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TEN LIMIT CYCLES NEAR A CUBIC HOMOCLINIC LOOP WITH A
NILPOTENT CUSP*

Yun Tian®t and Didi Ma!

Abstract In this paper, we study the bifurcation of limit cycles near a homoclinic cuspidal
loop in a planar cubic near-Hamiltonian system by high-order Melnikov functions. We com-
bine the algebraic structure of Abelian integrals with Picard-Fuchs equations for computing
the corresponding asymptotic expansion of Melnikov functions near the cuspidal loop. Using
this system as an example, we show that planar cubic systems can have ten limit cycles bi-
furcating near a homoclinic loop, which is a new lower bound for the number of limit cycles
produced by homoclinic bifurcation in cubic systems.
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1. Introduction and main results

One of restricted versions of the second part of Hilbert’s 16th problem is to estimate the number
of limit cycles bifurcating near a homoclinic or heteroclinic loop in planar polynomial near-
integrable systems of the form

& =p~ (@, y) Hy(2,y) + ep(z, y,€),

§=—p (2, y)Ha(x,y) + eq(,y,€), Y

where |e| < 1, H(z,y) is a smooth first integral of the unperturbed system (1.1)|.—¢ with an
integrating factor p(z, y), perturbation functions p(x,y, ) and q(z,y, €) are polynomials in (z, y)
and analytic in . Suppose the integrable system (1.1)|.—p has a continuous family of periodic
orbits given by

I'y: H(z,y) =h, h € (o, B)

with a homoclinic or heteroclinic loop I'g C {H(z,y) = }. Then the number of limit cycles
produced near I'g can be estimated by the number of isolated zeros of the Melnikov function

M(h) = yg (e, y) (aa v, 0)de — plz, y, 0)dy)

for0<f—-—h<1.
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To determine the number of isolated zeros of M (h) for 0 <  — h < 1, lots of results have
been derived for the asymptotic expansion of M (h) near I'g, for example see [1,2,9,11,14,19,21,
22,27,31,32]. Formulas were also obtained for the first several coefficients of related asymptotic
expansions for I'g connecting different types of singular points [10-12,14]. Tian and Han [24]
established an algorithm to compute more coefficients of the expansion of Melnikov functions
near homoclinic loops with studying bifurcations of small limit cycles near an elementary center
simultaneously. This method was extended to some other cases of heteroclinc loops [6], cuspidal
loops [20] and loops passing through nilpotent saddles [30,31].

For the quadratic case of system (1.1), there are some known results obtained for limit cycle
bifurcations near a homoclinic or heteroclinic loop, for example see [4,7,8, 13, 15-18, 28] and
references therein. It was proved that the cyclicity of a homoclinic loop is two for quadratic
Hamiltonian systems under quadratic perturbations [13,17,18]. Gavrilov and Iliev [4] proved
that there are at most three limit cycles bifurcating from a heteroclinic loop with two saddles in
quadratic near-Hamiltonian systems. Xiong, Han and Xiao [28] showed that three limit cycles
can be produced near a triangle loop in quadratic near-integrable systems. For cubic systems,
there are few results for finding lower bounds on the number of limit cycles near homoclinic
or heterclinic loops. Examples were presented to show the existence of 5 limit cycles near a
homoclinic loop in [25], and near a heteroclinic loop in [5].

In this paper, we shall present an example of a planar cubic Hamiltonian system with a
cuspidal homoclinic loop from which ten limit cycles bifurcate under suitable cubic perturbations.
Consider the following cubic near-Hamiltonian system

3 3
&= Hy(z,y) + Y "Pile,y), §=—Hol(z,y)+)_ "Qulx,y), (1.2)
k=1 k=1

where || < 1, H(z,y) = 3y? — 2% + 12% and

Pi( Z pijke'y’,  Qu(w,y) Z Gijhe'y’ (1.3)

1+7=1 i+7=1

with the coefficients p;;i and g¢;;;, as free parameters.

The unperturbed system of (1.2) has an elementary center at the point (1,0) and a nilpotent
cusp at the origin. There is a homoclinic loop T'g defined by H(z,y) = 0 passing through the
origin. There exist two continuous families of periodic orbits

I : H(z,y)=h, he(0,+00),

(1.4)
I, : H(x,y)=h, he(-1/12,0),

which are separated by the cuspidal loop T.

Polynomial perturbations of the Hamiltonian system (1.2)|c=p were investigated in [20, 25,
26,33]. Zhao and Zhang [33] gave an upper bound [2*] for the number of zeros of the first order
Melnikov functions for perturbations of degree n on the two period annulus. In [25] the existence
of 5 limit cycles near I'g was proved for cubic perturbations by using the first order Melnikov
function. Here we shall study higher-order Melnikov functions and find 10 limit cycles near I'g
for suitable cubic perturbations.

Let d*(h,e) be two displacement functions near T'g for £h > 0, respectively. Then d*(h,¢)
can be expanded as

dE(h,e) = eMi (h) + MG (h) + -+ + " ME(h) + - -, (1.5)
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where

MEW) = §, Qule)ds = Pila )y (1.6)

By studying the first nonvanishing Melnikov functions in (1.5) we get the following two theorems.

Theorem 1.1. Let (1.5) hold. Then the following statements hold:

(1) If Mli(h) # 0, system (1.2) can have 5 limit cycles bifurcating near the homoclinic loop
Ty with proper perturbations. Furthermore, Mli(h) =0 if and only if

P121 = —3Qo31, Qo1 = —P1o1, QG111 = —2P201, G211 = —3P301- (1.7)

(I1) Assume ME(h) = 0. If MF(h) # 0, system (1.2) can have 8 limit cycles bifurcating
near the homoclinic loop T'g with proper perturbations. Furthermore, Mgi(h) = 0 if and only if
one of the following conditions holds:

g, . P = —2qo21, P122 = —3Qo32, qo12 = —P102;
1
qi12 = —2p202, Q121 = —P211, G212 = —3P302;

p122 = Po21(P111 + 2qo21) — 3Go32, o1z = —P1o2,  Gos1 =0,
So 1 ¢ qii2 = pro1(P1i1 + 29021) — 2p202, Q121 = —p2it,
@212 = (P201 + P301) (P11 + 2g021) — 3P302; (1.8)

(po21 =0, pi22 = 217301(17211 + 6]121) —3q032, o012 = —P102,

qo31 =0, qu12 = p1o1(P111 + 29021) — 2p202,

¢212 = 2p101(P211 + q121) + 2(p201 + P301) (P211 + Go21 + q121)

\ + p111(p201 + P301) — 3p302-

Theorem 1.2. Let (1.5) hold. If ME(h) = M (h) =0, MF(h) # 0, system (1.2) can have 10

limit cycles produced near the homoclinic loop I'y with proper perturbations.

S3 :

To prove Theorems 1.1 and 1.2, we use the algebraic structure of Abelian integrals

Ifj(h) = 7?% z'y/dz
and Picard-Fuchs equation to study the asymptotic expansion of M ki(h) near h=0,k=1,2,3.
Recursive formulas are obtained for the coefficients of the expansion of Melnikov functions near
I'p without investigating Hopf bifurcation near the center simultaneously.
The paper is organized as follows: In Section 2 we study the algebraic structure of Abelian
integrals I Zi](h) in Lemma 2.1 and obtain recursive formulas for the coefficients of the asymptotic

expansion of Iijfl(h), 1 =0,1,2, in Lemma 2.3 by Picard-Fuchs equation. Then we can get the

asymptotic expansion of any linear combination of Abelian integrals Ili](h) near h = 0. In
Section 3 we give the proofs of Theorems 1.1 and 1.2, respectively.

2. Preliminaries

We begin by studying Abelian integrals of system (1.2)

+ _ i,
Iz,](h) - f}i ry dlL‘,

h
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where F}jl[ are given in (1.4). For the algebraic structure of Abelian integrals Iiij(h) we have the
following lemma.

Lemma 2.1. For Abelian integrals Ifj(h) of system (1.2), the following identities hold:
(i) Ifj(h) =0 for j even;
(ii) (¢ + 1)133(}1) = j(—’i4,j—2(h) - I£3,j—2(h)) Jori>—1andj>1;

(ii) I3 (k) = I3 (h) and I (h) = §2815 | | (h) + 222hIE 1 (h) fori > 4.,

Proof. Because all the periodic orbits Ff are symmetric with respect to the z-axis, it is
straightforward to get the statement (i).
Note that x%/4 = H(z,y) — y?/2 +23/3. For i > —1 and j > 1, we have
xi+4yj—2d$ — Ii+1yj_2d(ﬂj4/4)
— gitlyi—2q (H 224 $3/3)
_ .’EH_lyj_QdH _ xi+1yj—1dy + .’L'i+3yj_2dl‘

= oy 2dH — d(2y /) + Z—;xzy]dx + 23y d .

Integrating its both sides along Ff yields the statement (ii).
Taking j = 3 and replacing i by i — 4 in (ii), for ¢ > 3 we have

1—3
Iij,[l(h) = Iii—l,l(h) + T—Tz‘i—m(h)
i—3 2, 1 .
= Ili_l’l(h) + 5 jgf (Zh + §:c3 2:c4> T hyde
2(0 —3 2(i—3 1—3
=+ 2 2O ey,
which yields the statement (iii). The proof is completed. O

Then by Lemma 2.1 for any ¢ > 0 and j > 1, Ili](h) can be expressed in the form
L5(h) = pi(h)Ig 1 (h) + pa(R) Iy (R) + pa(R) I, (),

where p;(h), i = 1,2,3, are polynomials in h. Thus in order to expand Ilij(h) near h = 0, we
only need to study the asymptotic expansions of Ioi(h), Iffl(h) and Ifl(h). To this end, we
derive the Picard-Fuchs equation for Iijj(h), 1 =1, 2,3 in the next lemma.

Lemma 2.2. Let X*(h) = (Igfl(h), Iffl(h), Izjfl(h))T. Then X*(h) satisfies the Picard-Fuchs
equation

d
P(h) 37 X=(h) = (Ath + Ag) X*(h), (2.1)
where P(h) = 12h(12h + 1),
10 2 —15 108 0 0
A= 014-15|, Ai1=|-12144 0 |- (2.2)

00 O —12 -24180
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Proof. Noting y? = 2h + %x?’ — %x4 along I‘f, we have

ip2
Tty 2 1
TG = e = I () + ST () = 5T (). (23)
h
By (ii)|j=1 of Lemma 2.1, for i > —1 we get
I (0) = (4 DIR () + gy (h). (24)
Then substituting (2.4) into (2.3) yields
(3i + 9)I;5 (h) = 12h1;_  (h) + I 5 (). (2.5)
When ¢ = —1,0, 1, by (2.4) we can further get
54 (h) = Iy _y(h),
sz—l(h) - Iga(h) + I?f—1(h) = Ié?l(h) + I§—1(h)7 (2'6)

I3y (h) = 23 (h) + Iy _y (h) = 217 (h) + Iy (h) + Iy _y (h).
Taking ¢ = 0, 1,2 for (2.5) and then removing Igi’fl(h), Ifﬁl(h) and I;’[fl(h) by (2.6), we obtain

915, (h) = 12hI5_4(h) + Iy, (h),
— Iy (h) + 127 (h) = 12hI;_  (h) + Iy (h),
— Igy(h) — 2115 (h) + 15151 (h) = (12h+ 1) I (h),

—~

which yields (2.1) because %Ifl(h) = If_l(h). The proof is completed. O

Next, we shall use the Picard-Fuchs equation (2.1) to compute the asymptotic expansions of
I(fl(h), Ifl(h) and I%l(h) near h = 0. By [14], X*(h) can be expanded in the following form

XE(h) =Y afh + 3 (bF|h]s + cFIE) R, 0<th <1, (2.7)
§=0 =0

where a;-t, b;-t and c}t are vector coefficients. We have the next lemma.

Lemma 2.3. Let X*(h) = (I&l(h),lfl(h),lgfl(h))ip. Then for the vector coefficients in (2.7)
we have

Agaf =0, (Ap — 10 E3)bF =0, (Ag — 14 E3)ct =0,

(Ao — 12j Es) af = —(Ay — 144(j — 1) Es)a; ,, j > 1,

(Ao — (12) +10) ) b = (A, — (144] — 24) By) bE . j > 1 29
(Ao — (12j + 14) Bs) ¢ = F(Ay — (1445 + 24) Es) ¢, j > 1,

where Ay and Ay are matrices given in (2.2), and E3 is the 3 x 3 identity matriz.
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We shall use the Picard-Fuchs equation (2.1) to prove Lemma 2.3. By (2.7) we notice that
the derivative %X £(h) is not defined at h = 0 when b # 0. However, the left-hand side of
(2.1) can be rewritten as

d
dh

d

P(h)— T

X*(h) = - (P(h)X*(h)) — P'(h) X (), (2.9)
which can be expanded as a convergent series near h = 0 by (2.7). Then P(h)%X £(h) can be
well-defined at h = 0, which implies that we can use (2.1) and (2.9) to study the asymptotic
expansion (2.7) for X*(h).

Proof. Here we only present the proof for X *(h). The case for X~ (h) can be similarly proved.
By (2.7) we have

o0
P(h)X*(h) = 12afh+ Y (12af | + 14da’ )7 + 1265 h'e +12¢h's
=2

+

e

I
)

[(121;;1 +144bF )h? + (12¢), + 14de) )h%} W,
J

[o.¢]
P'()X*(h) = 12a5 + > (12a} +288a; )l + 12bf he + 12¢] he
j=1

_|_

e

5 7 ;
[(12bj+ +288b* At + (12¢F + 288c;1)h6] h.
1

J

Then by (2.9), the left-hand side of (2.1) can be expanded as
> 7
P(h =Y 12jaf + 144 — 1)af k7 + 106 he + ldef his
7j=1

+ 571127 + 10)b + (1447 — 24)bF W +S (2.10)

‘M8

Il
—

J

. . il T
+ > 1125 +14)cf + (1445 + 24)c) ]/ T5.

M

Il
i

J

On the other hand, substituting (2.7) into the right-hand side of (2.1) yields

(Aih+ Ag)X T (h) =Agaf + > (Aoal + Araf )W + Aoy hé
=t (2.11)

+Agethé+> [(Aobj+A1bj_1)hj+%+(A0cj+A1cj+_1)hj+%] .
j=1
Comparing the coefficients in (2.10) and (2.11), we can get (2.8) for a b+ and c , j>0. The

proof is completed. O
Note that by (2.2) for any j > 1 we have

det(Ag — (125 + \)Es) #0, A€ {0,10,14}.
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Then by the last three equations of (2. 8) for any 5 > 1 the coefficients a bi and cJ are

uniquely determined by at bi ; and c -1, respectively. To be precise, for j > 1 we have

j—1

a; = —(Ag —12j E3) " (A; — 144(j — 1) E3) a;

a1
by = F(Ao — (12j + 10) E3) ' (Ay — (144 — 24) E3) b7, (2.12)
c; = F(Ag — (12§ + 14) Es) "' (A; — (144j + 24) Es) ¢ ;.

Then when we have the values of aac, bac and cac, we can get all the remaining coefficients in
(2.7) by using (2.12).
Suppose that aaE, baE and ca—L are given by

+ £ + +

+ + + 4+ o+
ay = (ajg, agy, ago)Tv bo =(b )T

10 b207 b3p)", €y = (¢lps 205 €30
By the first three equations of (2.8), we can get
5 7
+ + + ot + + + + +
Ay = 6a107 azy = 9 ajp,  byg =035 =0, ¢ =2c7, c3=0. (2.13)

Using the method presented in [14], we obtain

+ 3 2 1
a1g = ydx:2/ T2\ = — =
10 fi—‘o 3 2

b, = TooBE, = 2v2 x (—5)*§B§ S rBoo’ (2.14)
_ 4 1 s
Clio = 7’1OBﬁ) = —g\/§>< (—g) 3 Z 1i = \/67310’

where

Bl = 3/1 T <o B_—3/1$>0
0 5 o VI—a® 05 Jo Ja(l—a%)

B*—§ ) —/ z>de —2] <0 215
Wor\h o Vi—# Jo VITaB+1+4a8 ’ (2.15)

3 1 x%d:ﬁ
B, =—= -2 >0.
10 7(/0 V1i—a34+1—23 )

Then by (2.12), (2.13) and (2.14) we can derive the following lemma.

Lemma 2.4. Abelian integrals I&l(h), Ifl(h) and I%l(h) have the following asymptotic expan-
sions near h = 0:

14/2 35 385

T = 220 ot onlt & gt S
10 21

I (h) = \[ ™+ V8rh + 26E |5 & —b(jﬂh\% T %bﬁhy% N (2.16)
28\f 42 30 13

() = S5 +— h+ —bo\h\ F U

where b = V72 BE and b = V/648 B, with BY, and B, given in (2.15).
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Then for any Melnikov functions M=*(h, §) of system (1.2) given by
=> ) ay(d)I5(h), neNT,

i=0 j=0

we can use Lemmas 2.1 and 2.4 to compute the coefficients of the following asymptotic expansions

M7 (h,8) = co(0 —|—Z <03J+1 hj+%_|_C3j+2(5)hj+1+03j+3<5)hj+%> 7
j=>0
: . (2.17)
M (h,8) = 2(8)+) <C3J+1 AP 423, +2(6)h‘]+1—{—53j+3(5)|h‘.7+6> ,
j20

where § € R™ is a vector consisting of all the free parameters in system (1.2). Note that by
(2.12), (2.13) and (2.14) we can get

W —ar BT e = () e 520
B, B .
where p; = e > 0 and p3 = B > (0. Then for (2.17) using Lemma 2.1 we can further
obtain
co=7¢o, C3j+2=C3j42, Cajpk = (=1 ppézin, k=1,3, j>0. (2.18)

The identities in (2.18) show the relation between the coefficients ¢, and ¢, k > 0, which can
be also obtained by [29]. In [29] Yang and Han presented the relation between the coefficients of
the asymptotic expansions of M j[(h) near a cuspidal loop defined by an analytic Hamiltonian.
Based on this result, bifurcations of limit cycles near a cuspidal loop can be investigated by
only using the coefficients of the asymptotic expansion of M*(h). The next lemma is derived
from [29] for system (1.2).

Lemma 2.5. Assume that M*(h,§) are the first nonvanishing Melnikov functions in (1.5) with
(2.17) holding. If there exist 6g € R™ and 3n+1 <k < 3(n+ 1) such that

co(0p) = c1(0g) = -+ = cx—1(d0) =0, ¢cx(do) # 0,
8(00, Cl,- - ,Ck_l)

= kj7
00 6=5,

rank

then system (1.2) can have 2k — (n+ 1) limit cycles near Ty with k (or k — (n+ 1)) limit cycles
inside Tg and k — (n+ 1) (or k) limit cycles outside I'y for some (g,8) near (0, dp).

3. Proof of Theorems 1.1 and 1.2

In this section, we shall prove Theorems 1.1 and 1.2 by using Lemmas 2.1, 2.4 and 2.5.
Proof of Theorem 1.1. Note that Melnikov functions Mj=(h) in (1.6) can be written in the

o ME(h) = fr . (Ql(x,w +f i,Pl(x,y)dy) d. (3.1)

h
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Then by (1.3) and (3.1) we have
M;"(h) = AyIg (h) + Aoy (R) + Aslyy (h) + AsIys(h), (3.2)
where

A1 = pro1 + qo11, A2 = 2p201 + Q1115
1 (3.3)
A3 = 3p301 + q211, A4 = 3P121 + qo31-

By Lemma 2.5 we only need to study the coefficients of the asymptotic expansion of M (h)
for 0 < h < 1. By the statements (ii) and (iii) of Lemma 2.1, we get

4 22 2
IH () = ShIG () + T () =

7
1
Iofg(h) = 3111(h) — 31;1(h) = §(12h15f1(h) + I;l(h)).

Substituting the second identity of (3.4) into (3.2) yields

(6hIy(h) + 1115, (h)),
(3.4)

12 1
M () = (A1 + = Ash) Iy (h) + Ao Ty (0) + (As + 2 A) I, ().

Then using (2.16) we further obtain
M (h) = co + b e1h® + coh+ bfesht +-+-, 0<h < 1, (3.5)

where

2\/§7r
243

221
9

co = (18A1 + 1545 4+ 14A3 + 2A4), c1 = —2A;q,

(3.6)

Cy = (9A2 + 643 + 2A4), c3 = A1 + 2A,.

Then by (3.3) and (3.6) solving ¢y = ¢; = c2 = 0 in qo11, q111 and g211 yields

4
qoi1 = —P1o1, G111 = —2p201 — 2*7(1?121 + 3q031),

1
G211 = —3p301 + §(p121 + 3qo31),

and c3 = —2§(p121 + 3qo31). Because cg, ¢; and ¢y are linear in gp11, ¢111 and g211, by Lemma

7
2.5 system (1.2) can have 5 limit cycles near I'y with proper perturbations with pj2; +3¢o31 # 0.
By (3.6) it is easy to get

¢;=0,7=01,23 « A;=0, j=1,2,3,4.

Then by (3.2) and (3.5) we obtain M“(h) = 0 if and only if A} = Ay = A3 = A4 = 0, which
yields (1.7).

Next, we assume Mli(h) = 0, and then study the asymptotic expansion of M, (h) near
h =0. With (1.7) holding, we get

Q1dx — Pidy =ridH + dRy,
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where

ri(z,y) = —(p111 + 2q021) — (p211 + qi21)2>

Then using Frangoise’s algorithm [3], we have

MFE(h dz — Pd
(h) = ;{Qx "

h

where

Q(xvy) - QQ(x7y) + Tl(.%',y)Ql(l',y),
P(xay) = PQ(xvy) + Tl(x7y)P1(x>y)'

(3.7)

Then by the statement (i) of Lemma 2.1, M3 (h) can be simplified into the form

M (h) :f{i <Q+/£de> dz

8
+
_ZBJ i1 )+ZBjIj—6,3(h)>

=6
where
B1 = pio2 + qo12, By = 2pao2 + q112 — (P111 + 29021)P101,

B3 = 3p302 + q212 — (P111 + 2q021)p201 — (2p211 + 2q121)P1015
By = —(p111 + 29021)p301 — (2p211 + 2q121)p201,

1 1
Bs = —2(pa11 + q121)p301, Bs = 5p122 + qo32 — 5 (P111 + 2g021)po21,

3 3

(3.8)

(3.9)

2
Br = (p111 + 2qo21)q031 — 5 (P211 + q121)po21,  Bs = 2(p211 + q121)q031-

3
Using (ii) and (iii) of Lemma 2.1, we get

13

13 143
I7) = hIf, +1 14 L= hlofl + hlffl

126
11
51l

— I,
3 3
3lea— gl =
4 10
9

Iff3 = hlgl + hljl +

130
189

10 4 715
5 hIl+1 + (zh+

3 567)

4 143
hﬁ hﬁ h+—)If
89 1+ 11+(3 +1134)

Igl = h1;1

3 Igl = h10+1

Ly = Igy — 131 = §
Then substituting (3.4) and (3.10) into (3.8) yields

My (h) = (B1 + Csh) Iy + (B2 + Cah) Iy + (Cs + Cgh) I,

where

4 12 1 13 3 1
Cy3= =B — B, —B —B Cy,=-B —-B
3 7 5 + 7 6+14 7+189 3, 175 7+9 85

143

4
05233+B4+ B5+ B6+ B7+ ——Bg, Cg= -DBs.

7 84 1134 3

(3.10)

(3.11)

(3.12)
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Then by (2.16) we can get

My (h) = 2o + by GLhs + Goh + b E3h® + bl esh's +Esh2 + - |

where

_ V2
co = 19633 (2916 B; + 243083 + 2268 B3 + 2268 B4 + 2376 B

+ 324Bg + 297B7 + 286Bs),
c1 = —2By,

24/2
Gy = ‘8[1”(8132 + 54B3 4 54By 4 60B5 4 18Bg 4 1587 4 14Byg), (3.13)
c3 = By + 2By,

1
CqL = E(SE)Bl + 42B9 + 48B3 + 48B4 — 14436),

s = V2m(3B7 + 2Bs).

Note that ¢;, j = 0,1,---,5, are linear in p;j» and ¢;j2. By (3.9) and (3.13), from ¢y = ¢ =
¢s = ¢3 = 0 we can get a unique solution in pi22, go12, q112 and g212, under which we have

5
Cqp = — §p021(Q121 + p211)

1
+ 51 q031(135p111 + 244p211 + 270qo21 + 244¢121), (3.14)

&5 = V27[—2po2 (q121 + p211) + 031 (3p111 + 4p211 + 6oz + 4qi21)].
Then if q121 + p211 # 0, by (3.14) solving ¢4 = 0 in pga; yields

q031(135p111 + 244p211 + 270q021 + 244q121)
90(q121 + p211)

Po21 = , (3.15)

and & = — %27 goa1 (q191 + pann). Note that

a C ) C ) C M C b C
det ( (C() C1, C2, C3 64) >
5(17122, qo012, 9112, 4212, p021)

2560 72
(313 19683

(q121 + p211)-

Then by Lemma 2.5 for go31(qi21 + p211) # 0 system (1.2) can have 8 limit cycles near I'y with
proper perturbations.
By (3.12) and (3.13), it is straightforward to get that ¢o = ¢; = -+ = & = 0 if and only if

By =By=B;=Bs=0, B3y=23Bs— By, Bs= 3B, (3.16)

which is equivalent to B; = By = 0, C3 = C4y = C5 = Cg = 0. Then by (3.11), M;(h) =0

if and only if (3.16) holds. By (3.9), we can get all the solutions (1.8) for (3.16). The proof is

completed. ]
Next, we present the proof for Theorem 1.2.

Proof of Theorem 1.2. To show the existence of ten limit cycles near 'y in system (1.2), for
the sake of simplicity we use the following perturbations

Pi(z,y) = y(pos1y® + p2112° + po21y + piniz),
Py(z,y) = zy[po21(2g021 + p111)y + p212], (3.17)
Q1(z,y) = —y*(pan1® — qo21), Qa(z,y) =0,



2580 Y. Tian & D. Ma

and Ps(x,y) and Qs(z,y) are given in (1.3). It is easy to get that P; and @;, i = 1,2 in (3.17)
satisfy (1.7) and the condition Sy of (1.8). Then by Theorem 1.1 we can get M];t(h) = 0,
k=1,2.

It is straightforward to get

2 1 1
re = gp031(2%21 +pi)z’ — 51?031(261021 +pi)a’t + §p211(2%21 + pin)a’
+ (Pi1 + 3p1nigoar + 221 — p212)7” + pos1 (2qo21 + pri1)zy’,

which satisfies
(Q2 +7m1Q1)dx — (Py + r1 Py)dy = rodH + dRo,

where r1 = —(p111 + 2g021)x by (3.7), and Rj is a polynomial of degree 9 in (z,y). Then using
Francoise’s algorithm [3], we obtain

S (h) :]{ Qsdz — Psdy =7{ <@3 +/8153dy> da, (3.18)
r: ri O

@3(x7y) - Q3($7y) + rl(a:,y)Qg(x,y) + TQ(x7y)Q1(x7y)7
ﬁg(l’,y) = P3($,y) + T1($,y)P2<$,y) =+ TQ(.?Z,y)Pl(.TJ,y).

where

Similarly as in the proof of Theorem 1.1, we shall use Lemmas 2.1 and 2.4 to study the
asymptotic expansion of M3 (h) in (3.18). By (ii) and (iii) of Lemma 2.1, we derive

13 143
+
Iy = 189h101+9h1 <3h+ 1134>I
442 48 34 221 988
I, = h+—-h*) I IH+ ==+ ==h) I 1
43 <6237 77 > 01+ 597" +<1701+693h> 2D (3:19)
65 240 5 65 320
IS = | —=h+ —n%) I hl “h) IS
0,5 (6237 o ) 0.1 597 11+(3402+693 ) 21

Then by (3.4), (3.10) and (3.19), M (h) can be simplified into the form
Mg (h) = (B1 + Bah + Bsh®)I§, + (Ba+ Bsh)I}, + (Bs + Brh) I,
where

B1 = p103 + qo13,

By = ﬁ [ — 178248y, + (130pos1 — 891p111 + 858p211)qozt
+ (65po31 + 429p211)p111 — 891pa12|poa1 + §p123 + L,72QO337
B3 = %p@m(?%m + p111)po21, By = 2pao3 + qu13,
Bs = g1 ——(5po31p111 + 10p031Go21 + 33p111p211 — 891p111g021 (3.20)

+ 66p211q021 — 17824351 — 891pai2)po2i,
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Bg = ~10206 [1782¢35; — (130po31 — 891p111 + 858p211)qo21 — (65post
1 1
+ 429p211)p111 + 891p212| o2t + ga13 + opP128 + 3p303 + 4033,
4
Br = ——~(2qo21 + p111)(80po31 + 231p211)po21.

2079
Then by (2.16) we get

M (h) =co + bl e1hs + coh + b esh + bl eah’s + esh? + bf cgh® +--- |

where
2v2
co = 2{;(18B1 +15By + 14Bg), ¢ = —2By,
2v2
ey = 2{; (18B5 + 243B4 + 15B5 + 162B¢ + 14B7),
c3 = By + 2By,
(3.21)
Cy = i (35B1 — 88B9 +42B4 + 4836)
2
cs = ?T(BBE) +2By),
cg = — %(385B1 — 208B3 + 440B, — 416B5 + 480Bs).
By (3.20) and (3.21), solving ¢g = ¢1 = -+ = ¢5 = 0 in p1a3, Qo13, G113, 213, P212 and pai1
yields
D (2go21 + p111) — 3 19
Pb123 = 8911?021]0031 qo21 T P111 4033, P211 = 3319031,
85
212 = oon — p031(2q021 + P111) — P111G021 — 24821, G013 = —P103, (3.22)
5
q113 = — 2p203, G213 = @1002110031( qo21 + p111) — 3p303,
and then cg = —309 (2go21 + P111)P031P021,

_16384v2 3
(322 D344l

0
(00761762763704705) ) (2q021 +p111)p021

det(
O(p123, Q013 4113, 213, D212, D211)

Then by Lemma 2.5 system (1.2) can have 10 limit cycles produced near T'y with proper per-
turbations for |e| sufficiently small and parameters p123, qo13, 113, 9213, P212, P211 close enough
to (3.22) with (2qo21 + p111)po3ipo21 # 0. The proof is completed. O
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