4 [|AVF]| + |AvM ).

So, setting x = xo(1 + x1), the lemma holds. O
Next, the following theorem proves the global convergence of the SCIB-ADMM.

Theorem 3.2. If {w"} is bounded and Assumptions 3.1 and 3.2 hold. Suppose that Ls(<o) has
400

the KL property, then Y. ||l — k|| < 4+o0.
k=0

Proof. According to Theorem 3.1 (iii), one has

Ls(w*) = lim Lg(w), V&* 6.
(&) = Jim Lol v €
The proofAWill be completed by considering two cases.
(i) If L(eo*0) = L(o*) for an integer ko, then by Lemma 3.1, one has

S(IDufH I+ A0 2 < Ly(s™) = Lo(") =0, ¥ & > o

Thus, uf“ = u¥ and v**! = v* V k > kg. Associated with (3.7), it follows that w**+! = wk,

+oo
¥ k > ko. Then "t = @ and Y |@**! — =wF|| < +oc.
k=0

(i) If Ls(w*) > Ls(e*). From Theorem 3.1 (i), given ¢ > 0, there is ki satisfying
d(e* 0) < e, Vk >k > 0 holds. In addition, considering that klim Ly(w*) = Ly(w*),
—00

given e > 0, there is ko satisfying L£5(%0*) + e > L(@*), ¥ k > kg > 0 holds. Thus, given
g,e > 0, one has

d(e,0) <e, Ls(w*) < La(wh) < Lg(®*) +e, Vk>k=max{ky,ks}.

From Lemma 2.4, one has 5’(ﬁ5(1%k) — ﬁﬁ('z%*))d((), OLg(o®) > 1, Vk > k.
Considering that € is a concave function, it holds that

gl(ﬁﬁ(ﬁk) - ﬁﬁ(ﬁ’*)) (ljg(fzk) — ﬁﬁ(ﬁk—kl))
<§(La(&) - Lo(") — £(Lo(@t ™) - Lo(e).
This, together with gl(ﬁﬁ(ﬁk) - ﬁﬁ(ﬁ*)) > 0 and Lemma 3.3, one has

Ls(e") — La(o" ) < xADpgr, (3.20)
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where A, = ||Au[1l | + ||Au[1 i U+ |AR]| + [|AvFY| + [|AvF72]| and A, = f(ﬁ/g('z%p) -
Eg('fz*)) - f(ﬁﬁ(wq) E/g( ©@*)). In view of (3.20) and Lemma 3.1, one has

S auffy 1P + 120" H?) < xAkDrgr.

(1,1]

Then,

8x .1
4(\|Auﬁ+f” + [ av*)) < 2A2 <\/;A,§7k+1>. (3.21)
Summing up (3.21) and using 2ab < a? + b2 for all a,b > 0, one has
m m X
4 Z (HAuﬁ"‘llH + ||Aka+1||) Z (Ak + ||Au[1l | + Ak k+1>
k=k-+1 k=k+1

~

Noting &(Lg(e"1) — Ls(e*)) > 0, letting m — +oo yield

m

S (laulih + | avtH)
k=k+1
<3HAu’“ﬁ]1II + 2||Au[1 gl + HAu || + 3] A0

oo+ [ a0F ) 4 X (Lo ) — La(e")).

+00
Thus, 3 ([lAufh |+ A0 ) < +oo.
k=0

According to (3.7), one has Z | Aw*H|| < +oo.
k=0

Moreover, from w" = (uf1 l],'vk,’wk), one has

leo™ ™t — || < [|Auffy |+ A0 | + | Aw™ .

+o00

Thus, Y |[@**! — || < +oo. Finally, it follows from Theorem 3.1 that {z"*} converges to a
k=0

critical point of La(-). O

3.3. Convergence analysis when Q # I and n=1
In this section, {o* = (uﬁ’l],vk, w")} is generated by the SCIB-ADMM. Denote

k_]l L oh ), 0 = (upy, v, w, ), ,0).

According to the u;-subproblems (3.1b)-(3.1d) and the v-subproblem (3.1f), one has
0€dfi(ui™) - Plw’ + P (Rl,i]uﬁﬁ + Py Uiy +Qu° — r)

+V¢Z( k+1) v¢l(ﬁ‘f)7 i = 17 27 e 7l7 (322&)
0 = Vg(v* 1) — QTw* ! + p(v*~! — v*) + Vp(v**1) — Vi (vh). (3.22b)

The following assumptions are provided to analysis the convergence of the SCIB-ADMM.
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. . 5L2+10L2410p° | Lg+L%+2+p?
Assumption 3.3. (i) H = (g — T—H)QTQ ( 7'+1),8MQTP + P )Ip >0, {; >

aiLii +1 and QTQ > 0. I, is an identity matriz and pgr denotes the smallest positive

eigenvalue of QT Q;
(i) T € (—1,1) is a relazation factor;

(iii) ImQ > ImP U {r}.

(Lg+L2+24p?) (1+1)+1/(Lg+L2+2+p?)%(7+1)2+(1—7)(40L2+80L2 +80p?)

Remark 3.3. If 5 > — , it follows
2(1 T)HQT
from Assumption 3.3 (i) that H > 0.
Lemma 3.4. If Assumptions 3.1 and 3.3 hold, then
5(L2 + L2 5(p% + 2
jowrrige < 2t By pppiryp B EL ey S e,
HQT
Proof. From (3.22b), one has
QT - @Tuk|?
<5((E2+ L) 802 + (L2 + p?) | 5082 + o2 a0h 1 12). (3.23)
It follows from Lemma 2.1, one has || Awk*!|| < \/%HQTAwkHH.
This, together (3.23), yields
1
||A'wk+1H2 < 7HQTAwk+1H2
HQr
5(L2+ L2) 5(p* + L) 5p% ~
< | A 4 7”& B e I7AC i
HQr HQr
Thus, the lemma is proved. O
An auxiliary function is given, namely
L 5212
Is(6") Z T 2+ a2 + el Ao, (3.:24)
h _ 10p%+5L2 02 d o — 5p>
Weregl—m 7an §2—W.

The following lemma establishes that the auxiliary function {I'5(6*)} is monotonically non-
increasing.

Lemma 3.5. If Assumptions 3.1 and 3.3 hold. For any k > 1, it holds that

[ 2712

6 —1—02L?

Tp(oH+1) — (o) < —av 1 -5 P\ Aukt 2,
=1

2

Furthermore, the function referenced by (3.24) is monotonically nonincreasing.

Proof. From (1.2) and (3.22b), one has

E+1 , k+1 . k+1 k+1 .k . k+2
Ls(u [frl],v 1w +2)—L’/3(u[1';},v ,w"tE)
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2
Lyt I2+2
- 2
where the inequalities above utilize Lemma 2.2, Assumptions 3.1 (i) and (iv). From (3.1e) and
(3.1g), it holds that

2
p B
| AR 12+ g\lﬁv'fll2 - §HQAU’““HQ, (3.25)

1 T
k+1 k+1 _ k+1 k+1
13[1,[]'“/[17[] +QU —Tr = —mAw + mQA’U s (326)
and
1 1
P k—‘rl - A k+1 A k’-i—l. D)
1,1 —I—Qv T+ 18 w —T+1Q v (3.27)

Furthermore, according to (3.1e), (3.1g), (3.26), (3.27) and Lemma 3.4, one has
ﬁ/g( [1” Lok P ) Ls(u f ]1 ¥ )—i—ﬁg( I[H}l vk+1,wk+1)

_ Eﬁ(uk+1 vk+1,wk+5)

(L1
1 1
=(w* — ") (P gy +QuY — ) — (w'h — w2 (P u QU — )
8 k+1y2 1 k+12
=—-|QAV + ———|[Aw
LIQAVHIE + s lawt |
< 5(Lg + L) AphT1]2 5(p° + L7) Avkl2 5p° Aph—1]2
Srti [Av™ | (A [P
7+ 1)Bugr (7 +1)Bugr (7 +1)Bugr
kL) 2, (3.28)
From the u;-subproblems (3.1a)-(3.1d) and Lemma 2.3, one has
E/g(uﬁf'”l, ", wk) - E,g(uﬁ’l], vk wh)
l 272
0;—1 o; L5
<_ ;AkH?_MAIM)' 9
<=3 (P et - S A (3.29)

g e At L2 4 Ly+ L% +2  5(L2+L2) At 2
2 7 L2 R G R ety LU
HQr
“+L P2> k2 5P2 E—1112
+ — || Av7||F + ———|| AV
( e | e e e L

/i —1 o2L?
(ZTnAué““H? - —E|auf|?).

MN

1

.
I

Rearranging the above relations, one has

[ 212
. X bi—1—o07L
Ds(6"+) — Tg(oh) < —[av* 3 -3 L0 Akt 2,
=1

2

From H > 0 and ¢; > 0’1L2 + 1, it holds that {I'5(6*)} is monotonically nonincreasing. O
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Lemma 3.6. If Assumptions 3.1 and 3.3 hold. For allk >2,i=1,2,--- 1, define

e+l = gpT (Q[H—ll Aukt 1—0—1 P QAvk’H) — PTAwhH!
+o? L2 Al — (Vou(uf ) - Voi(ah))

65?11 = 5QT(P[1,l]uﬁJﬁ]1+ka+l — 1) 4 pAvF 4 2k AvFtH
(Vo) - Ve h)),

E+1 k+1 k+1 _
€1y = —(Pugup ) +Qu ),
k+1 9272 k41
€lpopi = —0i Ly, Aui T,
k+1 1
62[:_3 = —26 AvFT 4+ 26, AvF,
k+1 _ k
€30y = —2¢ Av".
k+1 _k+1 _k+1 _k+1 k+1 _k+1 A1
Thus, (6[1 10 €1+1 €142 €143 2142 €2l+3’621+4) € dlg(6"""). Then

d(0,0T5(6" 1))

<x(Iufy g+ 12w |+ 1807 + [ A0k] + |av**1), x>0, (3.30)

Proof. Utilizing (3.22), (3.24) and a similar method outlined in Lemma 3.3, the proof of (3.30)
can be established. O

Under Assumptions 3.1 and 3.3, from Lemma 3.5, the convergence of the SCIB-ADMM can
be established by the similar method outlined in Theorem 3.2.

Theorem 3.3. If {0"} is bounded and Assumptions 3.1 and 3.3 hold. The cluster point set of the

- +oo
sequence {6%} is Y. Suppose that T'5(0) satisfies the KL property, then Y [[of*! — oF| < +oc.
k=0

Proof. From the similar approach in Theorem 3.2, there exists €,e > 0, when k > k, one has
d(6*, 1) < e, Tpy(0*) < T'g(6%) < I's(6*) + e. Consequently, it follows from Lemma 2.4 that

'3 (Fﬁ(ék) - I‘g(é*))d(o, dT(6%)) > 1, V k > k. From the concavity of &, one has
¢ (Ts(0") - Ts(6") (Ta(e") ~ ("))
<¢(Ta(0") ~T(6")) — £(Ta(6") ~ T(6")).
Combining this with ¢'(Ig(6%) — T'5(6*)) > 0 and Lemma 3.6, one has

Pﬁ(é) g6

¢ (ra(eh) - Ts(0")
SXARD g g1 (3.31)

where A = HAuﬁ |+ HAu1l]|
ra(6%) —€(Ts(67) —Ts(6")).

|+ A0 + [|AvE Y| + [|Av*2] and Ay = f(Fﬂ( ) -
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272
UiL¢i

Let v = max{)\min(H), glé_l -3 }, i=1,2,---,l. Combining Lemma 3.5 and (3.31), one
has 7<||Auk+1H2 + HAkaH2> < XAp Ak g+1. Then,

[
1 8y . 1
4(||Auﬁf”1;\ + ||Avk+1||) < 2A7 x <1 /7A§7k+1>. (3.32)

Summing up (3.32) and using 2ab < a? + b? for all a,b > 0, letting m — +oo yield

[+ lAuf ]+ 3 AdFH |

> (lloafil+ 1208 ) < 3 Al + 2] Aufy
k=k+1

_ 7 8A T .
+ 2] A + | AR + %s(rw“) —T(6")).

+00
Thus, > (HAuﬁJrl]lH + HAU'“HH) < 400. According to Lemma 3.4, one has
k=0 '

—+00
> lawt | < +oo.
k=0

Moreover, from of = (u‘f“1 " v, w"), one has

10"t — || < |Aup Il + [Av*HH ] + [|Aw™ .

+o00o
Therefore, {0*} is convergent and 3 ||o**+! — 0| < +oo. O
k=0

4. Numerical experiment

To evaluate the numerical efficacy of the SCIB-ADMM, one applies it to the SCAD and robust
PCA nonconvex optimization, and compares the SCIB-ADMM with the BADMM [36], the
PSRADMM [24] and the IPPS-ADMM [39]. The experiments are executed with the software
MATLAB R2021a, Intel(R) Core(TM) i5-8250 CPU@1.60GHz and 8.00GB of RAM.

4.1. Effects of the inertial parameters

The SCIB-ADMM is applied to the SCAD model, which arises in statistical learning [43]. The
SCAD model is formulated as

P
1
min ;gnuumzw st. Pu—v=r, (4.)
where P € R"™*P u € RP, v € R™, r € R™, and g,(-) can be generated as
(c+1)k?
—_ v > CK,
2
_ ) _ 2 2
gu(v) = Ve + 2cky /<;7 k<< ek,
2(c+1)

KU, v <K,
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where £ > 0 and ¢ > 2. Note that the SCAD model (4.1) is a particular instance of (1.1) where
P

fuw) =3 gx(luil), g(v) = 3||lv||>. The solution to the problem mentioned below
i=1

ImnEZ%yw\ —ﬂu—sw (4.2)

where s € RP and 1+ v < ¢, can be generated from [41]

S, |si| > ck,
u; =3¢ (c—1)s; — 81gn(si)cmv’ (14 v)5 < [si] < cr,
c—1—-w
sign(s:)(Jsil — Kv)-+ 51l < (1+ o).

Let Ay(u, @) = J|lu — u"’||“ r_gprp and Ay(v,9%) = £2|v — ©*||2. Applying the SCIB-

ADMM to the SCAD model (4.1) yields

@k = uF 4+ o(uF —uF 1), 0 €0,1),

T
e —argmln{Zgn ) + H BPT(vF + b+ 2 B — Puf) + pyu®
=1 H
wk+§ — ,w _ T,B( k+1_vk o T),
i B(Pur+t — ) — whts + p(vF — 1) 4 po®
1+ 5+ po ’
wk+1 _ wk nﬁ(PukJrl k+1 ,r,)‘

i

\

For the SCIB-ADMM, the effect of the parameter o on its performance is tested. In partic-
ular, our experiments set o to the values o = {0, 0.3, 0.6, 0.9, 0.9999}. In our experiments,
b = Pu* + €, where € ~ N (0, 1%I), P;; ~ N(0,1), and u* with the density of 11%0. For the
remaining parameters in the SCIB-ADMM, let p = 0.1, pu; =25, ua =1, (r,n) = (0.2,1.1), 8 =
6.52, k = 0.1, v = 0.99, ¢ = 3.7.

For different o, the variables w, v and w are initialized with zero-vectors. The termination
condition is max{||AuFT]|, |AvFTL} < 1074

The constraint error is defined as error = ||Puf*! — v+l — ||

In Figure 1, the trends of log;y(error) and objective values are displayed for various o values.
From Figure 1, it is evident that the SCIB-ADMM with ¢ = 0.9 outperforms the other cases.

(a m = 2000, n = 2000 (b) m = 2000, n = 2000
0.5 25
—_ =0 =0
—h S
o= R o= R
-1.5 =09 20 =09
— 0=0.9999 ° o=0.9999
— 2
8 2.5 S 15
8 2
2 35 g 10
(@]
4.5 5
5.5 0
0 50 100 150 200 250 0 50 100 150 200 250

Figure 1. Effect of the parameter o on SCAD. (a) Shows the constraint errors of different o. (b) Shows the
objective function values of different o.
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4.2. Numerical comparisons on SCAD

In this subsection, the numerical results on SCAD are presented for the BADMM [36],
PSRADMM [24], IPPS-ADMM [39] and SCIB-ADMM. The parameter settings are consistent
among the four methods, namely § = 6.52, x = 0.1, v = 0.99, ¢ = 3.7. In addition, for the
BADMM, let Ay, (u,uf) = 3||u — ukHZI_BPTP, 0 =25 and Ay, (v,v*) = 3|lv — v¥|%. For the
PSRADMM, let Fy = I — BPTP, (1,n7) = (0.85,0.85) and fi = 25. For the IPPS-ADMM, let
F = uI — BPYP, i =25, (1,m) = (0.2,0.5) and a1 = 0.4. For the SCIB-ADMM, the values
selected for the parameters are the same as in Section 4.1, where o = 0.9.
The termination condition of the all methods is

max{[| A, [|AvF [} < 1071

Table 1 displays the computational results of the four methods relative to Iter (number of
iterations), Time (computation time in seconds), logio(error)(constraint error) and Obj. value
(objective function values). The bold data indicates the best results among the four methods. It
is evident that SCIB-ADMM requires fewer iterations and the shortest computing time compared
to the other three methods.

Figure 2 depicts the trends of log;y(error) and objective values of four methods on this exper-
iment. It is clear that the SCIB-ADMM is the most effective method, due to its incorporation
of the inertial strategy and the Bregman distance, both of which are proven to be effective on

SCAD.

4.3. Numerical comparisons on robust PCA

The SCIB-ADMM is applied to the three-block robust PCA model, which arises in matrix
factorization applications [42]

w
in_||U[|s +~/|U SIV-M|}; st.U+Uy—V =0, 4.3
Jmin (Ul +9[Tal + 51V = MR st.0+ U (1.3
min(m,q)
where Uy, Uz, V' € R™*9 are the decision variables, |[Ui|l. = > |0i(U1)\1/2 is the low-
i=1

m q

rank term, |[Uz|[y = Y > |Uij| is the sparse term, « is the trade-off parameter, w is the penalty
i=1j=1

factor related to the noise level. Note that the robust PCA model (4.3) is a particular instance of

(1.1) with fi(U1) = Ui, fo(U2) =2 Uslly, g(V) = %[V — M3, and Py = P = I, 7 = 0.

The augmented Lagrangian function of problem (4.3) is defined as follows
[’ﬁ(Ub U27 V7 W)
w
U+ A+ 2V = M~ (WU Us = V) + D0+ U = VIR,

where W € R™*? and 8 > 0 are the Lagrangian multiplier and penalty factor, respectively.
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Table 1. Numerical results on SCAD.

Method m n Iter  Time logjp(error) Obj. value
500 1000 563  7.3757 —4.9740 2.1281
1000 2000 368 12.3948 —4.9341 2.4507
BADMM 2000 2000 253 15.1416 —4.8875 2.9956
2000 3000 296  22.9452 —4.8906 2.9575
3000 3000 245 35.7363 —4.8731 3.4553
500 1000 550  6.9508 —5.3294 2.1281
1000 2000 356  12.6379 —5.2877 2.4507
PSRADMM 2000 2000 242 15.3777 —5.2351 2.9956
2000 3000 283  23.3602 —5.2405 2.9575
3000 3000 234 32.8352 —5.2215 3.4553
500 1000 425  5.1680 —5.3291 2.1281
1000 2000 275 9.4314 —5.2778 2.4507
IPPS-ADMM 2000 2000 191  11.5668 —5.2300 2.9956
2000 3000 223 18.2581 —5.2359 2.9575
3000 3000 185  30.1296 —5.2203 3.4553
500 1000 119 1.3969 —5.3095 2.1281
1000 2000 74 2.8303 —5.2188 2.4507
SCIB-ADMM 2000 2000 56  3.4377 —5.2228 2.9956
2000 3000 62 5.0446 —5.2360 2.9575
3000 3000 51 6.9824 —5.2205 3.4553
(a) m = 2000, n = 2000 (b) m = 2000, n = 2000
1 BADNMM 25 ' BADMM
0 IPPSADMM IPPS-ADMM
SCIB-ADMM 20 SCIB-ADMM
e ; f;: 15
4 ©
5 3
) 50 100 150 200 250 300 % 50 100 150 200 250

300

Figure 2. Comparison of the four methods on SCAD. (a) Shows the constraint errors of the four methods. (b)
Shows the objective function values of the four methods.
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Applying the SCIB-ADMM to the problem (4.3) yields

(Uf =UY + o1 (U - UF Y, Uy =Us +o2(Uy —Uy ™),
UkH:H(B(Vk_UQ’“)vLU{“—FW’f 1 )

! B+1 417
Uk+1:8(/3(Vk—Uf+1)+U§+W’f v

2 B+1 "B417

Whs = Wk — rp(Ut + UST - v,

BUF + UMY 4 wM — Wi 4 p(VF — VE-1)
B+ w
Wkt — Wk+2 _ nB(Ulk-i-l + U§+1 _ VkJrl)’

Vk+1 _

)

“mﬂeﬁmaﬁiﬁ)z slUL = U7, 26, (U2,U5) = 5|Uz = Ug[l and Ay (V,VF) = 0.
H( 5 +1) represents the half shrinkage operator [44], while S(-; z17) represents the soft shrinkage
operator [9].

For the SCIB-ADMM, let (7,n7) = (0.2,1.1), p = 0.1 and 07 = o2 = 0.9. For the IPPS-
ADMM, let Fy = F, = I, (1,n) = (0 2,0.5) and a3 = as = 0.9. For the PSRADMM, let
FF=F=1 and (r,m) = (0.85,0.85). For the BADMM, let Ay, (Uy,UY) = 1|U; — UF|3,
Ny, Uz, UF) = ||[Us — US||3 and A, (V,VF) = 0. The matrices Uy, U and V' are initialized
with zero-matrix. Specifically, let p =n = 100, v = 7 w =103, = 7.09, and test 6 different

“rank” and “spr”, which denote the matrix rank of the U; and the sparsity ratio of the matrix
U,, respectively. Let M =V + N, the MATLAB script to generate M is:

K = round(spr * m % q); p = randperm(m * ¢); Uy = randn(m, rank) * randn(rank, q);
U; = zeros(m, q); Usz(p(1: K)) =randn(K,1); ¥ =0; ¢ =0.01;
N =randn(m,q)*x9; V=U; +Uy; M =V + N.

Uyt Uyt Ve - Uf Uf VE)
H(U{“vU’“ VAl p+1
Uy U3 V)=(U1,02,V)|
o U7 U3, V)l p+1
Ui, Us,, V represent the original matrices and the solution of (4.3).

”F < 1077‘

The termination condition is RelChg =

The relative error (RelErr) is RelErr = I , where Uy, Uy, V* and

In Tables 2 and 3, the convergence results of the four methods are reported for the 9=0
(noiseless) and 9¥=0.01 (Gaussian noise). In addition, Tables 2 and 3 display the numerical
results of the above four method relative to Iter, RelErr (relative error) and RelChg, respectively.
Bold numerical value highlight the superior performance achieved by our method.

In Figure 3, the RelErr for the (rank = 10, spr = 0.05) is given for the ¥=0 and 9¥=0.01.

As can be seen from Tables 2 and 3 and Figure 3, the SCIB-ADMM has the following main
advantages over the other three methods.

(i) The SCIB-ADMM method uses fewer iterations than the other three methods.

(ii) The relative errors (RelErr) of the proposed SCIB-ADMM tend to zero faster than the
other three methods with the noiseless case and Gaussian noise case.

Our numerical experiments indicate that the SCIB-ADMM outperforms other three methods.
Therefore, the inertial strategy and the Bregman distance are effective on robust PCA.
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Table 2. Numerical results on robust PCA with ¢ = 0.

(rank, spr) (1,0.05) (1,0.1) (10,0.05) (10,0.1) (20,0.05) (20, 0.1)

Iter 468 556 1220 1349 2035 2780
BADMM logio(RelChg) —7.2456 —7.4575  —7.1239 —7.1635 —7.1245 —7.1507
logio(RelErr)  —5.6142 —5.4977  —5.9826 —5.8562 —5.9712 —5.8270

Iter 463 549 1201 1330 1996 2727
PSRADMM  logio(RelChg) —7.0615 —7.2305 —7.3293  —7.1457 —7.1379  —7.0690
logio(RelErr)  —5.5819 —5.4885  —5.9816  —5.8588  —5.9737  —5.8251

Iter 385 458 1014 1116 1705 2324
IPPS-ADMM  logio(RelChg) —7.6624 —7.2406 —7.1364 —7.2185  —7.0371 —7.0841
logio(RelErr)  —5.5609 —5.4745 —5.9790  —5.8561 —-5.9711 —5.8274

Iter 136 209 402 485 622 955
SCIB-ADMM  logio(RelChg) —7.1008 —7.2102 —7.2075 —7.0737 —7.0834  —7.1240
logio(RelErr)  —5.3835 —5.3557  —5.9502  —5.8297 —5.9599  —5.8260

Table 3. Numerical results on robust PCA with 9 = 0.01.

(rank, spr)  (1,0.05) (1, 0.1) (10,0.05) (10,0.1) (20,0.05) (20, 0.1)

Iter 1083 1184 2022 2293 3160 4104
BADMM logio(RelChg) —7.0024 —7.0016 —7.0005  —7.0002 —7.0005 —17.0004
logio(RelErr)  —2.0072 —2.0182  —2.4729 —2.4618 —2.5567  —2.5056

Iter 1234 1287 2017 2279 3129 4054
PSRADMM  logio(RelChg) —7.0000 —7.0030 —7.0003 —7.0010 —7.0003 —17.0001
logio(RelErr)  —2.0101 —2.0211  —2.4738  —2.4628 —2.5574  —2.5064

Iter 1146 1166 1823 2061 2810 3655
IPPS-ADMM  logio(RelChg) —7.0022 —7.0010 —7.0001 —7.0008 —7.0001 —7.0002
logio(RelErr)  —2.0072 —2.0182  —2.4729 —2.4618 —2.5567  —2.5057

Iter 1062 1009 1151 1398 1690 2156
SCIB-ADMM logio(RelChg) —7.0006 —7.0015 —7.0018  —7.0008 —7.0002 —7.0003
logio(RelErr)  —2.0071 —2.0182  —2.4728 —2.4619 —2.5568 —2.5058

5. Conclusion

In conclusion, a sequential complete inertial Bregman ADMM is proposed for multi-block non-
convex problems. The SCIB-ADMM combines the inertial term and the Bregman distance to
improve the computational efficiency. The convergence of the SCIB-ADMM has been proven
under appropriate conditions. Finally, numerical experiments on SCAD and robust PCA show
that the SCIB-ADMM outperforms some other methods.
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Figure 3. Comparison of the four methods on robust PCA. (a) Shows the noiseless case (¢ = 0). (b) Shows
Gaussian noise case (9 = 0.01).
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