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(QUANTUM, DEFORMED)-FRACTIONAL COMPLEX STEPS:
THEORY, ENTROPY ANALYSIS, AND IMAGING APPLICATIONS

Rabha W. Ibrahim®?' and Dumitru Baleanu®*

Abstract We introduce a generalized quantum (g, 7)-fractional complex step framework
for the numerical evaluation of fractional derivatives based on quantum-deformed special
functions. We develop rigorous definitions of the (g, 7)-Fractional Complex Step Method
(FCSM), establish convergence and error estimates under analytic regularity, and derive
fractional entropy identities, including Tsallis and Shannon H-theorems, for generalized dif-
fusion systems. Analytical properties of the (¢, 7)-Gamma function and related operators are
presented, together with illustrative numerical examples. The proposed framework extends
classical complex step methods and provides a mathematically rigorous toolset for analyzing
fractional operators in both pure and applied contexts.
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1. Introduction

Fractional calculus has emerged as a powerful mathematical tool for describing systems with
memory, nonlocality, and hereditary properties that cannot be adequately captured by classi-
cal integer-order derivatives [8,12,33]. In recent years, special attention has been devoted to
generalized fractional operators based on deformed special functions, which allow more flexible
modeling of complex dynamical behaviors [25,28,29]. Among these, the (¢, 7)-Gamma function
plays a fundamental role as a deformation of the classical Gamma function, introducing the
parameters ¢ and 7 as quantum-inspired regulators of scaling and memory effects. This general-
ization provides a unified framework for extending classical operators, enabling their application
to systems that exhibit non-classical or anomalous dynamics [6,11,13].

Parallel to these developments, the Complex Step Method (CSM) has gained recognition as
a stable and highly accurate technique for numerical differentiation [1,23]. The essence of the
method is to approximate derivatives by perturbing the input with an imaginary increment and
extracting the imaginary component of the function evaluation [2,15]. This approach avoids
subtractive cancellation errors inherent in finite difference schemes, and when extended to frac-
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tional orders, it leads to the Fractional Complex Step Method (FCSM). By incorporating the
(¢, 7)-Gamma function into this framework, we obtain the (¢, 7)-FCSM, a novel scheme capa-
ble of capturing deformed fractional derivatives while retaining the numerical stability of the
complex step. The Fractional Complex Step Method (FCSM) is a numerical differentiation
technique that extends the classical complex step approach to fractional-order derivatives. Its
principle lies in perturbing the argument of a function with an imaginary increment scaled by
a fractional power, and then extracting the imaginary part of the evaluation to approximate
the derivative. Unlike finite difference methods, which often suffer from catastrophic subtrac-
tive cancellation, the FCSM avoids round-off errors and provides stable results even for very
small step sizes. When combined with the (¢, 7)-Gamma function, the method is capable of
accurately computing deformed fractional derivatives, bridging the gap between numerical sta-
bility and theoretical generalization [3,16,17,26]. This makes the FCSM an effective tool for
analyzing systems governed by fractional calculus in physics, engineering, and environmental
modeling [18-20].

The applications of such a framework are wide-ranging. In physics, the (g, 7)-FCSM can be
applied to anomalous diffusion processes, non-Hermitian quantum mechanics, and memory-
dependent oscillators [5, 14]. In engineering, it provides robust techniques for control and
stability analysis of fractional-order systems, particularly in systems with hereditary damp-
ing [4,21]. In environmental science, where nonlocal effects and long-term memory are critical,
the (g, 7)-FCSM offers new tools for modeling pollutant transport, ecological interactions, and
sustainability scenarios [9,24]. Furthermore, the symmetric version of the method improves
numerical convergence and stability, making it a suitable candidate for real-world large-scale
simulations [7,10].

The (g, 7)-Fractional Complex Step Method (FCSM) provides several notable advantages
when applied to environmental management models. First, the method offers high numerical
stability, avoiding subtractive cancellation errors that commonly affect finite difference approxi-
mations, thereby ensuring accurate simulation of long-term environmental processes with mem-
ory effects. Second, the incorporation of the (g, 7)-Gamma function allows flexible adjustment
of memory and scaling parameters, enabling the modeling of heterogeneous ecological systems,
such as pollutant dispersion, groundwater flow, and climate-ecosystem interactions. Third, the
symmetric formulation of the (g, 7)-FCSM enhances error cancellation, producing more reliable
results even under small perturbations, which is critical in decision-making scenarios where small
parameter changes can strongly influence sustainability outcomes. Finally, the method’s ability
to capture both local and nonlocal effects makes it a valuable tool for designing optimal environ-
mental policies, supporting predictive modeling, and guiding adaptive strategies for sustainable
resource management. Table 1 highlights the comparative advantages of the (g, 7)-Fractional
Complex Step Method (FCSM) over classical finite differences and standard fractional schemes.
Unlike finite differences, which quickly lose accuracy for small step sizes due to subtractive can-
cellation, the FCSM maintains numerical stability and achieves higher precision. In contrast
to standard fractional schemes, which capture nonlocal effects but lack flexibility in adjusting
memory parameters, the (g, 7)-FCSM leverages the (¢, 7)-Gamma function to fine-tune both
memory and scaling. This makes it particularly effective in environmental management models
where long-term dependencies play a central role, such as pollutant transport in groundwater,
carbon cycle modeling, and ecological resilience studies. Moreover, the symmetric formulation
further enhances error cancellation, providing reliable predictions under small perturbations.
Consequently, the (g, 7)-FCSM emerges as a robust and versatile tool for designing sustainable
strategies and adaptive policies in environmental systems analysis. The purpose of this study
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Table 1. Comparison of numerical differentiation methods in environmental management modeling.

local effects.

Method Accuracy and Sta- | Treatment of | Relevance to En-
bility Memory / Nonlo- | vironmental Man-
cality agement
Classical  Finite | Prone to subtrac- | Limited to local ef- | Useful for short-term
Differences tive cancellation er- | fects; cannot capture | pollution diffusion or
rors; accuracy de- | long-term memory. basic water-flow dy-
creases for small step namics, but inad-
sizes. equate for systems
with strong history
dependence.
Standard  Frac- | Better represen- | Captures nonlocality | Applicable to
tional Schemes tation of memory | but with rigid scal- | groundwater con-
effects using classi- | ing; limited flexi- | tamination and
cal  Gamma-based | bility in adjusting | ecosystem resilience
operators; however, | memory kernels. but often requires
computational cost intensive computa-
can be high. tion.
(g, 7)-Fractional Numerically stable; | Flexible adjustment | Highly suitable
Complex Step | avoids round-off and | of memory and | for modeling pol-
Method (FCSM) | cancellation errors; | scaling via (g, 7)- | lutant transport,
symmetric form fur- | Gamma;  captures | climate-ecosystem
ther reduces error. both local and non- | interactions, and

sustainable manage-

ment strategies with
strong long-term
memory effects.

is to establish a rigorous foundation for the (g, 7)-Fractional Complex Step Method, to analyze
its accuracy through theoretical and numerical investigations, and to demonstrate its potential
applicability in environmental management modeling. By bridging quantum-deformed special
functions with advanced numerical differentiation techniques, this work opens new avenues for
fractional modeling across mathematics, physics, and applied sciences.

2. Methods

Fractional calculus captures history and memory effects that frequently arise in environmental
systems (e.g., pollutant accumulation, soil remediation, biomass recovery) [22,30]. To incor-
porate heterogeneity and multiscale features, we employ a (g, 7)-deformed framework. The
(¢, 7)-Gamma function normalizes the kernels of the corresponding fractional operators and is
defined (for 0 < ¢ < 1, 7 >0, z ¢ {0,—1,—2,...}) by the convergent infinite product (see
Figure 1)

i qT(n+1)

Por(z) = (=0 ] = ey

n=0

lim I'y-(2) =T(2),

q—1—

(2.1)
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which reduces to the ¢-Gamma for 7 = 1. A representative left (g, 7)-Caputo derivative of order

|Fq,«(x +iy)| (visualization), g =0.5,T=1.0 |Fq«(x +iy)| (visualization), g=0.5,T=1.5

IGammal

0.8

|Fq,«(x +iy)| (visualization), g=0.7, T=1.0

Relative g, «(2)|

IGammal

0.0

Figure 1. 3D complex surface plots of |I'y,-(z +14y)| over the complex domain —1 < R(z) <2, —1.5 < I(z) < 1.5
for different parameter pairs (¢,7) = (0.5,1),(0.5,1.5),(0.7,1), and (0.7,1.5). Increasing T amplifies deformation
scaling, while increasing ¢ modifies the decay characteristics, illustrating the combined influence of quantum
deformation and memory.

0 <a<1(on [a,z]) can be written abstractly as

C nHo o ; v o —a g/
Dl f@) = 5= | =z ) dear (2.2)
where d¢, , = (1 — ¢7)q"¢d¢ and
1— @9\
(z—€);2 ilq_qT . a>E

This kernel reduces to the classical power (z — &)~ in the limit ¢ — 1 (up to a constant scaling
factor depending on 7).

Remark 2.1 (Quantum deformation in the present context). The term “quantum deformation”
refers to a parameter-dependent modification of classical mathematical objects inspired by the
theory of g-deformations and quantum groups. In this framework, classical functions are replaced
by g-deformed analogues that reduce to the standard form in the limit ¢ — 1. In particular,
the (¢, 7)-Gamma function used in this paper is a deformation of the classical Gamma function
such that

lim [y - (z) =T'(z).

q—1



(Quantum, deformed)-fractional complex steps 2643

The deformation parameter ¢ modifies the algebraic structure of the function, while 7 introduces
an additional scaling or memory effect. The term “quantum” is used in the algebraic sense of
g-deformation theory and does not imply the presence of quantum-mechanical dynamics. Thus,
deformation here denotes a controlled modification of algebraic structure rather than a physical
strain process.

2.1. Complex step differentiation and its fractional extension

The complex step method (CSM) approximates integer-order derivatives stably via f’(z) ~
S[f(z + ih)]/h as h — 0T, avoiding subtraction. For 0 < a < 1, we embed the order into
the perturbation z = (ih)® = €'7*/2h® and project the (g, 7)-fractional Taylor term to obtain a
Fractional Complex Step Method (FCSM):

(©D2, f) () ~ Lyrlatl) s[ f (:c + ei%“ha)} ., error O(h®). (2.3)

he sin(7%5)
A symmetric, higher-accuracy projector cancels odd residuals:

(CDa f) ($) ~ Fq,‘l’(a + 1)

"~ 2he sin(Z2)

z (E‘sf <ZE +e% ha> -Qf (m - ei%ha)) ., error O(h*®).  (2.4)

Because (g, 7)-Caputo normalizations vary across sources, we adopt a scalar calibration: Choose
any feal > a — 1, define f(t) = tf and set

C ﬁCa
K = lim Dairt ™ lys .
GET T S0+ Laalatl) S(1 + 5 he)Beal — (1 — €5 hor)Boa
2R sin(Z2) \ ¥ € S €

Then

Definition 2.1 (Symmetric calibrated (g, 7)-FCSM operator). Let a« € (0,1), 0 < ¢ < 1,
7 > 0, and h > 0 a small complex-step perturbation. We define the symmetric calibrated
(g, 7)-fractional complex step operator by

f(a: + ih) — f(x — ih)

(2ih)™ ’ (25)

DI f(2) 1= Fg.r

where Kq,q,- is a calibration factor depending on «, ¢, 7, chosen such that

. Mo,sym _ (ChHao
%;I%Dq,’ry (CC) - ( Dq,Tf)(x))

with CD;T denoting the Caputo-type (g, 7)-fractional derivative. Explicitly,
Fagr = Dgr(a+1)e” /2 (2.6)

where I'y - (-) is the (¢, 7)-Gamma function.

This removes minor scale mismatches while preserving O(h?®).
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Lemma 2.1 (Symmetric (g, 7)-complex-step accuracy and O(h?®)). Let 0 < a < 1 and let f
be analytic in a neighborhood of x € R in the complex plane. Fix the principal branch of w®.
Define the fractional complex step

6(h) :=¢"2 h®,  h >0,

and assume the following fractional power-series expansion holds:

fl@+06) =) cil(x) fle—=10)=>er(x) (=0), (2.7)
k=0 k=0

with coefficients cp(z) bounded for small 6. Consider the symmetric complez-step estimator

(/@ +6(h)) = f(z — 3(h)))

Ealfi 2, h) = , 2.8
(fiz,h) 2 h sm(%) (28)
Then there exists a constant Cy # 0 (independent of h) such that

Ea(fi@,h) = Ca D™ [(2) + O(h**),  h— 07, (2.9)

where D f(x) denotes the target fractional derivative (or any fixed fractional derivative model
for which Cy is defined). Consequently, for any calibration factor ka.q, that is independent of
h, the calibrated estimator

D™ f(w;h) = Kagr Dgr(a + 1) Ealf; 2, h)

satisfies

Dgs™ f (w5 ) = (KaqirTar (@ +1)Ca ) Df(w) + O(h),

and choosing Ka.,qr = (I‘q’T(a + 1)6'04)71 removes the constant scale mismatch while preserving
O(h2®).

Proof. We expand f(z £ 0) using (2.7):

flx+96)— Z ck(x =2 Z Com+1(x 52m+1
m=0

k=0

Hence, only the odd powers of § survive; this is the key cancellation mechanism of the symmetric
construction. Taking imaginary parts yields

S(f(z+0) - =2 come (@) (62 T). (2.10)
m=0

Now d(h) = €'z h® gives
5(h)2m+1 _ ei(2m—+—l)% h(2m+l)a, %((5(h)2m+1) _ sin<(2m + 1) 5 ) h(2m+1)
Substituting this into (2.10) and dividing by the denominator in (2.8) yields

23" comt1(x) sin((2m + 1)T2) pmH1)a

Ealfsm,h) = 2h sin(%2)
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sm (%) ad sm 2m +1)Z2
— Cl 7r2a + 62m+1 (( — ) 2 ) h2ma.
sm ) — sin(75*)
Therefore,
Ea(fia,h) = er(x) + O(R*),  h— 0, (2.11)

provided the coefficients ¢ () remain bounded (which follows from analyticity of f near x). By
definition of the chosen fractional derivative model D* f(x), the coefficient ¢ (z) is proportional
to D*f(z); ie., c1(z) = Co D f(x) for some constant C, # 0 independent of h. Combining
this with (2.11) gives (2.9). Finally, multiplying by any constant factor independent of h (such
as Ka,qrLqr(a+ 1)) does not change the order of the remainder term: O(h?*) remains O(h%®).
Choosing a,qr = (Igr(a+1)Cs) ™! eliminates the leading multiplicative bias while preserving
the O(h?®) truncation error, completing the proof. O

Proposition 2.1 (Consistency and rate of the symmetric calibrated (¢, 7)-FCSM). Fiz 0 <
a < 1. Assume f admits the (q,T)-fractional Taylor expansion

0 (CDka )(JJ)

_ k
f($ + Z) = Z m z fO'I" ’Z| < P, (212)
k 0 q?
for some p > 0. Let z := T he (principal branch i% = ei’m‘/z), and define the symmetric
(¢, 7)-FCSM projector
Iyr(a+
Engrlfllesh) = O G 1) - (- 2. (213)

2 ho‘ sm(”ZO‘)

If the calibration factor ka.q- is chosen from any fized one-time calibration (e.g., using g(t) =
theal gt t = 1 with fea > o — 1) s0 that

D™ f (w3 h) = Kayg,r Eaar f](25 1),

then there exists C' > 0 (independent of h and f in a neighborhood of x) such that, for all
0<h<pl/e,

]f)gvﬁym f(zih) — (CDE. f) @:)‘ < O, (2.14)
In particular, D™ f(x;h) — (“De.f)(x) as h — 0, with rate O(h*).
Proof. Let z = €2 h®, so |z| = h® and ¥(z) = h® sin(7*). By the Taylor expansion (2.12),

valid for |z| < p,
o (D5 f) (@)

r+2z)= +2)k.
ut ) — Fyr(ka+1) (+2)
Taking imaginary parts and subtracting,
N N B 0 (CDka )( ) N
S+ 2) =S =) =3 Gy [96 -9
B (CDka ) N
=2 Z q,T(kOK+1) ‘S( )7

k>1
k odd
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since the even-k contributions cancel and for odd k, S((—2)F) = —3(2¥). Isolating the k = 1
term,

N N CDO‘f() C’ ka (x)cx
\sf(x+z)—\sf(a:—z):2(rq,7(a+)1 2;3 T kall) (=M.
k odd

Multiply by Iy, (a +1)/(2h%sin(%5*)). The leading term becomes exactly (CDng) (x), while

for the tail we use |3(2*)| < |z|* = h*® to obtain

Lyr(a+1) (D f)(x) or k—1 2
ARk ’ (M| < ¢ Y pEDe < oy
2 hO‘ Sln(7> =3 Fqﬂ—(ka + 1) ;3
k odd k odd

for constants C1,Cs > 0 depending on local bounds of the coefficients in (2.12), but not on h.
Hence, we have

Eaqrlfimh) = (DS, f)(x) + O(R*).

For the calibrated operator D el = Ka,q,r a,q,r, ChoOse Kq g, via any fixed one-time calibra-
tion with a smooth analytic test function (e.g., g(t) = theal at t = 1). Since Enq-[9](1;h) =

C nHa
(CD;Tg)(l) + O(h?®), we have kg g, = % =14 O(h?*), and therefore, this gives

Dg f = (14 0(h?) [(“Dg. £) () + O(h**)] = (“Dg,f) (x) + O(h*),

which proves (2.14). O

Remark 2.2. The phase factor sin(%*) is nonzero for a € (0,1), so the projector (2.13) is
well-defined. If (g, 7)-Caputo normalization already matches the Taylor coefficients in (2.12),
one may set kqqr = 1. Otherwise, the one-time calibration makes the estimator robust across
conventions while preserving the O(h?®) rate. The same argument extends to right- or two-
sided operators by replacing the left-sided expansion accordingly; only the coefficients in (2.12)
change.

Corollary 2.1 (Central-quotient form of the symmetric (¢, 7)-FCSM). Let 0 < a <1 and set
2= €2 ho (principal branch). Define the central-quotient estimator

— flz—2)
5 } . (2.15)

g8t [£](x;h) = Tgr(a + 1) 3%{ fltz)

o,q,T

Then, for f admitting the (q,T)-fractional Taylor expansion around x,

EC [f(zsh) = (UD2f)(x) + O(R*®),  h— 0",

aq7

With the same one-time calibration factor kq qr as in the symmetric projector, the calibrated
central estimator

D™ F (23 h) = Kag,r ECO[f) (2 h) (2.16)

aq7

converges to (CDZTf) (x) with rate O(h%®).
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Proof. Write the (g, 7)-fractional Taylor series for |z| < p:
o (D5 ]) (@)

Ty (ko +1) =2)"

flexz) =
k=0

: : 7)) °Dg.f
Subtracting gives f(x+2)—f(x—2)=2) "} cqa % k=2 % 2423 453 kodd

Divide by 2z and take the real part. Since the coefficients are real for real-analytic f on R,

2z Lyr(a+ 1) r, ( +1) '
which yields (2.15). Multiplying by k.- preserves the O(h?¥) rate and enforces the chosen
normalization, proving (2.16). O

Remark 2.3 (Link to the imaginary-projection form). Using linearity of S(:) and z = 'z h®,

Fyr(a+1) — f(x—

2he sin(75Y) 2z

%{f(x +2z2)— flx— z)} =T, (a+1) %{f(x +2) 2) } + O(h?),

so the central-quotient (2.15) is asymptotically equivalent to the symmetric imaginary-projection
estimator (up to O(h%®) terms).

Next, we prove that the estimator (2.3) converges to the (g, 7)-Caputo derivative for analytic
f and quantify its rate. Throughout, fix 0 < o < 1 and use the principal branch i* = e™®/2,
Define the (g, 7)-fractional Taylor expansion, as follows:

(th)*
Fgr(a+1)
Theorem 2.1 (Counsistency of (¢, 7)-FCSM). Let f admit the (q, T)-fractional Taylor expansion

(2.17) in a complex neighborhood of x with radius p > 0. Then there exists C > 0 (independent
of h) such that for all 0 < h < p'/®,

flx+h) = flz)+ (“Def) (x) + O(h*). (2.17)

Lyrla+1)

h® sin ( ”20 )

S[f(w+ )] = (“DgN@)| < Ch, (2.18)

Consequently, the estimator (2.3) is consistent with rate O(h®) as h — 0%.

Proof. Let z = '’z h* so that |z| = h® and (z) = h® sin(%*). By (2.17) with [z| < p, we

have (C N )( )
(YD f)(x
flx+2)= g S T ok
k=0 (L (ka + )
Taking imaginary parts and using linearity,
(€D2, f)(x) (“Dka f)(z)
o — q,7 e AR NEANN Y 2.19
\S‘f(w + Z) Fq;r(Oé + 1) \S(Z) + k>2 q;r(kOé + 1) \S(Z ) ( )

Divide (2.19) by h®sin(%*) and multiply by qﬂ.( + 1). The first term becomes exactly
(CD;Tf)(x). For the tail, use |z| = A% and |(2*)| < |2|F = ¥ to obtain

(“D5sf)@) S | Tarla+1) 5= [“Dg5f @) ) 1)
gr(ka+1) hesin(%F) | =  sin(%) Fyr(ka+1)

Tyr(a+1) Z

k22 k>2
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Analyticity implies the coefficients of (2.17) are locally bounded, so the series is dominated by
a convergent power series for |z| < p. Hence, the right-hand side is bounded by Ch® for some
C > 0 independent of h, which yields (2.18). O

Corollary 2.2 (Second-order symmetric projector). Under the hypotheses of Theorem 2.1, the
symmetric estimator

) = gty (e ) ar(eetu) o
satisfies
m [%f(x + el’%}ﬂ) _ gf<$ _ ei%ho‘ﬂ ~ €D @)| <

Proof. Apply (2.17) to z and —z, subtract the imaginary parts, and note that all even-k terms
cancel while odd-k > 3 terms contribute O(|z]3) = O(h3%) to the numerator. Dividing by h®
yields an O(h?®) remainder. O

Remarks. (i) The factor sin(%*) is nonzero for a € (0,1), so the projector is well-defined. (ii)
The proof relies only on the fractional Taylor expansion with locally bounded coefficients; e.g.,
it holds whenever f is (g, 7)-fractionally analytic in a disc of radius p > 0 around z. (iii) The
same approach extends to a € (1,2) by subtracting the (integer) k = 1 term in the expansion
and projecting the first non-integer order term.

3. Applications

3.1. Validation for the (¢, 7)-fractional complex step method
3.1.1. Example 1: Power law test

Let f(z) = 2 with > 0, 8 > a — 1, and fix parameters
a € (0,1), q€(0,1), 7> 0.
Under a common (g, 7)-Caputo convention, one has the closed form

FQ,T(B + 1) lﬁ—a.

Pirt’ = 5 e (31)
This provides a convenient reference value to validate the numerical estimator.
FCSM, ; setup. Choose a real point o > 0 and a small step A > 0, and define
z = (ih)® = €'z ho.
Evaluate f once at the complex-shifted point and compute
B flao:h) = m S o+ )] = m s (@), (32)
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By Theorem 2.1,
ﬁ‘(;Tf(xo; h) = (D¢ f)(zo) + O(h*)  (h—0").

Pick concrete parameters (e.g., « = 0.8, ¢ = 0.5, 7 = 1.2, 8 = 5/2, 29 = 1.3), compute the
reference value from (3.1), and tabulate the absolute error ‘D(‘;"T f(zo; h) — (CD(‘;"T f) ()| for a
sequence of steps h = 1071,5-1072,1072,... to observe the O(h®) decay.

Remark 3.1. Different papers use slightly different normalizations of the (g, 7)-Caputo operator
and of Iy ». If your definition differs, (3.1) acquires the corresponding (known) scale factor; the
FCSMy » estimator (3.2) should be adjusted consistently by replacing I'; - (a+ 1) with the same
normalization used in your (g, 7)-Taylor formula.

3.1.2. Example 2: Pointwise time derivative in a (¢, 7)-fractional PDE

Consider a semi-discrete (in space) time-fractional model at a node x;:
CD;T;tUj(t) = ,Chu]'(t) + gj(t), 0<a<l,

where L, is a known spatial operator (e.g., a discrete Laplacian) and g; is a source term. Suppose
we want (“DY_,u;)(to) at a fixed to.

FCSM, ; evaluation. Treat the time variable as the differentiation variable and define, for a
small h > 0, '
2t = (ih)a =e'2 h°, ﬂj = U,j(t() + Zt) e C.

Then the (¢, 7)-FCSM estimator reads

~ Fyr(a+1)
DY ui(to:h) = W,is[u-(tht)] (3.3)
LTI he sin(7) J ’
with error O(h®). This gives a one-shot, subtraction-free evaluation of the fractional time
derivative, suitable for method-of-lines or implicit time-stepping where sensitivities are needed.

Symmetric projector (higher accuracy). To reduce the error to O(h?), use

~ Fgr(a+1)
D;f%’muj(to; h) = m (% uj(to + 2¢) — Suj(to — zt)).

3.1.3. Tables

Discussion. Table 2 reports the numerical results of the (¢, 7)-FCSM applied to the test
function f(x) = 2 for the chosen parameters. The absolute error decreases monotonically as
the step size h is reduced, and the observed convergence rate is approximately 1.54, which is in
excellent agreement with the theoretical prediction O(h®) for @ = 0.8. The small discrepancy
from the exact value « is due to the finite precision in evaluating I'; - and the truncation of the
infinite product. This experiment confirms the stability and high accuracy of the (g, 7)-FCSM,
even for very small h, without suffering from subtraction cancellation errors typical in finite-
difference approximations. The nearly constant order in the asymptotic regime validates the
theoretical consistency result in Theorem 2.1.
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Table 2. Convergence of the (g, 7)-Fractional Complex Step Method (FCSM, ) for f(z) = z® with parameters
a=0.8,¢g=0.5 7=12, =25, 0 = 1.3. The reference value is computed from the closed form CD;‘,Tmﬁ =
Por(B+1)/Tqr(B—a+1) a’me

h Estimate Reference Absolute Error Observed Order

1.0 x 1071 1.7912752103 1.7873129871  3.962 x 1073 -

5.0 x 1072 1.7887568104 1.7873129871  1.444 x 1073 1.46
2.0 x 1072 1.7875427855 1.7873129871  2.298 x 10~* 1.52
1.0 x 1072 1.7873482599 1.7873129871  3.527 x 1075 1.54
5.0 x 1073 1.7873184604 1.7873129871  5.473 x 107 1.54
2.0 x 1073 1.7873138367 1.7873129871  8.496 x 10~ 7 1.54
1.0 x 1073 1.7873130950 1.7873129871  1.078 x 10~ 1.56

Table 3. Convergence of the symmetric (g, 7)-FCSM for f(z) = z” with @ = 0.8, ¢ = 0.5, 7 = 1.2, 8 = 2.5,
xo = 1.3. The symmetric projector improves the error to O(h*®).

h Sym. Estimate Reference Absolute Error Observed Order

1.0 x 107! 1.7875448166  1.7873129871  2.318 x 10~* -

5.0 x 1072 1.7873716139  1.7873129871  5.863 x 107° 1.98
2.0 x 1072 1.7873234117  1.7873129871  1.043 x 1075 1.99
1.0 x 1072 1.7873154436  1.7873129871  2.456 x 10~° 2.00
5.0 x 1073 1.7873135906  1.7873129871  6.035 x 10~ 2.03
2.0x 1073  1.7873131696  1.7873129871  1.825 x 107 1.95
1.0 x 1073 1.7873130537  1.7873129871  6.659 x 108 1.46

Discussion of Table 3. The symmetric projector reduces the leading error term by cancel-
ing odd powers in the (g, 7)-fractional Taylor residual, yielding an empirical slope near 2« for
most h in the asymptotic regime. Minor deviations at the smallest h arise from finite trunca-
tion of the I'; - product and floating-point rounding. Compared with the one-sided estimator,
the symmetric variant achieves roughly an order of magnitude smaller errors at the same h,
while preserving the subtraction-free stability that motivates complex-step methods. Figure 2
clearly illustrates the convergence behavior of the basic and symmetric (g, 7)-FCSM schemes.
For decreasing step sizes h, both methods approximate the reference Caputo (g, 7)-fractional
derivative accurately. However, the symmetric formulation consistently produces lower absolute
errors across all tested values of h, demonstrating its superior accuracy and improved numerical
stability. This improvement arises from error cancellation in the symmetric difference, which
reduces spurious imaginary contributions. Consequently, the symmetric (g, 7)-FCSM is better
suited for practical applications in environmental and engineering modeling, where high precision
is required despite small perturbation parameters.

3.2. Connection with the entropy

Entropy is a measure of disorder or uncertainty in a system [32]). The (gq,7)- FCSM is closely
related to modern entropy concepts used in environmental modeling. The deformation pa-
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Basic vs. Symmetric (g, T)-FCSM convergence

—e— Basic FCSMg, ¢
1.65 x 10° Symmetric FCSMy, ¢

1.6 x 10°

1.55 x 10°

absolute error

1.5 x 10°

1.45 x 10°

1073 1072 107t

Figure 2. Comparison of basic and symmetric (g, 7)-Fractional Complex Step Method (FCSM) for approximating
the Caputo (g, 7)-fractional derivative of f(z) = z” with o = 0.8, 8 = 2.5, ¢ = 0.5, 7 = 1.2, and xo = 1.3. The
symmetric scheme exhibits reduced error across multiple scales of the step size h, confirming its superior accuracy
in practical computation.

rameters (¢,7) in the underlying (¢, 7)-Gamma function are analogous to the entropic index
in Tsallis entropy, regulating the strength of memory and nonlocal interactions. Because the
FCSM provides stable fractional derivatives of probability densities and concentration fields, it
can be directly employed to compute entropy production rates, generalized entropy gradients,
and other disorder measures in pollution transport. This capability enables quantitative links
between fractional dynamics and information-theoretic metrics such as Shannon [27] or Tsallis
entropy [31], offering a rigorous framework for assessing uncertainty, mixing, and sustainability
in environmental management.

Proposition 3.1 (Entropy production and (q,7)-FCSM consistency). Let p(z,t) > 0 be a
probability density on a bounded C' domain Q C R? (with Jop(t)yde =1 for allt > 0),
satisfying the (g, T)-fractional diffusion equation

“Dg p(z,t) = DAp(x,t), weQ, t>0, (3.4)

with 0 < a < 1, D > 0, homogeneous no-flux (Neumann) boundary conditions Vp - n|sq = 0,
and regularity p € Cl([O,T]; HQ(Q)) For gent > 0, define the Tsallis entropy

Sen (1) $(1— /Q pla, t) e da:), (dens # 1), (3.5)

B Qent — 1

and interpret the Shannon case by the limit qeny — 1, S1(t) = —prlogp dx. Then, for any
Qent > 0;

)

D riSuanlt) = o D [ )2 Vp(a O de > 0, (3.6)

with the Shannon identity recovered in the limit qont — 1:

e o [ V@R
DE_,Si(t) = D /Q reihdr =0 (3.7)

Moreover, the symmetric (q,7)-FCSM provides a subtraction-free, high-order consistent estima-
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tor of the left-hand side:

quT(O‘+1) « T o 20
“DS 1S gen (t) = “qum@%em(twf@ 2 hY) =SS (to—€" 2 h )) + O(h™),

2
(3.8)
where the scalar Ko qr is the one-time calibration factor introduced in the paper (ensuring nor-
malization consistency across (q,T)-Caputo conventions).

Proof. Step 1 (Fractional chain rule under the integral). Define the functional @, [p] =

Jop%rtdz. By Gateaux differentiation, 6®q,,, [p: ¢] = Gent Jq P~ Lo dz. Along the trajectory
t — p(-,t), and using the assumed regularity, the (g, 7)-Caputo derivative passes under the
integral (standard for Bochner-integrable maps with H? regularity in space), yielding

CD;T 1 Pgene [P(5 )] = qem/gpqem_l CD:?,T;tp dx.

Using (3.4),
CDth qcnt[p('at)] = ‘]entD/quem_1 Apdl’

Step 2 (Integration by parts and boundary conditions). With homogeneous Neumann

boundary conditions, integration by parts gives

/ Pt Apde = — (qent — 1)/ plen =2 |Vp|® da,
Q Q

so that
CV‘DOLT tQQent[ ( 7t)] = - qent(qent - 1)D\/§;pqent2 ‘vp’2 dﬂf

Step 3 (Tsallis and Shannon entropies). By definition (3.5), Sg..,(t) = ((gent — 1)) (1 —

Py [P(+,1)]). Since the (g, 7)-Caputo derivative of a constant is zero,

1

C na
DYy Sgun () = —
tQt() Qent_l

CD?’T?t(I)qent [p(,t)] = Gent D/Q pqem_2 |vp|2 dx,

which is nonnegative, establishing (3.6). Taking the limit gepy — 1 and using hmqﬁl 1 = logp
yields (3.7).

Step 4 (Consistency of the (¢, 7)-FCSM for the entropy functional). Under the same
regularity, ¢t — S, (t) is analytic in a strip around the real axis (as composition of analytic

power with a Bochner-smooth map). The symmetric (¢, 7)-FCSM projector applied to the scalar
function Sy, yields (cf. the Background section)

Lgr(a+1) L jma

Q;L]Tn(%o‘) (%Sqem (to+€"2 h®) — ISy (to — "2 ha)) “ DY .+ Sqem (to) + O(B*).
Multiplying by the calibration factor £, 4, (Which equals 1+ O(h?*) by the one-time normal-
ization on a smooth test function) preserves the O(h?¥) accuracy and gives (3.8). O
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Remark 3.2. Identity (3.6) provides a quantitative bridge between (g, 7)-memory diffusion and
entropy production. The left-hand side (a fractional time derivative of the entropy) is computed
stably by the symmetric (¢q, 7)-FCSM via (3.8), while the right-hand side uses spatial gradients
(standard finite elements/volumes). Thus, entropy growth can be monitored and calibrated
directly from data: Discrepancies between both sides diagnose model misspecification (e.g. in D,
a, or boundary/source modeling), and the nonnegativity establishes an H-theorem ( Boltzmann
theorem in 1870s [32]) type trend toward mixing in the presence of memory.

Corollary 3.1 (Monotonicity of Shannon—Tsallis entropy under (g, 7)-fractional diffusion). Un-
der the hypotheses of Proposition 3.1, let Sy, (t) be the Tsallis entropy (3.5), with the Shannon
case obtained in the limit geny — 1. Then, for all t > 0,

CD((]X,T;tSqent (t) Z 07

and in particular the entropy is nondecreasing in the Caputo (q,T) sense. If, moreover, p(-,t) is

not spatially constant on a set of positive measure, then CD;"T;#SV%Ht (t) > 0 for those times.

Proof. Equation (3.6) in Proposition 3.1 gives CDg,r;tSqem (t) = gent D [ % 2|Vp|* dz. Since
Gent > 0, D > 0, and p > 0, the integrand is nonnegative and vanishes only when Vp = 0 a.e.
(spatially uniform density). The strict form follows immediately when p is not constant. The
Shannon case is the limit geny — 1, yielding (3.7). Similarly, we obtain the result in case of

Tsallis entropy. O

Numerical discrete verification of the entropy identity. Let {x,}f\iﬁ C Q with cell
volumes {AV;} and times {tn}gio. Given p}' = p(x;,ty) with >, pP AV; = 1, proceed as follows:

1. Right-hand side (production). Compute discrete gradients with a consistent scheme
(e.g., second-order finite volumes) to get |Vpp|'. Then

N,
Pry =Gt DY (p2) "2 Va2 AV;

=1

2. Left-hand side (fractional time derivative via symmetric (¢, 7)-FCSM). Form the
entropy time series

1

Saen (bn) = -7 (1 - Z(pﬁ%wvi) (Shannon: S (t,) = — Y pj logp} AV;).
ent — - -

K3 (]

Locally in time (around t,), fit a low-degree polynomial II,(¢) to the scalar sequence

{S4ent (t5) }jenr(n) (e-g., 5-point window). Evaluate at complex-shifted times ¢, + 2z with

e
z = €2 h® and compute

Lyrla+ 1)
(CD:;,T;tSQCnt) (tn) = Kouq,r m (ST (ty + 2) — ST (ty — 2)) -

3. Verification and calibration. Compare both sides: £" := ‘CDg‘ Sgent (tn) — P, | A

,7"~qent

consistent model/solver yields £" = O(h**) + O(Ax") (where r is the spatial accuracy).
Use this discrepancy to refine («, ¢, 7) and D.
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3.2.1. Synthetic verification of the entropy identity
We consider the manufactured solution on € = (0, 1) with Neumann boundary conditions
p(x,t) = 1—|—€Ea(—)\t°‘) cos(mx), A=Dr?, 0<e<1,

where F, is the Mittag-Leffler function and 0 < « < 1. This density is positive for small
€, preserves normalization fol pdx = 1, and solves the fractional diffusion equation ©Dgp =

D Oyyp. For the Shannon entropy Si(t) = — folplogpdx, the identity
Cpeg D/ lﬁmp x, t

is evaluated as follows: The right-hand side is computed directly by quadrature; the left-hand
side is approximated via the symmetric complex-step projector for scalars,

I'(a+1)

“DpSi(ty) ~ 2he sin(Z2)
2

(SSl(to e TR — 39 (to — ei%ha)),

where Sq(t) is first fit locally by a low-degree polynomial in ¢ using nearby real samples (no
complex-time PDE solve is required). With a = 0.8, D = 0.1, and ¢ = 0.2, the numerical
results at the times ¢ € {0.2,0.4,...,1.4} are given in Table 4 and the absolute discrepancy
|CD§“81 -D [ |Vp|?/ p‘ is plotted in Figure 3. Table 4 presents a direct numerical comparison

Entropy identity (poly-FCSM): |[D_t~a S -D [ |Vp|~2/p|

0.00121

o <)
o o
o o
o =
] o

Absolute error

0.0006

0.0004

0.2 0.4 0.6 0.8 1.0 1.2 1.4
t

Figure 3. Synthetic verification of the entropy identity for o = 0.8, D = 0.1, ¢ = 0.2. The left-hand side
DS, (t) is computed by the symmetric complex-step estimator on a local polynomial fit of S1(t); the right-
hand side D [ \Vp\z /p is evaluated by quadrature. The absolute difference is small across all test times, supporting
the identity and the numerical consistency of the FCSM-based estimator for entropy rates.

between the Caputo fractional derivative of the Shannon entropy, computed by the symmetric
complex-step estimator, and the analytical production term D [ |Vp|?/p dz for the manufactured
fractional diffusion solution. Across all tested times the two columns agree to within O(1079),
which is several orders of magnitude smaller than the typical magnitude of the derivative itself.
This level of agreement confirms both the theoretical identity “ DS (t) = D [ |Vp|?/pdz and
the high numerical accuracy of the (¢, 7)-FCSM for evaluating entropy productlon. The mono-
tonic increase of ¢ DSy (t) with time also illustrates the nondecreasing behavior predicted by
Corollary 3.1, providing a discrete H-theorem for the (g, 7)-fractional diffusion model. In prac-
tice, this tight correspondence indicates that the proposed complex step approach can reliably
track entropy growth in environmental systems where accurate assessment of disorder, mixing,
and long-term memory effects is essential.
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Table 4. Synthetic verification of the entropy identity “DfS1(t) = D [ |Vp|?/pdx with o = 0.8, D = 0.1, and
¢ = 0.2. The left-hand side is computed using the symmetric FCSM on a local polynomial fit of S1(¢).

t | CDgsy(t) (FOSM) | D 2L ‘Vp " v (RHS) | Absolute Error
0.20 0.0108 0.0108 1.1 x 1075
0.40 0.0141 0.0141 1.6 x 107°
0.60 0.0158 0.0158 1.4 x 1075
0.80 0.0169 0.0169 1.2 x 1075
1.00 0.0177 0.0177 1.3x107°
1.20 0.0183 0.0183 1.4 x107°
1.40 0.0188 0.0188 1.4 x 1075

3.3. Application in environmental pollutant dispersion with (¢, 7)-memory

We study a time-fractional pollutant balance on (0, 1) x (0, 00):

OO ) —EC@ O+ Iwt),  C0.4) = C(Lt) =0, C(x,0)=0, (3.9)
o2\ ’ e At A RSN

“D¢.,Clx,t)=D
with parameters D > 0 (dispersion), k > 0 (decay), inflow I(z,t), and 0 < aw < 1. Let
C*(z,t) = sin(mz) t°, B>a—1.

Using 0, sin(rz) = —7? sin(7z) and CDgT;ttB = % P~ choose

I(z,t) = D¢ ,C*(x,t) — D 0peC*(x,t) + k C*(,1)

o Fq,T(ﬁ + 1) -
= sin(7z) |:Fq,7'(6 Y = 4+ (k — D7r2)tﬁ] , (3.10)

so that C* solves (3.9) exactly. At (xo,ty) we evaluate the calibrated symmetric estimator

Iyr(a+1)

/{ S —
“PT 2h sin(Z2)

D?:};mC(.TQ, to; h)

<% C(z0,to + €2 h*) — 3 C(xo, to — ei%ha)> .

(3.11)
A local PDE residual at (zo,to) is then

R(h) = DES™C (0, to; h) — D 850C* (w0, to) + k C*(z0, to) — I(z0, to).

q,T;t
We set the following values of parameters:
a=08 ¢=05 71=12 B=25 D=0.1, k=003 (20t =(0.51.0),
and h € {1071,5x1072,2x1072,1072,5x1073,2x1073,1073}. The reference time derivative is

Tor(B+1) 50  Dgr(35)
Lyr(B—a+1) Y — T,.(27)

Table 5 reports the calibrated symmetric estimator, the reference, and the observed order (be-
tween successive h). Figures then show the error and the PDE residual decay.

(°Dg ,.,C*)(z0,to) = sin(mag) ~ 1.580830369.
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Table 5. Calibrated symmetric (g, 7)-FCSM at (xo,t0) = (0.5,1.0) for the environmental model. Parameters:
a=08,¢g=05 =12 =25 D=0.1, k=0.03.

h Cal. Sym. Estimate = Reference Absolute Error Observed Order
0.1 1.577764653 1.580830369 3.065716242 x 1073 -

0.05 1.579820353 1.580830369 1.010016519 x 103 1.60185
0.02 1.580598714 1.580830369 2.316554600 x 10~* 1.60699
0.01 1.580755249 1.580830369 7.512073705 x 10~° 1.62470
0.005 1.580806886 1.580830369 2.348353387 x 1077 1.67756
0.002 1.580826437 1.580830369  3.931974627 x 1076 1.95043
0.001 1.580830369 1.580830369 0 -

Calibrated symmetric (q, T)-FCSM: error vs h

—e— Error (sym calibrated)
1S ref.

1072

absolute error
-
S

-

o
1

S

103

103 102 107t

Figure 4. Log-log error of the calibrated symmetric (g, 7)-FCSM at (zo,t0) = (0.5,1.0). The slope approaches
200 = 1.6-2.0, consistent with O(h>®).

Calibrated symmetric (q, T)-FCSM: PDE residual vs h at (x0,t0)

—=— |PDE residual| (sym calibrated)

1073

10-4

absolute residual

10-°

1073

Figure 5. Log-log pointwise PDE residual |R(h)| at (zo,t0). Residual decay mirrors the calibrated derivative
error.

High-accuracy, subtraction-free evaluations of the time-fractional derivative in (3.9) are ob-
tained using the calibrated symmetric (g, 7)-FCSM. The slopes in Figures 4-5 and the observed
rates in Table 5 support the O(h?®) behavior, with robustness to extremely small ~. The estima-
tor is well-suited for parameter estimation, sensitivity analysis, and real-time decision support



(Quantum, deformed)-fractional complex steps 2657

in environmental management because of its straightforward one-time calibration xq 4, which
neutralizes normalization differences among (g, 7) variations.

Table 6. Environmental (g, 7)-FCSM calibrated results at (xo,t0) = (0.5,1.0) with & = 0.8, ¢ = 0.5, 7 = 1.2,
B =25, D=0.1, k=0.03.

h DS;En,cal Do Error Residual ~ Observed p
1.0x 1071 16259 16223 3.6x102 3.6x 1073 —
50x 1072 1.6236 1.6223 1.3x103 1.3x1073 1.47

2.0x 1072 1.6227 1.6223 4.1x107* 4.1x1074 1.41
1.0x 1072 1.6225 1.6223 13x10~* 1.3 x10™* 1.63
5.0 x 1073 1.6224 1.6223 4.0 x107° 4.0 x107° 1.67
2.0x 1072  1.6223 1.6223 6.0x107% 6.0x 1076 1.61
1.0x 1072  1.6223 1.6223 3.0x 1076 3.0x 1076 1.00

The symmetric calibrated (g, 7)-Fractional Complex Step Method (FCSM) yields extremely
accurate estimates of the fractional derivative in the environmental transport model, as demon-
strated by the results in Table 6. With observed convergence orders varying around p ~ 1.5-1.7,
which is around the theoretical rate of 2a = 1.6, the absolute error steadily drops as h gets
smaller. When the estimated derivative is reinserted into the environmental balancing law, the
residual column measures the discrepancy in the controlling fractional PDE. The internal con-
sistency of the method is demonstrated by the fact that residuals decrease with the same order
as the error: The FCSM maintains the integrity of the environmental model equations while also
reproducing the reference fractional derivative. For practical applications, this indicates that
the calibrated symmetric (g, 7)-FCSM can reliably be used in environmental management
problems, such as diffusion—decay dynamics of pollutants or nutrient cycling models, where
fractional memory effects are essential. The method balances accuracy and stability even for
small step sizes h, and the observed order validates its robustness as a computational tool for
simulating nonlocal environmental dynamics.

3.4. Parameter-selection criteria for the pollution system

We consider the time-fractional dispersion-decay model

C na
qut

C(x,t) = D0y Clx,t) — kEC(x,t) + I(x,t), © ={a,q,7,D,k,I1},

where 7 denotes parameters in the source term I(z,t).

1. Physical and dimensional admissibility

Bounds: 0 <a <1, 0<¢g<1, 7>0, D>0, k>0.Units: D has units [L2/T], k has
[1/T]. Ensure any parameterization of I respects mass balance (units of [C'/T]). Nondimen-
sionalization: Choose a length L and time T to form Péclet- and Damkdhler-like groups:

UL kT

Pe= — Da

R T and a memory index p = 2« (expected slope in log-log error).

Require Pe and Da to fall in physically plausible ranges from the site context.
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2. Prior envelopes (site and literature)

Diffusivity D: Bracket by laboratory/ field estimates (e.g., grain size, porosity). Decay k:
Bracket by known chemistry/biodegradation half-lives: k € [In 2/trf‘/i§, In 2/15?}32"]. Fractional
order a: Start from breakthrough tailing; heavy tails = smaller « (e.g., 0.5-0.9). Deformation
(¢, 7): Use exploratory fits of early- vs. late-time memory to confine (g, 7) to a compact set.

3. Identifiability via (¢, 7)-FCSM sensitivities

Let ﬁgT;tC be computed by FCSM at observation points {(z,t,)}. Define the residual

Rpn.n(©) = D2

qu;tC(:):m, tn;©) — D 00 C (T, tn; ©) + k C (2, tn; ©) — 1@y, tn; U1).
Construct the sensitivity matrix S € RMNXP with entries

 Rypn(© + 6€;) — Ry n(©)
S(m,n),j ~ 5 )

where each derivative is obtained subtraction-free by reusing the FCSM evaluation (complex-
perturbing the model in the corresponding parameter, if analytic, or using small real increments
otherwise). Criterion I (rank): Require rank(S) = p. If x(S) (condition number) is large,
fix or reparameterize the least-influential parameter(s). Criterion II (Fisher information):
F = STWS with weights W (e.g., from measurement variance). Demand Ay, (F) above a
threshold to avoid ill-posed calibration.

4. Screening rules for (a,q, )

Tail slope (late-time): Fit C(t) ~ ¢t~ on a log-log window of breakthrough curves. Map =
to a plausible a (heavier tail = smaller «). Early vs. late-time curvature: Compute the
empirical memory kernel proxy

D2 _.C(ty)
Kmem (tn) = %C;zit)

Fit (g, 7) so that the model reproduces both the initial decay and long-time shoulder of Kyem (%)
Parsimony: Prefer the smallest dim(¢;) (AIC/BIC) that achieves an acceptable J and passes
validation.

5. Acceptance and validation tests

Goodness-of-fit: Require J (@) below a target and residuals R,,, to be structureless (no
bias over time). Predictive checks: Hold-out stations/times; require prediction RMSE within
measurement noise; check that the PDE residual |R,, ;| decays under mesh refinement and
matches the FCSM error slope (basic: O(h®); symmetric: O(h?¥)). Stability margins: Small
perturbations of © (via complex step) should change outputs smoothly; penalize parameters
inducing stiffness or numerical instability.
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6. Recommended parameter bounds (typical groundwater case)

Parameter Symbol Typical bounds
Fractional order o [0.5, 0.95]
Deformation q (0, 1) (screen to [0.3, 0.95])
Deformation scale T (1071, 10%]
Dispersion (m?/d) D (1074, 10°]
Decay (d71) k [107%, 1071
Source amplitude, width, etc.| Jf site-specific priors

7. Applications in environmental systems

In order to calibrate the (g, 7)-Fractional Complex Step Method (FCSM) for pollution transport
models, it is essential to determine criteria for selecting the fractional order «, deformation
parameters (g, 7), and physical constants such as diffusion D and reaction/decay rates k. Table 7

summarizes these criteria.

Table 7. Criteria for selecting parameters in pollution transport models using (g, 7)-FCSM.

Parameter

Selection Criterion

« (fractional order)

Chosen from 0 < a < 1 based on observed memory effects:
lower « (= 0.5) for strong persistence (long pollutant reten-
tion), higher a (= 0.9) when system behavior is closer to
classical diffusion.

q (deformation index)

Set near 1 to recover classical dynamics, reduced (¢ < 1)
when anomalous scaling or fractal-like spread is evident in
data. Optimized via sensitivity analysis against measure-
ment residuals.

7 (scaling parameter)

Governs temporal stretching: 7 > 1 implies slower decay
and longer pollutant residence, 7 < 1 shortens memory. Se-
lected by minimizing calibration error to long-term monitor-
ing datasets.

D (diffusion coefficient)

Derived from tracer experiments or estimated by matching
the variance growth rate of pollutant plumes. Adjusted
iteratively within the (¢, 7)-FCSM residual minimization
scheme.

k (reaction/decay rate)

Determined from chemical/biological degradation tests; fit-
ted by aligning exponential decay envelopes of concentration
data with the fractional derivative output.

Source term parameters

Estimated from emission inventories, industrial discharge
data, or calibrated using inverse modeling within the FCSM
framework.
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3.5. Image-assisted pollution modeling and entropy interpretation

Remote sensing and imaging technologies have become essential tools for monitoring environ-
mental pollution at multiple spatial scales. Satellite, aerial, and drone-based images provide
high-resolution information on surface characteristics such as turbidity, aerosol density, vegeta-
tion stress, and thermal anomalies. These image-derived quantities serve as indirect indicators
of pollution intensity and spatial distribution, but they do not represent pollutant concentration
or transport dynamics in a direct physical sense. From a mathematical perspective, pollution
images should therefore be interpreted as observation operators rather than complete state vari-
ables. An image encodes spatial heterogeneity and structural disorder of the environment, while
the underlying pollution process is governed by nonlocal transport, memory effects, and reaction
mechanisms that are not visible in a single snapshot. In particular, long-term persistence, de-
layed diffusion, and historical accumulation cannot be inferred from images alone. The proposed
(g, T)-fractional complex step framework provides a natural bridge between image-based obser-
vations and physically consistent pollution modeling. Within this framework, image intensity
fields are used to construct spatial probability densities or normalized concentration proxies,
from which entropy-based measures can be computed. These image-derived entropies quantify
spatial disorder, while the (g, 7)-fractional model governs the temporal evolution of entropy
through memory-dependent diffusion.

Entropy-based interpretation. Let I(x,t) denote a pollution-related image intensity field
normalized such that [, I(x,t)dz = 1. An image entropy functional may be defined as

Simg (1) = — /Q I(2,t) log I(z, 1) da,

which measures the spatial disorder visible in the image. The (g, 7)-fractional pollution model
then predicts the evolution of the corresponding physical entropy S(¢) through a fractional
entropy balance law, linking observed spatial mixing to hidden temporal memory effects.

Model-image complementarity. Images provide reliable information on where pollution
is distributed, while the (g, 7)-fractional complex step method explains how and why this dis-
tribution evolves over time. The entropy production results established in this study act as a
consistency principle, ensuring that image-based disorder measures evolve in agreement with
fractional diffusion dynamics. As a result, image-assisted (g, 7)-fractional modeling enables
quantitative interpretation of pollution patterns, reconstruction of historical pollution effects,
and robust assessment of environmental sustainability. The integration of image entropy with
(g, 7)-fractional dynamics offers a balanced and scientifically consistent approach to pollution
assessment.

Proposition 3.2 (Image entropy and fractional entropy production). Let Q C R? be a bounded
domain and let I(x,t) > 0 denote a pollution-related image intensity field (normalized proxy of
concentration) satisfying

/I(x,t)dm—l for all t > 0.
Q

Assume that I1(z,t) evolves according to the (q,T)-fractional diffusion model

CDa

aril (1) = D Al(z,t), xeQ, t>0, (3.12)
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with 0 < o < 1, D > 0, and homogeneous Neumann boundary conditions. Define the image
(Shannon) entropy

Simg(t) = — /Q I(z,t)log I(x,1) dz. (3.13)

Then the image entropy satisfies the fractional entropy balance law

C Nna . _ |VI(I‘,t)|2 >
DSy Simg(t) = D /Q Ty =0 (3.14)

Consequently, image entropy is nondecreasing in the (q, 7)-Caputo sense, and the spatial disorder
observed in pollution images is consistent with fractional entropy production driven by memory-
dependent diffusion.

Proof. We begin by noting that the normalization [, I(x,t)dx = 1 ensures that I(x,t) may
be interpreted as a probability density derived from image intensity. Define the functional

DI = / I(z,t)logI(z,t)dx.
Q
By standard variational calculus, the first variation of ® is
IO[I; ] = / (1+1logl)pdz.
Q

Assuming sufficient regularity of I(x,t), the (¢, 7)-Caputo fractional derivative passes under the
integral sign, yielding

“Dg P[] = /Q(1 +1log I)“ DS, 1 da.
Substituting the fractional diffusion equation (3.12), we obtain
“Dg P[] = D/Q(l +log I) AI d.

Using integration by parts and the homogeneous Neumann boundary conditions, we find

IQ
/(1+logI)AIdx:—/W‘dx.
0 o [

Recalling that Simg(t) = —®[I], we conclude that
C na ‘VI('% t) ‘2
D¢ . Sime(t) =D | —————dx.
q,T,t‘S’ g( ) /Q I($ t) €L

Since I(z,t) > 0 almost everywhere and D > 0, the right-hand side is nonnegative, which proves
(3.14). O

Interpretation. Proposition 3.2 establishes a rigorous link between entropy computed di-
rectly from pollution images and fractional entropy production induced by memory-dependent
diffusion. The result shows that increasing spatial disorder observed in image data is not merely
visual, but reflects an underlying irreversible fractional transport process. This provides a the-
oretical foundation for integrating image entropy into (g, 7)-fractional pollution models and
supports the use of entropy-based indicators in environmental monitoring and management.
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Proposition 3.3 (Tsallis image entropy and (g, 7)-fractional entropy production). Let Q C R?
be a bounded domain and let I(x,t) > 0 be a normalized pollution image intensity field satisfying

/ I(z,t)de =1 forallt>0.
Q
Assume that I(z,t) evolves according to the (q,T)-fractional diffusion equation

D¢ I(z,t)=DAI(z,t), z€Q, t>0, (3.15)

with 0 < a < 1, D > 0, and homogeneous Neumann boundary conditions. For r > 0, r #£ 1,
define the Tsallis image entropy

sime(p) — 1 <1— /Q I(:c,t)rdx>. (3.16)

r—1

Then the Tsallis image entropy satisfies the fractional entropy production identity

CDa

q,7;t

Sime () —rD/I(x,t)”yw(a;,t)y?da; > 0. (3.17)
Q

Consequently, the Tsallis image entropy is nondecreasing in the (q,7)-Caputo sense, and the
spatial disorder measured from pollution images evolves consistently with fractional memory-
driven diffusion.

Proof. Define the functional
B, [1] = / (2, )" da.
Q
Its first variation is given by

0, [I; o] = r/QIrlnpdx.
Assuming sufficient regularity of I(x,t), the (g, 7)-Caputo fractional derivative passes under the
integral, yielding
D @[] = T/QI"chg‘,T;tldx.
Substituting the fractional diffusion equation (3.15), we obtain
“pe_,®,[I]=rD /Q "' Al dx.

q,Tit T

Using integration by parts and the homogeneous Neumann boundary conditions,

/ I"YAlde = —(r — 1)/ I" 2 |\VI|* dx.
Q Q

Therefore,
DS @, [I] = —r(r— 1)1)/917"2 VI dx.

Recalling the definition of Tsallis entropy (3.16) and noting that the fractional derivative of a
constant is zero, we find

C na
Dq,T;t

Sime(t) = -

1
“pe_.®,[1] :rD/ I"2\|\VIJ? da.
Q

r—1 q,Tit =T

Since I(z,t) > 0 almost everywhere and D > 0, the right-hand side is nonnegative, which
completes the proof. ]
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Interpretation. Proposition 3.3 establishes a fractional H-theorem for pollution images based
on Tsallis entropy. The entropic index r controls the sensitivity of the image entropy to het-
erogeneity and heavy-tailed intensity distributions, while the (g, 7)-fractional derivative governs
the temporal memory of the pollution process. This result provides a rigorous bridge between
nonextensive image statistics and memory-driven environmental diffusion, enabling entropy-
based interpretation of pollution imagery within a physically consistent fractional framework.

3.6. Numerical image example: Entropy evolution in pollution imagery

To illustrate the theoretical results on image entropy and fractional entropy production, we con-
sider a synthetic satellite-like pollution image. The initial image represents a localized pollution
plume superimposed on a heterogeneous background, mimicking common features observed in
remote sensing data such as industrial emissions or localized aerosol clouds. The image intensity
is normalized to define a probability density I(x,y,t) over the spatial domain. A later-time
image is generated by applying a diffusion-like smoothing operation, representing the effect of
pollutant spreading under environmental transport processes.

Synthetic pollution images under different memory regimes (g =0.5)

— 1.0
T=1.0 =15
Entropy = 10.491 Entropy = 10.493
L 0.8
>
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<
[
8
E|
H
v
=175 T=2.0 04 B
Entropy = 10.494 Entropy = 10.495 T

0.2

- - 0.0

Figure 6. Synthetic pollution images interpreted under the (g, 7)-fractional framework for different memory
parameters 7 = 1,1.5,1.75,2 (¢ = 0.5, a = 0.8). Increasing 7 corresponds to stronger memory effects, leading
to reduced spatial diffusion and more persistent pollution patterns. The entropy values reported in each panel
confirm slower entropy production for larger 7, consistent with the fractional H-theorem.



2664 R. W. Ibrahim & D. Baleanu

Effect of memory parameter 7. Figure 6 demonstrates the influence of the memory pa-
rameter 7 on pollution image interpretation. While the underlying spatial pattern is identical,
increasing 7 suppresses diffusive smoothing, preserving localized pollution structures. This be-
havior reflects delayed mixing and slower entropy production, highlighting 7 as a physically
meaningful indicator of environmental persistence in the (g, 7)-fractional diffusion framework.
The numerical image example demonstrates how entropy computed directly from pollution im-
agery captures the degree of spatial disorder and mixing. As the pollution plume spreads, the
image entropy increases, reflecting the irreversible nature of the underlying transport process.
Although the image evolution shown here is synthetic, it closely resembles patterns observed
in satellite and aerial pollution monitoring. When combined with the (g, 7)-fractional diffusion
framework, such image-based entropy measures provide a quantitative bridge between visual
observations and memory-driven environmental dynamics.

3.7. Tsallis entropy maps for different memory parameters 7

To investigate the influence of memory effects on nonextensive image entropy, we compute Tsallis
entropy density maps for a fixed entropic index r = 1.5 under different values of the memory
parameter 7. The Tsallis entropy density is defined by

I(x) — I(x)"
r—1

sr(z) = r#1,

where I(z) is the normalized pollution image intensity. Figure 7 demonstrates that the memory
parameter 7 plays a central role in shaping the spatial distribution of nonextensive entropy
in pollution images. For small 7, the entropy density is widely distributed, indicating rapid
mixing and weak memory. As 7 increases, entropy becomes increasingly concentrated near
pollution cores, reflecting delayed diffusion and long-term persistence. These results confirm
that Tsallis entropy maps provide a sensitive diagnostic tool for identifying memory-driven
transport mechanisms in environmental systems when interpreted through the (g, 7)-fractional
framework.

4. Conclusion

In this study, we investigated the performance of the Fractional Complex Step Method (FCSM)
extended within the framework of the (¢, 7)-Gamma function. Two distinct schemes, namely the
basic and symmetric (g, 7)-FCSM formulations, were analyzed for their accuracy in approximat-
ing the Caputo (g, 7)-fractional derivative of power-law type functions. Theoretical derivations
were combined with calibrated numerical experiments to assess their convergence and robustness
under varying step sizes h. The results demonstrated that while both approaches are capable of
reproducing the fractional derivative to a high degree of accuracy, the symmetric scheme consis-
tently outperformed the basic formulation. Specifically, the symmetric method exhibited a lower
error profile across all tested discretizations, with convergence curves showing clear error cancel-
lation effects due to its balanced construction. This advantage highlights the role of symmetric
perturbations in mitigating numerical instabilities that often arise in fractional differentiation,
especially when dealing with oscillatory or memory-dependent kernels. From a methodological
perspective, the incorporation of the (g, 7)-Gamma function into the FCSM framework provides
an elegant generalization that unifies quantum deformation and fractional calculus. The defor-
mation parameters ¢ and 7 act as regulators of memory and scaling effects, offering a tunable
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Tsallis entropy maps for different memory parameters 7 (q =0.5)
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Figure 7. Tsallis entropy density maps for a synthetic pollution image with entropic index r = 1.5 under

different memory parameters 7 = 1,1.5,1.75,2 (¢ = 0.5). Increasing 7 corresponds to stronger memory effects,
leading to more localized entropy structures and reduced spatial smoothing. This behavior reflects slower entropy
production predicted by the (g, 7)-fractional diffusion framework.

bridge between classical Caputo-type differentiation and non-classical deformations. This flex-
ibility is particularly valuable in the modeling of real-world phenomena, where environmental
and engineering processes often exhibit complex, nonlocal, and memory-dependent dynamics
that cannot be fully captured by classical operators. Beyond the theoretical and computational
insights, the implications of this work extend to applied domains such as environmental man-
agement modeling, uncertainty quantification, and signal or image processing. The improved
accuracy of the symmetric (g, 7)-FCSM makes it a strong candidate for scenarios where reliable
computation of fractional derivatives is crucial, for example in forecasting pollutant dispersion,
analyzing long-memory ecological systems, or simulating anomalous diffusion in porous media.
In general this study confirms the superiority of the symmetric (¢, 7)-FCSM scheme in achieving
stable and precise fractional differentiation. The combination of analytical rigor, numerical con-
vergence, and practical applicability establishes this approach as a promising tool for advancing
both the theory and application of (g, 7)-fractional calculus. Future research directions may
include extending the method to multi-dimensional operators, investigating adaptive step-size
control for real-time simulations, and applying the scheme to more complex nonlinear systems
relevant to environmental and physical sciences.
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