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NON-HOMOGENEOUS INITTAL-BOUNDARY VALUE PROBLEM FOR
COUPLED HIROTA EQUATION ON THE HALF LINE

Huifeng Wang! and Ju Wu?1

Abstract We study the initial-boundary value problem of the coupled Hirota equation
on the right half line with nonhomogeneous data. It is shown that the initial-boundary
value problem is local well-posed. The main idea of the proof for the local well-posedness
is to derive an explicit solution formula, which is obtained by applying the Fourier and
Laplace transforms, and then obtain a priori estimates using the restricted norm method.
Additionally, we obtain the smoothing results that the nonlinearities of the coupled Hirota
equation on the half line are smoother than the initial data.
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1. Introduction

We are concerned with the following initial-boundary value problem (IBVP) of the coupled
Hirota equation posed on the right half line:

iug + o1 02u + B0 + iy { (2ul® + [v|*)uy + uvvy } + 6 (Jul® + [v]*) u =0,
vt + @020 + B3 + iy {(Jul® + 2|v[})vy + avug } + 6 (Jul* + [v]*) v =0,
u(x,0) = up(z), v(z,0)=v9(z), = €RT,
u(0,t) = f(t), v(0,t) = g(t), teRT,

(1.1)

where oj(j =1,2) > 0,8 > 0, v, d are given real constants and u,v are complex valued func-

tions. The data (ug,vo, f,9) € HE(RT) x HE(RT) x Ht%1 (RT) x Ht% (RT) with the additional
conditions uo(0) = f(0), vo(0) = g(0) for & < s < 3. The given compatibility conditions are to
ensure that the solutions are continuous space-time functions with % < s < 3.

It is well known that the nonlinear Schrodinger (NLS) equation models slowly varying ampli-
tude electromagnetic waves in a nonlinear medium. But the NLS equation becomes insufficient
when pulses lengths become comparable to the wavelength. Adding some terms and the gen-
erated pulse propagation is called the higher-order nonlinear Schrédinger (HNLS) equation,
which contains higher-order dispersive effect, self-steepening and inelastic Raman scattering
terms [2,29,34]. The generalization of HNLS equation to a coupled Hirota equation was first
proposed by Tasgal and Potasek [34], who eliminated the inelastic Raman scattering effect and
explained the co-propagation of two ultrashort pulses with the effects of third order dispersion
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and self-steepening. In view of physical scenarios, for IBVP with the half line, the semi-infinite
domain is practical as it avoids the need to consider downstream boundaries, and solutions to
the coupled Hirota equations approximate waves moving in the positive z direction.

There are many references to the Cauchy problem for the Hirota equation or the coupled
Hirota equation in the literature. We refer the readers to see [8, 16,22, 23,25, 33] for the well-
1

posedness theory of Hirota equation. In particular, [16] obtained local well posedness for s = —3

only for a more simple case, where one of the nonlinear terms does not appear. Later in [25]
3

and [33], Laurey and Staffilani obtained the local well-posedness in H® for s > 5 and s > %,
respectively. In addition, Laurey also proved global well-posedness in H' and H*(s > 2). By
the Fourier restricted norm method (also named X*® method), Huo and Guo [22] also obtained
the local well-posedness in H® for s > i and global well-posedness in H® for 1 < s < 2. To the
best of our knowledge, the most recent result is [23], which established the local well-posedness
of Cauchy problem with the nonlinear terms at the endpoint s = —% in H® and the global well-
posedness in H® for s > 0. There is only one result for well-posedness research of the coupled
Hirota equation: Huo and Jia [24] used Fourier restricted norm method (X*® method) to prove
the local well-posedness in H® x H? for s > %.

Concerning the initial-boundary value problem, it has undergone in-depth research depending
on different tools. Relying on Duhamel forcing operator and X *° method, Colliander, Kenig [10]
and Holmer [21] studied the Korteweg—de Vries(KdV) equation on the right half-line, left half-
line and line segment with low regularity requirement. Holmer [20] also investigated the NLS
equation depending on the same tools. Bona et al. [3-5] introduced the Laplace transform
method to study the different dispersive equations. The IBVP of Hirota equation posed on the
half line was considered by Guo and Wu [17] using the Laplace transform and X*° method to
investigate the local well-posedness in H® for s > % and global well-posedness in H'. In addition,
we also obtained that the nonlinearities are smoother than the initial data. Recently, Guo and
Wu [18] also studied IBVP of the Hirota equation posed on a finite interval. The classical
multiplier method, Lions-Magenes’s interpolation and Tartar’s interpolation theorem are used to
establish the local well-posedness in C(0,T; H*)NL?(0,T; H**!) for s > 0, and the local solution
is extended to global one by a priori bound. We also refer to [1,9,11-13,15,19, 2628, 30-32]
for more IBVP related to a higher-order equation or coupled system. Specifically, we note that
in the work [1], Alkin, Mantzavinos and Ozsar investigated the initial-boundary value problem
for the higher-order nonlinear Schrédinger equation on the half-line based on the Fokas unified
transform and Strichartz estimates, where the nonlinearity in the equation is of power type. The
aforementioned method can be extended to derivative nonlinearities, but it requires refining
multilinear estimates and regularity conditions to compensate for the additional complexity
induced by the derivatives.

In this paper we aim to study the IBVP (1.1) by using suitable tools, which include the
Laplace transform and X®° method, initiated in [3,10]. The X $b method was proposed by
Bourgain [6, 7], and the application of this method to IBVP was first presented in [10]. Their
idea was to use a boundary forcing operator that could convert IBVP to an initial value problem,
and the theory of initial value problem succeeds to the IBVP. The introduction of the Laplace
transform was another step forward in the study of IBVP, and the idea was first proposed by
Bona et al. [3], who used it to obtain a series of results [3-5]. We are now prepared to study
the IBVP of the coupled Hirota equation using the tools provided, which include the Laplace
transform and X method. In order to give our main theorem, we start with a definition.

Definition 1.1. We say that (1.1) is locally well-posed in H*(R™") x H*(R") if for any (uo, vo, f,
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sl st1
g) € H(R") x Hi(R') x H,® (RT) x H,* (RT), with the additional compatibility condition
uo(0) = f(0),v0(0) = g(0) for s > 3, the equation ®(u,v) = (u,v), where ® is defined in (3.3),
has a unique solution in

. s+1
{Xf’bﬂC?HiﬂCgHt3 }X {XS’b“C?HgiﬂCgHtg }

for any b < % and some sufficiently small

7 =7 (ol 15125 g Il Il o )

Furthermore, the solution depends continuously on the initial and boundary data.
More precisely, we state our main theorem as follows.

Theorem 1.1. For any % <s< %, s # % +n,n € N. Then equations (1.1) is locally well-posed
in H5(RT) x H*(R"). Moreover, for a < min{2s — 1,4, 1 — s}, the solution of (1.1) satisfies

u(z, t) — W(uo, f) € CPHZT([0,T] x RY),
v(z,t) — Wi(vo, g) € CYHET([0,T] x RY),

where W is the solution of the corresponding linear problem (3.1) below.

The proof of the above theorem relies on an equivalent integral system, and we intend to
find a priori estimates of it. Note that the equivalent integral system, which includes the group
operator, Duhamel term and boundary operator, is established by the Fourier transform, Laplace
transform, and the superposition of solution operators of linear free equations with nonlinearity
by Duhamel principle. Furthermore, the restricted norm method can be used to achieve the
contraction argument. In addition, it is not clear that the different extensions of initial data
affect the uniqueness of solutions on RT. The uniqueness issue will be resolved in Section 5.2
below.

The rest of this paper is organized as follows. Section 2 contains some notations, the function
spaces and the given equivalent integral equations. In section 4, we present some linear and
nonlinear estimates, which are used to complete the fixed point theory. Section 5 states the
proof of Theorem 1.1.

2. Preliminaries

2.1. Notations and function spaces

We define the one dimension Fourier transform as

~

Ff =79 = [ @) de
The inhomogeneous L?-based Sobolev space H* = H*(R) are defined by the norm

1 he = 1oy = [[€€°F©)]

27
L
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N

where (¢) = (1 +[¢]?)

norm

. Sobolev space H*(R*") on the half line for s > —1 are defined by the

||9||HS(R+) = inf{||§||Hs(1R) : ﬁX(o,oo) =g}

where y is the characteristic function. Note that we need to restrict s > —2 since multiplication

2
with characteristic function is not defined for H® distribution when s < —

1
i.
We define the Hirota propagator as

Wig(a,t) = (o =0%) g(a) = F=1 (7105() ) (@), j = 1.2,

where g € L*(R) and ¢;(£) = ;€2 — BE3. For s,b € R, the restricted norm spaces X;’b(R x R)
corresponding to the Hirota flow are defined by the norm

lell o0 = (//&T(@QS (T + ¢; () (e, )| de d7‘> : .

We define a smooth compactly supported function n € C§°(R) such that n(t) =1 on [-1,1],
supp n C [—2,2], and np(t) = n(tT~1). Let p be a smooth function supported on [~1,00), and
p(z) =1 for z > 0. For any function f, we set the notation

DO[f(x7t)] - f(()?t)'

We define the notations
F(&7) = (€)% (r + ¢;(&))"a(&, ),
o :T+¢j(f)7 j =1,2.

Denote the notation [, as the integral

/ dridrodrsdéidEadEs.
€0—81+82—E3=0;10—T1+72—73=0

Throughout this paper, the notation a < (2)b is defined by a < (>)Cb for any constant C.
The notation a+ indicates a £ €, where € is an arbitrarily small constant.

3. Formulation of the problem

To obtain a solution representation of (1.1), we need to construct an integral equation on R in
this section, which is equivalent to the IBVP (1.1). We state the following lemma of extensions
of H*(R™) functions. Note that any H*® extension 4 is continuous on R and u((0) is well defined
for up € H*(RT)(s > ). For the sake of convenience, we will use notations o, Wg, X*? to

denote the previous notations a;, Wy, X;’b.

Lemma 3.1. ( [14, Lemma 2.1]) Let h € H*(R*") for some —§ < s < 3.
1 1 <
(1) If - 5 <8<3, then 1X(0,00) Pl s (R) S 1P| Frs (ot -

1 3
(2) If 5 < s <5, and h(0) =0, then |[x(0,00)ll s @) S llhll s -
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To construct the integral solution of (1.1), we consider the linear initial-boundary value
problem of single Hirota equation on R*:

it + alpg + 10Cze = 0, (z,t) € (0,400) x (0, 00),
C(l‘,O) = CO(x)7 (3.1)
¢(0,t) = h(t),

where o = a1 or ao, ¢ = or v, h(t) = f(t) or g(t), Co(z) € HS(RY), h(t) € HS (R*) with
additional compatibility condition (5(0) = h(0) for s > 1. Using (; = h = 0 with the method
of odd extension, we have the uniqueness of solution of (3.1). In the following expression, we
decompose the solution operator into two parts: One of which is a boundary operator, which
contains zero initial data, and the propagator on the whole real line. Relying on the idea of
construction of solution in [4], we can write the solution as

W (o, h) = W0, h — p) + W (t)Co,

where ZO is an extension of the function (y on the full line R, and ZO satisfies HEOH H® S
1ol s &+

p(t) = n(t)Do |[Wa(t)Co| = n(t) |[We(t)G)

which is well-defined and is in H 5 (RT).
To obtain the boundary operator W{(0, f), we consider the following linear boundary value
problem:

9

=0

iCt + agmx + Zﬁgrx:p =0,
((z,0) =0, (3.2)

¢(0,t) = h(d),

where h(t) € H 3 (RT). Moreover, we have the compatibility condition /(0) = 0. Following [17]
we can write solution formula as

1 —i(ap”— w
((2,t) = 2“/[6 (=Bt w2 (3312 — 20 R (B — ap®) du
1 . _
=5/, e~ =B 02 (3312 — 20 h(B® — ap) dp,

where

—ip+ B \/SM —Fu
w = I

I = (a/B,400) and h(€) = F (xrh) (€). For z > 0, we can write W, as

2a

5 / 2

1 e
Gl t) = 27r/><16 o =2t (362 — 20,51)p x\/?»u

X ﬁ(ﬁug — a;jp?) dp.

We added the cut-off function p in solution so that the integral converge for all x.
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We set a system of integral equations ®(u,v) equivalent to (1.1) on [0, 7],

Du =np(t)Wr(t)uo + inr(t) /Ot We(t — t')G1(u) dt’ + np(E)WE(0, f —p1 — q1)(t),

v =np(t)Wr(t)vg + inp(t) /Ot Wr(t —t)Ga(u) dt’ + nT(t)WS(O, g —p2— q2)(t), &
where Ty and Ty are the H* extensions of ug and vg to R, respectively,
Gr(u) = iy {2Jul? + [0])up + wvvg} + 6 (Jul? + [0]2) u, (3.4)
Ga(u) = iy { (Jul* + 2[v]*)vy + @vug } + 6 (|Jul® + [v]*) v,
pl0) = 10Dy (Wa(0i0), - )= a0 ([ Wae-iGaar). (9
palt) = 10Dy (Wa(tn) . alt) = (Do ( [ Walt—O1Gawat). @

For sufficiently small T, we will prove that the integral system (3.3) has a unique solution in
s+1

the Banach space X5* N CPH: N CYH,* on R x R. It is obvious that the restriction of u to
R™ x [0, 7] satisfies (1.1) in the distribution sense by the definition of boundary operator, and
the smooth solution of (3.3) satisfies (1.1) in classical sense.

It is well known that the embedding X** c CYH? for b > % To prove the contraction
argument, we also recall the following estimates from [17]. For any s and b, we have

InOWrgl xs0 S N9llas - (3.8)

ForseR,()Sbl<%and0§b2<1—bl,wehave

t
Hn(t) [ waa-t)F@a| Sl (3.9

0 X s,b2

For sufficiently small 7" and —% <b <by < %, we have
In(t/T)F |l xs00 ST F || o, - (3.10)

Finally, the following inequality will be used throughout this paper. The proof of the lemma
can be found in [14].

Lemma 3.2. If 3>~ >0 and B+ v > 1, then we have

/ (- a>ﬁ1<m —ppdr S la=b)Tesla—b),

where
1 6>1,

pp(c) = § log(1+ () B =1,
(c)t=F g <1
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4. A priori estimates

4.1. Linear estimates

We start with the corresponding Kato smoothing estimates from [17] for the Hirota group of
the equivalent integral system.

Lemma 4.1. ( [17, Lemma 3.1]) For fired s > 0 and any ¢ € H*(R), we have n(t)Wr( €
s+l
C%H,® (R x R), and
J
[romic], .,z Sass Il

where j =1, 2.

The following Lemma 4.2 and 4.3 demonstrate that the Hirota boundary operator belongs

s+1

to XS0 N COHS N COH, * .
Lemma 4.2. ( [17, Lemma 3.2]) Let s Elo,b < % Then for any compactly supported smooth
function n and h satisfying x(o,0c)h € H 3 (R), we have

IOW3,0. D oo S 00l 51

where j = 1,2.

s+1

Lemma 4.3. ( [17, Lemma 3.3]) For any s > 0, and h such that X(o)h € H5 (R), we have

W;(0,h) € CYHZ(R x R)

and
s+1

n(t)W§;(0,h) € COH, ® (R x R),

forj=1,2.

Lemma 4.4. For fizred b < % and any smooth compactly supported function n(t), we have

Hn(t) /Ot Wi(t—t)Fdt

st1
COH, 7 (RxR)

I1F ) er foro<s <},

<o
~ag,B ||FHX;71> + ||F||X%’257é—6b , fors> %,
J

where j =1, 2.

Proof. Relying on the fact that the X norm is independent of space translation, it suffices
to prove the bound for nDy (fg Wit —t)F dt’) . At x =0, we have

t ) t , N
Dy < / Wé(t_t’)mf’) = / / e =0 O (gt dt de,
0 RJO

where ¢;(€) = a;&% — B€3. Using the facts that

FEL) = /R GV (E,N) dA,
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and

/t OO gyt ef““‘ﬁj@)) - 17
0 1A+ 9;(8)

we obtain

it _ it (§)
Do (/ Wi (t th) /RQ MF(&,)\)d)\dg.

Using a smooth cut-off function v in [—1,1] and taking ¢ = 1 — ¢ we write

A _ —itd;(§) ~
(t) Do ( / Wit th> n(t) /]R S0+ 65(€) P V) dAde

i(A+¢5(8))
Qi R
+n(t) /R2 m ‘(A4 9 () F (& A) dAdE
MO ey B(e, ) dAd
—n(t) /R2 m ‘(A4 95 () F (&, A) dAdE
=1+ IT + III.
Using Taylor expansion we have
eit)\ _ zt¢>] o .
i\ + ¢J — €

The facts that ||uv]l g S llull g 0] gs tanHl Skand ) 2, G 11), convergence give

> |n(t)t*
Ty gt LiGia

Lm0 o) 00+ ) Pl

t k=1
= 1 a1 N L5
S [T [ e v e
S| [ o

By Cauchy-Schwarz inequality in &, we have

( /<A>2‘“3“< / <5>23d5>< | e

P, A)‘Q dg) d)\> 2

[Ao|<1 [Aol<1
;
5sgp(<x>2sé” / <s>-28d5> 1F | xss »
[Al<1

which can be bounded by [|F||.-» since
J

1 if ‘)\’ <2

—2s ’ )

d < s+ s
/<£> § ~ {()\)232 f<z>72?7% dz, if ‘)\’ > 2,

2542

(A
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where the latter bound from the change of variable z = &3

For the third term IIL, if [{] < g—g , we have the bound that

‘77€Zt¢JH
//é<\3a !A+¢]y W“%)!F(é A)| dgdA

HIHH

X[ 903 45a ](qu)
< 842’8 F(€,\)| ded
X[ 9a3 4503 ](ij)
832 882

(A4 ¢j)t=b

SIFl oo

2
Lea

SIFl oo

We estimate I1I for || > ‘g—g , and setting z = £3. Then we have

O e F(¢,\) dd
00) [ o gy A+ ()€ N dadg

HtT

e [IFEEN 1
g [ orey |352<z>|0“”

By Cauchy-Schwarz inequality in A, this is bounded by

2
|2[>27a3 /882

(2)% F(E(2), M)
(N +¢;)° 212

Changing variables back to £, we have the bound [|F||s.-» for b < i
For the second term II, noticing that (\)

J
S A+ ¢5) + €| we have
S @]

[TL]] agn
H,3

<A>‘T/ g U N

2
LA

F(EN)| d
S| [y lren]
25—1-6b |§‘5+1
< A ; F M| d
NH/R<+¢J> 6 [ gy [Flen)] ac
For s > 5, by Cauchy-Schwarz inequality in £, the second summand is bounded by
1
€1 )(/ €% 15 2 ) ’
———d ——— |F(&,N)| dE ) dA
</</ DB <>\+¢j>2b’ € )‘ ¢

i :
sowr ([ gy ) 171

S HFHX;v*b )

e

+
2

2
L)\
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o
Sup </ T o) d€>

is finite for b < % This completes the proof for the case s > % For s < %, by Cauchy-Schwarz
inequality in £, we bound

which holds provided that

.ty e a

2
L>\

=

</<A>253+2 </ <)\+¢j>122b<£>2s df) </<A<f>;>2b (ﬁ(é,A)‘Q dg) dA) 2

1
2542 1 2
< A3 d Fys-
sou (00" [ g ) 191
] [y

To obtain the last inequality, consider |¢;| < 1 and |¢;| = 1 separately. Setting z = £ and
applying Lemma 3.2 we can bound the supremum that

s 1 2

J\ ; 2—2b<z>2§+§

which holds for b < 2, s < 5. For the latter case, by setting z = ¢ and applymg Lemma 3.2,
the supremum is bounded by supy(\) 3 $+57212 ~ oo which holds for b < 3, s< 1. O

4.2. Nonlinear estimates

In this section we establish nonlinear estimates of (3.3) in following lemmas. Recall the notations
Fol&5,15) = (&) (j + S (€)) a5, 77)],
9(&0,70) = (&)~ 10 + ¢(£0))*[B(€0, T0) |, 0% =75 + (&) = 75 + BE + o,
¢ = b1 or ¢z, 09 = 0g or 05, 0 =aj or oy, [f(&,75) = f1(&j,75) or fa(&5,75),

9(5077-0) ,FF]:M 1 =1,2.3, v=1,2
A 1 L
0 J

and define functions wuj,us,u3 = u or v. We also recall the Kato smoothing inequality and
Maximal function inequality. Then we have

FE =

(122 Y i P (4.1)

’*HL%L

Interpolation (4.1) and (4.2) with Plancherel identity we obtain

ooy Sz (43)

D;ZF%+

<z (42)
LALS® ’

|Pzry
2

L
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lorter | sh (4.4
LA rge- o7
By Sobolev embedding we have
Slplo
‘Dw P Fi_1, ,EHfHLgT, 2<p<oo. (4.5)
LY :

Strichartz estimate is given by

[ p S 0902 - (4.6)

Interpolation (4.6) with Plancherel identity, we have

<
e sl <1900z, 2<p <6 (@
Interpolation (4.6) with (4.5), we have
143
HDQCQ PoF_ ngHLz , 6<p<oo. (4.8)
LELP o7

By (4.7), (4.8) and Hélder inequality, for 0 < ¢ < %, we have

VA 2
f(é-’T) < 32 . 4'9
<<£>%—C+<a>%—> ] Ve Y
y (4.3), (4.4) and Hoélder inequality, we have
\Y VA 2
<§>1—f<5,7>> [( (&) ) ] e

1 1 1 ~ f 2 . 410
( ()3 @ i) ] L. iz, o

Lemma 4.5. For s > 1/4 and a < min{2s — 3,1}, there exists € > 0 such that 5 —e < b < 3,
we have

[urtigus|| ys+a—b S flunll oo luzllyso [Jusll g0, (4.11)

J J1 J2 J3

where j = 1,2, j,, =1,2(m = 1,2,3).
Proof. Writing the Fourier transform of u;usus as a convolution, we obtain

u1au3 (€, T) —/al(fbﬁ)az({z,72)33(53773)-

*

It suffices to prove that

[ orms)gas ] < s ol ol e

for j,, =1,2 (m=1,2,3),j=1,2and g € X]-_(era)’b. By duality, the desired result is equivalent
to prove that

3
SUFIE: lollzz

/ <<§1> [(&1m)f (€2, 72)] <53773>,g<§o,m>>
e\ (@) T ()T ()b oo (o)t {o0)?




IBVP for cH equation 2449

where

(€21 (€)1~ (o)™
(€)' I= (&)

By Young inequality and Holder inequality, we have the bound that

M (&1,82,8, 71,72, T) = sup

1/2 2\ 1/2

e <§1,n> (€27 _g(fo,m)
&7

2

(51771) (&2, 1) f(&3:73)  9(%0:70)
<su .
p<//u l// Lo 52>*-<53> ~(01)"(02)"(03)" <Uo>"> .

€1,€2,71:72

3
< <sup HM||L2) £z llzz

,T

By symmetry, we consider the case |{1]| > |€2| > |£3], which implies that |£1]| 2 [£o]. It is easy to
obtain that the supremum is finite if @ < min{2s — 3, 1}. By the Plancherel identity, (4.10) and
(4.7), we can achieve the bound || f||32 ||g|| ;2. This completes the proof of (4.11). O

Lemma 4.6. For s> 5 Land 0 < a < 2s—1, there exists € > 0 such that s—e<b< %, we have
10 (1143 a0 < fln e ] oo sz o (4.12)
J J1 J2 73
where j = 1,2, j,, =1,2(m = 1,2,3).
Proof. For (4.12), as in Lemma 4.5, by duality it suffices to show that

[ ) ] < el Tl s v
J1 J2 J3 J

where j,, =1 or 2(m=1,2,3), j=1,2and g € Xj-_(5+a)’b. The desired result is equivalent to
prove that

s+a 3 . .
7. / (€0)°"*€0l9(&0, 10) Hj:l f(&75) < ||f||?1£2 loll 2 -

3 3
Hj:1<fj>s Hj=0<‘7j>b
We briefly outline the proof, which is similar to Lemma 3.7 in [17]. We split the domain of
integral in following several cases. Consider

€0 — &3] < 2k, |&o — &1| < 2k or & — & < 2k,
160 — &3] < 2k, |§o — &i| > 2k and |& — &2 > 2k,

S0 — &3l = 2k, [§o — &u| < 2k or [§o — &of < 2K,
where k = max{1, ]2a1| ]2a2 |}. Invoking (£1) (&0 — &1 + &2) ~ (o) (&2), we have

LS\ E g0 1 W g g 190 |10

3
SIS Nglz

LSLS | LSLS | LSLS
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for a < 2s — 1. In the case |y — &3] > 2k, |&o — &1] > 2k and [§y — &2| > 2k, we have

max{|oo|, |o1],|o2], los|} 2 [§o — &ill€o — &2lléo — &3l-
Relying on (4.1) and (4.2), we obtain

min(<f@->i<sj>i (&) (g <fj>i<fk>i)< (&) i) T (e
€ 7 &G T &) ) TN+ )+ (gt

Restricting the variables &g, - - - , &3 by the size as [Emin| < [€mid| < [Emaxi| = |Emax|, We have

Lo {GIE)TENT  (mia)
0L k<3 (€)% + (€))

~

+ <£k>g <£max> '

SIS
NI S

It remains to prove that

6PN ) ) {6uia)
€o—&1+&2-6=0 ((§o — £1)(§o — &2)(§0 — €3))2 7 (€max)
At this stage, by symmetry, it suffices to show that, for || < |€3],

NI i

(€0)° T (€0) (€1) *(€2) °(€3)™° (&mia)

(60— €1)(€0 — £2)(€0 — €3)) 2 (Eman)
Case 1. [&1] < |&] S |&] ~ |-

<1

| Bl

(4.13)

(113) < e —
(§1)%(&o —&1)2 (G0 — &)z (&0 — €3)2 (&3)° 4

3
<£0>a—%’ if s > e
< : PP
(fo)~Erememminto b doob g s <

Z?

'

which is finite for a < min{2s, 2}.

Case 2. [&1] < &3] ~ [€ol, |€3] > &2

(113) < <50>a+4<§1>_8<f§ >>_:_( T 821 < gyt oHio <1
0 2

which holds for a < %.
Case 3. [&1| < [&] = [, (€3] > [&ol-

(4.13) < ) L ) 2 (e + (&)

Y e (€0 — €1)2 (€0 — £2)2 (€0 — &3)
which holds for a < s + 1.

Case 4. |, |&2] < &1 = |€3].

Z

< (L) T (g) T <,

(4.13) < (L) ToH (&) 52T (&) 2T IT (L) T + (L)1) S (€0)* 2T (&) I S 1,
which holds for a < 2. This completes the proof of (4.12).
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Lemma 4.7. For0 < s < % anda < min{2s, 3, £ —s}, there exists € > 0 such that 3—e < b < %,
we have
||U1EQU3||X%723+2(16—1—613 S ”Ul”stlb ||U2HXJ32b ||U3HX;?,’1) ) (4.14)

i
where j = 1,2, j,, =1,2(m = 1,2,3).
Proof. Asin Lemma 4.5, by duality it suffices to show that

25+2a—1—6b

7o / (Coy2(mo+ (&) & g(Co,70) [Ti=y (& 75)
- 1= (&) (7 + 6())

We divide the analysis of the integrals by considering the sign of s + a. We begin with the case
2<s+a< % Using the fact that

N|=

3
S Azz Nl 2z -

(10 + ¢(&)) < <£max>3jg%_)i3<7_j + ¢(§J)>a

and setting max;—1 . 3(7; + ¢(&;)) = (13 + ¢(&3)), we have

<§0> <§max> 2s5+2a—1—6b

ITj-1 ()

The supremum is bounded by sup(&o) (€maz )¢+, which is finite for a < 3b.
By symmetry, we can restrict a case: |£1] > [€2| > |&3|, which implies that |£1| 2 [€o]. We

distinguish two cases of s +a: s+ a < % and s +a > % For case % <s+a< %, in view of

(4.9) with ¢ = w € (%,%) for g(&o,70), f(&2,72), f(&3,73) and (4.8) for f(&1,71). For case
% < s+a < 2,in view of (4.9) with ¢ = w € (0, %) for g(&o,70), f(&2,72), f(&3,73) and (4.8)
for f(&1,71). In the above two cases, we estimate supremum by

6 2
LS £ llglf22 sup /
o Jx

N|=

sup(gn) = (g2 e+ gy e

[T;=:(&)°

which is finite for @ < min{2s, 3}. This completes the proof of (4.14). O

Lemma 4.8. Fors >0 anda < min{2s+%, %, % — s}, there exists € > 0 such that %—e <b< %,
we have

|0: (urtizus)]|_y 2oszercow Sl [zl sl oo (4.15)

<.

where j = 1,2, jy, =1,2(m =1,2,3).
Proof. For (4.15), as in Lemma 4.6, by duality and letting b = %—, it suffices to show that

S / (€0)% |0l (0, 70) TT2y £(&5,77)
o) T ) o)

We begin with the case 2 < s +a < £. Restricting the variables &, &, & by the size as |&min| <
|€mid| < |&max|, We have

3
S Az llgllz2 -

(00) S max{(Emax)?, (01), (02), (03) }.
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If the maximum is one of (o), without loss of generality, we write that the maximum is (o3).
Then we have

[

3
+) 2—(s+a)
(00) 5 [[o)2™ 2 (00)2 (o2) 2 (oy) 3+ 5
J=1

2 <Ul> %+<0'1> %+<5max>%_(s+a)_-

Invoking the Cauchy-Schwarz inequality, it suffices to show that

<€0> < 1
Sz)p /50—51-4-62—53:0 <fma >7 Hsta)— H <£J>

Using Lemma 3.2 and |&max| 2 |€o], we obtain the desired result provided that a < 2.
If the maximum is (£,a,)°, we have

3 3
2— (s a) 1 sta 1
(UU> : H U] é Z <€max> ~(sta)= H<o-j>;+'

J

Thus, by (4.1) and (4.2), it suffices to prove that

N|w

(€o0)

(€1) (€)™ €)™ (Gmun) o2 fmﬁdii  {Emad T )t

provided that a < %
It remains to consider the case s 4+ a < 2. It is easy to check that

3 s T ()b
2 Tl 2 (6 — &) (60 — &) =52 Lhizoto3)

1
=1 max;=o,...3(0;)?

The cases

160 — &3] < 2k, &0 — &1] < 2k or |& — &af < 2Kk,
€0 — &3] < 2k, |&o — &1] > 2k and [§y — &a| > 2k,
|60 — &3] > 2k, |&o — &1] < 2k or & — &of < 2Kk,

are immediate for s > 1. Now we consider the case: |§—&s| > 2k, |§o—&1| > 2k and [§9—&| > 2k.

Using (4.1) and (4.2), and taking the size of {nax and &niq as in Lemma 4.6, we need to
bound that

- (602 () (E) &) (Gwia)?
p 2— (§+a) 3

fo—&1+62—€3=0 ((§n — &1)(€0 — &2)(§0 — &3)) (Emax) 4
By symmetry, when £y — & + & — &3 = 0 and |§1] < |3, it suffices to show that

(€0)2 {€1) " (€2) " (Es) " (Emid)
(€0 — &)(€0 — £2)(€0 — &) 5 (€max)
Concerning the four cases: || < |&] S [&] = |&ol; 1&1] < &) = |&ol, &3] > &) &) <

&3] = [&), &3] > [€ol; 1€l [€2] < |€1] =~ [€3], we uniformly bound (4.16) by constant for
a < min{2s + 1, 2}. This completes the proof of (4.15). O

<1

<1 (4.16)

NS
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5. Proof of Theorem 1.1

5.1. Existence

In this section, we will prove that the map ® defined in (3.3) has a fixed point in Xf’b X Xg’b by
the a priori estimates. There exists an extension (ug,v9) € H*(R) x H*(R) of (ug, vg) such that

[0l s (m) S 1ol sy, [[Vollme@) < lvoll s @e)-
Recall that the map ®(u,v),

Du =nr () Wy (t)io + inr(t) /0 Wi (t — t")G1(u) dt’ + nr()W5, (0, f — p1 — q)(1),
(5.1)

Pv =17 (t)WE ()70 + inr (t) /0 WE(t —t')Ga2(u) dt' + ()W (0,9 — p2 — a2)(1),

where Gj(u), pj and ¢; for j = 1,2 are defined in (3.4)-(3.7). To show that the map & €
X5 x X3P we use (3.8) to obtain

Hﬂ(t/T)Wué(tmonf»b S WOHHS(R) S HUOHHS(RJr)y

[n(t/TYWE©)To| x50 < D0l ey < lvollae(s)-

By (3.9), (3.10), (4.11) and (4.12), we have

H t/T/W] "G (u) dt’

Xt
ST |G(w)]| gous (5.2)
J
1_p_
S (uln + oo + N0l o + el ol 0)
We apply Lemma 3.1 and Lemma 4.2 to obtain
|n(t/TYW5, (0, f —p1 — Ch)(t)HXlsﬁ < Ix0,000 (f =1 — Q1)HH5J§1 ®)
t
< — s 5.3
S =pill s ol g 63)
t _ — < — — .
|n(t/T)YW52(0,9 — p2 Q2)(t)HX;b < [Ix(0,00) (9 — P2 QQ)HH:J:gl ®
< _
S llg p2”Ht§1 any ||qu 2 ey (5.4)
Using Lemma 4.1, we have
s < ’ZLJ s < U s y 55
Il s o S olrsey 5 ol e 55
s < 5 s < U s . 56
o2l s S ol o) S lollreey 5.
Moreover, by Lemma 4.4, (3.10) and Lemma 4.5, 4.6, 4.7, 4.8, we have
Lop 3 3 2 2
HCHHH:gl 2 ST (lullygen + 1ollgso + lulleollvllgge + lull gpollvlsse), (5.7)
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1
a2l e S THO (s + Nolldgn + el eallvlggo + lullelloln): (58)

¢ ° (R)

Combining these estimates, we obtain

0] s < s s s s
D (u, v)|| x50 Sllvoll s ey + [[voll sy + HfHHt 2 ) + ||9||Ht .

1_ 4
+T> (HUIli(ls,b + ||v||§<25,b + IIUI@;,bIIUIIX;b + IIUI!X;,bllvllig,b)-
For § > 0 sufficiently small, we define a Banach space B, where

B ={U = (u,v) : ||U|\Xf,b><X5,b <4}

such that ®(-) : B — B. Furthermore, combining with similar estimates for the difference
O (up,v1) — P(ug,v2), we obtain the existence of a fixed point (u,v) of ® in Xf’b X X;’b for T
sufficiently small, where 7" only depends on [Jug|| s+, [|voll s (m+) ||f||Hs+1 : ||g||Hs+1 :

2 (RY) 0 (RT)
We prove that u,v € CYHZ([0,T] x R) is obtained by the a priori estimates. The Hirota
group operator is continuous in H®. For the boundary term W{, it is continuous by Lemma
4.3, (5.7) and (5.8). The continuity of the Duhamel term fg Wr(t — t")G;(u) dt’ follows from

(3.9), (4.11), (4.12) and the embedding X** c C?H? for b > % In addition, the fact that

s+1

u € C’gHt% (R x [0,7]) follows from Lemma 4.1, Lemma 4.3 and Lemma 4.4. Relying on
the above contraction mapping argument and the a priori estimates, we obtain the continuous
dependence on the initial and boundary data. However, it is not clear whether the different
extensions of initial data affect the uniqueness of solutions on R™. The uniqueness issue will be
resolved in Section 5.2 below. Until then, we prove that the nonlinearities of the solution are
smoother than the initial data by the fixed point argument and the a priori estimates. Recall
that

u — Wy (uo, f) = in(t/T)/O Wi (t —t)G1(u) dt' —n(t/T)We (0,q1)(t),
v — Wes(vo, g) = in(t/T) /0 WE(t — t)Ga(u) dt’ —n(t/T)Wip(0,42)(t)-

The fact that the first term is in CYH® by embedding X**%2+ ¢ COH® and (5.2). By
Lemma 4.3, (5.7) and (5.8), the second term also in CY H5**. Thus, we have

H’LL - ng(“O) f)HC?Hj"'“ 5 HGl(u)fo*av*b + HQIHHsJFngl

Sl + Nl + Nl ol + el ro ol

which implies that u(t) — W, (uo, f) belongs to CPHST®. The analogous statement for v(t) —
Wy (vo, g) is proved similarly.

5.2. Uniqueness

In this section, we discuss the uniqueness argument for equations (1.1). The solution we proved
above is a unique fixed point of (5.1), and we still need to show that different extensions of initial
data produce the same solution on RT. Now we consider two solutions (u1,v1), (ug,v2) of the
IBVP (1.1). The idea is to apply a limit argument, and we start with an extension argument
in [14]:
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Lemma 5.1. Fiz s > 0 and k > s. Let ug € H*(RY), f € HF¥(RT), and let Uy be an H*
extension of ug to R. Then there is an H* extension f of f to R such that

g — ]?HHS(R) S lluo = fll s mety-

By the standard argument, one can check that the solution (u,v) is unique in CY HS x CY H?
with s > 2. Now we check the uniqueness for s € (%, 2),s # %, % Define

s+1

7% = HY(R") x H*(RT) x H5 (RT) x H5 (R"),

and we consider the data (ug,vo, f,g) € Z°. Take a sequence (ugn,von,) C H?(RT) x H?(RT)
converging to (ug,vo) in H*(RT) x H5(R*). Also take sequence (f,,gn) C H'(R') converg-
ing to (f,g9) € H%(RJF) x H% (RT). Given two extensions (uf,vf), (u§,v§) of (ug,vp) in
H*(R) x H*(R), we have the corresponding solutions (u,v),(%,v) by the contraction argu-
ment. By Lemma 5.1, let sequences (uf,,vS,), (U, 05,) € H*(R) x H*(R) be extensions
of (uon,von) converging to (ug,v§), (uf,vg5) in H*(R) x H*(R). It is clear that using two ex-
tensions (u,,, v§,), (Uf,,v;,) and Theorem 1.1, we can construct two sequences of solutions
(Un, Un), (Un, Uy ). By the uniqueness of H?(R*) solutions, the corresponding solutions sequences
(U, Vn) = (Un, Up) on (z,t) € RT x[0,T]. By fixed point argument, (uy, v,,) and (i, v, ) converge
in H® x H® to (u,v) and (u, v) respectively. Then we obtain (u,v) = (%, ?) on (x,t) € RT x [0, T].
The uniqueness for % < § < 2 can be obtained by iteration.
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