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Abstract This paper studies a class of Hilfer cotangent partial fractional differential equa-
tions. Existence and uniqueness of solutions are established using fixed-point theorems, and
approximate solutions are constructed. Stability is analyzed via a fractional Grénwall-type
inequality, leading to generalized Ulam-Hyers and Ulam-Hyers-Rassias stability results. The
findings confirm the well-posedness and stability of the proposed system, and an example
illustrates the theoretical results.
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1. Introduction

Differential equations with fractional derivatives (FD) play an important role in a wide range of
domains, including natural sciences [33], engineering [15], biological sciences [35], economics [27],
and physics [49], and have excited the interest of many researchers [52,53]. The phenomenon of
time delay, which is common in real-life circumstances, has sparked extensive investigation. In
recent years, there has been a growing interest in analysing the properties of solutions to delay
differential equations, with a particular emphasis on the existence and stability of solutions
involving the Liouville-Caputo(L-C) fractional derivative, as noted in studies [10,11,48].

The Hilfer fractional derivative (HFD) extends two derivatives, including the Riemann-
Liouville (R-L) and L-C derivatives, and has a wide range of applications. In [47] Hilfer fractional
operator, named after mathematician R. Hilfer, is a mathematical concept for describing systems
and processes with non-integer (NI) order fractional behaviour. Unlike standard integer-order
calculus, fractional calculus, particularly the Hilfer fractional model, works with NI derivatives
and integrals, allowing it to capture more complicated dynamics over several domains. Appli-
cations of the HFD model can be found in multiple areas. For instance:
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e Anomalous diffusion [26]: Describing non-standard diffusion in physics (porous media),
biology (cell migration), and finance (price dynamics).

e Control systems [13]: Applied in robotics, automation, and mechatronics for fractional-
order controllers.

e Signal processing [22]: For noise reduction, image processing, and data compression, cap-
turing long-range dependencies.

e Biomedical engineering [36]: Modeling physiological processes such as drug delivery and
neuronal dynamics.

Katugampola [19] presented a local FD called the conformable derivative (CD). The con-
ceptualization of these local FD led to the identification of nonlocal FD, which had previously
been reported in [21]. We provide an outline of the basic concepts of the CD and propose a
derivative that is consistent with both the left and right versions. Furthermore, we show that
the nonlocal FD version proposed in [1,9] may be derived from [17]. In all forms of fractional
calculus or calculus with derivatives, a function’s order zero must be identical to the function
itself. However, the CD lacks this important standard, which can be construed as a defect. To
address this, the authors in [21] redefined the CD to ensure that it yields the function itself
when the local FD has an order of zero.

The Hilfer cotangent fractional derivative (HCFD) is an extension of this line of research.
This derivative combines the characteristics of the R-L and L-C cotangent FD. Katugampola [20]
published the CD of order « € [0, 1], defined as

g(t+qt' ) — g(@)

D%(z) = li
g(x) lirmy . ,

where the drawback is that
lim D%(x) # g(x).

a—0t

The author [19] presented some concepts of CD and raised an open problem about how to use
CD to produce a more general FD. The general FD and fractional integrals (FI) proposed and
studied in [6,7] provided a response to this problem. In [29], Anderson improved the CD so that
: o _
lim D%(z) = g(=).

The authors of [2,3,6,12,29] introduced new types of FD that enable the appearance of kernels
such as the exponential function or the Mittag-Leffler (M-L) function. However, the new non-
singular kernel lacks a semigroup property, making it difficult to solve some difficult fractional
systems. Concurrently, significant efforts have been made to generate different types of FD and
integrals that use M-L functions in their representations [8,23, 25].

On the other hand, recently, Deepak B. Pachpatte [34] investigated the existence and stabil-
ity (E & S) of solutions for nonlinear -Hilfer partial fractional differential equations (FPDEs),
establishing sufficient conditions for solvability. Nadir Benkaci-Ali [5] studied a coupled system
of sequential partial Hilfer-type FPDEs involving a weighted double phase operator and obtained
results on existence, E & S, and controllability. Earlier, J. R. Wang et al., [46] established funda-
mental existence and stability results for Hilfer-type PFDEs. These contributions significantly
advanced the theoretical development of Hilfer-type PFDEs.

Subsequently, Sadek [37] introduced the FD version of this redefined CD, called the CFD,
which preserves the semigroup property, adopts the exponential cotangent kernel operator, and
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generalizes both the R-L and L-C derivatives. In another paper, Sadek et al. [39] studied
its essential properties and applied it to a nonlinear fractional problem with nonlocal initial
condition.

We consider the following nonlinear partial differential equation (PDEs) involving a HCFD

1

HOP ) = pltm f(6 7)) e | e e
at™,t sin® (wg) T'(a) Je

xq(t, 7, n, f(t,n))dn+r(t,7),
LY f(T) = fo(r), v=a+B—ab,

(1.1)

where Hg;iwf(tm) denotes the HCFD of order o € (0,1) and type 8 € [0, 1]. I;:Z’w denotes
the cotangent FI of order 1 — ~. The function satisfy p: AXR - R, ¢g: AxI xR — R, and
r: A —R. Here, ] =[a,b], [=[c,d] CR,(c<d),and A= X[, —c0o<a<z<b<oo.

After introducing system (1.1), we establish E & S for its solutions.

The novelty of this work can be summarized as follows:

e Establishment of a unified analytical concept combining existence, uniqueness, and Ulam-
Hyers-Rassias stability results for the proposed nonlinear PDEs involving a HCFD.

e Extension of the Ulam-Hyers-Rassias stability theory to the considered fractional-order
PDEs, thereby broadening the applicability of stability concepts within the Hilfer fractional
setting.

e Construction of a successive approximation scheme based on the Banach fixed-point prin-
ciple (BFP), providing a constructive procedure for approximating the solution.

e [llustration of the theoretical findings through a numerical example, demonstrating the
applicability of the obtained results to fractional-order systems.

2. Preliminaries

This section presents the fundamental definitions from fractional calculus together with essential
results from nonlinear analysis.

Following ( [41], Section 2, Page 6), we introduce the Bielecki-type norm.

Let C'(A,R) denotes the Banach space of continuous functions defined on A. This space is
endowed with the supremum norm

[yllc = sup |y(t,7)|, y € C(AR).
(t,m)eA

Consider the weighted function space C¢ (4,,a0)(A; R) consisting of all continuous functions y €
C(A,R) such that

t
sup ly(t, 7)| < 0.

(t,7)EA E(al,az)(g(t - a)al (T - C)Otz)

The associated norm is defined by

lylle = sup ‘y(tﬁgj _
t.r)en Elayaq) (€t — a)21 (T — c)2)




2418 S. Sunmitha, D. Vivek, A. A. Alghamdi, M. M. El-Dessoky & E. M. Elsayed

The function E(,, ,,) denotes the generalized two-parameter M-L function defined by

o0 k
al a2) kzzl T k‘Oq +1 (kOéQ + )

zeC,
see, for example ([14], Egs. 1.1 and 1.2, Page 1).

We endow the linear space Cg¢ (a4, a,)(A, R) with the norm defined by

e 3(0.7)
t,7)EA E(Oq,ozg)(g(t - a)al (T - C)OQ)’

Ja1,a2) =

for y € 057(0417@2)(A,R).
This norm induces the metric

df,(al,az) (y,2) = ly

& (ar,a2)
ly(t,7) — 2(¢,7)|
= sup .
tryea Blayan) (€t —a)* (1 — ¢)*2)

Equipped with this norm, the space Cg (4, ,) (A, R) is a Banach space and there exists a constant
M >0 such that [|yll¢ (a,a0) < M.

According to ([24], Chapter 2, Egs. 2.1.1 and 2.1.2, Page 69), the definitions of the R-L FI
are taken into consideration, as are the L-C FD ([24], Section 2.4, Page 97) and the HFD ([18],
Remark 6, Page 4). They are not described in depth because there is so much literature on

these classical formulations.

Definition 2.1. ([39], Definition 2.4, Page 28338) Let I = [a,b] C R, let a > 0, and assume
€ (0,1). For the function g € L([a,b]), the left cotangent FI of order « is defined by

1”)F@l) /x ¢~ cot(wg )@=t (x —t)*Lgt)dt, = >a.

sin® (w§

“g(x) =

Similarly, the right cotangent FI of order « is defined by

1

i [, <

' ( ) e
lb 9 x .
( 2

Definition 2.2. ([39], Section 2, Page 28338) Let 6 = (a,c) € R?, a = (a1, 2), 0 < a3, 0 < 1,

and consider the rectangle I = [a, k] x [c,m], a < k,c < m. Assume that u € L'(I). Then the
two-dimensional cotangent fractional partial integral of order « is defined by

Ia,wu(x’ y) _ 1 /x /y o cot(w%)(il?—s) (.CL‘ _ 8)01—1
0 sin® (w3) T'(aq) sin® (w5) T(aw) Jo Je
x e~ cot(w %) Dy —t)*2 (s, t) dt ds,

for (z,y) € (a, k] x (¢, m], where w € (0,1).

Furthermore, the one-dimensional cotangent FI ( [39], Definition 2.4, Page 28338) with re-
spect to x and y are given as follows.

The left cotangent FI with respect to x of order o is defined by

1 ) () [ e D e g, s,

IV u(z,y) =
at (@,y) sin®t (w%
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for x > a.
Similarly, the left cotangent FI with respect to y of order «y is defined by

192 u(z, ) = : [ e Dy - pyer g, ryar,
sin®? (w3) T'(ag)

for y > ¢, where 0 < aj,a9 <1 and w € (0, 1).

Lemma 2.1. ([39], Theorem 2.15, Page 28339) Let g € C™([a,b]), where n —1 < a < n and
0 < B < 1. Then the following identity holds

e cot(wg)(x—a) (1’ o a)'yfl
sin?~1 (wg) I'(v)

[P g() = (o) - (I+"*)g(a),

where y = a+ 8 — af.

Lemma 2.2. ([39], Theorem 2.13, Page 28339) Let f € C([a,b]), let « > 0, and assume
0<p<1andwe (0,1). Then the following identities hold

HY T g(x) = g(x),
and

Hbo‘iﬁ’wlgng(x) = g(x).

Lemma 2.3. ([50], Theorem A, Page 1075, [38], Corollary 3.1, Page 7826) Let J = [a,b], Let
u, € LY(J) and let h € C(J). Assume

(i) u(t) > 0 and ¥(t) > 0 for allt € J,

(ii) h(t) > 0 and h(t) is non-decreasing on J,

(i1i) > 0 and w € (0,1).

If

then

k
/ Z t E a e cot(w%)(tf‘r)(t _ T)ka_1¢(T) dT, tel.
a sin® (w3 (ka)

3. Existence and approximate solutions

In this section, we discuss the conditions for the existence and approximation of solution of
system (1.1).

Let 0 < aj,ae<1,0< < 1.

For 0 < a3 < 1, applying Lemma 2.1, we obtain

7cot(w£)(t*a) m-1
a1 ,w a1,B,w — — € (t (1)
IV H f@t,7)=f(t,7) s~ (wZ) T(71) (

at,t “Tatt

e f) (a,7), (3.1)
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where v1 = a1 + 8 — a1 8.
Substituting Eq. (1.1) into the above relation yields the equivalent integral equation (EIE)

f(th) =

e~ Cot(wg)(t—a) (t - a)'yl—l (

1—v1,w
TG Tey T e

+ e—cot(wg)(t—s)(t o 5)041*1

1 t
sin® (w%) (o) /a
X [p(s,r,f(s,r)) +

) /T o cot(wg)(r—n) (T . ,)7)04271

1
sin®2 (wg) IN(?
X Q(S7 T? 777 f(87 77)) dn + T’(S, T) dS.

Finally, we obtain the EIE

e cot(w%)(tfa) (t _ a)’ﬂ—l (

T P L

Ii_:’YLoJf) (a,7) + Is_&::”F(t, T),

where
F(t,7) = p(t, 7, f(t,7)) + I 2%q(t, 7, f(t,n) +r(t, 7).

Taking the HCFD of order a; with respect to ¢ on both sides of space Cg
Lemma 2.2, we obtain

HOLT“ f(t,7) = plt, 7, f(£,7))

1 ) — /OT o~ cot(wF ) (r—n) (r — 77)0:271(]@7 70, f(t,n)) dn

ar,a2), and using

sin®2 (w

+r(t, 7).

jus
2

Therefore, Eq. (1.1) and the above integral equation are equivalent.

Theorem 3.1. Let A = [a,b] X [¢,d],I = [c,d]. Assume that the functions p : A x R — R,
qg: AxIxR — R are continuous. Suppose that there exist nonnegative functions d € C(A),
g € C(A x 1), such that the following Lipschitz condition hold

Ip(t, 7,u) — p(t,,a)| < d(t,7)|u—1al|, (t,T)€A,
and
|q(t77-7777u) - q(taTanaﬂ” < g(ta T, 77)|U - ’ITL‘, (taTa 77) € AxI

For the parameter & > 0 defined in weighted space, assume that there exist non-negative
constants A1 < 1, Ao > 0 such that he following estimates hold

1

t
—cot(wl)(t—s) (4 _ a1—1 N o2
s L P s, Bl 5 — ) (7 = o)) s

1 t pd o
—cot(wl)(t—s) (4  \a1—1
+ sino‘l(wg)l“(al)sin”(wg)f‘(ag)/a /C ¢ ’ (¢ =)
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x e U (7 — )2 g (s, 7,1) Ela, an) (€(s — @) (T — ¢)**)dnds
SME (o, 00)(E(E — @)™ (T — ¢)*?). (32)
Bounded on the nonhomogeneous term
—cot(wl)(t—s) (4 _ \a1—1
‘h(tﬂ_) + Sino1 (wg)T(a1)/a € 2 (t—s) p(s,7,0)ds (3-3)
1 LT —cot(wZ)(t—s) a;—1
T S (@I )T (o) sin® ()T (a) / / R Ut
x e~ otwg)(T—n) (1 — n)arlq(s, 7,m,0) dn ds‘
SA2E(a;,0)(§(t — @)™ (T — ¢)*2). (3.4)
Definition of h(t,T), we have
L ' o cot(w)(t-s) 1
_ —cot(wd)(t—s o\o—
i) = o)+ T [yt 35)

Under assumptions Egs. (3.2)-(3.5), the system (1.1) admits a unique solution f € C(A x R).
Proof. On the Banch space C(A,R), define an operator 7' : C(A,R) — C(A,R)

(Tt 1) =fo(r) +

—_

t
—cot(wZ)(t—s) (4 _ \a1—1
T J, ¢ P e s s
1

t T
—cot(wl)(t—s) (4 _ \a1—1
S (@D (an) sin (@) (a2) / / RN )

x ¢~ W) (7 — )2y (s 7, f(s,n)) dnds
L ' o eot(wF)(t-9) -1
cot(w ) (t — g)™ ds.
t (wB)(an) /a ‘ ’ (t =)™ (s, m)ds
From Egs. (3.5) and (3.6), we obtain

(Tf)(t,7) =h(t,T)+

¢
1 /e—cot(wg)(t—s)(t
sin® (w§)(a1) J,
1 LT —cot(wZ)(t—s) a;—1
+sino‘l(wg)F(al)sinO‘Q(wg)I’(ag)/a/C ¢ 2 s)

X e~ cot(wF)(T—n) (7_ i ?7)0[2716](8, T,7, f(37 77)) dnds, (37)
for (t,7) € A.

We now show that the map T is a contraction.
Using Eq. (3.7) together with the assumptions on p and ¢, we obtain
[(TF)(E )l

_ 1 ! —cot(wZ)(t—s) a1—1
_’h(t77—) + Sinal (wg)r(al) /a € 2 (t - S) p(S’Tu f(t’T))dS

) p(s, 7, f(s,7))ds
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t T
g / / e ORI (1 — ) lem DT (2Tl g(s, 7, (2, 7)) dnds).
Add and subtract zero terms

p(S,T, f) = p(577—70) + [p(S,T, f) —p(S,T, 0)]7
Q(SvTv n, f) = Q(Sa T, M, 0) + [Q(577—7777 f) - Q(SvTv 7770)}'

Applying triangle inequality, we get

. ot a1-1
Sinal(wg)f’(al)/a ¢ 2Tt = s)M (s, 7, 0)ds
1

t T
< [ B gyt D gy g(s,7,,0) dds|

o~ cot(w)(t—s) (t — s)al_lyp(s, 7, f(s, 7)) — p(s,7,0)|ds

Using the boundedness hypothesis

(TF)(t,7)|
<A E gy a0 (€(t — @) (1 — )7
1

e COt(UJ%)(t*S) (t — S)Oélild(S, t)|f(55 T))|d8

T S (@F) () / |

* S Hwh )F(a1)8m 2(wi)I ()
o [ [ ne gt D byt s, s,

Define

£, 7)]
E(al,az)(é(t - a)al (T - C)OQ) '

1112 1 0q) = SUP

Then
(s, D) < N fllE(or,00) Elar,a2) (§(E — @) (T — €)*2).

Similarly for f(s,n).
Substitute

(TF)(E, )| < A2E(a a0) (E(E = @) (T = €)*2) + [|f | Be(ar,00) [T1 + T2]-
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Using the known kernel estimate,

Il + IZ < AIE(al,az)(g(t - a)al (T - C)a2)7

hence

(T 7)< [A2 + Ml flle (ar,00)] Elara0) (§(E — a)*H (7

The previous estimate show that T' : C¢ (4, a0)(A,R) — C¢
invariant under 7.

Let f,2 € C¢ (a1,00) (A, R).
From Eq. (3.6), we obtain

—)*?).

051,062)(A7R)7 hence the space is

(TH)E,7) = (T2)(E,7)|

—_

| s ¢ (e S0 7) 72007l

[
—cot(wl)(t—s) (4 _ ya1—1
+sin"‘l(wg)f‘(al)sino‘z(wg)F(ag)/a /c ¢ ’ (t=s)

77)a2_1 |Q(S, T, f(sv 77)) - Q(S) T, Z(Sv 77)) dnds

1 t x
< —cot(wZ)(t—s) t— g)ar—1 - d
~sin® (w3)T(ev) /a ‘ ’ (t =)™ lpls, 7 S) = pls,m 2)]ds
t T
+ — 1 : / / e~ cot(w3)(t—s)
sin® (w§ )[(a1) sin®?(w§)T(a2) Jo Je
x (t — )™ tem )T —pye2Lg(s,7,m, f) — q(s, 7,7, 2)| dnds.
Using
Ip(s, T,u) — p(s,7,v)| < d(s,7)|u— v,
’q(sv T, 1, ’U/)‘ - Q(Sv 7,1, ’U) S 9(87 y T 77)’” - U’,
we get

1 b ot
—cot(wl)(t—s) (4 _ o\a1—1 -
<R L R = 0 s 1o, ) — st )l

t T
—cot(wZ)(t—s) (4 _ \a1—1
+ Sinal(wg)I’(al)sinaQ(w%)I’(ag) /a /c € ’ (t—s)
n)** " g(s,7,n)|f(s,m) — 2(s,n)| dnds.
By definition,
|f(s,7) —2(s,7)| < || f — 2

Similarly for f(s,n) — z(s,n).
Substitutes ||f — 2|l¢ (ay1,a0) 1 + I2]-

S,(a17a2)E(a1,a2)(£(3 —a)® (1 —c)*?).
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Using the known estimate for the fractional Volterra kernal with M-L weight,
Il + I2 S AIE(ahaz)(g(t - a)al (T - C)O@)'
Finally, contraction inequality

(Tt 7) = (T2)(E, )| < Mllf = 2lle,(01,00) Blarag) (E(E — @)™ (T — ¢)*2).

Dividing by the weight and taking supremum over A, we obtain

HTf - TZHE(aLaz) < Al”f - ZH&,(OA,O&)'

If 0 < Ay < 1, then T is a strict contraction on Cg (4, ,)(A,R). By BFP, the problem admits a
unique solution.

From the previous inequality, dividing by the weight function and taking the supremum over
A, we obtain

T f = T2ll¢ (a1,00) < Millf = 2lle (01,00)-

Since 0 < Ay < 1, the operator T': C¢ (a;,00)(A,R) = C¢ (a;,a0) (A, R) is a strict contraction on
the complete metric space C (4, a0)(A,R).

Therefore, by the BFP, the operator T admits a unique fixed point f* € C¢ (4, ,as) (A, R).
This fixed point satisfies T f* = f*, which is equivalent to the integral formulation of system
(1.1). Hence, system (1.1), admits a unique solution on A. This completes the proof. O

We now determine an estimate for the approximate solution (AS) of system (1.1).

Let f € A — R be a function such that the fractional operator Hgf f} f exists on A.

We say that f is an e- AS of system (1.1) if, for a given € > 0, the following inequality holds

[HOL f(t7) = pt, 7 (1 7)) + 182 (a(t 7om, f (8 m)) + At 7)| < €, (3.8)

for all (¢,7) € A.
In this case, the function f(t,7) is called e- AS of the system (1.1).

Theorem 3.2. Assume that the functions p : A XR = R, g : A x I xR — R, satisfy the
Lipschitz conditions

‘p(t77—ak)_p(t77—7]%)’ Sdl‘/{?—]}’, (39)
lq(t,7,n,a) — q(t,7,n,a)| < da]a — al, (3.10)

for some constants di,dy > Oand for all admissible (t,7,n).
Let i = 1,2. Suppose that f; : A — R are ¢;-AS of system (1.1), satisfying

L7 fila,m) = filr), (3.11)

for all (t,7) € A.
Define

hi(t,7) = fi(t) + I;i::}r(t, 7).
Assume that

’hl(tv T) - hQ(th)’ < Hy



Nonlinear Hilfer cotangent PDEs: Stability analysis and ... 2425

for some constant p > 0.
Assume further that the quantity

(t—a)™

(er + 62)smC”H( wi)l(ar +1) i M]

My = sup
(t,r)eA

1s finite, i.e., My < oo.
Next, for all (t,7) € A, we obtain

[f1(t,7) = fa(t, 7)]

k
(= (1 —c)* -
<M, (1 §j di +d —cot(w)(t=s) (4 _ gymk=1| 4o} (3.12
< 1( -I-/a <1+ 2sin°‘2+1( )F(a2+1)> e 2 (t—s) s) ( )

k=1

Proof. For i = 1,2 since f;(t,7) are ¢;-AS of Eq. (1.1), from definition (3.8), we have

’Ha;ﬁ;ﬁ fl(tv T) - p(ta T, fl(t7 T)) - I?—E::}Q(ta T, fz(tv 77)) - h(t7 T)’ < €, (313)

for all (t,7) € A.
Applying fractional integral operator I al’ to both sides of inequality (3.13). Since ¢; is
constant with respect to t, we obtain

10 es) > |20 (B2 it 7) = plt, 7, (6, 7) + 22 a(t,7,m, £, ) + (e, 7)) |
Using the explicit form of the FI of a constant, we obtain

t—a)™
IOCLW . ( .
at,t (e) =& sin 1 (o + 1)

Thus,

(t—a)™
e
Zsimo‘lﬂ( ) T(oq +1)

10y {HOCE Filt ) = plt 7, filt, 7)) = 122 %a(t, 7, filt ) — Rt 7) )

>

Using the identity
Iy a’f’t fi=fi— fi(1),
we obtain
(t—a)™
“sini (wF) T + 1)

> [ it ) = Bt 7) = 305 [l il 7)) + 12 2at 7o, £t )] |

Summing the inequalities for ¢ = 1 and ¢ = 2, we obtain

(t—a)™
sin® T (wF) Doy + 1)

> A7) =t 7) = 1027 [p(t, 7 o6 7)) + L2250t 7o, e m)) |

(€1 + €2)
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+ ’f2<t77—) - hZ(tv T) - I;):l—:‘: |:p(t7 T, f2(t7 T)) =+ Igf::‘](tv 7,1, f?(ta 77))} ’ .

Using |A| + |B| > |A — B|, we obtain

(t—a)™

sin®1 1 (wZ) (g +1) > |filt:7) = folt, 7)]

— [ha(t, 7) — ha(t, 7)|
Ig‘jf (p(t,T, f1) —p(t, T, f2))‘

(€1 + €2)

We have

12 (qlt,mm, 1) — alt, 7 £2))]

[fi(t,7) = fa(t, )| < My + I [d1|fl(ta ) — f2(t,7)| + Ifff(dﬂfl(ta n) — fz(tﬂ?)D]-

Since the kernel is positive, we remove the absolute value of the operator

fi(t,7) — folt, 7)< My + !

sin®! (w§
+ I?f;} (da|fi(s,m) — fz(s,n)|)}ds.

Using

IO(Q ,w

et 9(n) =

d
) / (d—n)*""g(n) dn,

1
sin®? (w3) T'(az
we obtain
|f1(t?7—) - f2(t77_)|

<M +

1 ! — g a1—1
sin® (w%) I'(ay) /a (t=s)

) Tan) /a (t =)™ [d1|f1(5’7) — fa(s,7)|

(3.14)

d d _
<l m) = Rl )|+ e P [ @ fa(sn)  falsm)l da | ds.
sin (wé) I(a2) Je
Since 4
— (05
/ (d—n)**"dn = (d=o= :
c (€5
we obtain
(d—c)*?  (d—c)*
Ong(Ozg) N F(OQ + 1)‘
Hence

(d—c)*

di +ds

t t, 1) < M L tt ar—l
1lt7) = folt, Tl < M+ sinm(w%) I'(a1) /a (t=)

X sup |f1(8177) _f2(8777)|d8'
776[07d]

sin®? (w3) T'(ag + 1)
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Let (d o

—C 2

A=d;+d .

P i (W) T(ag + 1)
Then
’fl(ta T) - fQ(t7T)’
A t ™
<M+ s [ e e g s i)~ flslds. (315)

sin® (w3) T(a1) Ja n

Define

®(s) = sup |fi(s,n) — fa(s,n)l.
n€le,d]

Applying Lemma 2.3 to inequality (3.15) with respect to the variable ¢ (for fixed 7), and defining

u(t) = Ssup ’fl(tv T) - f2(t77—)’7

TE[e,d]
we rewrite inequality (3.15) in the form

t
g —cot(wﬂ)(t—s) _ oyar—1
t) < vt 2 t d
W) <00+ et [ (t = 5)1u(s) ds,
where ( )
t—a)*t
t) = + = M,

v(t) = (e 62)sino‘1+1(%) Iag +1) G '

and J o
g=dy+ dQS (d— )

in2 (YD) T(ag + 1)
By Lemma 2.3, we obtain

w(t) < MiBa, | —2 (¢t —a)m |,
v (sma%“’;)“ )>

where E,, (-) denotes the M-L function.
Therefore

sup [fi(t,7) = folt,7)| < MiEo, |~y (t— @)™ | |
reled] sin® (w7)

which yields the required stability inequality.
Remark 3.1. The solution of system(1.1) with initial condition

fila,7) = ¢1(7)
is denoted by fi(t, 7).

From the stability inequality obtained above, we have

sup |fi(t,7) — fa(t,7) =0 as e —e€ and pu—0.
T€[c,d]
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In particular, if we set

e1=e2=0, and ¢1(7) = da(7),

then the stability estimate reduces to

sup ’fl(ta T) - fQ(th)’ =0,
TE[e,d]

which implies
fl(t77—) = fQ(tﬂ T)'

Hence, the solution of system (1.1) depends continuously on the given initial data.

4. Stability analysis

In this sequel, we investigate the stability analysis of proposed system (1.1).

Hyer-Ulam (H-U) stability is a concept that focuses whether an AS of a functional or dif-
ferential equation is close to an exact solution. It originated from question posted by Stanislaw
Ulam (1940) and was answered for Banach spaces by Donald H. Hyers (1941). H-U-Rassias
stability has also been examined in the context of hyperbolic fractional PDEs [40] and Hilfer
fractional implicit differential equations with nonlocal conditions [42]. These studies demon-
strate the importance of stability analysis for fractional systems with complex operators. In
recent years, researchers have extended this concept to various classes of fractional operators
and problem settings. Jarad et al. [16] investigated fractional order systems involving a gener-
alized HFD, where they established E & S results through fixed-point arguments. Their work
highlighted how generalized Hilfer structures can support H-U-Rassias stability. Alam et al. [4]
analyzed an implicit fractional integro-differential equation with integral boundary conditions.
By deriving stability conditions, they demonstrated the practical importance of H-U-Rassias
stability in guaranteeing the reliability of solutions to fractional boundary value problems. Luo
et al. [32] considered Caputo-type fractional fuzzy stochastic differential equations with delay
and studied their H-U stability properties. Their contribution extended the stability concept
into the stochastic and fuzzy context, showing the flexibility of H-U stability across different
fractional models.

Motivated by these developments, the present paper extends the study of generalized H- U-
Rassias stability to system (1.1), thereby unifying E & S, and robustness analysis within single
ideas.

We first introduce the associated with generalized H-U-Rassias stability

HL £t 7)

=p(t, 7, f(t, 7)) )
d s
)F(ag)/ 6_C0t(wi)(d—n)(d7n)QQ—lq(t’T’ 0, F(t0)) dn + (8, 7).

—_

sin®2 (wg

Let ¢ : A — [0, 00) be continuous function. We say that system (4.1) is said to be generalized
H-U-Rassias stable with respect to ¢ if the following holds.
For every function a € C(A,R) satisfy
[HEalt, 7) — pt, 7 a(t, 7)) — I2E2q(t, 7., alt,m) — r(t,7)| < @(t,7), (4.2)

at,t
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there exists an exact solution f € C(A,R) of system (4.1) and a constant Cy, > 0 such that
|a(ta7_) - f(t77_)| < Cf,cp('p(t?T)? (tv 7-) €A. (43)
Theorem 4.1. Assume that p and q in system (4.1) satisfy the Lipschitz conditions

p(t, 7, u) — p(t, 7,4)| < Lifu — al, (4.4)
\Q(tﬂ'ﬂ%a) _Q(t77_7 77,@)| S L2|(I—C_L|, (45)

for all admissible arguments, where Ly, Lo > 0.
Suppose further that there exists a constant L, > 0 such that

1

sin®t (wg

) F(Ckl) / e Cot(w%)(t—s)(t — s)a1—1(p(s, 7') ds < Lgogo(t7 7-)7 (4.6)

for all (t,7) € A.

Moreover, define the constant

(d—c)*

Ly = .
° 7 sin® T (W) T(ag + 1)

Then system (4.1) is generalized H-U-Rassias stable with respect to ¢.

Proof. Assume that a € C(A,R) satisfies inequality (4.2). Let f be the unique exact solu-
tion of (4.1). Then, by applying the FI Ig‘jf to Eq. (4.1), we obtain the equivalent integral
formulation

F(t7) = Hy(t,7) + 10 [p(t, 7, (7)) + 122 q(t.mm, £(8.m))] (4.7)

where
He(t,7) = fo(r) + I(‘ji:fr(t,r).

Using inequality (4.2) and applying the FI operator I} to both sides, and noting that the
initial terms coincide (i.e., Hy = H,), we obtain

‘a(t77_) - Ha(t77)| +

18 [plt, 7, alt, 7)) + I22a(t mom, a(t,m))]|

<

1 t
“sin® (wf) D) /a ‘

_ Cot(w%)(t—s) (t _ 8)0117180(87 7—) ds. (48)

By assumption inequality (4.8), it follows that

la(t,7) — Hy(t,7)| +

Ig‘j‘: [p(t, T,a(t, 7)) + Igf::q(t,T,n, a(t, 77))]) < Lyp(t, 7). (4.9)
Using inequality (4.8) and the integral representation of f, we obtain
|CL(t,’7’) - f(t’7)| < |CL(7§,T) - Hf(t77_)’

I It T (6 7)) + I 7, £ )] .
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Adding and subtracting the corresponding terms for a, we get

. (!p(t ma(t, 7)) — p(t, 7, f(t,7))|

Igf’ ‘ (t TN, (t,n))_Q(trTanmf(tvn))D'

|a(t’7—) - f(tv T)| < ’a(tﬂ—) - Ha(tﬂ—) - I [p(t,T, a(tﬂ—)) + IO% (t T, a(t777))] ’

Using inequality (4.9), we obtain

la(t,7) = f(t,7)] < Lyp(t,7)
122 (Lala(t,m) = £(67)| + 1223 Lola(t.n) — F(t.n) ).
Using the bound

Iag,wl o (d - C)a2
et gin®? (L) T(ag + 1)’
2

define

Lo — Ly El_ C)a2

sin® 1 (UH) T(ap + 1)
Then, we obtain

la(t,7) — f(t.7)] < Lyp(t, 7) + (L1 + L) I3 lalt, 7) — f(£,7)]-
Applying Lemma 2.3, we get

la(t,7) — f(t,7)| < Lop(t, 7) + (L1 + L3) ;1 lalt, 7) — f(¢t, 7)1,

we conclude that there exists a constant K > 0, depending only on a1, L1, L3, w and the interval
[a, t], but independent of ¢, such that

‘a(t,T) - f(t>7—)’ S KL@QO(t7T>'

Let
Cop(t,7) :== KL,p(t,T).

Then we obtain
la(t, ) — f(t,7)] < Cpp(t,T), (t,7) €A,

Hence, system (1.1) is generalized H-U-Rassias stable with respect to . O

5. An illustrating example

Consider the proposed system (1.1), subject to the initial condition

Iol+ zwf t’T)‘t:O = fo(7), fo(T) = sin(n7),

where the parameters are « = 0.6, 5 = 0.4,w = % and v = 0.76.

The nonlinear functions are defined by

p(t, T, f) = —0.20 f(¢t,7) + 0.30 7 sint + 0.10 T,
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q(t,7,n, f) = (0.02 + 0.02n) f(t,1) + 0.157n + 0.10 72,

r(t,7) = Tcost + T2sint,

for (t,7) € 10,0.8] x [0,1].
The approximate solution of the system (4.1) is given by

f(t,7) ~sin(rr) + 7 [1.30 %5 Fo6.1.6(—0.577t%%) +0.0625%¢ 4 0.053 t1'2]

42 [tO-GEO,G,l,G(—o.E)?? 96 +0.053 t“]
3 t
+ Z Ck, / e 0577(t=s) (t —s)06-1 [7’(1.30 80'6E0,671,6(—0.577 59-6)
k=1 70

+0.0625 s%¢ + 0.053 5'?) + 72 (s"°Eg.6,1.6(—0.577 %) + 0.053 51-2)} ds,

where
c1 ~ 0.139, ¢ =~ 0.019, c3 =~ 0.003.

For the function p,
|p(t77—7 fl) _p(t)Ta f2)| = 020|f1 - f2‘

Hence, the Lipschitz constant is
d; = 0.20.

For the function ¢

|q(t77—a m, fl) - C.I(ta T, f2)| = ‘002 + 00277‘ |f1 - f2|
< 0.04|f1 — fol-

Thus, the Lipschitz constant is dy = 0.04.
The auxiliary function h(t, 7) is defined by

h(t, ) = fo(T) +

1 ! — cot(wm/2)(t—s) a—1
sino‘(ww/2)F(a)/0 e (t—s8)* "r(s,7)ds.

For 7 = 0.5 and t = 0.4, we compute
r(0,0.5) = 0.5, r(0.2,0.5) ~ 0.525, r(0.4,0.5) =~ 0.54.

Assuming the corresponding fractional kernel weights are approximately 0.72,0.64,0.55, the
integral contribution is estimated to be approximately 0.5.
Since

f0(0.5) =1,

we obtain
h(0.4,0.5) =~ fo(0.5) + 0.5 = 1.5.

The contraction parameter Aj is defined by

1 0.8 0.8 1
AN =—F—F— U t —5)* tdids +/ / t —5)*71(0.02 4+ 0.02n)dnds | .
sin (WE)P(O‘) 0 ( ) 0 0 ( )
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We get
A1 ~ 0.39 < 1.

Since A7 < 1, the contraction condition holds. Therefore, existence and uniqueness of the
solution are guaranteed, verifying Theorem 4.1. For AS fi(¢,7) and fa(t,7) with €1 = €2 = 0.01
and p = 0.02.
We obtain
tOé
sin(wr/2)eH T (e + 1)

My = (e1 + €2) + p.

Using the numerical values I'(1.6) ~ 0.895, sin(7/6)'% ~ 0.354, and ¢t = 0.4, we compute

0.406
: ~ 0.0415.
(14 <2) 53507 (0.895)

Since pu = 0.02, we obtain
My =~ 0.0615.

The combined Lipschitz coefficient appearing in the stability estimate is

(b—a)°

~ 0.326 < 1.
sin(wm/2)*H T (a + 1)

di + da

Hence, the contraction-type stability condition is satisfied.
Applying the fractional Gronwall inequality to

u(t) = [f1(t,7) = fo(t, 7);

we obtain the bound
My

< ———— = 0.0756.
— 1-0.326

u(t)

Thus, the difference between the two approximate solutions remains small and bounded, verify-
ing the stability result of Theorem 3.2.

The Lipschitz constants of the nonlinear terms are L1 = 0.2, and Ly = 0.04. The FI bound
is approximately L3 ~ 0.16. Assume that the perturbation satisfies L,p(t,7) < 0.0057, and
maxe(o,0.4) ¢(t, 7) ~ 0.01.

Applying the fractional Gronwall inequality yields

la(t,T) — f(t,7)| ~ 0.0068.

Hence, C' = 1.19.
Therefore, there exists a constant C' =~ 1.19, such that

‘a(tv T) - f(t77—)| < C@(tﬂ—)a

which confirms that the system is generalized H-U-Rassias stable.
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6. Conclusion

This work investigated the E & S of solutions for a class of PDEs involving the HCFD. By
transforming the considered system into an EFE, sufficient conditions ensuring solvability were
established through fixed-point techniques. In particular, the BFP was employed to guarantee
the existence and uniqueness of solutions under appropriate Lipschitz conditions. Furthermore,
generalised H-U and H-U-Rassias stability results were derived using suitable FI inequalities
and a fractional Gronwall-type estimate. Explicit bounds for the stability constants were ob-
tained, demonstrating that the solutions depended continuously on perturbations of the system.
The theoretical findings were supported by a detailed illustrative example, where all required
constants were computed, and the contraction condition was verified numerically.

Future work

Recent research has focused extensively on the stability and control of fractional-order differential
equations (SDEs). In [54], Zhu studied event-triggered sampling for exponential stability of SDEs
with delay driven by Lévy processes. Yuan and Zhu [51] established well-posedness and stability
results for mean-field SDEs under G-Brownian motion. Lu et al., [31] analyzed stability of
nonlinear systems with multi-delayed random impulses using an average estimation approach.
Liu et al., [28] investigated mean-square convergence and stability of the backward Euler method
for SDEs with delay and highly nonlinear coefficients. Furthermore, Louakar et al. [30] developed
an iterative learning control (ILC) scheme for Hilfer-type fractional order SDEs, demonstrating
robustness in robotic applications.

Several recent studies have addressed fractional-order systems within the concepts of ILC.
In particular, Vivek et al. [45] investigated quaternion-valued impulsive systems involving the
HFD and proposed a quaternion-based ILC scheme. Using semigroup theory and the concept
of mild solutions, they established convergence results for the associated control process. In
another work, Vivek et al. [43] analysed nonlinear pantograph type equations with impulsive
dynamics and derived sufficient conditions under which the iterative tracking error converged
asymptotically. Furthermore, Vivek et al. [44] developed a P-type ILC law for impulsive pan-
tograph equations with HFD, demonstrating reliable convergence of the tracking error despite
the presence of impulsive effects. While these contributions provided valuable insights into
fractional-order ILC architectures, they primarily focused on impulsive systems and control-
oriented formulations. In contrast, the present study concentrated on the analytical aspects
of existence, uniqueness, and generalised H-U-Rassias stability for a class of nonlinear PDEs
involving the HCFD.

The results obtained in this work may serve as a foundational step toward extending stability
and solvability analysis to broader classes of fractional systems under ILC concepts. In partic-
ular, future investigations could address the incorporation of P-type, D-type, and PID laws
into systems of the form (1.1). Such extensions may provide effective mechanisms for enhancing
convergence speed, robustness, and tracking performance in PDEs under HCFD.
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