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OSCILLATORY SINGULAR SPECIAL FUNCTION TRANSFORM

Abdul Hamid Ganie®f

Abstract We introduce a new class of integral transforms, called the Oscillatory Singular
Special Function Transform (OSSFT), whose kernels combine algebraic singularities, nonlin-
ear oscillatory phases, and special-function components of Mittag—Leffler type. Fundamen-
tal properties of the OSSFT are established, including boundedness on weighted Lebesgue
spaces, stability, compactness, and smoothing effects. Under suitable symmetry and de-
cay conditions, a Plancherel-type theorem and Heisenberg-type uncertainty inequalities are
proved. The compactness of the associated operators further yields spectral discreteness and
Sobolev regularity of eigenfunctions.

Keywords Oscillatory integral transforms, singular kernels, special functions, Mittag—
Leffler functions, weighted Lebesgue spaces.
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1. Introduction

Integral transforms play a fundamental role in mathematical analysis and its applications, pro-
viding powerful tools for solving differential and integral equations, performing spectral analysis,
and transferring problems between different functional settings. Classical transforms such as the
Fourier and Laplace transforms are cornerstones of harmonic analysis and have been extensively
studied, both from theoretical and applied perspectives. Their success has motivated the devel-
opment of generalized integral transforms designed to address increasingly complex models aris-
ing in fractional calculus, anomalous diffusion, nonlocal dynamics, and mathematical physics.
Recent developments in harmonic analysis and transform methods, including representation-
theoretic approaches and wavelet frameworks, have been investigated in various contexts; see,
for example, [1,2,5,7,8].

In recent years, particular attention has been devoted to integral operators whose kernels in-
volve special functions, singular behavior, or oscillatory structures. Special functions of Mittag—
Leffler type, for instance, naturally arise in the theory of fractional differential equations and
memory-dependent processes. Integral transforms incorporating such functions have been in-
vestigated in connection with generalized fractional operators and nonlocal models. Pal [15]
studied generalized integral transforms involving Mittag—Leffler type functions and established
connections with fractional calculus operators. Kabra [10] derived integral representations of
generalized Mittag—Lefller functions through classical transforms such as the Euler, Laplace,
Whittaker, and Mellin transforms, expressed in terms of generalized Wright functions.

More broadly, the theory of special functions with general kernels has been developed to
unify and extend classical transform methods. Ata et al. [4] investigated integral representa-
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tions, functional relations, and double Laplace transforms of special functions whose kernels
include Mittag—Leffler, Wright, and Fox—Wright functions. Related developments emphasize
the versatility of generalized integral transforms and their relevance in applied analysis and
fractional models [6,12,14,16].

Parallel to these developments, oscillatory integral operators with singular kernels have been
intensively studied in harmonic analysis. Such operators present significant analytical challenges
due to the simultaneous presence of algebraic singularities and rapidly oscillating phases. Classi-
cal techniques from oscillatory integral theory and real-variable harmonic analysis, as developed
for instance in [9,18], play a central role in understanding their mapping properties. Recent con-
tributions have addressed oscillatory Fourier integrals with algebraic singularities and specialized
oscillators, highlighting both analytical and numerical aspects of these operators [3,11,13,17].

Despite this substantial progress, there remains a lack of a unified framework for integral
transforms whose kernels simultaneously incorporate algebraic singularities, nonlinear oscillatory
phases, and special-function components beyond separable or classical forms. Such kernels
naturally arise in models combining nonlocal interactions, fractional dynamics, and oscillatory
phenomena, yet their systematic analysis is still limited.

The purpose of this paper is to introduce and study a new class of integral transforms, which
we call the Oscillatory Singular Special Function Transform. The defining feature of the Oscilla-
tory Singular Special Function Transform is a kernel that combines an algebraic singularity with
a nonlinear oscillatory phase and a Mittag—Leffler type special-function factor. This structure
allows the transform to capture both singular and oscillatory effects while retaining sufficient
decay to ensure well-posedness on appropriate function spaces.

We develop a comprehensive analytical theory for the Oscillatory Singular Special Function
Transform. In particular, we establish boundedness properties on weighted Lebesgue spaces
under explicit and interpretable parameter conditions. We further prove stability with respect
to admissible kernel perturbations and show that enhanced decay of the special-function com-
ponent leads to compactness of the associated operators. Under suitable symmetry and decay
assumptions, we derive a Plancherel-type theorem and establish Heisenberg-type uncertainty
inequalities, demonstrating that the Oscillatory Singular Special Function Transform behaves
as a genuine Fourier-type transform in an appropriate functional setting.

Moreover, we show that the Oscillatory Singular Special Function Transform exhibits a quan-
titative smoothing effect, yielding Sobolev regularity improvement for transformed functions. As
a consequence of compactness and smoothing, we obtain a discrete spectral decomposition for
the associated normal operator, with eigenfunctions enjoying enhanced regularity. Concrete ex-
amples are provided to illustrate the admissibility conditions and to demonstrate the nontrivial
nature of the proposed framework.

The results presented in this work place the Oscillatory Singular Special Function Transform
at the intersection of oscillatory integral theory, special-function analysis, and operator theory.
The framework introduced here opens several directions for future research, including exten-
sions to non-Euclidean settings, anisotropic and multi-parameter kernels, and applications to
fractional differential equations, inverse problems, and nonlocal models in mathematical physics.

Nomenclature

e OSSFT: Oscillatory Singular Special Function Transform.

e LP(RY): Lebesgue space of p-integrable functions on R*.
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o L5 (RY): Weighted Lebesgue space with weight (1 + |z])~°.

o H*(RM): Sobolev space of order s on RY.

2. Preliminaries

Throughout this paper, RV denotes the N-dimensional Euclidean space with N > 1, and integra-
tion is taken with respect to the Lebesgue measure unless otherwise specified. Complex-valued
functions are considered unless explicitly stated otherwise. The symbol C' denotes a generic
positive constant whose value may change from line to line.

We begin by fixing the class of special functions appearing in the kernel of the Oscillatory
Singular Special Function Transform (OSSFT). Let 8,7 > 0 and define the function

m

Ep(2) = Z m, z e C.

m=0

Unlike classical Mittag—Leffler functions, we shall not rely on their known asymptotic theory;
instead, we record the following growth property, which will be sufficient for our analysis.

Definition 2.1. A function &g is said to be oscillatory-admissible if there exists a constant
C > 0 such that
€54 (it)] < C(A+|t)"VF forall t € R,

This decay condition ensures integrability of kernels involving &g, when combined with
algebraic singularities.

Next, we introduce the oscillatory—singular kernel structure underlying the OSSFT. Let
a € (0,N) and let p,q, u, v > 0 be fixed parameters. For (z,¢) € RY x RY, define

(2,€) = o = €7 3, \xl“’f‘”“p(i |£r|f ; 1) |

The singularity at x = £ is controlled by «, while oscillation is induced by the nonlinear phase
term. The following notion of kernel admissibility will be central in establishing boundedness.

Definition 2.2. The kernel K is said to be OSSFT-admissible if

sup /]RN IK(z,&)|de < oo and sup /]RN IC(x, )| d§ < 0.

EERN z€RN

To verify admissibility, we split the domain into near and far regions. For fixed &, write

/ \/C(w,ﬁ)ldx:/ +/ = I + I5.
RY la—€I<1 J]z—¢[>1

For I, using the oscillatory-admissibility of £g , and polar coordinates,

1
L <C ly|" % dy = C/ rN=o= L g,
ly|<1 0

which converges since o < V.
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For I2, the decay of &g yields
K2, &) < Cla — &7(1+ |z|[g[) 717,
and thus
dx
RN |2 —€|(L + z|m]g][)1/F
which is finite for /8 > N — a. Hence K is OSSFT-admissible under explicit parameter

constraints.
We now define the function spaces in which the OSSFT will act.

L <C

Definition 2.3. Let 1 < p < co. The space L5 (R") consists of all measurable functions f such
that

1/p
Ifleg = ([ r@pa sl ar)  <oe

This weighted structure compensates for the singular growth of the kernel and is intrinsic to
the OSSF'T framework.
Finally, we introduce the integral operator associated with I in a preliminary form.

Definition 2.4. For f € £ (RY), define

(THE) = | Kz,8)[f(x)dr,

RN

whenever the integral converges absolutely.

Using the kernel admissibility and Fubini-type arguments adapted to oscillatory integrals,
one verifies that 7 is well defined on L. (R"™) and extends to larger function spaces. These
properties will be sharpened in the next section, where boundedness, continuity, and inversion
results for the OSSFT are established.

3. Mapping properties and structural results of the OSSFT

In this section, we establish the principal analytical properties of the Oscillatory Singular Special
Function Transform (OSSFT). The results concern boundedness, stability, compactness, duality,
and reconstruction properties of the transform. All statements are formulated under explicit
parameter constraints that arise naturally from the oscillatory—singular structure of the kernel.

We now establish the fundamental mapping property of the OSSFT, showing that the in-
terplay between the algebraic singularity and the special-function decay yields boundedness
on weighted Lebesgue spaces. The following result provides the basic LP—boundedness of the
OSSFT under explicit and sharp parameter constraints.

Theorem 3.1. Let a € (0,N) and assume that the kernel K is OSSFT-admissible. If

B>N—a,

B

then the operator T extends uniquely to a bounded linear operator
T : LE(RY) — LP(RY)
for every 1 < p < oo, and there exists a constant Cp, > 0 such that

1T flle < Cpll 2
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Proof. Let f € L5 (RY) and recall that

(THE) = | Kz, f(x)de.

RN

Using the explicit form of the kernel,

Kx,) = |z ¢ &an(ilﬂ“’ﬂ”)exp<i|f||f ; 1) ’

we immediately obtain the pointwise estimate
(K(z,8)] < |z — &7 [Ea4 (il|"S]7)] -
By oscillatory-admissibility of £3,, there exists a constant C' > 0 such that
€5 (il*[€)] < € (1+ Ja][) 77
Combining (3.1) and (3.2), we obtain
K, €)] < Clar — €7 (1+ [a]|) 77
Fix £ € RY. Using (3.3), we estimate

£ .
'Y [z — g (1+ [l gg)) 7

(THEOI<C

We now split the integral into local and nonlocal parts,
RY ={z:|z—¢ <1}U{z: |z —¢ > 1}

On the local region |z — &| < 1, Holder’s inequality yields

1/p’
/ /(@) deHf”Lg(/ \y!ap/(1+f+y!)o‘p/dy> ,
| ly|<1

o—gl<1 |7 —&|*

the integral in (3.5) converges since o« < N.

On the nonlocal region |z — £| > 1, the decay term dominates. Using the inequality

(14 | ]#€") 78 < (1 Jal) /(1 + [€) 77,
and applying Holder’s inequality again, we obtain

dx

£()] 11
/|I_§|>1 |z — |1 + |z|#[€]*)1 /P dz < C(1+¢]) 11z, /]RN (L+ [z /P

The integral in (3.6) converges if and only if

ﬁ—(N—oz)>0,

g
which is precisely the hypothesis of the theorem.

/v’
)p,> . (3.6)
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Combining (3.4), (3.5), and (3.6), we conclude that

(THEI< CW+IENIIf ez,

where C is independent of ¢ and f. Taking the LP(RY) norm with respect to ¢ yields

1T fllze < Coll £l 2z

which establishes boundedness for 1 < p < co. The case p = oo follows from the same estimates
by taking essential suprema.
Finally, density of £5(RY) N L'(RY) ensures uniqueness of the extension. This completes
the proof. O
The oscillatory structure of the OSSFT kernel provides additional decay beyond that arising
from the algebraic singularity alone. The following lemma quantifies this effect by showing that
the nonlinear oscillatory phase induces rapid decay in the frequency variable.

Lemma 3.1. Let ®(x,&) = |z|P/(|€|2+ 1). Then for every € > 0, there exists Cc > 0 such that

|/ or |z — &7 0 da| < CL(1+ €))7
x >

Proof. Fix & € RY and consider the oscillatory integral

|2 |P
€9+ 1

1(6) = / @ — 0D do, B, €) =
lz—€[>1

We begin by introducing the change of variables y = x — ¢, which yields

ly + 5\)
I = dy. 7
©=[ e (i) .1
Denote ‘ f\p
Lyt

A direct computation shows that

_ply+EPy+ )

and hence

IVyWe(y)| = for all y| > 1. (3.9)

\fl‘“rl

We now exploit the oscillatory nature of the phase. Let

1

= T e Ve

which satisfies
Lgei‘l’f(y) — Ve(y)
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Applying integration by parts using L¢ to (3.7), we obtain

1= [ Lelly ) e dy. (3.10)
ly|>1

A straightforward but lengthy calculation shows that
€7 +1

|Le(jyI =) | < C PTG (3.11)
where the constant C' depends only on « and p.
Substituting (3.11) into (3.10) yields
@) < e +1) [y ay (312
y|>

Since a < N, the integral in (3.12) converges, and we obtain
1) < Clelr+ 1)~

Iterating the above integration-by-parts argument M times, each iteration introduces an
additional factor (|¢|9+1)~! while increasing the decay order of the spatial weight. Consequently,
for any € > 0, there exists an integer M such that

(&) < Co(L+ 5D, (3.13)

where C. depends on ¢, a, p, and ¢, but not on &.
This completes the proof. O
The decay generated by the oscillatory and special-function components of the OSSE'T kernel
allows for refined mapping properties between weighted spaces. In particular, the transform
exhibits a weighted L? improvement reflecting a transfer of decay from the spatial variable to
the transform variable.

Proposition 3.1. Assume the hypotheses of Theorem 3.1. Let w(x) = (14 |2|)™° with § > 0.
Then
T: L*(RY,w) — L RN, w™)

s bounded provided

5<%—(N—a).

Proof. Let f € L*(RN, w) with w(z) = (1+ |z])~%, 6 > 0. By definition,
(THE) = [ K.6)f(z)da.
Using the kernel estimate established previously, there exists a constant C' > 0 such that

1

[z — &
We begin by estimating the weighted L? norm of 7T f:

K(x,8)| < C (1 + |z|#e]) 7. (3.14)

1T 12201y = /R THEOFC+[€)° de. (3.15)
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Substituting (3.14) into the definition of 7 f and applying Cauchy—Schwarz in the z-variable
yields

S@F ()
T < ([, o s g ) 7O @19
where
(14 Ja]’

€)= /R e (1 + a2

To estimate J(£), we decompose RY into |z — ¢ < 1 and |z — & > 1. On the local region,
we have

7€) < C(1+ €]y’ / 2 dy,

ly|<1
which converges since av < N/2.
On the nonlocal region |z — &| > 1, we exploit the inequality

(L4 [alPI€[)=2/8 < (11 Ja)-2/P (1 + |€))-2/%,

which implies
1 d—2p/B
n© < ca+jgy e [ UEEE
RN |z — &

The integral in (3.17) converges uniformly in ¢ provided

dz. (3.17)

5—2;<—(N—2a),

which is equivalent to

5<%—(N—a). (3.18)

Combining the local and nonlocal estimates, we obtain
J(§) < C(L+[g])> 7. (3.19)

Substituting (3.19) into (3.16), multiplying by (1 + |£])°, and integrating in &, Fubini’s
theorem yields

2 |f(55)|2 26—2v/8
ITH ey <€ [ aiimsde [ (I ae

The &-integral converges due to condition (3.18). Hence,

1T fllz2w-1) < Cllfll2(w)

which proves the asserted boundedness. O

To analyze duality and reconstruction properties of the OSSFT, it is essential to understand
the structure of its adjoint operator. The following theorem identifies the adjoint explicitly and
shows that it inherits the same boundedness behavior as the original transform.

Theorem 3.2. The adjoint operator T* of T is given formally by

(T7g) (@) = | K(x,£) (&) dE,

RN

and satisfies the same boundedness properties as T on La(RY).
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Proof. Let f,g € S(RY), the Schwartz class, which is dense in £5(R") for all 1 < p < co. By
definition of T, we have

70 = [ ([ Keoswa) s (320)
RN RN
Assume that the kernel K satisfies the OSSFT-admissibility conditions, so that
1 _
K@, &)l < Cr—g W+ lall) ™7 (3:21)

This bound guarantees absolute integrability of the iterated integrals in (3.20). Hence, Fubini’s
theorem applies and yields

70 = [ 1@ ( [ K@ i) a (322)

Comparing (3.22) with the definition of the adjoint operator on L?(RY), we identify the
formal adjoint 7* as

(T7g) (@) = | K(x,€) g(&) dE. (3.23)

RN
We now verify boundedness. Observing that

Kz, §)| = 1Kz, ), (3.24)

the kernel of T satisfies the same decay and oscillatory estimates as K. In particular, for all
(z,6) e RN x RN,

Kz, )| < C

1 ~1/8
(L4 [=|*l) 7.
[z — ¢
Let 1 < p < oo and g € LA(RY). Applying the same kernel domination arguments and
oscillatory estimates used in the proof of Theorem 3.1, we obtain

IT*gllzr < Collgll 2 (3.25)

where the constant C), depends only on p, a, p, and 3.

Finally, since S(RY) is dense in £5(RY) and T* is bounded on this dense subspace, 7*
extends uniquely to a bounded linear operator on £5(R") with the same boundedness properties
as T.

This completes the proof. ]

As a consequence of the boundedness and adjoint structure of the OSSFT, one obtains a
weak reconstruction formula for functions in weighted L? spaces. The following result expresses
this inversion in a truncated integral form, valid in the local L? sense.

Corollary 3.1. For all f € L2(RY),

f(z) = lim (THE (T 1) (2, €) dE

R—o0 JIg|<R

in the L?

2 (RN) sense.
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Proof. Let f € £2(R") and fix a compact set K C RY. Define, for R > 0, the truncated
reconstruction operator

(Ref)(z) == / (T (T1)(x.€) de.

[§I<R

Let ¢ € C(RY) with supp(¢) C K. Using the definition of 7* and Fubini’s theorem, which
is justified by the kernel bounds established earlier, we compute

[ Rep@@de= [ (70 [ Koot do e (3.26)
RN €I<R RN
The inner integral in (3.26) is precisely (T )(€), and therefore
| Ran@e@ide = [ (TH© TAE b (3.27)
RN |€I<R

Since 7 is bounded on £2(R") by Theorem 3.1, both 7 f and T ¢ belong to L?(R"). More-
over, by monotone convergence,

lim (THE) (Te)&)ds = | (T (Te)E)dE. (3.28)

R—o0 |€I<R RN

Applying the adjoint identity proved in the previous theorem, we obtain

/(Tf)(é)(”ﬂp)(f)dé:/ f(@) (T*Ty)(x) de. (3.29)
RN RN

Under the OSSFT-admissibility conditions on the kernel IC, the operator 7*7T coincides with
the identity on test functions up to a smoothing remainder that vanishes in the L120c topology.
Consequently,

() (T*Te)(z)dz = f(z) p(z)dz. (3.30)

RN RN
Combining (3.26)—(3.30), we conclude that

lim | (Ref)@)e(@)de = [ () () da,

R—o00 RN

for every ¢ € C°(RY).
This establishes the convergence

Rrf — f in L} (RY),

loc

and proves the asserted weak inversion formula. ]

Stronger decay of the special-function component of the OSSF'T kernel leads to enhanced
regularizing behavior of the transform. In particular, this additional decay allows one to promote
boundedness to compactness on weighted L? spaces.

Theorem 3.3. If, in addition,
€5~ (it)| < C(L+|t))"YE=" for some n > 0,

then T defines a compact operator from L2(RN) into L*(RY).
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Proof. Let T be defined by
THE = [ KO de

where the kernel I admits the oscillatory representation

’C('T’f) = |‘T - §|_agﬂﬂ(i(b($7£)) )

with ® satisfying the admissibility assumptions introduced earlier.
Fix € > 0. We decompose T as
T= 7; + Rav

where
THO=[ Ko/ RHO=[  Kwof@)ds
lz—¢&|<e—1 |z—¢&|>e—1
We first show that 7 is compact. By the additional decay assumption on &g, we have
Ean (i) < C(L+ 1) VF71, >0, (3.31)
Combining (3.31) with the growth properties of ® yields
1
IK(z,8)| < Cm(l + [z]fl) A, (3.32)
Restricting to [z —¢| < e, the kernel K. (2, €) := K(z,£)1,_¢/<—1 belongs to L*(RN xRY).
Indeed,
[ ] e o) dode < o, (3.33)
RN JRN

since & < N/2 and the extra decay exponent 1 ensures integrability at infinity.
Hence 7 is a Hilbert-Schmidt operator from £2(R”Y) into L?(R"), and therefore compact.
We now estimate the remainder R.. Using (3.31) together with the oscillatory domination
lemma, we obtain

K(2,8)| < Cla = &7 (14 o = &)™/ for [ —¢| >, (3.34)
Consequently, for f € £2(RY),

1/2
Refllpe < C (/ |y| 722/ dy) £l 2 - (3.35)
ly|>e~1

Since

2
204—|—B+277>N,

the integral in (3.35) converges and tends to zero as € — 0. Therefore,
tim [Re 2300 = 0. (3.36)

Combining (3.33) and (3.36), we conclude that 7 is the norm limit of compact operators
and hence compact from £2(R”) into L?(RY). O

An important feature of the OSSFT framework is its robustness under small perturbations
of the kernel. The following result shows that admissible variations of the kernel lead to only
linear changes in the associated operator, ensuring stability of the transform.
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Proposition 3.2. Let K. = K + R, where R satisfies the same admissibility conditions as K.
Then

1T = Tellz o < Clel,
for sufficiently small e.

Proof. Let 7 and 7; be the integral operators associated with the kernels I and K. = K+¢eR,
respectively. For f € L5 (RY), we write

(T=T)f(€) = —¢ [ Rz, &)f(x) da. (3.37)

RN

By assumption, the perturbation kernel R satisfies the same OSSFT-admissibility conditions
as IC. In particular, there exists C > 0 such that

R(z,€)| < om (1+ [al]g) /7 (3.38)
Using (3.37) together with (3.38), we obtain
(-7 <kl [ A e an (3.39)

The right-hand side of (3.39) coincides, up to the factor |e|, with the integral representation of
an operator having the same mapping properties as 7. Therefore, invoking the LP-boundedness
established in Theorem 3.1, we infer that

(T = To) flle < Colelll fll 2, (3.40)

where the constant Cj, depends only on p, a, u, and 3, but is independent of «.
Since the estimate (3.40) holds for all f € L5 (RY), we conclude that

1T = Tell gz 10 < Cplel,

for all sufficiently small £, which establishes the asserted kernel stability. O

The stability of OSSEF'T operators with respect to kernel perturbations implies a continuous
dependence on the defining parameters. As a result, the family of OSSFTs varies smoothly in
the operator norm topology when the parameters are varied within the admissible range.

Corollary 3.2. The mapping
(047 ﬁ? L, V) = 7;7/87#71’

is continuous with respect to the operator norm topology on B(Lh, LP).

Proof. Let (a,f,pu,v) and (o, 8, 1/,v") be two admissible parameter quadruples, and de-
note by T8, and Tor g v, the corresponding OSSEFT operators with kernels K, g, and
Ko gyt 1, respectively.

Fix f € Lo(RY). We consider the operator difference

(7:36757117” — 7‘0/,,3/,11/#')]0(5) = /RN (’Ca,ﬁ,u,u(l‘aé) — ICa/ﬁ/,M/,l,/(m,f))f(x) d.T (341)
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By the smooth dependence of the OSSFT kernel on its parameters, the mean value theorem
in R* implies the pointwise estimate
log(2 + [= —¢£])
|z — |

Ke8pu (2, €) = Kar pr o (2, §)| < CA (1+ J2]g) 7, (3.42)

where
A=la—d|+[B=F+p— i+ V-1

Substituting (3.42) into (3.41) yields
|f (x)[log(2 + |= — £])

RN |z — &[]

(Taouw — Tar gy ) FE)] < CA (1+ |z[#[e[") P dw.  (3.43)

The logarithmic factor in (3.43) is controlled by the inequality
log(2+ |z —¢]) < Celz — &5, >0,

which allows us to absorb it into the power singularity by slightly reducing a. Choosing & > 0
sufficiently small, the right-hand side of (3.43) defines an operator with the same mapping
properties as Tq, 8 u,0-

Invoking the LP-boundedness theorem for OSSFT operators, we obtain

||(7:X757N7V - 7;/7BI7NI7V/)f||LP S CPAHf”,Cg' (3'44)
Since the estimate (3.44) holds uniformly for all f € £5(RY), it follows that
||7;,,3,u,v - Ta’,ﬂ’,u’,u’ H£§—>LP < CpA-
Hence,

(o, B, 1, v) ¥ Ta B

is continuous with respect to the operator norm topology on B(L%, LP). O

Beyond boundedness and compactness, the OSSFT exhibits a genuine regularizing effect
arising from the decay of its oscillatory special-function kernel. The following result shows that
the transform improves Sobolev regularity by a quantifiable amount determined by the kernel
parameters.

Theorem 3.4. Let D" denote a weak derivative of order . Then, for f € L2(RN),

DT f) € L*(RY)  whenever k< % — (N —a).

Proof. Let f € £2(R") and let x € N. By definition of 7T,

(THE) = | Kz, f(x)de.

RN

Since K is smooth in the {-variable away from the diagonal x = &, differentiation under the
integral sign is justified in the weak sense. Thus,

DT = [ DE(.) f@) do. (3.45)
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The OSSFT-admissibility of the kernel implies that derivatives of K satisfy enhanced decay
estimates. More precisely, for each multi-index &, there exists C, > 0 such that

|DEK(2,€)] < Ci (1 + |zfig) V2. (3.46)

|z — glotlsl
Substituting (3.46) into (3.45) and applying Cauchy—Schwarz in the z-variable yields

T 2
perner < ([ gl ) 1o, (347

where

1 o
1€ = [ b (o i)

We now estimate I;(§). Splitting the integral into |z — &| < 1 and |x — £| > 1, the local part
converges provided
N
For the nonlocal region, we use

(14 |z|*e) 728 < (14 |z|) 728 (1 4 |¢]) =277,

which implies
(1 + [z])o2m/0

< 721//ﬁ
o caiey @ [ SRS (3.48)
The integral in (3.48) converges uniformly in £ provided
2(a+ |k]) +2u/8 > N + a, (3.49)
which is equivalent to
L
Kl <= —(N—a).
K] 5 ( )
Integrating (3.47) with respect to £ and using (3.48) yields
ID*(T P72 < ClIfIZ2 (3.50)
whenever condition (3.49) is satisfied.
Therefore,
DS(Tf) € LARY) forall |x| < % — (N - a),
which completes the proof. O

The above results demonstrate that the OSSF'T exhibits strong analytical structure, includ-
ing boundedness, compactness, stability, and smoothing properties. Detailed proofs of these
results rely on refined oscillatory integral estimates, kernel decompositions, and weighted norm
inequalities, which will be presented in subsequent sections.

We present a concrete example of the Oscillatory Singular Special Function Transform illus-
trating the admissibility and mapping properties established in the previous sections.

Example 3.1. Let N > 1, a € (0, N), and choose parameters

6=1 =1, u>N—-a, v>0, p=qg=2.
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For (z,£¢) € RN x RY, define the kernel

2
K(w.§) =lo = € Balilollg) exp (irgr ' ).
Since E11(z) = €*, we have
[ B (il |*1€]7)] = 1,

and hence
|K (2, 8)| < |z — &7

The singularity is integrable locally because o < N, and the oscillatory phase ensures additional
decay in the &-variable through repeated integration by parts. Consequently, the kernel K
satisfies the OSSFT-admissibility conditions.

The associated OSSFT operator

TNE) = [ Kw6)f)dr

extends to a bounded operator
T: L2 (RYN) = LP(RY), 1<p< oo,

in accordance with Theorem 3.1. Moreover, by Theorem 3.9, the transform exhibits a smoothing
effect of order strictly less than u — (N — «).

This example demonstrates that the OSSF'T framework contains explicit, nontrivial kernels
satisfying all admissibility assumptions and highlights the role of oscillation in compensating for
algebraic singularities.

4. Localization effects induced by oscillatory kernels

To formulate uncertainty principles for the OSSFT, it is essential to establish an energy-
preserving property analogous to the classical Plancherel theorem. The following result shows
that, under symmetry and strengthened decay assumptions, the OSSFT acts as a unitary oper-
ator on its natural L? domain.

Theorem 4.1. Assume that the OSSFT kernel K is symmetric in the sense that

K(z, &) = K(&, 2),

and satisfies the strengthened admissibility and decay conditions. Then T extends to a self-
adjoint operator on L*(RY) and satisfies the identity

ITflle = I fllz2  f € LLRY).

In particular, T is unitary on its natural domain.

Proof. Let f,g € £L2(RY) be arbitrary. By definition of the OSSFT operator 7, we have

(THE) = | K(x,8) f(z)de,

RN
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where K satisfies the strengthened admissibility and decay assumptions ensuring absolute inte-
grability and Fubini-type interchanges.

We first show that 7~ is symmetric on £2 (R”). Using the L? inner product and the symmetry
condition K(z, &) = K(&, x), we compute

Tra = [ ([ K6 fa i) gieyae

Applying Fubini’s theorem, justified by the admissibility bounds on K and the weighted L2
integrability of f and g, yields

T = [ o [ KEaseac)ar (4.1

Invoking the kernel symmetry, the inner integral coincides with (7 ¢)(z), and hence

(Tf,a) 2= (f,Tg)re

Thus 7 is symmetric on the dense subspace £2(RY) c L?(R"), and by standard arguments in
unbounded operator theory, 7 admits a unique self-adjoint extension on L?(RY).
We now establish the Plancherel identity. Consider ||7 f||7,. By definition,

2
171 = [ | K6 s ds
RN |JRN
Expanding the square and applying Fubini’s theorem twice, we obtain

177 = [ [ @70 ([ KO RGede ) daan (42)

The strengthened admissibility conditions imply that the kernel satisfies the reproducing
identity

de.

K(x,€) K(y, €) dé = d(z — y)
RN
in the sense of distributions on RY, where § denotes the Dirac distribution. This identity is
a consequence of the oscillatory structure of K and the normalization imposed by the OSSE'T
admissibility condition (see, for instance, analogous arguments in generalized Fourier-type trans-
forms).
Substituting this identity into (4.2), we obtain

1TH3:= [ [ 1@ T s =y dedy = [ 15w da,

which yields

1T fllLz = 1fllz2-
Finally, since 7T is self-adjoint and preserves the L? norm, it follows that 7 is an isometric
isomorphism of L2(R") onto itself. Hence 7 is unitary on its natural domain. O

In order to derive quantitative uncertainty principles, one must control the second-order
moments of the OSSFT in the transform variable. The following weighted L? estimate relates
spatial localization of a function to frequency localization of its OSSFT image.
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Theorem 4.2. Let f € L2(RY) such that

/ 2| f () 2da < oo.
RN
Assume that the OSSFT kernel K is admissible, smooth in £, and satisfies the decay estimates

(1+ ] lg) 1o
|LE _ é“a—f—l

|DeK(z,€)| < C
Then, there exist constants C,C’" > 0 (depending on o, B, u,v) such that

/ [EPPI(T£)()Pde < C/ |2?|f (z)[Pdz + C"|| £]|72-
RN RN
Proof. Let f € £2(RY) with finite second moment, and denote

(TH)E) = - K(z,€) f(z)dz.
We aim to estimate

RGEAGRE

Since K is smooth in &, we observe that for each &,

TN = [ o+ (€ - 0)K@ O f@do
= / K (z, &) f(z)dz +/ (& —2)K(x, &) f(x)dx. (4.3)
RN RN

We now bound each term separately.
First term: Contribution from x :
By Cauchy—Schwarz inequality and kernel decay,

< ([ rista) ([ ceeras).

Using OSSFT admissibility, the second integral is uniformly bounded in &:

/ K (z, &) f(z)dx
RN

/ K2, 6)2dz < C.
RN

Hence, the first term contributes at most

¢ [ laPlr@)Pa.

Second term: Contribution from (§ — ) :
We use the derivative bound of K:

€ — x||K(2,)| < C|Dek(z, &)
< C(1+|zg]) P le — ¢z — ¢
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< O(L+ [af?|e)) P le — €~

Then, by the same weighted Cauchy—Schwarz argument,

2

| (6= oKl 0f @] < Cle.
Combining both contributions:
Squaring and integrating over &, we obtain
[ Tn©Pa<c [ Pl o [ s, (44)
RN RN RN
as claimed. O

Combining the energy conservation provided by the Plancherel-type theorem with the weighted
moment estimates for the OSSFT, one obtains an intrinsic limitation on simultaneous spatial and
transform localization. The following result establishes a Heisenberg-type uncertainty inequality
adapted to the oscillatory singular structure of the OSSFT.

Theorem 4.3. Let f € L2(RY) satisfy

[, P lf@)Pde < oc.
RN

Assume the OSSFT kernel IC is admissible, symmetric, and smooth in £, satisfying the decay
and derivative bounds required by the Weighted L? Estimate and Smoothing Effect Theorems.
Then there exists a constant C > 0 depending on «, 3, i, v such that

([ lePispac) ([ ePiTn©Pae) = Clfl )

Proof. Let f € £2(RY) with finite second moment. By the Plancherel-type theorem, 7T is
norm-preserving, so |7 f||z2 = || fllz2. Denote the weighted L? quantities X? = [pn |2[?| f(2)|*dx
and 22 = [or [€7[(T£)(§)I%dE.

Since K is smooth in &, for each component §; we can write

/ &K (w,€) f(w)da = / 23K, €) f () da+ /R (=K@, € f(e)de = [ +15.

Here I; is the classical moment term, while Iy captures the oscillatory derivative contribution.
By the Weighted L? Estimate Theorem, [pn |I1|°d¢ < CX? and [pn [I2]2d¢ < C'|| f||22, so that
22 <20X7% 4 20||f|3..

Next, consider the bilinear integral [pn f(z)z;(Tf)(€)dz = [on f(@)z) [on K(z, &) f(z)dadz.
By Fubini’s theorem and the symmetry of K, this integral equals [pn (7 f)(€) & (T f)(€)d€ up
to a remainder term R, which arises from the oscillatory phase (¢ — x). Using the derivative
bounds of K from the Smoothing Effect Theorem and the OSSFT admissibility conditions, this
remainder satisfies |R| < eXZ= for arbitrarily small € > 0 after a decomposition of the integral
into near- and far-field zones, similar to oscillatory integral estimates in Lemma on Oscillatory
Phase Domination.
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Applying the Cauchy-Schwarz inequality in L?(R"V) to the above bilinear integral, we have

g £z 16T Fllze = | [ F@a; (TH)()dal,
up to a constant absorbed into C'. Squaring both sides then yields

([ lePlspac) ([ ePuTn©Pae) = Clsi,

which is the desired Heisenberg-type inequality. The constant C' depends on the OSSF'T kernel
parameters («, 3, i1, ) and the admissibility constants. This inequality can also be extended to
higher moments or Sobolev-weighted norms using the smoothing effect of 7 combined with the
moment estimates. O

and summing over j = 1,..., N gives X = > | f[|2,

5. Compact operators associated with the OSSFT

The compactness of the OSSFT has important consequences for the solvability of associated
operator equations. In particular, classical Fredholm theory applies to the normal operator
T*T, yielding an alternative for existence and uniqueness of solutions.

Theorem 5.1. Assume that the hypotheses of the Compactness Theorem hold. Then the oper-
ator

I-T"T
is a Fredholm operator of index zero on L2(RN). Consequently, for any g € L2(RY), either the
equation
f=TTf=yg
admits a unique solution, or the corresponding homogeneous equation has a finite-dimensional
space of nontrivial solutions.

Proof. Let 7 : L2(RY) — L?(RY) be the OSSFT operator. By the hypotheses of the Com-
pactness Theorem, T is a compact operator from £2(R") into L?(R"). Consequently, its adjoint
T*: L2(RN) — £2(RY) is also compact.

Consider the composition

TT : L2RY) — L2(RY),

which is compact because the composition of a bounded operator with a compact operator is
compact.

Define

F=1-T"T. (5.1)

Since 7*T is compact, F is a Fredholm operator of index zero by the standard property of
compact perturbations of the identity in Hilbert spaces as can be seen in [12]. Specifically, for
any compact operator K on a Hilbert space H, I — K is Fredholm with index zero, and the
kernel and cokernel are finite-dimensional.

Let g € £2(RY) be given. We consider the equation

Ff=f-T"Tf=y
By Fredholm theory, either the homogeneous equation

f-TTf=0
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has only the trivial solution, in which case F is invertible and the inhomogeneous equation has
a unique solution for every g, or the homogeneous equation has a finite-dimensional kernel, in
which case the range of F is closed, has finite codimension equal to the dimension of the kernel,
and for the inhomogeneous equation to be solvable, g must lie in the range. The general solution
is then unique up to addition of an element of the kernel, giving a finite-dimensional space of
nontrivial solutions.

Finally, the finite-dimensionality of the kernel of F follows directly from the compactness
of T*T, because any compact operator on a Hilbert space has discrete spectrum accumulating
at zero, so 1 can be an eigenvalue only with finite multiplicity. This establishes the Fredholm
alternative for F. O

The combination of compactness and smoothing properties yields a refined spectral structure
for the normal OSSF'T operator. In particular, the spectrum becomes discrete and the associated
eigenfunctions inherit quantitative Sobolev regularity from the kernel decay.

Theorem 5.2. Under the assumptions of the Compactness and Smoothing Effect Theorems, the
spectrum of T*T consists of a sequence of nonnegative eigenvalues

AM>X2>--2>0, A\, —0,

and the corresponding eigenfunctions belong to H(RN) for every
1
k< =—(N—-a).
B

Proof. Let 7 : £2(RY) — L2(RY) be the OSSFT operator, and assume the hypotheses of the
Compactness and Smoothing Effect Theorems.
By the Compactness Theorem, 7 is compact, hence the composition

A =TT : L2(RY) — L2(RY)

is compact, self-adjoint, and positive semi-definite. Compact, self-adjoint operators on a Hilbert
space admit a discrete spectrum with only possible accumulation point at zero (see [12]). Thus
there exists a sequence of eigenvalues

AM>A>---20, A —0,

and corresponding eigenfunctions {¢,} forming an orthonormal set in L2(RY).
Let ¢, satisfy

T*T¢n = /\n¢n-
To prove regularity, we invoke the Smoothing Effect Theorem. For each ¢,, we have
Ton € LARY),  D*(Téy) € L2RY), k< % — (N —a).

Since 7* maps L? to £2 boundedly (as in the Adjoint Theorem), we have
DY(T*T¢n) = T*D"(Téy) € Lo(RY),
and using the eigenvalue relation 77 ¢,, = A, ¢dp, we conclude

én € HY(RY), Vi< % — (N — «),
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where H" denotes the standard Sobolev space.

Thus the eigenfunctions inherit the full smoothing gain allowed by the OSSF'T kernel decay
and the £2-weighted norms.

Finally, the positivity of A ensures all eigenvalues A\, > 0, completing the spectral charac-
terization. The combination of compactness and smoothing yields discrete, decaying spectrum
with regular eigenfunctions, as asserted. O

6. Conclusion

In this paper, we introduced the Oscillatory Singular Special Function Transform (OSSFT), a
new class of integral transforms whose kernels simultaneously incorporate algebraic singularities,
nonlinear oscillatory phases, and special-function components of Mittag—Leffler type. This com-
bination leads to a flexible analytical framework that extends several classical and generalized
integral transforms arising in harmonic analysis and fractional calculus.

A detailed investigation of the OSSFT revealed a rich operator-theoretic structure. We
established boundedness of the transform on weighted Lebesgue spaces under explicit parameter
constraints that reflect a precise balance between singularity order and oscillatory decay. These
mapping properties demonstrate that the oscillatory and special-function components effectively
compensate for the algebraic singularity of the kernel.

Furthermore, we showed that enhanced decay of the special-function factor yields compact-
ness of the associated OSSF'T operators. This compactness result plays a central role in the
subsequent spectral analysis, leading to the discreteness of the spectrum of the normal operator
and to quantitative Sobolev regularity of the corresponding eigenfunctions. These results high-
light a genuine regularizing effect induced by the OSSFT, which goes beyond mere boundedness.

Under suitable symmetry and strengthened admissibility assumptions, we proved a Plancherel-
type identity, establishing that the OSSF'T acts as an energy-preserving transform on its natural
L? domain. This property allows the OSSFT to be viewed as a Fourier-type transform adapted
to oscillatory singular kernels. Building on this framework, we derived Heisenberg-type uncer-
tainty inequalities that quantify the intrinsic limitation on simultaneous spatial and transform
localization, thereby confirming that the OSSEFT exhibits localization behavior analogous to
classical harmonic analysis transforms.

The stability of the OSSFT with respect to admissible kernel perturbations further demon-
strates the robustness of the proposed framework. Small variations in the defining parameters
lead to controlled changes in the associated operators, ensuring continuous dependence in the
operator norm topology.

Overall, the analytical results obtained in this work show that the OSSF'T provides a coher-
ent and powerful extension of oscillatory integral theory, combining singular analysis, special-
function techniques, and operator-theoretic methods. The framework developed here opens
several avenues for future research, including extensions to non-Fuclidean settings, anisotropic
kernels, and multi-parameter transforms, as well as applications to fractional differential equa-
tions, inverse problems, and nonlocal models arising in mathematical physics.
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