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ANALYSIS AND SIMULATION OF FRACTIONAL-ORDER WAVE-LIKE
EQUATIONS UNDER CAPUTO FRACTIONAL OPERATOR

Abdul Hamid Ganie®'

Abstract This paper examines the two methods for resolving nonlinear Caputo time-
fractional wave-like equations with variable coefficients. These two methods have the names
Homotopy perturbation transform method and Elzaki transform decomposition method. I
first turn the problem into its differential partner with the use of the Elzaki transform, and
then used the He’s polynomials as well as adomian polynomials to calculate the nonlinear
terms. The simplicity and accuracy of given techniques are illustrated by three different
numerical examples. The obtained results indicate the reliability and efficacy of the two
methods, both of which give estimations with greater accuracy, precession and closed-form
solutions. The mentioned techniques can be utilized to generate the solutions to these types
of equations as infinite series, and when these series admit closed form, they offer the precise
solution. Numerical and graphical simulations are used to confirm the usefulness of the sug-
gested approaches. It is confirmed that the methods yield solutions converging to the exact
solution at an adequate rate. Moreover, we include solution profiles that outline the behavior
of the acquired findings, helping researchers grasp the impact of the fractional order. It has
been shown that the suggested strategies are efficient and successful when it is implemented.
The accuracy and efficacy of the technique are examined using three numerical examples.

Keywords Elzaki transform, analytical techniques, nonlinear time-fractional wave-like equa-
tions, Caputo operator.
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1. Introduction

Differentiation and integration are both regarded as discrete mathematical processes because we
can differentiate or integrate a function once, twice, or any whole number of times. Fractional
order derivatives, however, have the capability to handle even the most complex systems. Frac-
tional order derivatives have a long history that dates back to Leibnitz and L’Hospital. In the
area of mathematical analysis, the idea of fractional calculus (FC) is primarily concerned with
the study and usage of integrals and derivatives of noninteger order. In fact, this approach
offers significant flexibility in while addressing to solving multiple equation types (differential,
integral, and integro differential), mathematical physics issues containing special functions, their
presumption, and extensions in one or more variables. With the aid of fractional calculus, we
can elegantly and symmetrically describe the naturalism of the world in the context of classical
calculus. This is because it can explain how memory effects and paradoxical attitudes express
themselves in nonlinear processes. The pioneers good work laid the mathematical groundwork
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for the notion of fractional order derivatives such as Albaidani et al. [2], Ali et al. [4], Caputo [10],
Fathima et al. [17], Ganie et al. [18-22], Hasan et al. [24], Higazy et al. [27], Igbal et al. [28],
Jami et al. [31], Liouville [34], Mashael et al. [35-37], Miller and Ross [38], Murad et al. [39-41],
Naik et al. [43], Shah et al. [50], Uli et al. [54], and many others as cited in the text. During the
past forty years and beyond, fractional partial differential equations have attracted the atten-
tion, understanding, and relevance of many mathematical experts as the most effective means
of making scientific and engineering discoveries, notably in the field of chaos theory [23], human
diseases [412,44], Podlubany [46], Reimann [48], biomathematics [49], financial models [53], fluid
dynamics [55], and many others. The solutions of fractional differential equations are crucial in
describing the potential of nonlinear situations that arise in everyday life.

The identification of memory and heredity properties that classical systems generally neglect
is made possible by the use of differential equations with fractional derivatives. The study of dy-
namical systems can be assisted by fractional-order derivative modelling, which is important for
understanding how real-world systems behave. Fractional differential equations are frequently
used in applied mathematics and physics to examine and represent a variety of real-world prob-
lems. Many techniques include Differential Transform Method [16], Adomian Decomposition
Method [3,29], Homotopy Analysis Method [12]. The new techniques of analytical solution of
linear and nonlinear FDEs have been considered by many researchers, via., Sumudu [8], Mah-
goub [15], Laplace [32], Elzaki [13,14], and Natural [52]. While solving nonlinear system FDEs, it
was Adomian decomposition approach which was cobmined to Elzaki transform method [45,51],
to Sumudu transform method [47], to Laplace transform method [5,57] and with Natural trans-
form method [9,33]. Elzaki transform is obtained from the standard Fourier integral [13]. Tarig
Elzaki developed the Elzaki transform to make it easier to solve ordinary and partial differen-
tial equations in the time domain. The Adomian decomposition technique (ADM) [1,7] is a
renowned efficient technique for finding solution of deterministic or stochastic operator equa-
tions, which includes ordinary, partial, integral, and integro-differential equations. The ADM is
an advanced method that offers quick procedure for numerical simulation and analytical solu-
tion in engineering, technology and applied sciences. It was, He [25,26], who introduced the
homotopy perturbation technique in 1998. By this method, the solution can be taken as sum
of an infinite series, yielding fast convergence precisely. It has been used to many mathematical
issues. The nonlinear Caputo time-fractional wave-like equations with variable coefficients are
of the form:

n 8k+m
DEV = Z By (o, p, V)WBm(Vgi,ng)
=t B (1.1)
+ Cule. V)@C%(Vsi) + Do, 1, V) + E(p, 1),
i—1 i
with initial conditions
V(p,0) = ag(®), Vul(p,0) = a1(p), (1.2)

where Dﬁ is the Caputo fractional derivative operator having order f and 1 < 8 < 2,V =
V(p, ), o = (&1,&,--+ &) € R*, > 0,B1;5,Cht,j € 1,2,--- ,n are nonlinear operators of
@, i and V, By;;, Co;, are nonlinear operators of derivatives of V with respect to §; and ; i,j €
1,2,--- ,n, respectively. Moreover, k, m,p are integers while D, F¥ are nonlinear functions.

It is clear that when 5 = 2, equation (1) can be reduced to the typical wave-like equations
with variable coefficients. These kinds of equations are essential to many applied sciences, like
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nonlinear hydrodynamics, plasma physics, astrophysics, engineering biophysics, eta cetra. These
equations explain changes in laser light intensity, the creation of microscopic particles moving
erratically when submerged in fluids, and the distribution of fluid particle velocities in turbulent
flows [56].

Our paper is presented in the manner outlined below. Section 1 includes an introduction.
Section 2 presents the basic definitions of FC, the Elzaki transform, and its features. Section
3 presents the notion of HPTM, whereas Section 4 presents the notion of ETDM. Section 5
illustrates its application to the nonlinear time-fractional wave-like equations. In Section 6, we
provide a summary of the results.

2. Preliminaries

Here, as in [5,6,11,13,14,30,51,56] and reference therein, we stated various basic definitions
associated to our study.

2.1. Definition

The fractional derivative operator in Abel-Riemann manner is given by

dr
7])(5)’ B = pa
DBV(&) = “r d 3 V(f)
1
. o\ deo — = _
F(p — /B) dép/o (é‘ _ w)ﬁ—p_t,_l wv P 1< B < p,

where p€ Z*, B € RT.

2.2. Definition

The fractional integral operator in Abel-Riemann manner is given by

1 3
IV = 15 [ €= 0P V©de >0, 850,
with the following properties

Bep— L+ piy
T7e = I‘(p—|—5+1)£p ’

Flp+1) _,_
DBgp — =

CErp -

2.3. Definition

The fractional derivative operator in Caputo manner is as

1 V()
_ dd}a p— 1< B <p,
DBV(f) — I;i(ﬂp -B) /0 (€ —ap)p-rtl

(2.1)
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with the following properties
JEDIV(E) = 9(&) = gH(0%) 7, for €>0, and p—1<B<p, peN,
k!
k=0 (2.2)
DEIIV(E) = 9(6)
€Ye § g(§).
2.4. Definition
The ET of Caputo fractional operator is as
p—1
E[D{V()] = s PEV(E)] — Y s> FHFVM(0), where p—1< 8 <p.
k=0
3. General procedure of HPTM
Here, we stated the general procedure of HPTM for solving the FPDE:
having initial condition
V(ﬁ? 0) = 19(5)7
with Dﬁ = % is the Caputo fractional derivative operator, and Fi[¢], Gi[£] are linear and
nonlinear operators.
By using the ET, we have
E[DV(E w)] = EDAEIV(E 1) + RafEIV(E, 1), (3.2)
1
M () = w?V(E, 0)} = LAV 1) + GilEV(E w). (3:3)
After simplification, we obtain
M(u) = u?V(§,0) + u ELREV(E 1) + GV (E w) (3.4)
By using inverse ET, we have
V(& 1) = V(& 0) + ET [ ELREV(E 1) + GLEV(E m)]] (3.5)
Now by the concept of HPM, we get
V(&)= Vi€, ). (3.6)
§=0
having homotopy parameter € € [0, 1].
Here nonlinear term is given as
GIEIV(E ) =D FH(V), (3.7)

k=0
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in homotopy polynomial sense and the polynomials are illustrated as [30]:

1 =
V)= ——DF iy, : .
Hk(V07V17 7V ) F(n+ 1) € [gl (ZG V)] (3 8)
k=0 e=0
with DF = 25

Using (3.6) and (3.7) in (3.5), we get

D V(&) = V(E,0) + e x (El [uBE{ﬂ > V&) + > H(V)}

k=0 k=0 k=0

On comparing € coefficient both sides, we get

e Vo(& 1) = V(£,0),
V(&) =B [WE(AIEV(E ) + Ho(V))]
& Va(&,m) =B[RRI ) + Hi(V)].

(3.10)
¥ V(& p) =E" [uﬁE(fl[g]kal(faﬂ) + kal(V))} , k>0, ke N.
At the end, the approximate series form solution is as
M
= I ) 11
V(E, ) A}gnoo;vk(&u) (3.11)
4. General procedure of ETDM
Here, we stated the general procedure of ETDM for solving the FPDE:
DpV(& ) = Fi(& p) + Gi(€,1),0 < B < 1, (4.1)
with initial condition
V(£,0) = 9(¢),
where Dﬁ = % is the Caputo fractional derivative operator and F; and Gy are linear and
non-linear operators.
By using the ET, we see
E[D, V(& w)] = E[F1 (&, p) + Gi(&, ), )
4.2

1
—5AM (u) = V(& 0)} = E[F1 (&, ) + Ga(&, ).
After simplification, we obtain

M (u) = uV(€,0) + uPE[F1 (& 1) + Gi (& p)]- (4.3)
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By using inverse ET, we have
V(€ ) = V(&,0) + E7 u E[FL(E, 1) + Gu (€, 1))
Now by the concept of ADM, we get
oo
= Z Vm(£ 2
m=0
The nonlinear term is given as

m=0

with

1 |om o
Am<vo,v1,v2,---,vm>—m[W{gl (mzoe vm>HH, m=0,1,2,--.

Using (4.5) and (4.6) in (4.4), we get

Y Valén) =V(E0) +E |E [ {ﬂ ( > vm(i,u)> + Y Am(v)}
m=0 m=0

m=0

On comparing both sides, we get

Vo(§, 1) = V(§,0),
Vi€, p) =E! [uﬁE{fl(VO) n AO}} .

Finally, for m > 1 the solution is stated as

Vi1 (&) = B [WB{FL (V) + An}]

5. Applications

5.1. problem

Let us assume the nonlinear fractional wave-like equation with variable coefficients:

OV _ 0

0*
o =V g (VeVeeVee) + Ve g (Vee) — 1874V 1> 0,1<5,<2

having initial conditions
0
V(§7 ) - €€ a (570) = eg'

By using the ET, we have

Py 0? H2 s
E <3M6> [V gz VeVeeVeee) +Ving oe2 (Vi) —18V° + V|

(4.4)

(4.5)

(4.6)

(5.1)

(5.2)
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Upon simplification, it yields

M) — w2V 0) ~
M(u) = V(& 0) + u?Vu(&,

By using inverse ET, we have

V(& 1)

V(& ) = (e* + e:gu)

Vu(§,0)} =

|5

&2

= E7 V(€. 0) + uVu(€,0)

9e?

&2

Now by the concept of HPM, we get

> MV p) = ((65 + et
k=0

) (5

+ <iekH,§(V)> — 18<iekH,§(V)> I (

k=0

The nonlinear terms are given

k=0
by He’s polynomial Hy (V) as

o0

H?
> EHLY) =V gz (VeVeeVeeo):
k=0

o
k 2 3
ZE Hy(V) = Ve 5 Ve

™
[en]

First few terms are calculated as

2

P
Hy(V) =V§ @(VogVossVOsss)a

2

2

) & & N
+E! uﬁ{E V2 (VeVeeVege) + VE@(VE’Q —18V° +V } ;

_ 5 02 02 1]
+E 1 u’g{E V 7(V§V§£V§£§) +V5287§2<V§5) — 18V5+V } .

o0

> ViE )

k=0

0? 8
0)] + u*BE [V 7(V§V§§V§5§) + Vg 8{2 (V&) 18)° + V] .

)

(VeVeeVeee) + Vé o (V&) 18V° + V] , (5.3)

(5.4)

(5.5)

(5.7)

0
H{(V) =2V @(VogVO&VO&Q +V3 @(VlsVO&VO&f + VoeViee Voeee + VoeVoee Vieee )

02
HE (V) = Vie e Viee):

82
H12(V) = 2V05V1587§2(VS’&)

82
+ 3V8587£2 (VieeViee)s
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Hy (V) =V,
H}(V) =5V
On comparing € coefficient both sides, we get

V&, ) = (e + ),

B B+1
1. _ H K I3
€ Vl(ﬁ,,u)— (F +1_‘ ))87

(B+1)  T(B+2

2 _ /’I‘Zﬁ /-l'2ﬁ+1 ¢
< Val&p) = (r(26+ D) TR 2))6 ’

At the end, the approximate series form solution is as
V(gnu’) = V()(ghu’) =+ V1(§7:u’) + VQ(f,,U,) ey

P . s . 28 2B+
(B+1) T(B+2) T@26+1)

Solution by employing the ETDM
By using the ET, we get

V(ﬁ,u)=<1+u+r i)

Py 5 02 , 02, .
E {3,&5} =E [V @(Vngnggg) + Vg 8752(]}&) — 18V° + V]

Upon simplification, it yields

. (5.8)

1 0? 0?
—{M(u) - w?V(€,0) —uPV,(€,0)} =E [Wag?(va&vg&) + vga—gz(vgg) — 185 + v] . (5.9)

2

2
M (u) = [u*V(£,0) + w3V, (€,0)] + vE [VQ ;52 (VeVeeVeee) + Vgaae(vgg) —18V° + v] . (5.10)

By using inverse ET, we have

V(& p) =E N uPV(E,0) + 4PV, (€, 0)]
i 2
€2

2

&2

Now by the concept of ADM, we get

V(&)= Vml&w),

m=0

20 & N
+E! uﬁ{E VQ—(VngVfS{)‘i'Vgang(Vgg) —18V° +V } ;

ol [, 0 92 . 11
+E 1 U’B{E VQ—(V5V5§V555)+V528—€2(V§5)—18V5+V } .

(5.11)

(5.12)
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where Vz%()/ngnggg) = > o Am, Vg%(]}é) = > By and V5 = >°° C,, are the
Adomian polynomials that show the nonlinear terms, and

> V(&)
m=0
=V(,0) +E! uﬁ{E[iAm+ iBm— 18icm+v } ,
. m=0 m=0 m=0 (513)
m=0

=(e* +ep) +E7!

}

o0 o0 o0
uB{E[ZAer > Bn—18) Cn+V
m=0 m=0 m=0

First few terms are calculated as

82
Ao =V} @(VogVO&Vogg)a

0?2 0?2
A =2V @(V%VO&VO&O +V5 @(VMVO&V%&& + VoeViee Vocee + VoeVoee Vigee)

2 82 3
By = Vo,ga?g(vogg),
82 3 2 62 2
Bl = 2V0£V1£87§2(V0£§) + 3V0§?(V0££V15§)7
Co=Vs,
C1 = 5V

On comparing both sides, we get
Vo(&, 1) = (¢ + ep).

On m =0,

,uﬂ NBH
M) = (F(6+1) " F(6+2)>6§'

Onm=1

B 128 (2041 )
Ve(& ) = (r(w ) T TEs+ 2))6

At the end, the approximate series form solution is as

m=0
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#ﬁ M6+1 MZB #2,B+1 .
(B+1) "T(B+2)  TEB+1)  T(@6+2) *)

V(€ ) = <1+u+F

By choosing 8 = 2 we obtain
V(E, 1) = e5H. (5.14)

§ os 06 04 020

(b) 5 n
9
/
8 7/
/
> ; , /
p=1.8 7
16 ‘ g
7
14 s Ve
rd
7
4 -
-~
-~
L~
3
(d) 0 02 04 06 08 1

Figure 1. The graphical nature of V(, u) of example 1.

Figures 1a and 1b plot depicts how the precise and proposed solutions to the problem behaved
at 0 = 2. Figure lc illustrates our method’s solution for various fractional-orders of f =
2,1.9,1.8,1.7, and 0 < ¢ < 2 while figure 1d at ¢ =1 and 0 < £ < 2 for example 1, respectively.
The graphical representation exhibits the nice agreement between the precise solution and the
assumed approaches solution.

5.2. problem

Let us assume the non-linear fractional wave like equation with variable coefficients:

861}({, /J) — 522

2 2
— — < .
G o€ (VeVee) =6 (Vee)" =V pn>0,1<f<2, (5.15)
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having initial conditions
_ 9 _ 2

By using the ET, we have

FaY) 0
(G0 ) = €5 Ve — €00 -] (5.16)
Upon simplification, it yields
M) V(€0 — V(e 0} =B [E L v - 0k Y] (5D
M) = [2V(E.0) + Va6 0) + 078 [ 5 V) - €0k -] (519

Therefore, taking inverse ET, one can see

V(& p) =E M u?V(€,0) + uVu(€,0)] + E7F

)

UB{E [SQ;(VW&) — & (Vee)® - V] }

(5.19)
0
V(& p) = () +E7 uﬂ{E & 5e VeVee) =€ (Vee)” - V] } :
Now by the concept of HPM, we get
Z eka(ﬁ, ,LL)
b0 N N N (5.20)
() o (= e (i) - (S tazon) - (L eween) || )
k=0 k=0 k=0
The nonlinear terms are given by He’s polynomial Hy (V) as
= 0
> EFHLY) = 5255(V5V55)’
0 (5.21)
" HE (V) = € (Vee)®
k=0

First few terms are calculated as
Hy(V) = VoeVoge,

H{(V) = VoeVige + VieVoee,
H21 V) = VoeVoge + VieVige + VocVoees

HF(V) = Viee,
HY(V) = 2VoeeViee,
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H3(V) = 2VogeVage + Vige-
On comparing € coefficient both sides, we get

V(& p) = 2,

B+1
e Vi) = —%527
28+1
62 : Vg(ﬁ,u) = 71_‘(/;5 n 2)527
36+1
e V36 p) = —mfa

At the end, the approximate series form solution is as

V(& 1) = Vo(& p) + Vi€, ) +Va(&, 1) + Vs(&, 1) +
28+1 38+1

po p [
V(e ) =€ (u Tt BT TUEET +>

Solution by employing the ETDM
By using the ET, we get

8
E {g/};} =E [«5 (%(VEV&) & (Vee)? — V] : (5.22)
Upon simplification, it yields
M) V(€0 — Ve 0}~ B [E L v - €0k Y] 5
M) = V0 + i (€0 + B [ €0 v - €0k -] )

Therefore, taking inverse ET, one can see

V(& p) =E M uPV(E,0) + uVu(6,0)] +E7 |u

)

{ lf ag VeVee) = &2 (Vee) - V] }

(5.25)
V() = (1) +E { ¢ 8—5(1@/&) — &2 (Vee)? — V” .
Now by the concept of ADM, we get
p =Y V(& m), (5.26)
m=0

where (VeVee) = Yoo Ay and (Vee)? = Y 0°_ By, are the Adomian polynomials that show the
nonlinear terms, and

zvmw V0 +Eu

S Zo )]

atb il

(5.27)

o0

D Vnlén) = (Ep) +E
m=0
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First few terms are calculated as

Ao = VoeVoe,
A1 =VocVige + VieVoee,
Az = VoeVage + VieVige + VaeVoee

B() = Vggg,
By = 2Voee Viee,
By = 2Voee Vage + Viee:

On comparing both sides, we get

Vo(&, 1) = .
On m =0,

1
Vi€, p) = —%52-
Onm=1 Iu2f3+1 2
Vo(&, 1) = mf .

Onm=2 .
_ I + 2

At the end, the approximate series form solution is as

V(&) = Vil& ) = Vo6 1) + V(& 1) + Vol ) + Vs (&) + -,

m=0
B+1 28+1 36+1
e, M H _ M
Vibu) =¢ (“ T(F+2) T2B+2) TEA+2) )
By choosing 8 = 2 we obtain
V(€ p) = & sinpu. (5.28)

The plots in Figures 2a and 2b illustrate how the precise and proposed solutions to the problem

behaved at 8 = 2. Figure 2c illustrates our method’s solution for various fractional-orders
of B = 2,1.9,1.8,1.7, and 0 < ¢ < 2 while figure 2d at 4 = 1 and 0 < ¢ < 2 for example
2, respectively. The graphs demonstrate tight agreement between the exact solution and the
proposed method’s solution.

5.3. problem

Let us assume the 2-dimensional nonlinear fractional wave-like equation with variable coeffi-
cients:
PV(E,Cp) P 0’

- agag(vffv“) - @(ggvgvg) -V p>0,1<p5<2, (5.29)
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Figure 2. The graphical nature of V(, u) of example 2.

having initial conditions

V(E,C.0) = &, %wa (,0) = 5, (€,0) € R™.

By using the ET, we have

Py 0?2 52
E (aTﬁ) =E [@(V&V«) ~ peac EVeVo) - V] . (5.30)

Upon simplification, it yields

2 2

1 0
M () = wV(E, ¢, 0) —uVu(,C. 0)} = [ﬁw&m) ~ Seac €V v] . (331)

2

2 0
M(u) = [W2V(E,C,0) + u*V, (6, ¢, 0)] + v’ [@w&m) — o EVeV) - V] C (532)
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Therefore, taking inverse ET, one can see

V(E ¢ ) =E HuPV(E, ¢, 0) + uPV,u(€,¢,0)]

E~uf " Veev O (ecveve) -V
FE\ Bl VeV~ agag OV 1) (5.3
€ & 1,8 02 o2
V(&G p) = (e +eu)) +E |u agaC(V&Vcc) agac(fﬁstc) Vil
Now by the concept of HPM, we get
Z Ekvk(‘ga Ca ,U)
k=0
:((654 +6£C/L)> + (El [u%[(ZekH,i(V)) — (Ze’“H,f(V)) + (Zekvk(g,u)>”>.
k=0 k=0 k=0
(5.34)
The nonlinear terms are given by He’s polynomial Hy()) as
> FHL(V) = B¢ac o7 VeeVeo),
0 . (5.35)
P HE(V) = 5= (E0VeVe).
k=0 ’ 8§8C

First few terms are calculated as
Hy(V) = VoeeVoce
Hi (V) = VoeeVice + VieeVoce

HE(V) = £VoeVoc
le(V) = §4V0§V1( + §§V15V0¢.

On comparing e coefficient both sides, we get

e Vo€, ¢ p) = (5 + e¥p),

6 o
1. = - - ; *
e VI(ECop) = (p(5+1)+r(,8+2)>e ’

253 26+1

| B m p &
e :WVa(&,¢ ) = (F(QﬁJrl) +p(25+2)>e ;

At the end, the approximate series form solution is as

V(§7 Ca ,u) = VO(§7 Cmu) + Vl(ga Ca :u) + V2(§7 Cmu) +

B B+1 28 26+1
0 0 0 7]

T(B+1) T(B+2) TEE+1) T@+2) &
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Solution by employing the ETDM
By using the ET, we get

a8y 2 52
E {M} =E [8@((1’&17«) aege EVeVd) = V] (5.36)

Upon simplification, it yields
S O =~ BV(EC0) — VG0 =B | g P WeVid) — 2 (Vv - v, ean
’LLB S HASY S agac I334€8 8534' 1344 :

2

82
M) = [2VIE G0+ 1, 66,0+ w'B | 50 Veeio) — s

§CVeVe) — V] (5.38)
Therefore, taking inverse ET, one can see

V(¢ p) = E T u?V(E, ¢, 0) + u*Vu(€,¢,0)]

E~! | o V, o VeVe) =V

+ u 8584( eeVee) — 8§8§(§C V) — ,
5.39
V(& p) = (e +e*p) (539

E~'|u’ P Ve O (ecvev) v
+E |u 3584( Vo) — agzx@g Ve) — :
Now by the concept of ADM, we get
V(&G ) =D V(& ¢ m), (5.40)
m=0

where %?K(V&V@) =3 oAy and %;C@{Vgl}g) = > oy Bm are the Adomian polynomials
that show the nonlinear terms, and

D V(€ ¢n) = V(€ ¢0) +E uﬁ{E ZAm—ZBm—v } :
"o " (5.41)
vafc, (e + %) + { [ZA ZBm—V]}].

m=0

The first several terms are computed as

Ao = VoeeVoce,
A1 = EWVoeVoe,

Bo = VogeVice + VigeVoce,
B1 = £ VoeVie — ECVieVoe-

On comparing both sides, we get

Vo(&,¢ m) = (€5 + e p).
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On m =0,

B ,UB 'Uﬁ+1 e
Vi(§, ¢ ) = _(F(5+1) + F(B+2)>e .

_ T pot &
Vo(&, ¢ p) = <r(25+1) +F(25+2)>e .

Onm=1

At the end, the approximate series form solution is as

gCa va VO(& C? )+V1(£7<>M)+V2(£7Cnu)+"'7
m=0
Mﬂ+1 M2ﬁ M2B+1 ) e
V& Gm) = <+“ Fﬁ+1) T(F+2) T@+1) T(F+2) )6'

By choosing 8 = 2 we obtain

v(fa Ca ,U/) = (COS n+ sin M)efc

Figure 3. The graphical nature of V(¢, ¢, ) of example 3.
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The plots in Figures 3a and 3b illustrate how the precise and proposed solutions to the
problem behaved at § = 2. Figure 3c illustrates our method’s solution for various fractional-
orders of § = 2,1.9,1.8,1.7, and 0 < ¢ < 2 while figure 3d at y = ( =1 and 0 < ¢ < 2 for
example 3, respectively. The plots demonstrate strong agreement between the precise solution
and the proposed method’s solution

6. Conclusion

In this article, two methods for solving problems resembling nonlinear Caputo time-fractional
waves are examined. The exactness and usefulness of the offered methods are evaluated using
three numerical examples. In this study, the exact solutions for nonlinear time-fractional wave-
like equations with variable coefficients were represented in a new way using the Elzaki transform
decomposition method and the Homotopy perturbation transform method. The methods were
applied to three numerical instances. Our approaches offered the results as infinite series in
the numerical frameworks, and when this series admits a closed form, it yields the precise
solution of the associated equations. The outcome of the figures and tables demonstrate that
there is a fair amount of agreement between the precise and suggested solutions. The current
approaches have shown to be a quick and easy process. Also, the suggested approaches required
less calculations and can be applied to resolve additional fractional-order issues. Researchers
can address nonlinear real-world problems by using Caputo fractional order derivatives. These
studies can be extended to include other fractional derivatives, such as conformable, Atangana-
Baleanu, and Caputo-Fabrizio derivatives. Based on advantages of the existing operator,
extending this framework to new operators merits future investigation. The present approach
is beneficial and gives new opportunities for engineering and the sciences.
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