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EXISTENCE OF POSITIVE SOLUTIONS FOR SINGULAR DISCRETE
(P, Q)-LAPLACIAN PROBLEM WITH NONLINEAR
BOUNDARY CONDITIONS

Wujun Pu®t and Minrui Shi?

Abstract In the present paper, we investigate the existence of positive solutions for a class
of singular semi-positive discrete (p,q)-Laplacian problem of second order. Specially, the
nonlinear term is singular at . = 0 and may approach —oo as u — 0. To overcome the lake of
maximum principle, we construct a new comparison theorem. Then, by using Krasnosel’skii
type fixed point theorem, we obtain the existence, multiplicity and nonexistence of positive
solutions for this kind of problem.
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1. Introduction

The study of the existence of solutions to boundary value problems of ODE has last a long
history. Specially, since Erbe and Wang [9] employed the fixed point theorem in cones to study
the existence of positive solutions to the following Sturm-Liouville problem

u +a(t)f(u(t)) =0, te(0,1),
au(0) — pu’(0) = 0, (1.1)
yu(l) 4+ ou'(1) = 0,

a great deal of results have been established concerning the existence of positive solutions to
the boundary value problems of ODE, see, for instance, [1,2,4,5,9,11-14,17, 18,23, 24, 26-28].
Meanwhile, as its discrete analogous, the existence of positive solutions of discrete boundary
value problems has also been discussed by several authors [3,6-8, 10, 15,16, 19-22,25,29]. In
particular, because its important application in several applied subject, the problems with non-
linear boundary conditions of ODE and its discrete analogous also has been discussed by several
authors. The earliest result of the existence of positive solutions to the problems with nonlinear
boundary conditions of ODE could be dated in 1997, Wang [26] considered the existence of
positive solutions of the following problem

() +a(t)f(u) =0, te(0,1)
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subject to one of the following three pairs of nonlinear boundary conditions:

w(0) — Hi(u'(0)) =0,  u(l) — Ha(u/(1)) = 0;
u(0) = H(W/(0) =0, /(1) =0;
u'(0) =0, u(1) — Ha(u'(1)) = 0,
where f is nonsingular and nonnegative, ¢(z) := |z[P=2z,p > 1. If the nonlinearity term f is

singular and may satisfies some semi-positive conditions, which means f may approach —oco as
u approaches 0 from the right, Hai and Wang [14] established the existence results of positive
solution to the following problem

—(T(t>¢(ul))/ - )‘g(t)f(u)v te (07 1)7
a1u(0) — Hy(u'(0)) =0,
asu(1l) + Ha(u/'(1)) = 0.

Later, Hai [11,12], Sim and Son [24] considered this kind of problems under different cases.
For other related work on singular, nonsingular semipositone problems on bounded domains, we
refer to the references [1,2,4,9,11,12,17,18,27,28|.

For the discrete case, since 1995, Merdivenci [22] considered the existence of two positive
solutions to a kind of discrete nonlinear second order Sturm-Liouville problems, there are still
several results on the existence of positive solutions to the discrete boundary value problems,
see, for instance, [3,5-8,10,15,16,19-21,25,29]. Specially, in [3], the authors considered a kind
of problems with nonlinear boundary conditions as follows,

—Alp(t = DAu(t = 1)] = Ag(t) f(u), t€1,Tlz,
a1u(0) — H1(Au(0)) =0,
agu(T + 1) + Hay(Au(T)) = 0,

where T' > 4 is an integer, [1,T]z = {1,2,---,T}, a; and ag are nonnegative constants with
a? +a3 >0 and A > 0 is a parameter, g : [1,7]z — (0,00), H; : R — R is odd, nondecreasing
functions with a; 4+ |H;| # 0 for i = 1,2, f : (0,00) — R is continuous and there exists a constant
d € [0,1) such that
lim sup 2°|f(2)| < oo.
z—0+

It is noticed that the nonlinear term in [3] is non-positive and may approach —oo as z approaches
0". Under some different growth restriction at oo and 0, the authors obtained the existence and
asymptote behavior of positive solutions to the above problem.

However, there are no existence results of positive solutions on the discrete problems with
(p, q)-Laplace operators and nonlinear boundary conditions. Thus, in this paper, we try to
consider the existence, multiplicity and nonexistence of positive solutions to discrete (p,q)-
Laplacian problem

—App(Au(t — 1)) = Alpg(Au(t — 1)) = A(@) f(u(t),  t€[1,T]z,
uw(0) =0 = aAu(T) + g\, w(T + 1))u(T + 1).

(1.2)
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Notice that (s) = |s|P~2s + |s|972s is an odd and increasing homeomorphism on R. Then the
problem (1.2) can be equivalently transformed into the following problem

—A(p(Au(t = 1)) = A(@) f(u(t)), tel,Tlz,
uw(0) = 0 = aAu(T) + g\, w(T + 1))u(T + 1).

(1.3)

We assume that

(H2) f : (0,00) — R with lim+ f(s) € (—00,0) U{—o0} and there exists a € (0,1),0 >
s—0
0,c1 > 0 such that |f(s)| < £k for s < o and f(s) is positive and nondecreasing for s > o.

(H3) g : (0,00) x [0,00) — (0,00) such that g(r,s)s is nondecreasing with respect to
s € [0,00).
Meanwhile, we also shall adopt the following assumptions:
(Hp) lim L&) = A€ (0,00),1 <r < ¢
5§—00
(Hp) lim

5§—00

(H.) lim

5§—00

2. Preliminary
In the rest of the paper, we let [a,b]z = {a,a + 1,--- ,b} for integers a < b, and we also let
E=A{ulu:[1,T+1)z - R,u(0) =0=aAu(T) + g\ u(T+1)u(T+ 1)}

with the norm ||u|loc = [max | |u(t)]. Then (E,| - ||g) is a Banach space. Now, we present a
te[0,T+1]z
Krasnosel’skii type fixed point theorem.

Lemma 2.1. Let X be a Banach space and K : X — X be a completely continuous operator.
Suppose that there exist a nonzero element z € X and positive constants w and r with w # r
such that

(a) if y € X satisfies y = Ky+ €z for & > 0, then ||y|x # w;
(b) if y € X satisfies y = 0Ky for 6 € (0,1], then ||y||x # r.

Then K has a fized point y € X with min{r,w} < |ly||x < max{r,w}.
In the following, we consider a modified problem associated with problem (1.2), namely,
—A(p(Az(t —1))) = Ab(t) f*(y(t)), te[1,Tlz,
2(0) = 0 = aAz(T) + g(A, [2(T + 1) z(T + 1),

(2.1)

where y(t) € E, f*(y(t)) := f(max{y(t),od(t)}), d(t) := min{TLH, Tq‘fif},t € [1,T]z. Notice
that, for t € [1,T]z,

C1

AL W(O)] < () s+ (D) f(max{y(1), o)
< 1 (1) + h(t) f(max{a, y]o})

(2.2)
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where h*(t) := h(t)m'éW‘ Then h(t)f*(y(t)) is bounded.

Define g} (s) : R — (0,00) by ¢(s) =1 when a = 0 and g¢}(s) = ()‘ 5D when a > 0. We also
define T) : [O,T + 1]2 — [O,T + 1]2 by

Thy(t) Zw < o (gs(my)my) +Azh y(T))>,

T=S8

where
0, a=0,

My = T+1
290 < ©(gq (my)my) +)\Zh y(7))> , a>0.

T=S8

(2.3)

By (H3), we know that m, is uniquely determined and there exists a constant M > 0 such that
my| < M.

Lemma 2.2. Let (H1)-(H3) hold. Then T : [0,T+1]z — [0,T + 1]z is a completely continuous
operator.

Proof. First, we can prove that T\y(t) is bounded. By (H3), we know that m, is uniquely
determined and there exists constant M > 0 such that |m,| < M. Furthermore, by (2.2), we
can deduce

IT\y(t)

( (gt my) + A 3" A(r)f <r>>>\

T=S8

<Z<p (‘ ©(ga (my)my) ‘)\Zh )
T
<z¢ ( 2 (M)M) + 2 Zh(f)f*(y(r))D o

T
<Ty™" (@(gi(M)M) +ADAT)|F( (T))D
=1

T
<Te™! (@(QZ(M)M) +A) (h*(7) + h(r) f (max{o, HyHoo})))
T=1
<00.

Thus, Thy(t) is bounded. On the other hand, for € > 0, there exists

§=¢/p”! < (9a )+ /\Z (R (7 )f(max{o, Hylloo}))> >0

such that for any 1 <1 < to < T satisfying [t; — t2| < § and for any y € E,

|T>\y(t2) — Thy(t1)]

( ©(gq(my)my) +)‘Zh y(T))>

T=S8
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—Zso < ©(gq (my)my) +Azh y(T)))‘

Z o ! < (9a(my)my) + /\Zh ?/(ﬂ)) ‘
s=t1+1 T=S
to T
<) et (w(gii(M)M)+/\Z(h*(7)+h(7)f(ma><{0, HyHoo})))
s=t1+1 =1
<e.

Then, by Arzela-Ascoli Theorem, T) : [0, + 1]z — [0, T + 1]z is a compact operator.
Now, we prove that T) is continuous. Let y, — y as n — oo in E. Then by (2.3), we know
that m,, and m, can be uniquely determined by y, and y. Therefore, we have m,,, — m, as

n — 0o. Moreover, Thy, — Ty as n — oo, which completes the proof. ]
Remark 2.1. In view of boundary condition in problem (1.3), there exists t,, € [1,T]z such
that ||u]|lecc = |u(t)| = max |u(t)]. Then Ty can be expressed as
t€[0,T+1]7,
Toy(ts Z © 1( (Au(ty,) +)\Zh (y(r ))),te[t*—l—l,tm]z,
T)\y(t) _ 5= t+1 t77'n s
Thy(t") Z ot < u(tm)) + AZ:h(T)f*(?/(T))> , tE [tm + 1,87z
s=t+1 T=S§

Lemma 2.3. Ifu,v:[0,T + 1]z — R satisfy

—Ap(Au(t — 1)) = —A(p(Av(t = 1))),t € [1,T]z,
w(0) > v(0),w(T'+ 1) > v(T + 1),

then u(t) > v(t),t € [1,T]z.

Proof. Denote z(t) = u(t) — v(¢t). If the Lemma is invalid, then there exists tg € [1,T]z
such that z(tg) = ter[nin]zz(t) < 0. Then Az(tp — 1) < 0. In (2.5), summing from s = gy to
s = t,t € [to,T]|z, we can obtain p(Au(t)) — @(Au(ty — 1)) < @(Av(t)) — ¢(Av(tg — 1)). To
be precise, p(Au(t)) — p(Av(t)) < p(Au(to — 1)) — p(Av(to — 1)) < 0. Therefore, Az(t) =
Au(t) — Av(t) < 0,t € [to,T]z and then we have z(tg) > z(T + 1) > 0, which contradicts
z(tp) < 0. Thus, u(t) > v(t) for ¢t € [1,T]z. O

Lemma 2.4. Let go > 0 and k(t) € E be a nonnegative function. Suppose that v(t) satisfy

—A(p(Av(t —1))) = —k(t), tE€[1,T]g,
v(0) > 0,aAv(T) + gov(T' 4+ 1) > 0.

If |[vlleo > (T4 1)~ <2 > k(s )) , then, for t € [0, T + 1], there holds v(t) >

d(t) == min {77, Tiﬂf :
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Proof. Let t,, € [0,T + 1]z be such that ||v]|s = |v(tm)]|, we claim that v(t,,) > 0. In fact,
v]loo > (T+1)p ! (2 g: k:(s)) , and then we have v(t,,) # 0. Moreover, suppose that v(¢,,) < 0.
We distinguish the foll%?;ing three cases.

Case 1. If t,,, = 0, then v(¢,,) = v(0) > 0, which contradicts v(t,,) < 0.

Case 2. If t,,, =T +1, then Av(T) =v(T'+1)—v(T) <0, and aAv(T) + gov(T'+1) < 0, which
contradicts aAv(T") + gov(T' + 1) > 0.

im
Case 3. If t,,, € [1,T]z, then, summing from s =t to s = t,, in (2.6), we have — > A(p(Av(s—

s=t

1)) > — tzm:tk(s), and further p(Av(t—1)) —p(Av(ty,)) > — §:1 k(s). Since v(ty,) < 0, Av(ty,) =

V(tm + 1) —v(tm) > 0, p(Av(ty,)) > 0, we have

T
p(Av(t—1)) > = k(s), Av(t—1)>—p! (Z k(s)> .

s=1 s=1

Summing from s =1 to s =t at both sides of the above equation, we obtain

t T T4+1 T
S a1 Y (zkm) . (zkm) |
s=1 =1

s=1 s=1

which implies

T
v(t) —v(0) > —(T + 1) (Z k:(s)) .

s=1

T
From v(0) > 0, one has v(t) > —(T' + 1)~ <Z k(s)) . Then

[0]Jos = —v(tm) < (T + 1) (Zk ) (T+1)p <2Zk )

which is a contradiction. Hence, v(t,,) > 0.
In the following, we will show that for ¢ € [0,7'+ 1]z, v(t) > %d(t}. Fort =0ort=T+1,
P
it is obvious. We will divide into the case t € [1,y,]z and t € [ty + 1, Tz.
For the case t € [1,t,,]z, let w(t) € E be the solution of the following problem

—A(p(Aw(t = 1)) = —k(t),t € [1,tn]z,
w(0) = 0,w(tm) = [|v]|oo-

(2.7)

Then there exists t. € [2,ty, — 1]z such that Aw(t,) > w(tmt);w(o) > “’T(i"i) = ”%’Ur"f Summing

t t
(2.7) from s =1 to s = t,, we obtain — > A(p(Aw(s —1))) = — > k(s). Moreover,
s=1 s=1

P(Aw(0) = (Aw(te) = k(s)

s=1
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> p(Aw(ts)) - zT:lk(S)
-+(F5) - 109

[ollo\ _ T (vl
(1))
-2 (1)

t—1
Once again summing from s =1 to s =t — 1, we have — > A(p(Aw(s—1))) = — > k(s), and
s=1 =1

_ -1 (1 lvlle [[v]lo : — — :
further Aw(t—1) > ¢ (2gp( T )) > T @) Summing from s = 1 to s = ¢ at both sides

of the above equation, we have

oty > — e s Jole 4,
T+ (2) — wp (2)
By Lemma 2.3, for ¢ € [1,t,,]z, there holds v(t) > w(t). Therefore, for t € [1,t,,]z, we have
u(t) > %d(t). Similarly, for t € [t,, +1,T]z and v(T'+1) > 0, we can prove that v(t) > w(t).
At present case, we only show that v(7" 4 1) > 0. We distinguish the following two cases.
Case 1. For a =0, it is obvious.

Case 2. For a > 0, without loss of generality, we can assume v(7'+1) < 0. Then Av(T) = v(T+
1) — v(T) > 0, which means that ¢, € [0,T]z. For t € [t;,, T + 1]z, let 2(t) € E,t € [t;, T + 1]z
be the solution of the following problem

—A(p(Az(t = 1)) = —k(t),t € [tm +1,T]z,

2(tm) = ||V]|co, 2(T+ 1) = v(T + 1).

(2.8)

T T
In (2.8), summing from s =t to s =T, we have — > A(p(Az(s—1))) = — > k(s), and further

s=t s=t

T
Az(t—1) =t <g0(Az(T)) -3 k:(t)) . Reproducing the above argument, we obtain
s=t

T+1 T
2(tm) =2(T+ 1)+ Z @1 <—<,0(AZ(T)) + Z k(T)) )

s=tm+1

By the boundary condition z(t,,) = [|v||c, 2(T"+ 1) = v(T' + 1), we have

T+1 T
[olloo =o(T+1)+ Y ¢ <—¢(AZ(T)) +Zk(7)>

s=tm+1

T+1 T
(T +1)+ > ¢ (—go(Az(T)) +)° k(r)>

s=1
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T
This means that Az(7T) < 0 since ||v||oc > (T"+ 1)~ < Z
7

k(s
that, for t € [ty + 1,7z, 2(t) < v(t). This implies Av(T) < < 0, which contradicts
Av(T) > 0. Thus, v(T' + 1) > 0. This completes the proof. O

> By Lemma 2.3, we deduce
Az(

3. Main results

Theorem 3.1. Assume that (H1)-(H3) and (H,) hold. Then we have the following results.

(i) For A\ = 0, problem (1.3) has no positive solution and for X > 1, problem (1.3) has
positive solution u(t) such that ||u|lec — 00 as A — oo.

(i) If there exists € > o and n > 0 such that

23 h(s) 23 1(s)
oo, '(2) <n < dep,(2), fle) > % f(n) > max {1, =1 :
| Lo Fuo
3 h* 3 h 2, (160, 1(2
0 s (ERE )2 06@)
/ > - ,
o (r5) ¢ () :
then for A € (A, \*), problem (1.3) at least two positive solution, where
c—1 b
Wo(s) = — b he:=min{ Y h(t), Y Alt)p,
g d(S) t=a t=c+1
20, (100, eles) L o)
* o €)hs ’ T T T ’
fen s (S o+ X 1000
s=1 s=1

[a,b]z, C [0, T + 1]z is the largest interval satisfying 3 < d(t) < %, ¢ = [%], (lz] denotes the
largest integer not exceeding x.)

Proof. We first show that the nonexistence result for A &~ 0. If not, then (1.3) has a positive
solution u. In view of (H2) and (H,), there exists M; > 0 such that f(s) < M;s9~!. Besides,
by the boundary condition, there exists t,, € [1,T]z such that |ullcc = |u(ts)|. We divide the
proof into the case ||u|/co = u(ty,) > 0 and ||ullco = —u(tm) > 0.

Case 1. If ||u|loo = u(ty,) > 0, then Au(ty,) = u(tym +1) —u(ty,) < 0. Summing (1.3) from s = ¢
tm tm

to s = ty,, we obtain — > A(p(Au(s —1))) = XD h(s)f(u(s)), and further, p(Au(t — 1)) =
s=t s=t

PBultn) + 3 55 T (5) < X 55 hs)T ). Then Bu(t —1) < o~ (A by h(s)f(u(s») |
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Denote H = > h(7), summing from s = 1 to s = ¢ at both sides of the above equation, we can

obtain ! .
u(t) < Z <AZ h(r >
-
<> et </\Zh(T)M1uq1>
s=1 =1
T
< Z L (ATHM ||| %)

fi
—

= Tgp_l (ATHM|Ju| %) .

From this, we have AM;T9H > ||lul[5c? + 1 > 1. Obviously, the right side of the inequality is
always greater than 1, which is a contradiction for A =~ 0.

Case 2. For ||u|loc = —u(tm) > 0, ie., u(ty) < 0, it can be similarly proved.

With a summary, there exists no positive solution for A ~ 0.

Next, we prove that the existence result for A > 1. To this end, we apply Lemma 2.1 with
X =FE,z=1,K =T) and find two constants which satisfy (a) and (b). We first need to find a
constant w satisfying (a). Let 7 > 0 and u € E be a solution of u = Th\u + 7. By (H2), we know

T
22 M)
that there exists positive constant Mz > o such that f(s) > max ¢ —==——, %% , 8> M.

T
Let A > 1 be such that |ulle > (T + 1)p! (2)\ > h*(t)> > max {T + 1,4Ms¢p, ' (2)} and
=1

1
1 ([ Mh (T +1)171 \a
- (T+1) TS (Tt e 2)\Zh*
2 \ 2120 (4epy, ' (2))r !
Let |a, b]Z C [0,T + 1]z be the maximum interval satisfying + < d(t) < 3. Obviously, a >
LH h < 3(T 4+ 1). Denote ¢ = [TF], Then ¢ < TF. Notice that u(t) satisfies

—A(p(Au(t — 1)) = A(t) f*(u) = =AR*(t), ¢ €[1,T]z,
u(0) >0, aAu(T) + g\, |Taw(T + 1)|)u(T + 1) > 0.

(3.1)

Since
oo > (T + 1) (2)\Zh* >>40<,0;1(2),

in view of Lemma 2.3, u(t) > ”ﬂ'z’;)d( ). Then ||ulloc = u(tm) > 0, Au(ty, —1) = u(ty,) —u(t;m —

1)> 0. If ¢ € [a,b]z, then f*(u ):f(u)zf(;'ﬂ'w ) ( [ullos ) If £, > T+, then

[ulloe = Tt

t tm—1
= max Zcp ((Au +)\Zh )’
1

tef0.7+1)z | <=
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tm—1
Zgo ( (At~ 1) +A S hmf*(um))'

tm—1
>alp™t | A Z h(ﬂf*(u(ﬂ)) ’
>a A T)))
= ( ! (i)

By a similar argument, if t,, < Z£L, then |ju/|o > T ™! (%f(%)) , which means that
P

(35) 2 (k)

Since ||ul|oo > max{T + 1, 4Map~1(2)}, we have

Al _ (Al (Allulo ) Aulloo \
% = + <2
T+1 T+1 T+1 T+1
Therefore,

Ajufloo ) 4[ullo Ah. [[ullo M (lullo \"
2 > > / = > — :
T+1 T+1 2 7 \4p, 1(2) 4 \dp, 1 (2)

1

) o . Noticing that for A > 1,

AAh, (T+1)71
21+2¢ (4€O;1 (2))7'—1

;( AAh*(TH)q_ll)w (T+1)p (2)\Zh* )

2120 (40, 1(2))"

By above relation, we have ||u|oo > <

1

. AAh, (T+1)471 -
we obtain |[ufle # 3 (21+2q(4(¢:(;))r_1) for A> 1.
P

Next, to find a constant r satisfying (b), let § € (0,1] and u € E be a solution of u = 0Tyu.
Then we have Au(ty,) = u(tm + 1) — u(t,,) < 0. Since

—92<p1< (Au(ty,) +A§m:h (ﬂ)),

T=S8

we have

[ulloo =u(tm)

—0 Zm: ! (gp(Au(tm)) + A zm: h(¢)f*(u(7))>

s=1
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tm tm
-1
<03 ¢ (A ) hmf*(um))
s=1 T=8

)

t'lﬂ

<3y (AZ h(r)| £ (u(r))
s=1 T=s8

T+1 T
<3 (Azhm i <u<¢>>\>

T+1

T T
< Z o1 </\Z h* (1) + )\Z h(T)f (max{o, ||u|]oo})>
s=1

T
<(T+1)p ()\Zh* ) + Af(max{o, |[ullsc}) Y R (T)>. (3.3)
T=1

By (H2) and (H,), there exists 7y > T + 1 such that ry > [|Jul|e, 7\ > 3 < AAh, (T+1)7~! >q—r

21+2q(4@;1(2))r_1
for each A. By Lemma 2.1, T) has a fixed point u € F for A > 1 such that

1
T a—r
1 MR (T + 1)1\
(T +1)p ! <2A§ jh*(t)) <3 ( T+ — ) < ufloo < 7a-
t=1

21424 (4,1 (2))

T
Since (T + 1)¢ ! (2)\ > h* (t)> > 4Mypp'(2) > 0, we can prove that u(t) is a positive solution
=1

T
of problem (1.3) for A > 1 by Lemma 2.1. Moreover, since ||u|/oo > (T + 1)~} (2/\ > h*(t)> ,
=1
|t|loo — 00 as A — oo.

Finally, we prove the multiplicity result for A\ € (A, A*), where

2 (65 @) et . e ()

fle)h. 0 (i hs) + 3 h*<s>)
s=1

s=1

Once again, we will apply Lemma 2.1. To find a constant w satisfying (a), let 7 > 0 and u € F
be a solution of u = Th\u 4 7. Suppose that |lull = 4ep;*(2). By (H2), there exists positive
constant € > o such that

T
Asrfl 2 Z h*(s)

S

f(s) > max 5 :1h*

T
for s > e. Noticing that for A < X*, we have 4e@;1(2) > (T + 1)p~! (2)\ > h*(t)> . Then
=1

Mo f (e 16 ~1(2)
79 < o (F®) <

by following the above arguments, u satisfies (3.2) and we have

—1 _€
©q (160,1(2)) ¢(757)- More, precisely, A < 2%(16@;(65?*)@(”1) = .. This is a contradiction.

Therefore. [Jullo # 4ep, (2) for X € (As, A¥).
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Next, we show that there exists a constant greater than dep,; 1(2) and a constant less than
e, (2) which satisfies (b). To find it, let 6 € (0,1] and u € E be a solution of u = §T\u. By
(3.3), (H2) and (H,), there exists ry > T + 1 such that r) > max{||uHoo,4e<pljl(2)} for each

T T
A > 0. Assume [|uloo =1 > 09, 1(2), f(n) > 1. Then ¢ (TLH) < Af(n) (Z:lh(s) + zzlh*(s)>

and further we have A > \*, which is a contradiction. Thus, ||u||~ # 7 for A€ (Ass )\*)— In view
of Lemma 2.1, T has fixed points u1, ug € E for A € (A, \*) such that 7 < [Ju[|ec < 4ep,'(2) <

T
2 Z h*(s)

|luz|| < rx. Furthermore, since f(n) > ——=———, we have n > (T'+ 1)¢~ (2)\ > h*(s )
2 )+ 3 h(s) s=1
for A € (As, A\*). This means that problem (1. 3) has at least two positive solution. O

Theorem 3.2. Assume (H1)-(H3) and (Hp) hold. Then we have the following results.
(i) Problem (1.3) has a positive solution u(t) for A = 0 such that |ul/cc — 00 as A — 0.
(ii) If there exists v > o and § > o such that

204 (16¢,1(2)) éh*(s)
‘Pp(4)h* ’

o> 4790;1(2), f(y) > max< 1,

3 h* 3 h 20, (16071 (2
f() OIS (; <S)+S§1 (8)> g (160,1(2))

/
¢(ri) ¢ (rt) "

then problem (1.3) has at least two positive solutions u1, ug for X\ € (A, A>) such that 4yt (2)

204 (1605 1(2)) (7=
< Nurlloo < 6 < uzllo, where Ap = 2228082 O)elris)

A2 .= min

)

T T T
O (Sre L) T

Proof. We first prove that the existence result for A ~ 0. To apply Lemma 2.1, we need
to find a constant satisfying (b). Let 6 € (0,1] and u € E be a solution of u = 0Thu. Let

A<= — 4 TLF . In view of (3.3), if ||ulcc = o, then we have
Z (o)t Z hs)f (o)
o(777) < <Zh Z >f<a>> ,

which is a contradiction for A < X. Thus ||u]e # o for A < \.
Next, we prove that there exists a constant satisfying (a) when z = 1. Let 7 > 0 and
u € E be a solution of u = Thu + 7. By (H2), there exists positive constant Ms > o such that
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Ny 2% h*(s)
M; > 40@51(2), f (430;713(2)> > —*=——. Suppose that

||UHoo > max {T—|—1 Mg, (T—|—1 (2)\2]1* )}

Since u(t) satisfies (3.1) and |[ul|oc > (T + 1)~ (2)\ > hH(t )), we have u(t) > ”””(‘”)d( ) by

Lemma 2.4. By following the argument in the proof of Theorem 3.1, we can prove that wu(t)

. 4||u]| 0o q-1 A Ul|co .
satisfies (3.2) and 2( Lﬂl ) > A (41\0 H( )) By (Hp), there exists )\ > o such that

|ulle < 7x for each A. In view of Lemma 2.1, Ty has a fixed point u for A < X such that
0 < |Julloo < 7a. By (3.3), we know that u(t) satisfies

T T
A (z W)+ M () 3 h(r))
T=1

=1

T
A w0+ 2 ull) X 100

1<

<
o(Ur) (i)
which means that ||ul|cc — 00 as A — 0. Then by Lemma 2.4, u(t) is a positive solution of
problem (1.3) for A ~ 0.
Now, we show the multiplicity result for A € (Aa, )\A). Similar to the proof of Theorem 3.1,
we first find a constant satisfying (b) in Lemma 2.1. Let 6 € (0, 1], and u € E be a solution of
u = 0T\u. Suppose that ||uljcc = > 0, f(0) > 1. By (3.3), we have

(Til> (Z R* (s —i—ih(s)).

5
Then A > T¢(T+1)T = A2, which is a contradiction. Thus, |lule # 6 for A €
f(%) (s; W)+ 2 h(S))

(An, A2).

Next, we show that there exists a constant greater that ¢ and a constant less than § satisfying
(a). Let z =1,7 > 0and u € FE be a solution of u = Thu + 7. By following the arguments in the
proof of Theorem 3.1 and (Hp), we can prove that there exists ry > T'+ 1 such that 7y > ||[u]|co
for each A > 0. Assume ||ullo = 47, (2). Then u(t) satisfies (3.2) since

T T
204 (169, 1(2)) 22 h*(s) 2 ; h*(s)

s=1
>

T
and 4y¢,1(2) > (T + 1)~ (2)\ > h*(t)> for A < A®. Thus, we have

1
Mt (W) < 0 (1657 ()) ol 1)

—1 v
And further, \ < 2%(16?(7()2}33@(”1) = Aa, which is a contradiction. Hence, ||u|o # 4’ycp;1(2)

for A € (Ap,A\?). By Lemma 2.1, Ty has fixed points vy,vy € E forA € (Aa, A?) such that
4y 1(2) < flur]] <0 < [Jva]lee < Ta- -
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Theorem 3.3. Assume that (H1)-(H3) and (H.) hold. Then we have the following results.
(i) Problem (1.3) has no positive solution for A =~ 0;
(ii) If there exists positive constant u > o such that

1Bg, (160, (2) 3 h(s)

200 (16071(2) i SO 1
s= a > s= ’

©p(4)hs ’ Sﬂ(m) h.

fp) >

then problem (1.8) has a positive solution u(t) for A € (A, \), where

_ 204 (160, (2) 0(77) < 1 ep(De(747)

A , Ai=min ;
1) 2B hs) 3 ()
s=1 s=1

Proof. The proof of the nonexistence result for A ~ 0 follows the argument in the proof of
Theorem 3.1. Next, we prove that the existence result for A € (A, A). Similar to argument
in the proof of Theorem 3.1 and Theorem 3.2, we need to find two constants satisfying (a)
and (b) in Lemma 2.1. Let u € E be a solution of w = Thu + 7. Notice that 4ug0;1(2) >
T T
T _ 24 (16951 (2)) 32 h*(s) 230 h(s)
(T + 1)1 (2)\ > h*(t)) for A < X and f(u) > «pp(4)h::1 > —=p——. Then we can
=1
prove that |lul| # 4up;!(2) for A € (A, X). Let 7 > 0 and u € E be a solution of u = §Tyu.

T T
> b (T)+Af (max(o,||ufloo)) Z::1 h(T))

g
From (2.3), we know that 1 <

i TS . Then by (H2) and (H,), there

TH1
exists ry > T+ 1 such that r\ > max{||u| ~, 4,u<pzjl(2)} for A > A. Consequently, T has a fixed
point v(t) € E for X € (A, A) such that 4pu¢,1(2) < [Julles < 7. O
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