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GENERALIZED SOR-LIKE ITERATION METHODS FOR ABSOLUTE
VALUE EQUATIONS ASSOCIATED WITH CIRCULAR CONES*

Weihua Lin®f

Abstract In this paper, we study the absolute value equations associated with circular
cones (referred to as CCAVE). The circular cone is a type of non-symmetric cone that
generalizes the second-order cone. By equivalently reformulating CCAVE as a two-by-two
block nonlinear equation, we propose a class of generalized SOR-like iteration methods for
solving CCAVE. Useful properties of the circular cone are explored, and sufficient conditions
for ensuring the convergence of the generalized SOR-like iteration methods are analyzed.
Numerical experiments demonstrate the effectiveness of the proposed methods in solving
CCAVE.
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1. Introduction

Consider iteration solutions of the following absolute value equations associated with circular
cones (CCAVE for short):

Az + Blz| =0, (1.1)

or equivalently,
F(z) := Az + Blz| — b= 0, (1.2)

where A, B € R™ ™ are given large and sparse real matrices, b € R™ is a given real vector,

r = (2,23, ., z)T € RM x R™ x ... x R™ is a variable with r,n1,n2,...,n, > 1 and

ny+ne+---+n, =n,and
2] == |z | o, )T

tThe corresponding author.
1School of Mathematics and Statistics, Hanshan Normal University, Chaozhou 521041, Guangdong,
China
*This research is supported by Ministry of Education Humanities and Social Sciences Research Plan-
ning Fund Project (Theoretical Deduction and Mechanism Design for High-Quality Development
of China’s Professional Football League, 24YJA890014); Guangdong Provincial Higher Education
Teaching Research and Reform Project (Research and Practice on Teaching Reform of Mathematics
Teaching Method Course under Core Literacy); Research Project of Hanshan Normal University
(Application of Grey Rough Set Method in Quantitative Research on Mathematical Emotional
Literacy with Missing Data, XGPY202403); 2025 Hanshan Normal University Smart Course Con-
struction Project Approval (Mathematics Subject Teaching Methodology, Yue Han Shi [2025] No.
223); Hanshan Normal University Expert Studio for Primary and Secondary School Teacher Train-
ing (Yue Han Shi [2026] No. 31).

Email: 740816193@qq.com(W. Lin)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20250378

2498 W. Lin

with the absolute value |z;| determined by the corresponding circular cone in R™ for i =

1,2,...,r. The Cartesian product £ of circular cones Eg; is denoted as
L= Lyl x Lp2 x - x Ly, (1.3)
where £y(i = 1,2,...,7) denotes a circular cone in R" defined by

EZZ ::{a:i = (.%'il,xig) eRxR% L. HIZH cosl; < l’ﬂ}

:{561 = (.’Eil,.Tig) cR x Rni_l : ||$12H <z tanﬂi},

where ||-|| denotes the usual Euclidean norm of a vector. The circular cone [5] is a pointed closed
convex cone having hyper-spherical sections orthogonal to its axis of revolution about which the

.. ) . s . .
cone is invariant to rotation. When 6; = T the circular cone Eg? reduces to the second-order
1
cone K™, ie.,
ng .__ _ ni—1 .
K™= {z; = (21, 2i2) € R X R™ 77 [|zin]| < 21},

which is also called Lorentz cone or ice-cream cone.

The circular cone is a very generalization of the second-order cone which is a powerful tool
to handle optimization problems, and the important relations between circular cone L§ and
second-order cone K™ are discovered:

tanf 0
0 In—l

»=G'K"™ and K"=GL} with G=

In other words, for any vectors = (z1,22) € Rx R" ! and y = (y1,2) € R x R"™! there have
rell < GreKk" and ye (L)) < G lyekm™

This simple and basic relation helps us to study CCAVE throughout some properties of the
second-order cone based on Jordan algebra.
When 6; = 6 = --- = 6, = 0, CCAVE (1.1) reduces to the problem studied in [20].

When 6; = T for all i, CCAVE (1.1) reduces to the second-order cone absolute value equation

(SOCAVE for short), which was studied in [8]. When n; = 1 for all 4, it is easy to see that
CCAVE (1.1) reduces to the standard absolute value equation (AVE for short), i.e.,

Az + Blz| =b, where |z|:= (|z1],|x2],...,|z.))T € R, (1.4)

which was first introduced by Rohn [27] and is capable to formulate many optimization problems
[15,16,25).

Henceforth, CCAVE (1.1) constitutes a generalization of the previously studied SOCAVE
and AVE. In recent years, the problem of solving AVE (1.4) has garnered significant attention
and has been extensively investigated in the literature see for example ( [1,3,4,6,7,10-14,17-19,
21-24,26,28-33]) and references therein. A wide variety of iterative methods for solving AVE
(1.4) have been developed. Most of these methods are based on the Newton algorithm, as AVE
(1.4) is a weakly nonlinear equation.

In [8], Hu, Huang and Zhang proposed a generalized Newton method for solving SOCAVE
and it is shown to be globally linearly and locally quadratically convergent under suitable as-
sumptions. After that, Miao, Yang and Hu [20] extended the generalized Newton method for
solving CCAVE (1.1) with §; =6y =--- =6, = 6.
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In this paper, by reformulating CCAVE (1.1) as a two-by-two block nonlinear equation, we
propose a novel class of generalized SOR-like iteration methods for solving it, which is based
on a splitting of the two-by-two block coefficient matrix. The aforementioned facts and new
observations (Propositions 2.1 and 2.2) on the circular cone attract our attention to give novel
convergence analysis technique for the proposed iteration method. We prove that the proposed
iteration methods will converge to the solution of CCAVE (1.1) under suitable choices of the
involved splitting matrix and parameter. In addition, we also use some test examples to show
that the generalized SOR-like iteration method is feasible and effective in computing.

The outline of this paper is as follows. In Section 2, we present some basic concepts and
background materials about the circular cone as well as some new observations. In addition,
we will present some auxiliary results about the nonnegative matrix. In Section 3, we establish
a novel class of matrix splitting iteration methods for solving CCAVE (1.1) and also give the
convergence of the proposed iteration methods. Numerical results about the new iteration
methods are shown and discussed in Section 4. Finally, in Section 5, we end the paper by some
concluding remarks.

At the end of this section, we present some notations, which will be used throughout this
paper. Let A = (a;;) and B = (b;;) be two real m xn matrices, A > B (A > B) if a;; > bi; (a;; >
bij) holds for all 1 < i < m and 1 < j < n. A matrix A € R™*" is said to be nonnegative
(positive) if its entries satisfy a;; > 0 (a;; > 0) for all 1 <7 <m and 1 < j <n. For the matrix
A € R™" || All denotes the spectral norm defined by [|A| := max{||Az| : z € R", ||z| = 1},
where || - || is Euclidean norm. Without loss of generality, we also denote (z1,x2,...,2,) =

(xF,2d, ... 2T,

2. Preliminaries

In this section, we briefly review some basic concepts and background materials about the
circular cone. In addition, we will give some new observations on the circular cone, which will
be extensively used in following theoretical analysis.

For any vector x € R", let ;. denote the projection of x onto the circular cone £y and x_
be the projection of —z onto the dual cone (L£f)*. With these notations, for any vector x € R",
it can be verified that

rT=ry —x_.
Moreover, due to the special structure of the circular cone Lf, the explicit formula of the
projection of z = (z1,72) € R x R"~! onto £ as follows:
zif x € L,
Ty =4 0if x € —(Lf)%, (2.1)

u otherwise,

where

a1+ [|a2f tan d 1

1+ tan?6 L2
|2l
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Likewise, we can obtain the expression of x_ as follows:

0 ifxel?,
r- =1 —xifx e —(L})", (2.2)

v otherwise,

where
a1 — [Jaa]| cot O —1
1+ cot?6 L2
|2l

From the expressions (2.1) and (2.2) for 4 and z_, it can be shown that (z,z_) = 0 for any
x € R".

In [34], Zhou and Chen gave the following spectral decomposition of z with respect to the
circular cone.

Theorem 2.1. [34] Let v = (x1,72) € R x R"™! then x can be decomposed as
= MuV + u?), (2.3)

where A1, Ao and uY, u® are the spectral values and the associated spectral vectors of x given
by

A =x1 — ||@2||cot B, Ao =z + |2 tan b, (2.4)
1 1
U(l) = 71 3 y U(2) = - L 2 ) (25)
14 cot=6 —(cot 0)a 1+ tan=6 (tan )7
with w = ﬁ if xo # 0, and any vector in R"~! satisfying ||[u|| = 1 if z2 = 0.
2

Moreover, in [34], the expression of x4 has the following form:
vy = (A)ul? + (M) 1ul?, (2.6)

where A, = max{0,\} for A € R, \; and u(" for i = 1,2 are given as in Theorem 2.1.
Utilizing a similar technique, Miao, Yang and Hu [20] generalize this to the expression for

z_ as follows:
g = (A)—u® + (Ag)_u?, (2.7)

where A_ = max{0, =} for A € R, \; and u(¥ for i = 1,2 are given as in Theorem 2.1.
For any vector x € R", let us define the absolute value of x with respect to the circular cone
as
2| =4 +a_.

Then, we have

|z| = [()\1)+ + ()\1)7]11(1) + [()\2)+ + ()\2)7]11(2)
= afu® + Pafu®,
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that is
(
T
1] , if xo =0,
0
|z| = |21 — ||z2|| cot 6] N |z1 + ||22|| tan 6] (2.8)
1+ cot? 6 1+ tan?6 .
, if xg #0.
[|x1 + [|z2] tan 6] and — |z1 — ||z2|| cot ) ot 0] 22
L 1+ tan?6 1+ cot? 6 [EAK

Based on these facts, we can get the following results.

Proposition 2.1. [9] For any vectors x and y in R™, let |x| and |y| be defined as in (2.8), it
holds

[ =yl < [lz —yl|-
From Proposition 2.1, we can obtain the following result.
Proposition 2.2. For any vectors x = (x1,x2, -+ ,x,) and y = (y1,y2, -+ ,yr) in R™ x R x

oo X R™ withny +no+ -4+ n,. =n, let

= = (el [zals s l2el)s Tyl = (ol lyal - lyr])

with |x;|, |y;| € R™ defined as (2.8), it holds

Izl =Tyl Il < [l —yll.

About the nonnegative matrix, we have the following results.

Lemma 2.1. [2] For any vectors x € R™ and y € R™, the following results hold:
(1) If0 <z <y, then ||z]| < [lyl;
(2) if x <y and P is a nonnegative matriz, then Px < Py.

Lemma 2.2. [2] For any matrices A € R"*" and B € R™", if 0 < A < B, then ||A|| < || B|.

3. Generalized SOR-like iteration methods

In this section, we introduce a class of matrix splitting iteration methods for solving CCAVE
(1.1). Let y = Blz|, then CCAVE (1.1) is equivalent to

Ax+y=0b,
that is
A T T b
Az = = = b, (3.1)
—BG 1 Y 0

where Gz := |z|. If A= M — N is a splitting of the matrix A and

A=D—-L-U,
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where

MO 00 N -1
D: 5 £: Pl Z/l: 9
01 BGO 00

then we can obtain the following fixed point equation
(D —-wl)z =[(1 —w)D + wld]z + wb,

where the parameter w > 0. That is

M 0 x (1-w)M+wN —wl x wb
= + . (3.2)
—wBG I Yy 0 (1—w)I Yy 0

Based on the fixed point equation (3.2), we can establish the following matrix splitting
iteration methods for solving CCAVE (1.1), called the generalized SOR-like iteration method.

Method 3.1 (Generalized SOR-like iteration method for CCAVE (1.1)).

Step 1. Let A = M — N be a splitting of the matrix A € R™*" B € R ™ and b € R". Given
the initial vectors (9 € R” and y(©) € R". Choose 0 < ¢ < 1. Set k := 0.

Step 2. Solve the linear system
MzH) = Ng®) — g *) 1 p

for z(¥). Update
) = (1 — w)2® 4 w2 ®),

Step 3. For z(Ft1) = (acgkﬂ),xgkﬂ), e ,:cng)) € R™ x R™ x --- x R™, compute
k41 k41
2] = (0 2y ) )

by using (2.8). If ||b — Az D — Blz(+D| || < ¢, break; else, go to Step 4.

Step 4. Set
y(k-l-l) _ (1 _ w)y(k) + (.L)B|.I(k+1)|.

Method 3.1 provides a general framework of the generalized SOR-like iteration method for
solving CCAVE (1.1). It can yield a series of the iteration methods with suitable choices of the
splitting of the matrix A and the iteration parameter w. In specific, we let A = D— L —U, where
D, —L, and —U are the diagonal, the strictly lower-triangular, and the strictly upper-triangular
matrices of the matrix A. Then

(a) when M = A and N = 0, Method 3.1 gives GSOR iteration method

2D = (1 — w)z® — A (y*) —b),

y* D = (1 — w)y™® + wB|z* D],
(b) when M = D and N = L 4+ U, Method 3.1 gives GSOR-Jacobi iteration method

g* ) = (1 — w)z® + wDL[(L + U)z® — y®) 1],
yF ) = (1 — w)y® + wB|z*+D);
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(¢) when M = D — L and N = U, Method 3.1 gives GSOR-Seidel iteration method

2kt = (1 — w)z®) 4 w(D — L)~ (Uz®) — y*) 4 p),
YD = (1 w)y®) 1 wBlalH];

1
«

(d) when M = 1D — L and N = (2 — 1)D + U, Method 3.1 gives GSOR-SOR iteration

method
2 ) = (1 —w)z® 4+ w(ED - L) ((2 = 1)D 4+ U)z® —y®) 4
( ) (3 )G =1 y :

YD = (1= w)y® 4 wBlat+];
(e) when M = (D — BL) and N = 1[(1 — @)D + (a — B)L + aU], Method 3.1 gives
GSOR-AOR iteration method
g* ) = (1 - w)z® + w(D - BL)"H[((1 — @)D + (a — B)L + aU)z® — ay® + ab],
y* = (1 - w)y® +wBlatHY];
(f) when M =l + H and N = ol — S with H =1(A+ AT) and S = 1(A— AT), Method
3.1 gives GSOR-HSS iteration method
g* D) = (1 — w)z® + w(al + H) (o — §)z®) —y*®) + 3],
Assume z* is the solution of CCAVE (1.1), or equivalently, the vector pair (z*,y*) satisfies

the following equations

Az* +y* =D,
—Blz*| +y* =0,
that is
2" = (1 — w)a* + wM~Y(Nz* — y* +b), (3.3)

y*=(1-w)y" +wBlz*|.

Let the vector pair (z*),4(*¥)) be generated by Method 3.1. Define the iteration errors
ef =" — ), el =y" — y ),

Then we can obtain the convergence results for Method 3.1 as follows.
Theorem 3.1. Let A= M — N be a splitting of the matriz A € R"*™, B € R™"™ and b € R™.

Denote
E=|M7Y, n=|MT'N|, ¢(=|B|, and
l—w|4+w w
\ | +wn 3 ‘ (3.4)

T =
wll = w|¢ + w?n¢ |1 — w| + wE¢
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If |T|| < 1, then the following inequality holds

|Exsill < ||Bkll, k=0,1,2,..., (3.5)
where
lef il
Epi1 = l;“
(1Sl

Proof. From Method 3.1 and (3.3), we have

ef 1 = (1 —w)ef +wM Y (Nef — ),

e = (1 —wle] +wB(|z*] - |2+ D)), (3.7)
From (3.6), we can obtain

el <11 = wl - legll + w(IM TN - ekl + 1127 - llekl)
=1 = wl - [legll + wnllexll + Elle; 1)
=(I1 = w[+ wn)leg]l + welleg]l- (3.8)

From (3.7) and Proposition 2.2, we have

el Il < 11—l - [ledll +wl| B - || |z*] — |=%+D] |
<1 —wl- flef]l + willz* — 2FHD))
=1 —w|-|lelll + wlllef - (3.9)

Consequently, based on (3.8) and (3.9), the following inequalities are derived:

_WCHei-HH + Hez_HH <[1- WH‘6£+1H7

ek ll < (11— wl 4+ wn)lleg]l + wéllek]l

Subsequently, it follows that

—w(1 ey 0 1—w er
¢ llefrall < | | ez (3.10)
10/ \llepll 1 —wl+wn wé e
Let
01
P = > 0.
1w(

Multiplying (3.10) from left by the nonnegative matrix P and according to Lemma 2.1, we have

01\ (~wct) (legal) _ (o1 0 —wl (el

1w L 0/ \llefyll lw( ) \[1—w|+wn w ezl

er l—w|+w w er

legall\ _ [ 11-wl+wn ¢ e )

lleg iyl w1 —w|¢ + w1 —w| +w?¢¢ )\ llef
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Denote

er l—wl 4w w
L R E ).,

Ek+1 - Y 2 2
et |t = wIC +wng |1 — | + w3

According to (3.11), we have
[ Exiall < (ITEk|| < T - || Ekll-

If |T|| < 1, then we have
[ Bkl < [ Ek|l-
This completes the proof. ]

Theorem 3.2. Let A= M — N be a splitting of the matriz A € R"*"™, B € R"*"™ and b € R".
Denote

E= MY, ¢=1Bl,
n=|M"IN|, §=w,
¢ =1—w|+wn,

P =1 —w|+w.

If
20% 4 6% + 1% < min{l + ©*(1 — w)?, 2}, (3.12)

then the following inequality holds
I(eks1s epr DI < Mll(ek, eIl k=0,1,2,.... (3.13)

Here, the norm is defined by

11e”, eI = Ve[ + (w2 [lev]|2.

Proof. From the proof of Theorem 3.1, we have

el _ (-l ben el -
lleg o wll — w|¢ 4+ w?n¢ [1 — w| + w?éC leql
Denote
1 0
Q= > 0.
Ow*1C*1

Multiplying (3.14) from left by the nonnegative matrix @), we can get
el _[mwlren et lexl
w ' e 1wl +wn |l —w|+wC ) \w el

Hence, we have R
(exp1s epe DI < ITI - TR, eI
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where

~ l—w|l+w w?
7 | | +wn £¢ -0

L—wl+wnll—w +w?C )

Now, we consider the choice of the splitting of the matrix A and the iteration parameter w
such that | T|| < 1, thus the inequality (3.13) holds. Denote

N b
i
py
Since
P 202 5+
ST _ ©* (0 +)
(0 +1p) 6+
then we have o
tr(T'T) = 2% 4 6% + ¢? (3.15)
and o
det(T'T) = ©*(1 — w)2. (3.16)

Assume A is the eigenvalues of the matrix TTT with A > 0, thus A\ will satisfy
A2 —tr(T T\ + det(T'T) = 0.
Hence, we have the following relations
M+ d=tr(T'T), Ao =det(T'T). (3.17)

If
0 < 20% 4+ 6% 4 ¢? < min{l + (1 — w)?,2},

from (3.15), (3.16) and (3.17), we have
0< A +X<2 and A+ Ao <1+ Ao,

that is
0< A +X<2 and ()\1—1)(/\2—1)>0.

Note that A1 A2 > 0, then we can get
0§)\1<1 and 0§/\2<1.

Hence R
1T = v/max{A, A2} < 1.

This completes the proof. ]
It is easy to see that if the conditions of Theorem 3.2 are satisfied, then we have

0 < [[I(ek: e < NI (kv ek DIl < -+ < ITN* - [11(e5 B

Since | T < 1, we have limj_,o (e, e7)]]] = 0. Using the definition of the norm ||| - ||| gives
limy o0 [|€F]| = 0 and limg_o0 [l€}|| = 0. Therefore, the sequence {z(*)} generated by Method
3.1 will converge to the solution of CCAVE (1.1).
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4. Numerical experiments

In this section, we use some test problems to examine the effectiveness of the generalized SOR-like
iteration method 3.1. All test problems are started from the initial zero vector, are terminated
if the current iterations satisfy

ERR := [|b— A2®) — B|z®)||| < 1076

or if the number of the prescribed iteration steps kmax = 1000 is exceeded, and are performed
under Matlab R2011b on a personal computer with 3.60GHz central processing unit (Intel(R)
Core(TM) i7-7700), 32.0GB memory and Windows 10 operating system. In addition, ‘IT’ de-
notes the number of iteration steps and ‘CPU’ denotes the elapsed CPU time in seconds. The
symbol ‘—’ in the tables of numerical results means that the methods do not converge within
the preset maximum number of iterations. And all linear systems are solved by direct methods.

Example 4.1. Consider CCAVE (1.1) associated with

2 2 2 ™ T .
L:=Lh) x Ly x-xLy and 6; = 5+(—1)Z§, i=1,2,...,1,
A=T,@IQI+1T,0[+I101xT, € R"*¥.
Here, ® denotes the Kronecker product and T3, T}, T, are tridiagonal matrices given by
T, = tridiag(ta, t1,t3), Ty = tridiag(t2,0,t3) and T, = tridiag(ts,0,%2)

with ¢; =5+ 7r,to = =1 —r, and t3 = —r. Let r = ¢h/2 with h = 1/(l + 1) and ¢ = 10.
1
Furthermore, let B = 5], ot =(=1,1,—1,...,(-=1)")T € R” and b := Az* + B|z*|.

Example 1: =10 and q=10

1.1 T
—*— GSOR
—P— GSOR-Jacobi
1| | —+— GSOR-Seidel ]
—#%— GSOR-HSS
09 4
= b
208k J
©
£
hs
© 0.7 4
£
S
P4
0.6 1
0.5} q
0.4 . . . . . .
0.5 0.6 0.7 0.8 0.9 1 1.1 1.2

w
Figure 1. Norm of the matrix T" with the parameter w for Example 4.1.

For Example 4.1, we utilize GSOR, GSOR-Jacobi, GSOR-Seidel and GSOR-HSS iteration
methods for solving it and quickly approximate the exact solution x*. The norm of the matrix
T defined in (3.4) and the iteration numbers with the parameter w for GSOR, GSOR-Jacobi,
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Example 1:1=10 and g=10

—*%— GSOR
—P— GSOR-Jacobi
—+— GSOR-Seidel
—#%— GSOR-HSS

Iteration Number

Figure 2. Iteration numbers with the parameter w for Example 4.1.

Table 1. Numerical results of Example 4.1 and ¢ = 10.

Method 1 10 20 30
w 1.00 1.00 1.00

IT 8 9 10

GSOR CPU | 0.0372 0.5528 4.5849
ERR | 9.7928¢-07 6.5642¢-07  1.9212-08

w 1.00 1.00 1.00

IT 32 34 35

GSOR-Jacobi | CPU | 0.0035 0.0099 0.0371
ERR | 8.8788¢-07 8.9338¢-07 6.5315¢-07

w 1.05 1.00 1.00

IT 16 18 18

GSOR-Seidle | CPU | 0.0008 0.0052 0.199
ERR | 6.3365¢-07 6.4019¢-07 6.9944¢-07

w 1.00 1.00 1.00

GSOR-HSS | IT 17 20 21
(a=1) | CPU| 0.0245 0.4022 2.5304
ERR | 7.9522¢-07 5.8675¢-07 7.0669¢-07

GSOR-Seidel and GSOR-HSS (a = 1) iteration methods to solve Example 4.1 are plotted on

Figures 1 and 2, respectively.

For different values of [, the optimal parameter w was selected. Table 1 lists the number
of iterations, CPU time and residuals for each method. The numerical results show that the
number of iterations of the GSOR method is significantly lower than that of other methods,
and the GSOR-Seidel iterative method always has the shortest computing time, demonstrating

higher computational efficiency.

Example 4.2. Consider CCAVE (1.1) associated with

Li=LY x Lh x--x Ly and ei:g+(—1)i

ool 3
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A=T,@IQI+1T,0+I10I1xT, € R"*¥
Here ® denotes the Kronecker product and 1%, T, T, are tridiagonal matrices given by
T, = tridiag(t2, t1,t3), Ty = tridiag(t2,0,t3) and T = tridiag(ts,0,t3).

Let r = qgh/2 with h =1/(l +1). And we consider the following cases:
Case (1). t; =8, to=—1—r,t3=—14r.
Case (2). t; =6+6r,to = —1—2r, t3 = —1.
Let B = 1—101, = (=1,2,-3,4,=5,..., (=D)P1)T € R” and b := Az* + B|z*|.

For Example 4.2, we compare GSOR, GSOR-Jacobi, GSOR-Seidel and GSOR-HSS (a = 1)
iteration methods. Figures 3 and 4 depicts the norm of the matrix 7" and iteration numbers
with the parameter w of these iteration methods. From those subfigures, we can see that the
iteration methods may converge to the solution when ||7°|| > 1.

In Tables 2-5, for different size [ and parameter g, we list the iteration steps, the CPU time,
and the residual norms with respect to the generalized SOR-like iteration methods for Example
4.2. The quasi-optimal parameters are also listed in the corresponding tables, which are chosen
as the best ones experimentally. These numerical results show that all tested methods can
quickly compute a satisfactory approximation solution. Moreover, we can see that GSOR-Seidel
iteration method shows much higher computing efficiency than other the iteration methods.

Example 2: case (1) and g=10 Example 2: case (1) and g=10

—#—GSOR —+—GSOR

——GSOR-Jacabi ——GSOR-Jacabi
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Figure 3. Norm of the matrix T (left) and iteration numbers (right) with the parameter w of the iteration
methods for Example 4.2 with Case (1) and [ = 8.
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Table 2. Numerical results of Example 4.2 with Case (1) and ¢ = 10.
Method l 8 16 24 32 40
w 1.00 1.00 1.00 1.00 1.00
IT 6 7 8 8 8
GSOR CPU 0.0156 0.2748 1.5079 7.2162 21.8959
ERR | 6.0069¢-07 2.2314e-07 2.5548e-08 9.3294e-08 2.5482e-07
w 1.00 1.00 1.00 1.00 1.00
IT 48 71 78 82 86
GSOR-Jacobi | CPU 0.0153 0.0656 0.1924 0.4268 1.5391
ERR | 6.0036e-07 7.4529e-07 8.6402e-07 9.6271e-07 7.5043e-07
w 1.10 1.15 1.15 1.15 1.15
IT 15 26 31 35 37
GSOR-Seidle | CPU 0.0050 0.0245 0.0754 0.1889 0.9474
ERR | 6.3849e-07 4.7942e-07 8.3206e-07 5.7052e-07 8.0330e-07
w 1.00 1.15 1.15 1.15 1.15
GSOR-HSS IT 25 17 17 18 18
(a=1) CPU 0.0411 0.2018 0.9698 4.6729 13.9632
ERR | 7.5173e-07 4.7562e-07 3.5270e-07 2.7587e-07 6.5505e-07
Example 2: case (2) and g=10 Example 2: case (2) and g=10
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Figure 4. Norm of the matrix T (left) and iteration numbers (right) with the parameter w of the iteration
methods for Example 4.2 with Case (2) and [ = 8.
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Table 3. Numerical results of Example 4.2 with Case (1) and ¢ = 20.

Method l 8 16 24 32 40
w 1.00 1.00 1.00 1.00 1.00
IT 6 7 8 8 8
GSOR CPU 0.0198 0.2815 1.5066 7.2162 21.5379
ERR | 5.4210e-07 2.1982e-07 2.6324e-08 9.3294e-08 2.6080e-07
w 0.95 1.00 1.00 1.00 1.00
IT 34 66 78 82 87
GSOR-Jacobi | CPU 0.0122 0.0588 0.1903 0.4268 1.5473
ERR | 9.8932e-07 9.9887e-07 9.2203e-07 9.6271e-07 7.6217e-07
w 1.00 1.10 1.15 1.15 1.15
IT 10 18 24 35 33
GSOR-Seidle | CPU 0.0035 0.0170 0.0602 0.1889 1.1391
ERR | 5.9835e-07 4.9983e-07 8.8095e-07 5.7052e-07 4.8416e-07
w 0.55 1.00 1.05 1.15 1.15
GSOR-HSS IT 59 29 22 18 19
(a=1) CPU 0.1055 0.3429 1.2637 4.6729 19.0462
ERR | 8.7818e-07 7.9624e-07 8.4064e-07 2.7587e-07 3.0678e-07
Table 4. Numerical results of Example 4.2 with Case (2) and ¢ = 10.
Method l 8 16 24 32 40
w 1.00 1.00 1.00 1.00 1.00
IT 7 9 11 13 15
GSOR CPU 0.0490 0.3859 2.1109 11.7558 41.8952
ERR | 1.4766e-07 5.7752e-07 6.3320e-07  5.2020e-07 4.1148e-07
w 1.00 1.00 — — —
IT 163 522 — — —
GSOR-Jacobi | CPU 0.0652 0.4894 — — —
ERR | 9.4991e-07 9.8877e-07 — — —
w 1.35 1.50 1.55 1.55 1.55
IT 49 152 312 541 836
GSOR-Seidle | CPU 0.0182 0.1482 0.7957 2.9903 8.9076
ERR | 8.3114e-07 9.4683e-07 9.8972e-07 9.8405e-07  9.8290e-07
w 1.00 1.40 1.60 1.70 1.70
GSOR-HSS IT 42 34 84 148 238
(a=1) CPU 0.0763 0.4212 4.8953 37.2411 173.1226
ERR | 6.1121e-07 6.6188e-07 8.2151e-07 8.9313e-07 9.7361e-07

5. Concluding remarks

We have introduced a class of generalized SOR-like iteration methods for solving the absolute
value equation associated with circular cones. This approach is derived by equivalently reformu-
lating the CCAVE as a two-by-two block nonlinear equation. Furthermore, we have made several
novel observations regarding circular cones. Leveraging these insights and a newly developed
convergence analysis technique, we have established sufficient conditions for the convergence of
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Table 5. Numerical results of Example 4.2 with Case (2) and ¢ = 20.

Method l 8 16 24 32 40
w 1.00 1.00 1.00 1.00 1.00
IT 6 9 10 12 13
GSOR CPU 0.0181 0.3462 1.9594 10.4786 34.6034
ERR | 8.6458e-07 3.9429e-08 4.8689e-07 1.6076e-07 3.5629e-07
w 1.00 1.00 1.00 1.00 —
IT 110 304 585 953 —
GSOR-Jacobi | CPU 0.0402 0.2809 1.4531 4.9564 —
ERR | 8.2288e-07 9.9003e-07 9.5589¢-07 9.6887e-07 7.6217e-07
w 1.30 1.45 1.50 1.55 1.55
IT 32 86 167 269 404
GSOR-Seidle | CPU 0.0141 0.0801 0.4212 1.4320 5.0139
ERR | 8.2044e-07 9.2339e-07 8.8030e-07 9.3161e-07 9.8732e-07
w 0.55 0.80 1.25 1.55 1.55
GSOR-HSS IT 84 81 61 61 100
(a=1) CPU 0.1458 0.9717 3.6481 15.0669 73.4512
ERR | 8.1851e-07 7.7101e-07 8.2311e-07 9.3980e-07  8.1270e-07

the proposed iteration methods. Numerical experiments demonstrate that the proposed methods
are computationally feasible and effective.

However, the numerical results reveal that the iteration methods may still converge to the
solution even when the spectral norm of T is greater than or equal to 1. Therefore, further
investigation is required to derive a more precise sufficient condition for convergence.
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