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STABILITY AND BIFURCATION OF A NEUTRAL-TYPE DELAY

DIFFERENTIAL GAME SYSTEM IN GREEN SUPPLY CHAINS: A

GLOBAL SENSITIVITY ANALYSIS∗
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and Pengmiao Hao2,†

Abstract This paper investigates a two-echelon dual-channel green supply chain via a neu-
tral delay differential game model, focusing on supply chain coordination and system stability
analysis. We compare equilibrium outcomes under centralized and decentralized decision-
making, propose a transfer payment mechanism for coordination, and explore stability prop-
erties using eigenvalue methods, Sobol global sensitivity analysis, and numerical simulations.
Results show that centralized decision-making outperforms decentralized decision-making in
green technology level and total supply chain profit, while the transfer payment mechanism
achieves Pareto improvements within a specific parameter range. Stability analysis identifies
the discount rate, consumer green sensitivity, and price weight coefficient as dominant stabil-
ity determinants: The price weight coefficient acts as a critical stability switch inducing Hopf
bifurcation, and the discount rate extended to the real number domain directly determines
equilibrium stability type. Simulations visualize stability regions and oscillation behaviors,
while global sensitivity analysis quantifies parameter influences, confirming the discount rate
and consumer green sensitivity as the most impactful factors. Numerical simulations further
verify the theoretical findings and establish a clear link between parameter sensitivity and
system stability.

Keywords Neutral delay differential game system, stability, Hopf bifurcation, dual channel
green supply chain, global sensitivity analysis.
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1. Introduction

It is well known that the use of green technology can produce environmentally friendly products
and reduce the damage that production activities cause to the environment. The use of green
products is conducive to improving the ecological environment, developing a green industry, and
promoting the sustainable development of human beings [10]. Thus, people are more willing to
use green products, and then form a preference for green products [49]. Environmental awareness
and preference among consumers encourage suppliers of the supply chain system to provide green
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products [7, 15, 23, 25, 37, 41, 45, 48]. Meanwhile, manufacturers are also inspired to study green
technology to improve the greenness of products [38]. Therefore, the green supply chain system
(GSCS) considering green technology to reduce the resource consumption and environmental
damage arises at a historic moment [8, 11,23,38,43].

As is known to all, a green supply chain generally includes suppliers, manufacturers, retailers,
and customers. For these companies, studying how to maximize profits is crucial. However,
because of the cost of the research on green technologies, the price of green products is often
much higher than that of non-green products. The price of green products will directly affect
the supply and demand of products, and then influence their profits. So, setting an optimal or
appropriate price for green products is vital [13, 26, 27]. Thus, finding an equilibrium between
the level of green technology and the price in each of the GSCS is important.

For a GSCS, researchers tended to choose the static model or the multi-stage dynamic game
model to study the game behavior between members of the discrete and intermittent supply
chain [18,42,44]. However, the process of finding the optimal value is continuous, long-term, and
dynamic, requiring real-time modeling. Differential game dynamical systems can model conflict
problems and analyze variables that evolve over time. For example, Mohsin et al. proposed
the green supply chain differential game system on the optimal level of green technology and
the appropriate greenness [23]. Therefore, in this paper, the differential game model is used
to satisfy precision and timeliness, contributing to the most suitable decisions for managers. It
is noted that the manufacturer in [23] is only through the traditional retail way, that is, by a
single channel. However, to accelerate the development of information and Internet technology,
manufacturers have opportunities to sell directly to the customer by e-channel. Many enterprises
sell not only through the traditional retail channel, but also through the electronic channel, such
as Dell, Sony, Lenovo, and Hewlett Packard [6]. Both the traditional retail channel and the e-
channel are used to sell green products, which is named the dual channel pattern. The dual
channel supply chain system has attracted more and more attention from researchers [4, 6, 47].
For example, Zhou et al. [47] conducted a dual channel supply chain differential game system
on the reduction of manufacturer emissions and retailer advertisement campaigns. Bo et al. [4]
analyzed the pricing policies of a competitive dual channel GSCS. However, the dual channel
green supply chain differential game system about the optimal green technology and the optimal
price is still not being considered, so this work aims to construct such system.

On the other hand, in the actual supply chain system, time delay is an unavoidable phe-
nomenon. The existence of time delay affects the stability of the system and leads to the
performance changes of the whole system, such as stability switching, bifurcation, and chaos
[1, 2, 9, 12, 16, 20, 21, 35, 36, 40]. Therefore, it is meaningful to consider time delay in the dual
channel green supply chain differential game system. For the dual channel supply chain delay
differential game model, Si et al. [31] considered product quality and analyzed the existence of
Hopf bifurcation and its local asymptotic stability at equilibrium. But they consider only the
situation where retailers adopt delay strategies, not the game behavior of both manufacturers
and retailers adopting delay strategies, and we are interested in studying the system in which
both manufacturers and retailers adopt delay strategies. So, in this paper, we focus on the opti-
mal pricing question of dual channel green supply chain delay differential game systems in which
both manufacturers and retailers adopt delay strategies and explore what dynamic behaviors
occur.

During the study, the dual channel green supply chain delay differential game systems are
investigated under centralized and decentralized decision making, respectively. No matter which
decision making scenario is used, it aims to find the equilibrium that stands for the optimal level
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of green technology and the optimal price. The optimality is proved by using the optimal control
method of dynamic optimization. In this process, scholars have a tendency to construct the
objective function and Hamilton-Jacobi-Bellman equation to model the final control dynamic
differential system. In the past, the discount rate was used in the construction for the objective
function of the infinite boundary autonomy problem and tended to be considered as a positive
number, ignoring the situation of non-positive number. However, in reality, the emergence of
the negative discount rate means the emergence of negative interest rates and negative economic
growth. For example, throughout the 1930s and early 1940s, the nominal yields of both Treasury
bonds and bills of the United States appeared to be negative as they reached maturity [5].
Redding [28] documented that the liquidity premium on these ‘fugitive’ bonds tends to produce
surprisingly negative nominal interest rates. In September 2016, Japan, Switzerland, Sweden and
Denmark had negative interest rates [3]. Furthermore, Mohsin et al. [24] claimed that COVID-
19 will bring a change in the macroenvironment of the Chinese economy macro environment and
will be more difficult to stabilize the economy. Its growth rate will be in the range [−3.6%, 2.8%].
That is, the negative interest rate and the negative growth are probably to appear. Thus, this
paper extends the discount rate to the field of real numbers.

With the growing global emphasis on environmental sustainability, green supply chains
(GSCs) have become a critical strategy for enterprises to balance economic performance and
environmental responsibility [8, 11, 23, 38]. However, real-world GSC operations face two major
challenges: Complex parameter interactions, where system behavior is governed by numerous
parameters whose interactions are difficult to quantify, making it hard to identify key factors
for targeted management [19, 50]; and dynamic stability risks, where time-delay effects and pa-
rameter variations can induce complex dynamic behaviors such as Hopf bifurcation, leading
to system instability and performance degradation that threatens the sustainable operation of
GSCs [17,31]. Existing studies often focus on either static sensitivity analysis or isolated stabil-
ity analysis, failing to establish a direct link between parameter sensitivity and system stability,
This paper aims to focus on this aspect. On the one hand, it integrates Sobol global sensitivity
analysis and bifurcation theory to systematically identify key parameters governing system sta-
bility, revealing that the price weight coefficient acts as a critical stability switch inducing Hopf
bifurcation, and establishing a direct link between sensitivity indices and stability boundaries.
On the other hand, to reflect contemporary economic conditions, based on the extension of the
discount rate to the full real number domain (including negative values), it proposes a dynamic
wholesale price coordination mechanism that draws on insights from sensitivity and bifurcation
analysis, coordinating manufacturer and retailer behaviors while achieving Pareto improvements
in supply chain profits and product greenness without compromising system stability.

The rest is organized as follows. In Section 2, the dual channel green supply chain delay
differential game systems about the green technology level and the price are constructed, respec-
tively, under centralized and decentralized decision-making situations. Moreover, the existence,
the local stability for the positive equilibria, and the existence of Hopf bifurcation for the neutral
delay differential system are obtained. In Section 3, by comparing two equilibria of decision-
making scenarios, the decentralized the dual channel green supply chain delay differential game
systems is coordinated with a contract about transfer payment mechanism so that it can make
supply chain members get Pareto improvements. In Section 4, a local sensitivity analysis is
carried out to study the influence of each parameter on positive equilibria. Global sensitivity
analysis using the Sobol method is implemented to quantify the influence of key parameters,
including the discount rate, consumer green sensitivity, and delay effects on system stability and
performance. In Section 5, some numerical simulations are produced to verify and explain the
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theoretical results. This paper ends with the conclusions and managerial implications.

2. Model formulation

In this section, we establish the dual channel green supply chain differential game system with
delay parameter τ within a continuous time t ∈ [0,+∞). This system consists of the manu-
facturer and the retailer, and they are risk-neutral. The manufacturer and the retailer can be
considered as a strategic group in a centralized decision-making situation. In this scenario, their
decision-making behaviors are completely controlled by the management of green supply chain.
But in decentralized decision making, they are viewed as two separate economies aiming to op-
timize their own profits. In addition, they form a competitive relationship. In the Stackelberg
game, the leader and the follower of market competition are separately the manufacturer and
the retailer.

2.1. Problem statement and assumptions

Before modeling, we introduce some notation and basic assumptions. i denotes the index of dual
channel; m stands for the e-channel; r represents the traditional retail channel; p0m(t) and p0r(t)
are separately the price of product for the retail channel and the manufacturer’s e-channel; Dm(t)
and Dr(t) are separately represent the product demand for retail channel and manufacturers’
e-channel. Throughout this article, we have the following assumptions.

• The cost that the retailer sell green products is viewed as 0 [23].

• The manufacturer bears all costs of green investment and the unit cost of the product
produced by the manufacturer is c0 [23]. The use of green technology has no effect on the
unit cost of green products [33].

• Both the retailer and the manufacturer adopt a delay strategy and have the same delay
parameter, so the sales price of green products is

p0i (t) =

θpi(t) + (1− θ)pi(t− τ), t ∈ [0, +∞), i = r,m,

θpi(0) + (1− θ)pi(−τ) ≜ p0i0, t ∈ [−τ, 0], i = r,m,
(2.1)

where pi(t), i = r,m is the current price of channel i at time t − τ ; pm(t) is the current
price of the online channel set by the manufacturer; pr(t) is the current price of the offline
retail channel; pi(t − τ) is on behalf of the historical price of channel i at time t − τ ,
which serves as the state foundation for delayed pricing decisions. p0i (t) represents the
instantaneous price; The market perceived price formed by weighting the current price
and historical prices. θ ∈ (0, 1) denotes the weight coefficient of the current price in the
decision. Equation (2.1) reflects consumers’ delayed response and price memory, where θ
weights the current price and (1− θ) weights the historical price.

• Considering the case that businesses may price the products below marginal cost to attract
and better target potential customers in the early stage of the formation of green products,
this product itself does not make money or lose money, but as a lure to attract customers
into the store. There are also two common promotion policies in our actual life: The
depreciation strategy [34] and Membership card strategy [29], which can achieve ‘front-
end drainage, back-end realization’. Therefore, we assume that all ranges of pi(t), pi(t−τ)
and p0i (t) are (0, +∞) and τ ∈ [0, +∞).
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• In order to adapt to the market flexibility requirements, Di(t) (i = r, m) is negatively
related to p0i (t) (i = r, m) but positively correlated with the greenness function of the
product g(t) [23,46]. Hence, Di(t) (i = r, m) are as follows:

Dm(t) =

µa− a1p
0
m(t) + a2g(t) + bp0r(t), t ∈ [0, +∞),

µa− a1p
0
m0 + a2g0 + bp0r0, t ∈ [−τ, 0),

(2.2)

Dr(t) =

(1− µ)a− a1p
0
r(t) + a2g(t) + bp0m(t), t ∈ [0, +∞),

(1− µ)a− a1p
0
r0 + a2g0 + bp0m0, t ∈ [−τ, 0),

(2.3)

where a represents the total market demand; µ is representative of the initial market share
of the electronic direct marketing channels; b denotes the two channel cross price elasticity
coefficient; a1 indicates the price sensitivity; a2 means the consumer’s sensitivity to the
greenness of the product; µ ∈ (0, 1); a, a1, b, a2, Di(t) ∈ (0, +∞).

• g(t) is the greenness stock of the product at time t, which represents the cumulative
environmental level and green reputation perceived by consumers. k(t) is the investment
level in green technology, which directly improves the product greenness. The greenness
of the product differential function g′(t) can be considered as

g′(t) = k(t)− δg(t), t ∈ [0, +∞); k(t) = k0, g(t) = g0, t ∈ [−τ, 0).

Among them, δ > 0 is the decline coefficient of the greenness of the product; The dynamic
of greenness g′(t) = k(t) − δg(t) captures the net change in environmental performance,
where δg(t) denotes the natural depreciation of green reputation. The green investment
cost function c(k(t)) can be expressed

c(k(t)) = αk2(t)/2, t ∈ [0, +∞), c(k0) = 0, t ∈ [−τ, 0),

where α > 0 expresses the green investment cost coefficient [23,33]; k0 represents the initial
level of the green technology of the product; g0 shows the initial greenness of the product;

• Because manufacturers need to increase the investment in green technology in the process
of producing green goods and the greenness of product decreases as the green technology
increases over time, the coefficient of k(t) is positive, but the coefficient of g(t) is negative
[11, 23, 38]. From the expression of g′(t), we know that g(t) and k(t) are two independent
functions; g(t), k(t) ∈ (0, +∞).

• All functions are continuous and differentiable subject to the independent variable t.

2.2. Centralized decision-making model

In the situation of centralized decision making, the purpose of modeling is to find the best sales
price and the optimal level of green technology and optimize its total profit. The instantaneous
total profit function is

Πc(t) = [p0m(t)− c0]Dm(t) + [p0r(t)− c0]Dr(t)− c(k(t)). (2.4)

The total instantaneous profit Πc(t) includes gross profits from both channels minus the cost
of green investment. The firm maximizes the discounted infinite-horizon profit to determine
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optimal pricing and green investment strategies. Equation (2.4) can be expanded as

Πc(t) = [p0m(t)− c0][µa− a1p
0
m(t) + a2g(t) + bp0r(t)]

+ [p0r(t)− c0][(1− µ)a− a1p
0
r(t) + a2g(t) + bp0m(t)]− αk2(t)/2.

In this decision scenario, the present value of Πc(t) should be maximized, so the objective
function is

max

∫ +∞

0
e−ρt Πc (t)dt, (2.5)

s.t. g′(t) = k(t)− δg(t), (2.6)

where ρ ∈ R represents the discount rate and (2.6) is the state equation, which belongs to the
infinite boundary autonomy problem.

The associated current-value Hamilton function of the objective function (2.5) is

Hc(t) = Πc (t) +m(t)g′(t),

where m(t) = eρtλ(t) is the current value multiplier; λ(t) is the marginal value of the state
variable g(t) discounted from time t to time 0; m(t) is the marginal value of g(t) at time t.
Moreover, λ(t) satisfies lim

t→+∞
λ(t) = 0 and

λ′(t) = −e−ρt∂Hc(t)

∂g(t)
= −e−ρt∂Π

c(t)

∂g(t)
− λ

∂g′(t)

∂g(t)
.

Thus, the first necessary condition for maximizing Hc(t) can be obtained, which is the following
adjoint equation

m′(t) = ρm(t)− ∂Hc(t)

∂g(t)
= (ρ+ δ)m(t)− a2(p

0
m(t) + p0r(t)− 2c0). (2.7)

The optimal conditions are also available and can be separately given by

∂Hc(t)

∂p0m(t)
= µa− 2a1p

0
m(t) + 2bp0r(t) + a2g(t) + (a1 − b)c0 = 0, (2.8)

∂Hc(t)

∂p0r(t)
= (1− µ)a− 2a1p

0
r(t) + 2bp0m(t) + a2g(t) + (a1 − b)c0 = 0, (2.9)

∂Hc(t)

∂k(t)
= m(t)− αk(t) = 0. (2.10)

Deducing from the first-order equations (2.8) and (2.9), we can obtain the following cases.

• If a1 = b, then the optimal greenness g(t) = −a/2a2 < 0, which contradicts g(t) > 0;

• If a1 ̸= b, then the pricing strategy equations can be obtained, i.e.

p0m(t) =
a2g(t)

2(a1 − b)
+

[a1µ+ b(1− µ)]a

2(a21 − b2)
+
c0
2
, (2.11)

p0r(t) =
a2g(t)

2(a1 − b)
+

[bµ+ a1(1− µ)]a

2(a21 − b2)
+
c0
2
. (2.12)
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In general, the price function p0m(t), p0r(t) increases with the greenness function g(t). So, in the
following research, we always assume a1 > b. Meanwhile,

p0m(t)− p0r(t) = (2µ− 1)a/[2(a1 + b)], (2.13)

g(t) =
2(a1 − b)p0m(t)

a2
− [a1µ+ b(1− µ)]a

a2(a1 + b)
− (a1 − b)c0

a2
. (2.14)

Solving the derivative at time t of equations (2.11) and (2.12), and associating the common state
equation (2.6) and the price function (2.1), there are

θ
dpi(t)

dt
+ (1− θ)

dpi(t− τ)

dt
=
dp0i (t)

dt
=

a2g
′(t)

2(a1 − b)
=

a2
2(a1 − b)

(k(t)− δg(t)), i = m, r.

Next, this paper also investigates the changing law of k(t). Equation (2.10) takes the derivative
with respect to t, deducing that

k(t) = m(t)/α, k′(t) = m′(t)/α. (2.15)

Moreover, after combining and sorting equations (2.15), (2.7), and (2.13), there is

k′(t) = (ρ+ δ)k(t)− 2a2
α
p0r(t) +

(1− 2µ)aa2
2α(a1 + b)

+
2a2c0
α

. (2.16)

From equation (2.16), ∂k′(t)/∂p0r(t) < 0, which means that k′(t) decreases with increasing p0r(t).
That is, as p0r(t) is optimal, k(t) and c(k(t)) will remain unchanged. Namely, there is p0r(t) = p0∗r1,
such that ∂k(t)/∂p0r(t) = 0. Associating with equation (2.14), there is the dual channel green
supply chain differential game system with delay about pm(t) and pr(t), which is a linear neutral
delay differential system as follows

dk(t)

dt
= (ρ+ δ)k(t)− 2a2θ

α
pr(t)−

2a2(1− θ)

α
pr(t− τ) +

(1− 2µ)aa2
2α(a1 + b)

+
2a2c0
α

,

θ
dpm(t)

dt
+ (1− θ)

dpm(t− τ)

dt
=

a2
2(a1 − b)

k(t)− δθpm(t)− δ(1− θ)pm(t− τ)

+
[a1µ+ b(1− µ)]δa

2(a21 − b2)
+
δc0
2
.

(2.17)

Remark 2.1. From the above analysis, one can model other differential systems on the basis of
their focus questions. For example, the dynamic control delay system with respect to k(t) and
the online price pm(t); the delay differential model with respect to the green level of the product
g(t) and pm(t), or g(t) and pr(t); the ordinary differential equations about g(t) and k(t), or g(t)
and the current value multiplier m(t). In this paper, the choice of model about k(t) and pr(t)
is similar to system (2.17) because their equilibria are the same.

Remark 2.2. The model involves two types of variables: State variables and control variables.
State variables describe the dynamic evolution of the system over time and cannot be directly
controlled, such as g(t), pr(t− τ) and pr(t− τ). Control variables are decision tools that can be
directly adjusted by the firm, such as pm(t), pr(t), k(t), p

0
r(t) and p

0
m(t).

Next, we focus on studying the existence of equilibria as the system (2.17) is equilibrated,
e.g. k′(t) = 0 = p′0m(t).
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2.2.1. Existence of the non-trival equilibrium

The associated ordinary differential system of model (2.17) is
dk(t)

dt
= (ρ+ δ)k(t)− 2a2

α
p0r(t) +

(1− 2µ)aa2
2α(a1 + b)

+
2a2c0
α

,

dp0m(t)

dt
=

a2
2(a1 − b)

k(t)− δp0m(t) +
[a1µ+ b(1− µ)]δa

2(a21 − b2)
+
δc0
2
.

(2.18)

We first clarify the mathematical consistency of system (2.18). Derived from the first-order
optimality conditions of the centralized differential game, the state equation of product greenness
g′(t) = k(t) − δg(t), and the delayed pricing rule, system (2.18) maintains complete logical
consistency with the preceding modeling framework. All variables and parameters in system
(2.18) satisfy the economic assumptions: k(t), p0m(t) ∈ (0,+∞), ρ > 0, δ > 0, α > 0, a1 > b > 0,
and a2 > 0. The dimensions of both sides of each equation are consistent (rate of change per
unit time), and there are no contradictions in variable definitions or parameter constraints.

Next, we discuss the well-posedness of system (2.18). System (2.18) is a linear nonhomoge-
neous ordinary differential equation system with constant coefficients, which can be written in
matrix form as

ẋ(t) = Ax(t) +C,

where x(t) = [k(t), p0m(t)]⊤,A is the constant coefficient matrix, andC is the constant vector. By
the fundamental theorem of linear ordinary differential equations, for any given initial condition
x(0) = [k0, p

0
m0]

⊤, system (2.18) admits a unique global solution. Moreover, the solution depends
continuously on the initial conditions and all model parameters, which guarantees that small
perturbations in initial values or parameters will not lead to drastic changes in the solution
trajectory. Eigenvalue analysis further reveals that system (2.18) has a saddle-point equilibrium,
which is consistent with the typical stability properties of differential game models.

Clearly, (0, 0) is not the equilibrium of system (2.18). As k(t) = 0, which means that, the
product is the origan non-green product. The situation about non-green products is omitted
because it has been studied by many scholars [6, 17, 47]. As p0m(t) = 0, namely, price products
as free, which seems unlikely to happen under normal circumstances. So we focus on the case
of positive equilibria.

Theorem 2.1. Suppose that a1 > b. If the parameters satisfy A1A2 > 0, and

A1 = a2[a+ 2(b− a1)c0], A2 = 2[αδ(ρ+ δ)(a1 − b)− a22],

then there is a unique non-trivial equilibrium E1(k
∗
1, p

0∗
m1), where

k∗1 =
δA1

A2
, p0∗m1 =

a2A1

2(a1 − b)A2
+

[a1µ+ b(1− µ)]a

2(a1 + b)(a1 − b)
+
c0
2
.

As the system is in equilibrium, if

a > max{[(a1 − b)c0 − a2g
∗
1]/µ, [(a1 − b)c0 − a2g

∗
1]/(1− µ)},

then the other corresponding positive values can be obtained as follows,

p0∗r1 =
a2A1

2(a1 − b)A2
+

[bµ+ a1(1− µ)]a

2(a1 + b)(a1 − b)
+
c0
2
, g∗1 =

A1

A2
, m∗

1 = αk∗1,

D∗
r1 =

a2A1

2A2
+

(1− µ)a

2
+

(b− a1)c0
2

, D∗
m1 =

a2A1

2A2
+
µa

2
+

(b− a1)c0
2

.
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Proof. By computing the associated equation group k′(t) = 0, p′0m(t) = 0 of system (2.18), we
can directly obtain the value of k∗1 and p0∗m1. Recall that equilibrium E1 also needs to satisfy the
optimal conditions

g′(t) = k(t)− δg(t) = 0, m′(t) = αk′(t) = 0.

Thus, k∗1 = δg∗1, m
∗
1 = αk∗1. If these parameters satisfy A1A2 > 0, one can easily deduce that

g∗1 = A1
A2

> 0. So k∗1, m
∗
1 > 0. Notice that a1 > b, µ < 1 and

p0∗m1 =
a2g

∗
1

2(a1 − b)
+

[a1µ+ b(1− µ)]a

2(a1 + b)(a1 − b)
+
c0
2
, p0∗r1 =

a2g
∗
1

2(a1 − b)
+

[bµ+ a1(1− µ)]a

2(a1 + b)(a1 − b)
+
c0
2
,

so p0∗m1 and p0∗r1 are positive as long as A1A2 > 0. Note that the definition of D∗
m1 and D∗

r1,
replacing p0∗m1 and p0∗r1 in equations (2.2) and (2.3), and we get

D∗
m1 =

µa

2
+
a2g

∗
1

2
+

(b− a1)c0
2

, D∗
r1 =

(1− µ)a

2
+
a2g

∗
1

2
+

(b− a1)c0
2

.

As a > max{[(a1− b)c0− a2g
∗
1]/µ, [(a1− b)c0− a2g

∗
1]/(1−µ)}, we can also make sure that D∗

m1

and D∗
r1 are positive.

Remark 2.3. As θ = 1 or τ = 0, µ = b = 0 and i ̸= m, equation (2.18) becomes a single
channel green chain system without delay term, and the existence and stability of equilibria for
this model has been obtained in [23]. So we do not study this case here.

2.2.2. Stability of the non-trivial equilibrium

Next, we study the stability of the equilibrium E1(k
∗
1, p

0∗
m1) of system (2.17). Set k̃(t) =

k(t) − k∗1, p̃m(t) = pm(t) − p0∗m1. For convenience, removing the sign ∼, system (2.17) can be
rewritten as the following linear model:

dk(t)

dt
= (ρ+ δ)k(t)− 2a2θ

α
pr(t)−

2a2(1− θ)

α
pr(t− τ),

θ
dpm(t)

dt
+ (1− θ)

dpm(t− τ)

dt
=

a2
2(a1 − b)

k(t)− θδpm(t)− (1− θ)δpm(t− τ).
(2.19)

After translation transformation, the equilibrium E1 of system (2.17) transforms (0, 0) of model
(2.19). Assume that k(t) = eγtφ, pm(t) = eγtψ denote the general solution of model (2.19). γ
and (φ,ψ) are separately the eigenvalue and eigenvector of its characteristic equation. Substi-
tuting them into (2.19), we can obtain the matrix form of the characteristic equation about γ,
which is  γ − (ρ+ δ)

2a2θ

α
+

2a2(1− θ)

α
e−γτ

− a2
2(a1 − b)

θγ + (1− θ)γe−γτ + δθ + δ(1− θ)e−γτ


φ
ψ

 = 0.

So, the characteristic equation of (2.19) is

[θγ+(1−θ)γe−γτ+δθ+δ(1−θ)e−γτ ][γ−(ρ+δ)]+
a2

2(a1 − b)
[
2a2θ

α
+
2a2(1− θ)

α
e−γτ ] = 0. (2.20)

Equation (2.20) becomes a second-degree exponential polynomial equation

(γ2 − ργ + S1)θ + (1− θ)(γ2 − ργ + S1)e
−γτ = 0, (2.21)
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where
S1 ≜ [a22 − δα(a1 − b)(ρ+ δ)]/[α(a1 − b)] = −A2/[2α(a1 − b)].

As θ = 1 or τ = 0, the corresponding characteristic equation is

γ2 − ργ + S1 = 0. (2.22)

From the expression of S1, we know that S1 < 0(> 0) if A2 > 0(< 0). By [39] and the Vieta
theorem, we can directly obtain the following lemma.

Lemma 2.1. For equation (2.22), the following results hold:

(I) As A2 > 0, then equation (2.22) has a positive root and a negative root.

(II) As A2 < 0, if ρ > 0, then all roots of equation (2.22) have positive real parts; if ρ < 0,
then all roots of equation (2.22) have negative real parts; if ρ = 0, then equation (2.22)
has a pair of purely imaginary roots ±i

√
S1.

Note that ρ2 − 4S1 = [2A2 + ρ2α(a1 − b)]/[α(a1 − b)] and a1 > b, so we have the following
result.

Theorem 2.2. Suppose that a1 > b, A1A2 > 0 are satisfied, if the parameters satisfy

(i) A2 > 0, then the unique positive equilibrium E1 is a saddle;

(ii) A2 < 0, ρ > 0 and 2A2 + ρ2α(a1 − b) > 0 (< 0), then E1 is an unstable node (focus);

(iii) A2 < 0, ρ < 0 and 2A2 + ρ2α(a1 − b) > 0 (< 0), then E1 is an asymptotically stable node
(focus);

(iv) A2 < 0, ρ = 0, then E1 is the center of system (2.18).

Remark 2.4. From A1A2 > 0, one can deduce that A2 ̸= 0 and S1 ̸= 0. Thus γ = 0 is not
the eigenvalue of equation (2.22). So system (2.18) does not undergo a transcritical bifurcation
near E1.

Remark 2.5. In the Subsection 2.1, we consider the special case that businesses may price
the products below marginal cost to attract customers in the early stage of the formation of
green products, so all the ranges of pi(t), pi(t − τ) and p0i (t) are (0, +∞). If this special case
is not considered, then pi(t), pi(t − τ) and p0i (t) are (c0, +∞). Now, one can deduce that
a > 2(a1 − b)c0, so A1 > 0 is always satisfied and A2 > 0 has to be satisfied to guarantee the
existence of E1. According to Theorem 2.2, E1 is always a saddle.

2.2.3. Hopf bifurcation near the non-trivial equilibrium E1

Next, suppose that A2 < 0 and ρ < 0 hold, so E1 is stable as τ = 0. As γ2 − ργ + S1 ̸= 0,
equation (2.21) becomes

(γ2 − ργ + S1)[θ + (1− θ)e−γτ ] = 0. (2.23)

Taking θ as the bifurcation parameter, for the equation

θ + (1− θ)e−γτ = 0,

its roots can be given by

γk =
1

τ
(ln(

−(1− θ)

θ
) + 2kπi), k = 0, ±1, ±2, · · · .
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As |−(1−θ)
θ | > 1, which is equivalent to 0 < θ < 0.5, then the real part of ln(−(1−θ)

θ ) is positive,

that is, Re(ln(−(1−θ)
θ )) = ln |1−θ

θ | > 0. By book [14], as θ < 0.5, for all τ > 0, there are an
infinite number of roots of (2.21), whose real parts are positive. Furthermore, the equilibrium
of system (2.19) is unstable for all τ > 0.

For equation (2.21), it can be rewritten as

γ2 + (
1− θ

θ
)γ2e−γτ +R(γ, τ) = 0, (2.24)

where R(γ, τ) = −(1−θ
θ )ργe−γτ + (1−θ

θ )S1e
−γτ − ργ + S1.

We consider

V (γ, τ) = 1 + (
1− θ

θ
)e−γτ +

R(γ, τ)

γ2
, γ ̸= 0.

Clearly, V (γ, τ) is analytic as γ ̸= 0. By [14], if θ < 0.5, there are Re(γ) > 0 and R(γ, τ)
γ2 = 0 as

|γ| → ∞, then there is a sequence of roots {γj} of equation (2.24) such that |γj | → ∞, and as
τ ̸= 0, j → ∞, Re(γj) =

1
τ ln |

θ−1
θ | > 0.

One can deduce the other case. As |−(1−θ)
θ | < 1, which is equivalent to θ > 0.5, then

Re(ln(−(1−θ)
θ )) = ln|1−θ

θ | < 0. By a similar way, as θ > 0.5, for all τ > 0, there are an infinite
number of roots of (2.21), whose real parts are negative. Furthermore, the equilibrium of system
(2.19) is stable for all τ > 0. Moreover, one can see that the bifurcation point is θ = 0.5 and

γk |θ=0.5=
2kπi

τ
,
dRe(γk)

dθ
|θ=0.5=

1

τθ(θ − 1)
|θ=0.5= −4

τ
̸= 0, k = 0, ±1, ±2, · · · .

Theorem 2.3. Assume that a1 > b, A1A2 > 0 and A2 < 0, ρ < 0 are satisfied. If 0 < θ <
0.5 (1 > θ > 0.5), then the equilibrium E1(k

∗
1, p

0∗
m1) of the linear neutral delay differential system

(2.17) is unstable (stable) for all τ > 0. As θ = 0.5, Re(γ) = 0, which means the appearance
of pure imaginary roots of the characteristic equation, E1 is a Non-hyperbolic equilibrium, and
there is a Hopf bifurcation near E1.

2.3. Decentralized decision-making model

Under decentralized decision making, the decision sequence of Stackelberg game is as follows.
The manufacturer first decides the unit production cost c0 > 0, the level of green technology
k(t), the market wholesale price ω(t) > 0 and the online sale price p0m(t). After receiving the
manufacturer’s decision information, the retailer decides its unit market sales price p0r(t). Π

d
m(t)

and Πd
r(t) denote separately the instantaneous profit function of the manufacturer and retailer.

From assumptions of Subsection 2.1, we have

Πd
m(t) =(p0m(t)− c0)[µa− a1p

0
m(t) + a2g(t) + bp0r(t)]

+ (ω(t)− c0)[(1− µ)a− a1p
0
r(t) + a2g(t) + bp0m(t)]− αk2(t)/2,

Πd
r(t) =(p0r(t)− ω(t))[(1− µ)a− a1p

0
r(t) + a2g(t) + bp0m(t)].

(2.25)

The manufacturer must first decide k(t), ω(t) and p0m(t). So the optimal market price of
goods p0r(t) needs to be found. Moreover, ∂2Πd

r(t)/∂p
02
r (t) = −2a1 < 0. Therefore, make

∂Πd
r(t)/∂p

0
r(t) = 0, namely,

∂Πd
r(t)/∂p

0
r(t) = (1− µ)a− 2a1p

0
r(t) + a2g(t) + bp0m(t) + a1ω(t) = 0. (2.26)
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From equation (2.26), one can deduce that

p0r(t) =
(1− µ)a+ a2g(t) + bp0m(t) + a1ω(t)

2a1
. (2.27)

Replacing p0r(g(t), ω(t), p
0
m(t)) into p0r(t) of equation (2.25), there is

Πd
m(t) =(ω(t)− c0)[

(1− µ)

2
a+

b

2
p0m(t) +

a2
2
g(t)− a1

2
ω(t)]− α

2
k2(t)

+ (p0m(t)− c0)[
[2a1µ+ b(1− µ)]a

2a1
+

(b2 − 2a21)

2a1
p0m(t) +

a2(2a1 + b)

2a1
g(t) +

b

2
ω(t)].

Similarly, the present value of Πd
m(t) needs to be maximized, and the objective function can be

derived, which is

max

∫ +∞

0
e−ρt Πd

m(t)dt

s.t. g′(t) = k(t)− δg(t).

The associated current value Hamilton function is

Hd(t) = Πd
m(t) + eρtλ(t)g′(t).

The economic meanings of m(t), ρ, and λ(t) remain the same. The necessary conditions for
maximizing Hd(t) can be given by

m′(t) = (ρ+ δ)m(t)− a2[a1ω(t) + (2a1 + b)p0m(t)− (3a1 + b)c0]

2a1
, (2.28)

∂Hd(t)

∂ω(t)
=

2bp0m(t)− 2a1ω(t) + a2g(t) + (1− µ)a+ (a1 − b)c0
2

= 0, (2.29)

∂Hd(t)

∂p0m(t)
=

2(b2 − 2a21)p
0
m(t) + 2a1bω(t) + a2(b+ 2a1)g(t)

2a1

+
[2a1µ+ b(1− µ)]a+ (a1 − b)(2a1 + b)c0

2a1

= 0, (2.30)

∂Hd(t)

∂k(t)
= m(t)− αk(t) = 0, k(t) =

m(t)

α
, k′(t) =

m′(t)

α
. (2.31)

From equations (2.29) and (2.30), the same as in the centralized model, we only focus on a1 > b,
and there are

p0m(t) =
a2

2(a1 − b)
g(t) +

[a1µ+ b(1− µ)]a

2(a21 − b2)
+
c0
2
, (2.32)

ω(t) =
a2

2(a1 − b)
g(t) +

[bµ+ a1(1− µ)]a

2(a21 − b2)
+
c0
2
, (2.33)

ω(t) = p0m(t)− (2µ− 1)a

2(a1 + b)
. (2.34)
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By equation (2.32), there is

dp0m(t)

dt
= θ

dpm(t)

dt
+ (1− θ)

dpm(t− τ)

dt
=

a2g
′(t)

2(a1 − b)
=

a2
2(a1 − b)

(k(t)− δg(t)).

Combining equations (2.28), (2.31) and (2.34), one can obtain

k′(t) = (ρ+ δ)k(t)− a2(3a1 + b)

2αa1
p0m(t) +

a2(3a1 + b)c0
2αa1

+
(2µ− 1)a1a2a

4αa1(a1 + b)
.

By equation (2.32), we obtain the following neutral delay differential system about k(t) and
pm(t):

dk(t)

dt
= (ρ+ δ)k(t)− a2(3a1 + b)

2αa1
θpm(t)− a2(3a1 + b)

2αa1
(1− θ)pm(t− τ)

+
a2(3a1 + b)c0

2αa1
+

(2µ− 1)a1a2a

4αa1(a1 + b)
,

θ
dpm(t)

dt
+ (1− θ)

dpm(t− τ)

dt
=

a2
2(a1 − b)

k(t)− δθpm(t)− δ(1− θ)pm(t− τ)

+
[a1µ+ b(1− µ)]δa

2(a21 − b2)
+
δc0
2
.

(2.35)

2.3.1. Existence of equilibrium for the system (2.35)

The corresponding ordinary differential equation can be obtained as follows:
dk(t)

dt
= (ρ+ δ)k(t)− a2(3a1 + b)

2αa1
p0m(t) +

a2(3a1 + b)c0
2αa1

+
(2µ− 1)a1a2a

4αa1(a1 + b)
,

dp0m(t)

dt
=

a2
2(a1 − b)

k(t)− δp0m(t) +
[a1µ+ b(1− µ)]δa

2(a21 − b2)
+
δc0
2
.

By the same way as in the system (2.17), we can get the existence of a positive equilibrium.

Theorem 2.4. If the parameters satisfy

B1B2 > 0, a1 > b,

where

B1 = a2
(
[(a1 − b)µ+ (a1 + b)]a+ (b− a1)(3a1 + b)c0

)
, B2 = 4αa1δ(ρ+ δ)(a1 − b)− a22(3a1 + b),

then there is a unique positive equilibrium E2(k
∗
2, p

0∗
m2), and

p0∗m2 =
a2B1

2(a1 − b)B2
+

[a1µ+ b(1− µ)]a

2(a21 − b2)
+
c0
2
, k∗2 =

δB1

B2
.

As the system is in equilibrium, if

a > max{(2a1 + b)[(a1 − b)c0 − a2g
∗
2]

2a1µ+ b(1− µ)
,
(a1 + b)[(a1 − b)c0 − a2g

∗
2]

a1µ+ b(1− µ)
},
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by equations (2.2), (2.3), (2.27), (2.31), (2.32), and (2.33), then we can get other values as
follows:

p0∗r2 =
a2(3a1 − b)B1

4a1(a1 − b)B2
+

[2a1bµ+ (3a21 − b2)(1− µ)]a

4a1(a21 − b2)
+

(a1 + b)c0
4a1

,

g∗2 =
B1

B2
, m∗

2 = αk∗2, D
∗
m2 =

a2(2a1 + b)B1

4a1B2
+

[2a1µ+ b(1− µ)]a

4a1
+

(2a1 + b)(b− a1)c0
4a1

,

ω∗ =
a2B1

2(a1 − b)B2
+

[bµ+ a1(1− µ)]a

2(a21 − b2)
+
c0
2
, D∗

r2 =
a2B1

4B2
+

[a1µ+ b(1− µ)]a

4(a1 + b)
+

(b− a1)c0
4

.

2.3.2. Stability of equilibrium for the system (2.35)

By doing a similar transformation, there is
dk(t)

dt
= (ρ+ δ)k(t)− a2(3a1 + b)

2αa1
θpm(t)− a2(3a1 + b)

2αa1
(1− θ)pm(t− τ),

θ
dpm(t)

dt
+ (1− θ)

dpm(t− τ)

dt
=

a2
2(a1 − b)

k(t)− δθpm(t)− δ(1− θ)pm(t− τ).
(2.36)

Substituting k(t) = eχtς, pm(t) = eχtϕ into (2.36), χ and (ς, ϕ) are separately the eigenvalue
and eigenvector of the corresponding characteristic equation. One can obtain the characteristic
matrix equation, which isχ− (ρ+ δ)

a2(3a1 + b)θ

2αa1
+
a2(3a1 + b)(1− θ)

2αa1
e−χτ

− a2
2(a1 − b)

θχ+ (1− θ)χe−χτ + δθ + δ(1− θ)e−χτ


 ς
ϕ

 = 0.

So the characteristic equation is

[θ + (1− θ)e−χτ ]
{
(χ+ δ)[χ− (ρ+ δ)] +

a22(3a1 + b)

4αa1(a1 − b)

}
= 0. (2.37)

Equation (2.37) becomes a second-degree exponential polynomial equation

(χ2 − ρχ+ S2)θ + (1− θ)(χ2 − ρχ+ S2)e
−χτ = 0, (2.38)

where

S2 =
a22(3a1 + b)− 4αa1δ(ρ+ δ)(a1 − b)

4αa1(a1 − b)
=

−B2

4αa1(a1 − b)
.

As θ = 1 or τ = 0, the corresponding characteristic equation is

χ2 − ρχ+ S2 = 0.

Similarly to equation (2.22), we can obtain the following results.

Theorem 2.5. Assume that B1B2 > 0 is satisfied. The following results hold.

(1) If B2 > 0, then E2 is a saddle.

(2) If B2 < 0, ρ > 0 and B2 + ρ2αa1(a1 − b) > 0 (< 0), then E2 is an unstable node (focus).
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(3) If B2 < 0, ρ < 0 and B2 + ρ2αa1(a1 − b) > 0 (< 0), then E2 is an asymptotically stable
node (focus).

(4) If B2 < 0, ρ = 0, then E2 is the center of system (2.35).

Remark 2.6. When θ = 0, the corresponding case is that we only consider the case of making
decisions with reference to the historical time-delay parameter. The reason for this situation is
that enterprises sometimes lag behind in grasping market information when making decisions,
and it is difficult to obtain the current market price accurately and timely.

2.3.3. Hopf bifurcation near the non-trivial equilibrium E2

As χ2 − ρχ+ S2 ̸= 0, τ ̸= 0, equation (2.38) becomes

(χ2 − ρχ+ S2)[θ + (1− θ)e−χτ ] = 0. (2.39)

Equation (2.39) is similar to equation (2.23), after a similar prove process of Hopf bifurcation
near the non-trivial equilibrium E1, we can obtain the following theorem.

Theorem 2.6. Assume that a1 > b, B1B2 > 0 and B2 < 0, ρ < 0 are satisfied. If 0 < θ <
0.5 (1 > θ > 0.5), then the equilibrium E2 of the linear neutral delay differential system (2.36)
is unstable (stable) for all τ > 0. As θ = 0.5, there is the appearance of pure imaginary roots of
the characteristic equation. Namely, Hopf bifurcation appears near E2.

3. Optimal decision analysis: A cooperative coordination model

In Subsections 2.2.1 and 2.3.1, the optimal green technology level and the optimal price have
been obtained in two decision making situations. Next, by conducting a comparative analysis,
we have the following results.

Theorem 3.1. Suppose that A1A2 > 0, a1 > b and B1B2 > 0 are satisfied. If 1− 2µ > 0 and
B2 > 0, then the optimal green technology levels, greenness of the product and best sale prices of
two decision making situations satisfy k∗1 > k∗2, g

∗
1 > g∗2, p

∗
m1 > p∗m2 and p∗r1 > ω∗.

Proof. If the parameters satisfy 1− 2µ > 0 and B2 > 0, one can deduce that

g∗1 − g∗2 =
A1

A2
− B1

B2
=
αδ(ρ+ δ)(a1 − b)2A1

A2B2
+
a2(1− 2µ)(a1 − b)a

2B2
> 0,

then g∗1 > g∗2. Hence, k
∗
1 > k∗2, p

∗
m1 > p∗m2, p

∗
r1 > ω∗. The proof is finished.

When A1A2 > 0 is satisfied, the maximum total profit Πc∗ can be got

Πc∗ = [p0∗m1 − c0]D
∗
m1 + [p0∗r1 − c0]D

∗
r1 − αk∗21 /2.

As B1B2 > 0 and a1 > b are satisfied, the maximum manufacturer profit Πd
m and retailer profit

Πd
r can be obtained as follows:

Πd∗
m = (p0∗m2 − c0)D

∗
m2 + (ω∗ − c0)D

∗
r2 − αk∗22 /2, Πd∗

r = (p0∗r2 − ω∗)D∗
r2.

If Πc∗ > Πd∗ = Πd∗
m +Πd∗

r (Πc∗ < Πd∗ = Πd∗
m +Πd∗

r ), then the total profit of dual channel GSCs
in centralized decision-making circumstance will be higher (lower) than that of the decentralized
decision-making condition.
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Table 1. The description of arguments and the related values used in numerical simulations.

Parameter Descriptions Values

a Total market demand 100

a2 Consumer sensitivity to g(t) 0.4

α Green investment cost coefficient 5

δ The decline coefficient of g(t) 0.3

c0 The unit cost 5

ρ The discount rate 0.1

a1 The price sensitivity 1.2

b Two channel cross price elasticity coefficient 0.4

µ Initial market share of e-direct channels 0.7

As the parameter group values choose the values of Table 1, we can get Πc∗ > Πd∗, which
is shown in Table 2. The result in Table 2 shows that the total profit of the decentralized

Table 2. Profit comparisons of two decision systems.

Πd∗
m Πd∗

r Πd∗ Πc∗

6602.4 796.4 7398.8 15338

dual channel GSCs is not optimal. However, for centralized decision-making dual channel GSCs
members, making a unified strategy is still difficult. Therefore, to further GSCs members coop-
erate and converge to the optimal profit of the centralized control dynamic model, we need to
design a cooperative coordination model.

To eliminate the double marginalization effect and achieve Pareto improvement for all supply
chain participants, a transfer payment mechanism independent of the wholesale price is proposed.
The core idea is to guide the decentralized supply chain to achieve the first-best performance
identical to the centralized scenario, and then redistribute the increased total profit through a
fixed transfer payment ν to ensure that both the manufacturer and the retailer obtain no less
profit than in the decentralized scenario. Under the coordination mechanism, the retail prices,
demands, green degree, and green investment are set to the centralized optimal values:

pcom = p0∗m1, pcor = p0∗r1, Dco
m = D∗

m1, Dco
r = D∗

r1, gco = g∗1, kco = k∗1,

where p0∗m1, p
0∗
r1, D

∗
m1, D

∗
r1, g

∗
1, k

∗
1 are the centralized equilibrium values defined in Theorem 2.1.

The total supply chain profit under coordination is exactly equal to the centralized total
profit:

Πco = Πc∗ = (p0∗m1 − c0)D
∗
m1 + (p0∗r1 − c0)D

∗
r1 − αk∗21 /2.

The profits of the manufacturer and retailer under coordination (before redistribution) are:Πco,0
m = (p0∗m1 − c0)D

∗
m1 + (ω∗ − c0)D

∗
r1 −

1

2
α(k∗1)

2,

Πco,0
r = (p0∗r1 − ω∗)D∗

r1,

where ω∗ is the wholesale price under decentralized decision-making.
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A fixed transfer payment ν (ν =| Πd∗ −Πco,0
m | ×0.8) is introduced to redistribute the profit,

ensuring Pareto improvement: {
Πco

m = Πco,0
m − ν,

Πco
r = Πco,0

r + ν,

where Πd∗ is the total profit under decentralized decision-making, calculated from the decen-
tralized equilibrium E2(k

∗
2, p

0∗
m2).

The performance of the coordination mechanism is verified through numerical experiments.
The parameter settings are consistent with the previous analysis, and the results are summarized
in Table 3.

Table 3. Profit comparison between decentralized and coordinated scenarios.

Profit Type Decentralized Coordinated

Total Supply Chain Profit 7398 15338 (First-best)

Manufacturer’s Profit 6602.4 7981.3

Retailer’s Profit 796.4 7356.4

Using the parameter values listed in Table 1, we first verify the efficiency loss in the de-
centralized scenario, as shown in Table 2. The total supply chain profit under decentralized
decision-making is Πd∗ = 7398.8, which is significantly lower than the first-best centralized total
profit Πc∗ = 15338, indicating the existence of double marginalization effect.

To eliminate this inefficiency and achieve Pareto improvement, we implement the transfer
payment mechanism, and the results are summarized in Table 3. It can be observed that:

• The total supply chain profit under coordination rises to Πco = 15338, which is exactly
identical to the centralized total profit, demonstrating that the coordination mechanism
successfully achieves the first-best performance and completely eliminates the efficiency
loss.

• The manufacturer’s profit increases from Πd∗
m = 6602.4 to Πco

m = 7981.3, representing
a growth of 20.88%, while the retailer’s profit slightly increases from Πd∗

r = 796.4 to
Πco

r = 7356.4, a growth of 823.71%.

• Both participants obtain higher profits than in the decentralized scenario, realizing a strict
Pareto improvement.

This comparison confirms that the proposed coordination mechanism not only enhances
the overall supply chain efficiency but also ensures a win-win outcome for all members, which
validates the effectiveness and practicality of the mechanism in green dual-channel supply chains.

To evaluate the effectiveness of the coordination mechanism comprehensively, we provide a
performance comparison among the centralized, decentralized, and coordinated scenarios. The
coordinated scenario is designed to achieve the centralized optimal performance by using a
transfer payment contract that ensures Pareto improvement for both players.

The profit forms under coordination are consistent with the equilibrium structure of the
system, and the transfer payment ν is determined to ensure Πco

m ≥ Πd∗
m and Πco

r ≥ Πd∗
r . The

performance indicators include total supply chain profit, greenness level, green investment, and
individual profits of the manufacturer and retailer.
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To comprehensively evaluate the effectiveness of the coordination mechanism, we provide
a performance comparison among the centralized, decentralized, and coordinated scenarios,
covering both economic efficiency and environmental sustainability. The results are summarized
in Table 4.

Table 4. Performance comparison among centralized, decentralized, and coordinated scenarios.

Index Centralized Decentralized Coordinated

Total profit Π∗ 15538 7398.8 15538

Greenness g∗ 442.3 244.1 442.3

Green investment k∗ 79.6 43.9 79.6

Manufacturer profit Π∗
m — 6602.4 7981.3

Retailer profit Π∗
r — 796.4 7356.4

From Table 4, we observe that:

• The total supply chain profit under coordination reaches the first-best level of the central-
ized scenario, completely eliminating the double marginalization effect.

• The greenness level g∗ and green investment k∗ under coordination are optimized to the
centralized optimal values (442.3 and 79.6, respectively), which are significantly higher
than those under decentralization (244.1 and 43.9), demonstrating improved environmental
sustainability.

• Both the manufacturer and retailer obtain strictly higher profits under coordination than
in the decentralized scenario, ensuring a win-win outcome for all supply chain members.

4. Sensitivity analysis

By computing, we can analyze the influences of the consumer sensitivity to the greenness of
the product a2, the total market demand a, the green investment cost coefficient α, the decline
coefficient function of the greenness of the product δ, the discount rate ρ, the price sensitivity
a1, the two channel cross price elasticity coefficient b and the unit production cost c0 on the
equilibrium. By Table 5, for E1 (E2), we know that both k∗1 (k∗2) and p

0∗
m1 (p0∗m2) are positively

related to the greenness of the product g∗1 (g∗2) based on A1A2 > 0 (B1B2 > 0). Therefore, we

Table 5. Expressions of A1, A2 g∗1 , k
∗
1 , p

∗
m1, p

∗
r1 and B1, B2, g

∗
2 , k

∗
2 , p

∗
m2, p

∗
r2, ω

∗.

Parameter Expression Parameter Expression

A1 a2[a+ 2(b− a1)c0] B1 a2
(
[(a1 − b)µ+ (a1 + b)]a+ (b− a1)(3a1 + b)c0

)
A2 2[αδ(ρ+ δ)(a1 − b)− a22] B2 4αa1δ(ρ+ δ)(a1 − b)− a22(3a1 + b)

g∗1
A1

A2
g∗2

B1

B2

k∗1
δA1

A2
k∗2

δB1

B2

p0∗m1

a2A1

2(a1 − b)A2
+

[a1µ+ b(1− µ)]a

2(a21 − b2)
+
c0
2

p0∗m2

a2B1

2(a1 − b)B2
+

[a1µ+ b(1− µ)]a

2(a21 − b2)
+
c0
2

p0∗r1
a2A1

2(a1 − b)A2
+

[bµ+ a1(1− µ)]a

2(a21 − b2)
+
c0
2

p0∗r2
a2(3a1 − b)B1

4a1(a1 − b)B2
+

[2a1bµ+ (3a21 − b2)(1− µ)]a

4a1(a21 − b2)
+

(a1 + b)c0
4a1

ω∗ a2B1

2(a1 − b)B2
+

[bµ+ a1(1− µ)]a

2(a21 − b2)
+
c0
2
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can investigate the effects of these parameters on g∗1 (g∗2) as follows.

4.1. Local sensitivity analysis

Notice that δ is the decline coefficient function of the greenness of the product, so δ is negatively
related to k∗1 (k∗2) and p

0∗
m1 (p0∗m2). Under the centralized decision making, we have the following

cases.

(I) The signs of ∂g∗1/∂a2 and g∗1/∂a are the same as those of A1 and A2, because

∂g∗1
∂a2

=
[αδ(ρ+ δ)(a1 − b) + a22]A1

a2A2
2

,
∂g∗1
∂a

=
a2
A2
.

Recall that A1A2 > 0, which means that the signs of A1 and A2 are the same. So the
effects of parameter a2, a on g∗1 are similar. If A2 > 0, then g∗1/∂a2 > 0, ∂g∗1/∂a > 0, g∗1
increases as a2 or a increases. In other words, when the consumer’s sensitivity to the
greenness of the product increases or the total market demand expands, the greenness of
the product will increase. If A2 < 0, then g∗1 decreases as a2 or a increases. Namely, as
the consumer’s sensitivity to the greenness of the product increases or the total market
demand expands, the greenness of the product will decrease.

(II) Because

∂g∗1
∂α

=
−2δ(ρ+ δ)(a1 − b)A1

A2
2

,
∂g∗1
∂ρ

=
−2αδ(a1 − b)A1

A2
2

,
∂g∗1
∂c0

=
−2a2(a1 − b)

A2
,

the signs of ∂g∗1/∂α and ∂g∗1/∂ρ are opposite to that of A1 and the sign of ∂g∗1/∂c0 is
opposite to that of A2. Thus, parameters α, ρ, c0 have similar impacts on g∗1. If A1 >
0 (A1 < 0), then g∗1 decreases (grows) as α, ρ or c0 increases. That is, the greenness of the
product will decrease (increase) as the green investment cost coefficient α, the discount
rate ρ or the unit production cost c0 increases.

(III) The effects of a1 and b on g∗1 are different from the others. It is irrelevant to the sigh of
A1 or A2, but only depends on the sign of αδ(ρ+ δ)a− 2a22c0, which is because

∂g∗1
∂a1

=
−2a2[αδ(ρ+ δ)a− 2a22c0]

A2
2

,
∂g∗1
∂b

=
2a2[αδ(ρ+ δ)a− 2a22c0]

A2
2

.

Moreover, we can see that the trend of a1 and b about g∗1 is exactly opposite. That is,
if αδ(ρ + δ)a − 2a22c0 > 0 (< 0), then g∗1 declines (grows) as b is reducing or a1 is rising.
Equivalently, the greenness of the product declines (grows) as the price sensitivity increases
or the two channel cross price elasticity coefficient decreases.

Summarizing the above analysis, we can obtain the following theorem.

Theorem 4.1. Assume that A1A2 > 0, a1 > b.

(i) If A1 > 0, then g∗1 goes up as a2 or a increases, and g∗1 decreases as α, ρ or c0 is on the
rise. If A1 < 0, then g∗1 goes down as a2 or a rises, and g∗1 grows as α, ρ or c0 is on
the increase; So to speak, if A1 > 0 (A1 < 0), the greenness of the product will increase
(decrease) when the consumer’s sensitivity to the greenness of the product increases or the
total market demand expands. While the greenness of the product will decrease (increase)
as the green investment cost coefficient α, the discount rate ρ or the unit production cost
c0 greenness increases.
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(ii) If αδ(ρ + δ)a − 2a22c0 > 0, then g∗1 declines as b reduces or a1 enhances. If αδ(ρ + δ)a −
2a22c0 < 0, then g∗1 grows as b decreases or a1 increases. In other words, if αδ(ρ + δ)a −
2a22c0 > 0 (αδ(ρ + δ)a − 2a22c0 < 0), the greenness of the product declines (grows) as the
price sensitivity increases or the two-channel cross-price elasticity coefficient decreases.

In order to show it more intuitively, for the centralized model (2.18), by Theorem 4.1, the
influence table of parameters on g∗1 can be included as follows.

Table 6. The influence of parameters on g∗1 .

a2 a α c0 ρ b a1

A1 > 0 ↑ ↑ ↓ ↓ ↓
A1 < 0 ↓ ↓ ↑ ↑ ↑
αδ(ρ+ δ)a− 2a22c0 > 0 ↑ ↓
αδ(ρ+ δ)a− 2a22c0 < 0 ↓ ↑

Remark 4.1. Differently from the sensitivity analysis method studied in [23], we use the con-
tinuous derivative method rather than the discontinuous list method, which can directly see the
continuous influence of each parameter on the positive equilibrium in detail.

Next, we can also study these parameters (except δ) how they affect directly g∗2 and indirectly
E2(k

∗
2, p

0∗
m2) under the decentralized decision making based on B1B2 > 0, which can concluded

as follows.

(I) Let η = 4a1αδ(ρ+ δ), then η > 0. The signs of ∂g∗2/∂a2, ∂g
∗
2/∂a, ∂g

∗
2/∂µ and ∂g∗2/∂b are

the same as those of B1 and B2, respectively, because

∂g∗2
∂a2

=
B1[η(a1 − b) + a22(3a1 + b)]

a2B2
2

,
∂g∗2
∂a

=
a2[(a1 − b)µ+ (a1 + b)]

B2
,

∂g∗2
∂µ

=
(a1 − b)aa2

B2
,
∂g∗2
∂b

=
B2a2[(1− µ)a+ 2(a1 + b)c0] +B1[η + a22]

B2
2

,

the influences of parameter a2, a, µ, b on g∗2 are same. If B1 > 0, then g∗2 goes up as
a2, a, µ or b increases. If B1 < 0, then g∗2 goes down as a2, a, µ or b rises.

(II) Let η1 = −4a1(a1 − b), then η1 < 0. Since

∂g∗2
∂α

=
η1δ(ρ+ δ)B1

B2
2

,
∂g∗2
∂ρ

=
η1αδB1

B2
2

,
∂g∗2
∂c0

=
−a2(3a1 + b)(a1 − b)

B2
,

the signs of ∂g∗2/∂α and ∂g∗2/∂ρ are opposite to that of B1 and the sign of ∂g∗2/∂c0 is
opposite to that of B2. Thus, the parameters α, ρ, and c0 have the similar impacts on g∗2.
If B1 > 0, then g∗2 decreases as α, ρ or c0 increases. If B1 < 0, then g∗2 grows as α, ρ or c0
is on the increase.

(III) The effect of a1 on g∗2 is different from that of others. It is irrelevant to the sign of B1 or
B2, which is because

∂g∗2
∂a1

=
a32(3a1 + b)2c0 + 4αδ(ρ+ δ)(a1 − b)2ba2c0

B2
2

+
2a32b(1− 2µ)a− 4a2αδ(ρ+ δ)[a21 − b2 + 2a1b+ (a1 − b)2µ]a

B2
2

.
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Moreover, we can see that if µ > 0.5, a > a∗ (a < a∗), then g∗2 is negatively (positively)
increasing about a1, where

a∗ =
a32(3a1 + b)2c0 + 4αδ(ρ+ δ)(a1 − b)2ba2c0

2a32b(2µ− 1) + 4a2αδ(ρ+ δ)[a21 − b2 + 2a1b+ (a1 − b)2µ]
.

Thus, we can also summarize and get the following claim.

Theorem 4.2. Assume that B1B2 > 0, a1 > b.

(i) If B1 > 0, then g∗2 goes up as a2, a, µ or b increases, and g∗2 decreases as α, ρ or c0 is on
the rise. If B1 < 0, then g∗2 goes down as a2, a, µ or b or a rises, and g∗2 grows as α, ρ
or c0 is on the increase; That is, if B1 > 0 (B1 < 0), then the greenness of the product
of the decentralized model will increase (decrease) when the consumer’s sensitivity to the
greenness of the product increases, the total market demand expands, the representative
of the initial market share of electronic direct marketing channels enlarges or the two
channel cross price elasticity coefficient grows larger. While the greenness of the product
will decrease (increase) as the green investment cost coefficient α, the discount rate ρ or
the unit production cost c0 increases.

(ii) If µ > 0.5, a > a∗ (a < a∗), then the greenness of the product of the decentralized model
g∗2 is negatively (positively) increasing about the price sensitivity a1.

For the decentralized model (2.35), according to Theorem 4.2, the influence table of the
parameters on g∗2 can be included as follows.

Table 7. The influence of parameters on g∗2 .

a2 a α c0 ρ b µ a1

B1 > 0 ↑ ↑ ↓ ↓ ↓ ↑ ↑
B1 < 0 ↓ ↓ ↑ ↑ ↑ ↓ ↓
µ > 0.5, a > a∗ ↓
µ > 0.5, a < a∗ ↑

Remark 4.2. By comparative analysis, we can find that the trends of the optimal greenness of
the product subject to a2, a, α, ρ, c0 and δ are same in two decision-making situations. Fur-
thermore, the trend of k∗2 with regard to these parameters is the same as that of g∗2. Meanwhile,
by a similar method, the trends of p∗r2, p

∗
m2, D

∗
r2, D

∗
m2 can also be obtained, which is omitted

for the long formula and complex computation.

Local sensitivity analysis is typically only applicable near the equilibrium point and may not
capture nonlinear interactions, so we proceed with a global sensitivity analysis next.

4.2. Global sensitivity analysis

While local sensitivity analysis provides valuable insights into parameter influences at equilib-
rium points, it lacks the capability to quantify the interactions among parameters and their
collective impact on system outputs across the entire parameter space. To address this limita-
tion, we employ the Sobol global sensitivity analysis method [30,32], which is based on variance
decomposition and capable of evaluating both first-order and total-effect sensitivity indices.
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The fundamental principle of the Sobol method involves the decomposition of the total
variance of the output function Y = f(X1, X2, . . . , Xk) into partial variances attributable to
individual parameters and their interactions:

V (Y ) =

k∑
i=1

Vi +

k∑
i<j

Vij + · · ·+ V12...k, (4.1)

where Vi represents the variance due to parameter Xi alone, Vij denotes the variance due to
interactions between Xi and Xj , and so on.

The first-order Sobol index Si measures the main effect of the parameter Xi on the output
variance:

Si =
Vi

V (Y )
. (4.2)

The total effect Sobol index ST i captures the overall contribution of parameter Xi, including all
interactions with other parameters:

ST i =
Vi +

∑
j ̸=i Vij + · · ·
V (Y )

= 1− V∼i

V (Y )
, (4.3)

where V∼i represents the variance due to all parameters except Xi.

Lemma 4.1 (Sobol sensitivity indices properties). Let Si and ST i denote separately the first-
order and total-effect Sobol indices for the parameter Xi in the system output Y = f(X1, X2, . . . ,
Xk). Then the following properties hold:

• 0 ≤ Si ≤ ST i ≤ 1 for all i = 1, 2, . . . , k.

• −
∑k

i=1 Si ≤ 1 ≤
∑k

i=1 ST i.

• The interaction effect Ii = ST i − Si quantifies the total contribution of all interactions
involving the parameter Xi [32].

For our dual channel GSCS, we focus on the following key parameters that significantly influ-
ence the stability and performance of the system, and quantify their influence on two core system
output metrics: Green technology level g∗ and total profit Π∗. g∗ reflects the environmental sus-
tainability of the GSC system and Π∗ captures the overall economic performance. These two
metrics jointly characterize the dual bottom line of the green supply chain. We employ Latin
Hypercube Sampling (LHS) [22] to generate 10,000 combinations of parameters within specified
ranges (Table 8), ensuring comprehensive coverage of the parameter space while maintaining
computational efficiency. The choice of some parameters ranges are based on [3, 23].

Table 8. Parameter ranges for global sensitivity analysis.

Parameter Symbol Minimum Maximum References

Discount rate ρ -0.75 0.2 [3, 23]

Consumer green sensitivity a2 0.03 0.12 [23]

Price weight coefficient θ 0 1 Assumed

Time delay τ 0 6 Assumed

Green investment cost coefficient α 0.8 1.2 [23]

Unit production cost c0 0.008 0.015 [23]
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The Sobol sensitivity indices for the key output metrics of system (green technology level g∗

and total profit Π∗) are presented in Table 9 and visualized in Figure 1 (a) and Figure 1 (b).

Table 9. Sobol sensitivity indices for system output.

Parameter First-order index (Si) Total-effect index (ST i) Ranking

ρ 0.4611 0.4701 1

a2 0.3127 0.3187 2

θ 0.1075 0.1054 3

τ 0.0609 0.0626 4

α 0.024 0.0268 5

c0 0.0134 0.0175 6

Global Sensitivity Analysis Results
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Figure 1. Global sensitivity analysis of key parameters in the dual channel green supply chain.

Corollary 4.1 (Parameter interaction effects). For the GSCS model, the small differences be-
tween the first-order indices (Si) and total-effect indices (ST i) in Table 7 indicate that parameter
interaction effects (Ii = ST i − Si) are negligible. Specifically:

• The total interaction effect accounts for only about 2% of the output variance, confirming
that parameter influences are largely independent.

• The strongest pairwise interaction (between ρ and a2) contributes less than 1% to the total
variance.

• Higher-order interactions collectively explain a negligible fraction of the output variance.

Practically, despite weak interactions, managers should:

• Align financial incentives (ρ) with green marketing (a2) to capture residual synergies.

• Coordinate pricing (θ) and financial planning (ρ) to account for minor interaction effects.

• Maintain a holistic approach to parameter optimization for optimal system performance.
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Corollary 4.2 (Dominant parameter identification). Based on Table 9 and Figure 1, consider
the dual channel GSCS with parameters defined in Section 2. Under conditions a1 > b and
A1A2 > 0, the following ranking of parameter influence holds:

ρ ≻ a2 ≻ θ ≻ τ ≻ α ≻ c0,

where ≻ denotes ‘has greater influence than’. The detailed first-order and total-effect Sobol
indices are summarized in Table 9.

Lemma 4.2 (Financial parameter dominance). The discount rate ρ exhibits financial dominance
in the system, satisfying:

STρ > max(STa2 , STθ, STτ , STα, STc0).

This indicates that the influence of ρ is greater than any other single parameter.

Theorem 4.3 (Priority principle of financial parameters). For optimal management of green
supply chains under uncertainty, financial parameters should receive priority attention. Specifi-
cally:

• Monitoring and managing the discount rate ρ should be the primary focus, as it dominates
system behavior (STρ = 0.4701).

• Financial incentives and investment strategies should be designed considering ρ’s profound
impact on green technology investment decisions.

• The influence of the discount rate persists in both centralized and decentralized decision-
making scenarios.

Theorem 4.4 (Consumer’s sensitivity leverage effect). The green sensitivity of the consumer
a2 serves as the second most influential parameter (STa2 = 0.3187), implying:

• Marketing efforts aimed at enhancing environmental awareness can yield significant returns
in supply chain performance.

• Educational campaigns and green product promotion should be prioritized to leverage con-
sumer sensitivity.

• The marginal effect of increasing a2 is greater than that of operational parameters like α
and c0.

Theorem 4.5 (Robustness and flexibility principle). The varying sensitivity across parameters
suggests:

• Robustness focus: High-sensitivity parameters (ρ, a2) require tight control and monitor-
ing.

• Maintenance of flexibility: Lower-sensitivity parameters (α, c0) can be managed with
greater flexibility.

• Allocation of resources: Management resources should be allocated proportionally to
parameter sensitivity rankings.

Corollary 4.3 (Design of the monitoring system). Based on Theorems 4.3 and 4.5:

• Establish continuous monitoring systems for ρ and a2 with early warning mechanisms.
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• Implement real-time tracking of financial and market sensitivity parameters.

• Develop adaptive thresholds based on sensitivity rankings.

Corollary 4.4 (Integration of the decision framework). From Theorems 4.3 and 4.4:

• Create integrated decision systems that simultaneously consider financial and market pa-
rameters.

• Develop cross-functional coordination mechanisms between finance and marketing depart-
ments.

• Implement feedback loops between financial incentives and market response.

Corollary 4.5 (Resource allocation strategy). Following Theorem 4.5:

• Allocate monitoring resources proportionally to the Sobol sensitivity rankings, with higher
priority given to ρ and a2.

• Prioritize investment in financial management capabilities and consumer’s sensitivity to
the greenness of the product.

• Develop specialized teams for the management of high-sensitivity parameters.

Theorem 4.6 (Global sensitivity management principle). For complex GSCS under uncer-
tainty, management effectiveness is maximized when:

• The parameter monitoring priority follows the Sobol sensitivity rankings:

ρ→ a2 → θ → τ → α→ c0.

• In the context of interest rate reduction, strategic decisions must account for parameter
interaction effects, even those that appear weak under baseline conditions, since changes in
the financial environment can amplify their influence on system stability and performance.

• Resource allocation is proportional to parameter influence magnitudes.

• Adaptive strategies are implemented based on on the results of the sensitivity analysis.

Proof. This theorem synthesizes the results from Theorems 4.2-4.5 and Lemma 4.1-4.2, es-
tablishing a comprehensive framework for managing complex supply chains based on global
sensitivity analysis. The proof follows from the logical integration of the preceding theorems
and their practical implications.

Remark 4.3. The proposed theorem framework provides a mathematically rigorous founda-
tion for managing green supply chains under uncertainty. By quantifying the influences of the
parameters and the effects of the interaction, managers can make evidence-based decisions with
predictable outcomes. The framework is particularly valuable for complex systems where mul-
tiple parameters interact in non-linear ways, as illustrated in Figure 1.

The theoretical framework established in this section provides a rigorous mathematical foun-
dation for understanding and managing the complex dynamics of green supply chains. The
results of the sensitivity analysis demonstrate that the financial parameters (ρ) and market fac-
tors (a2) dominate the behavior of the system, requiring prioritized management attention. The
interaction effects highlight the necessity of integrated decision-making approaches rather than
isolated parameter optimization. Compared with the local sensitivity analysis in Subsection 4.1,
the global Sobol analysis quantifies the overall influence of parameters and their weak interaction
effects across the entire parameter space, providing a more comprehensive basis for managerial
decisions.
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Table 10. Summary of Sobol sensitivity ranking and management priorities.

Parameter Symbol Ranking Management Priority

Discount rate ρ 1 Primary focus

Consumer’s green sensitivity a2 2 Strategic attention

Price weight coefficient θ 3 Coordinated management

Time delay τ 4 Monitoring required

Green investment cost α 5 Flexible control

Unit production cost c0 6 Baseline monitoring

5. Numerical simulation

In this section, we support the above theoretical results by providing associate numerical exam-
inations with the virtue of Matlab.

5.1. Sensitivity analysis

In this research, the discount rate ρ is important, because it affects the present value of the total
profit. From Subsection 4.1, as ρ belongs to the real number field, we obtain the influence of the
discount rate ρ on g∗1 for the centralized model and the impact of ρ on g∗2 in the decentralized
model. Next, we support the results by numerical simulation. The numerical simulation about
the effects of other parameters on g∗1 and g∗2 can be obtained by a similar method, and here we
omitted them.

For the centralized model, we select a set of diverse parameter values (different from the
baseline in Table 1) to demonstrate the robustness of our analytical results. Choosing δ =
0.9, a1 = 0.8, a2 = 0.5, a = 500, α = 10, c0 = 10, b = 0.6, the expression of g∗1 about ρ is
g∗1 = 248/(3.6ρ + 2.74). From the Figure 2 (a), as ρ < 0.761, g∗1 goes down as ρ goes up but
g∗1 < 0, so this case lacks of meaning; As ρ > 0.761, we can see that g∗1 > 0 is negative related
with ρ, and the more detailed exhibition can obtained from Figure 2 (b).

For the decentralized model, keep the values of all parameters the same as in the centralized
model. The expression of g∗2 about ρ is g∗2 = 377/(5.76ρ+4.434). From Figure 2 (c), as ρ < 0.77,
g∗2 goes down as ρ goes up but g∗2 < 0, so this case lacks of meaning also; As ρ > 0.77, g∗2 > 0 is
also negative related to ρ, and a more detailed exhibition can be obtained from Figure 2 (d).

This phenomenon explains that the increment of the discount rate of the product will cause
the reduction of the greenness of the product.

Next, we will use the 3D Sobol index visualization program to plot 3D visual graphs of the
global sensitivity analysis results, which are displayed in Figure 3.

For Figure 3, the Subfigure (a) displays the three-dimensional comparison of first-order
and total-effect Sobol indices, showing the dominant influence of ρ and negligible parameter
interactions; The Subfigure (b) is the parameter interaction matrix, where diagonal elements
represent first-order indices and off-diagonal elements indicate weak interactions; The Subfigure
(c) shows the radar chart analysis of multi-parameter influences, confirming the ranking ρ ≻ a2 ≻
θ ≻ τ ≻ α ≻ c0; The Subfigure (d) supports the cumulative contribution progression analysis,
demonstrating that ρ and a2 together explain approximately 80% of the output variance.

Next, we focus on the effects of the discount rate ρ and delay term τ on the stability of the
positive equilibrium. Taking the centralized decision-making model as an example, when system
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Figure 2. The influence of ρ on g∗1 and the impact of ρ on g∗2 .

(2.17) is without delay, we show mainly how ρ affects the existence and stability of the positive
equilibrium through numerical simulation.

5.2. Existence and stability of the positive equilibrium

By Table 6 and Theorem 2.1, we can select the parameters group G1 in Table 11, which satisfies
a1 > b. By the expressions of A1 and A2, we have A1 = 248 > 0, A2 = 3.1 > 0, A1A2 >

Table 11. Parameter assignment table.

a a2 α δ c0 ρ a1 b µ

G1 500 0.5 10 0.9 10 0.1 0.8 0.6 0.6

G2 5000 0.99 0.1 0.9 5001 0.02 0.8 0.3 0.5

G3 5000 0.99 0.1 0.9 5001 −0.02 0.8 0.3 0.5

G4 5000 0.99 0.1 0.9 5001 0 0.8 0.3 0.5

0. Clearly, the conditions of Theorem 2.2 are satisfied. So the unique positive equilibrium
E1(72, 712.1429) exists and the other values are shown in V1 of Table 12. A2 > 0 satisfies
condition (i) of Theorem 2.2, so E1 is a saddle and its orbit is displayed in the Subfigure (a) of
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Figure 3. The 3D visual graphs of the global sensitivity analysis results.

Figure 4. Now, this situation has nothing to do with ρ. Next, we choose three parameter groups
with different ρ, which is displayed in G2 −G4. In G2, ρ = 0.02 > 0; In G3, ρ = −0.02 < 0; In
G4, ρ = 0.

Table 12. The other values and the nature of E1.

g∗1 p0∗m1 D∗
m1 D∗

r1 Nature of E1

V1 80 747.8571 169 119 Saddle

V2 0.5273 5001.0221 0.011 0.011 Unstable focus

V3 0.5263 5001.0211 0.0105 0.0105 Stable focus

V4 0.5268 5001.0216 0.0108 0.0108 Center

Choosing G2 in Table 11, A1 = −0.99 < 0, A2 = −1.8774 < 0, A1A2 > 0, and ρ > 0, A2 < 0,
2A2 + ρ2α(a1 − b) = −3.7548 < 0 are satisfied. Clearly, the conditions of Theorem 2.1 and
situation (ii) of Theorem 2.2 are satisfied. So E1(0.4746, 5001.0221) exists and it is an unstable
focus. Its orbit phase is the Subfigure (b) of Figure 4. Other values are in V2 of Table 12.

Taking G3 of Table 11, then A1 = −0.99 < 0, A2 = −1.881 < 0, A1A2 > 0, so ρ < 0, A2 < 0
and 2A2 + ρ2α(a1 − b) = −3.7620 < 0 hold. Clearly, by Theorem 2.1 and the condition (iii) of
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Theorem 2.2, E1(0.4737, 5001.0211) exists and it is a stable focus. Its phase is shown in Figure
4 (c). Others are displayed in V3 of Table 12.

Choosing G4 of Table 11, A1 = −0.99 < 0, A2 = −1.8792 < 0 and A1A2 > 0, these meet
conditions ρ = 0, A2 < 0. Clearly, by Theorem 2.1 and condition (iv) of Theorem 2.2. So
E1(0.4741, 5001.0216) is a center. The other values are in V4 of Table 12. Its phase is the
Subfigure (d) of Figure 4.
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Figure 4. Local stability of the equilibrium E1.

In Figure 4, these lines denote the solution curves (k(t), pm(t)) of the system (2.18) near E1.
The arrows in the direction field represent the direction of the solution curves. From Figure
4 (a), one green line is convergent to E1, and the other is far away from E1, showing E1 is
unstable. By the direction of the blue lines, E1 is a saddle. From Figure 4 (b), the solution
curve is a spiral rotating away from the equilibrium E1, or there is a spiral source at E1, so
E1 is an unstable focus. In Figure 4 (c), the solution curve is a spiral that rotates around the
equilibrium E1, or there is a spiral sink at E1, so E1 is a stable focus. In Figure 4 (d), solution
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curves are a series of periodic closed trajectories that are not isolated, so E1 is a center and it
seems like a Neutrally-stable center. The changes from Figure 4 (b) to Figure 4 (d) and then
from Figure 4 (d) to Figure 4 (c) supports the theoretical result that equilibrium E1 changes
from the unstable focus to the center and then from the center to the stable focus as ρ from
positive to zero and then from zero to negative.

The existence and local stability of positive equilibrium in decentralized model can be ob-
tained by the same way, here we omitted it.

Next, we show the effect of the delay term τ on the stability of the positive equilibrium. Still,
taking the centralized decision-making model as the example, when the positive equilibrium E1

is stable, we display how τ affects the stability of equilibrium E1.

5.3. Hopf bifurcation

Subsection 2.2.3 establishes the Hopf bifurcation criteria for system (2.17) with respect to the
delay parameter τ and the weight coefficient θ. First, we consider the characteristic equation of
the linearized neutral delay system (2.19):

(γ2 − ργ + S1)
[
θ + (1− θ)e−γτ

]
= 0,

where S1 is a constant derived from the model parameters. For the system to undergo a Hopf
bifurcation, purely imaginary roots γ = iω (ω > 0) must appear in the characteristic equation.

Setting γ = iω and analyzing the critical case, we find that purely imaginary roots emerge
when θ = 0.5. This result is formally stated in Theorem 2.3: If 0 < θ < 0.5, the equilibrium
E1(k

∗
1, p

0∗
m1) is unstable for all τ > 0; if θ > 0.5, E1 is stable for all τ > 0. The transition

point θ = 0.5 indicates the occurrence of a Hopf bifurcation, as non-hyperbolic equilibrium and
purely imaginary roots appear. To further confirm this analytical result, we conduct numerical
simulations.

Fix the other parameter group as G3 of Table 11, and the positive equilibrium E1 is stable
focus as the system (2.17) is without delay term (see the phase (c) in Figure 4). Next, fixed
τ = 5, choosing θ differently, we can obtain the following figures.
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Figure 5. Change of stability for E1 as θ increases.

In Figure 5, the green lines denote k(t) and the red lines stand for pr(t). As shown in Figure
5, with τ fixed, the equilibrium E1 is unstable when θ = 0.4 < 0.5 (see the red line from Figure
5 (a)). We can see that E1 becomes stable when θ = 0.6 > 0.5 (see the green line from Figure
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5 (b)). This numerical evidence clearly illustrates the stability switching at θ = 0.5, which is
consistent with our analytical bifurcation criteria.

Remark 5.1. From the above analysis, we can see how τ and θ plays a role in system (2.17).
Under the parameter group G3 in Table 11, if θ = 1, τ = 0, then E1 is a stable focus, as shown
in phase (c) in Figure 4. If θτ ̸= 0, τ > 0, then the stability of E1 changes with θ increasing.
E1 is unstable as 0 < θ < 0.5, and E1 is stable when 0.5 < θ < 1, and Figure 5 supports Hopf
bifurcation occurs for θ=0.5.

The existence of Hopf bifurcation in the decentralized model can be derived similarly, and
we omit the repetitive derivation for brevity.

This Hopf bifurcation analysis further confirms that θ acts as a critical stability switch, which
is consistent with the sensitivity-stability correlation in next subsection.

5.4. Correlation between sensitivity indices and stability regions

In this subsection, we further investigate the relationship between parameter sensitivity and
system stability by visualizing the stability regions. Combined with the Sobol global sensitivity
indices, Table 13 establishes a direct correlation between the total-effect indices and the sta-
bility contributions of key parameters, and two additional figures are presented to intuitively
demonstrate how the top-ranked sensitive parameters dominate the system stability boundaries.

Table 13. Correlation between parameter sensitivity indices and system stability contributions.

Parameter Ranking Contribution to System Stability Critical Stability Threshold

ρ 1 Dominates system stability type; determines ρ < 0 (stable);

stable/unstable/center states ρ > 0 (unstable)

a2 2 Determines the sign of A2/B2; dominates a22 < αδ(ρ+ δ)(a1 − b)

equilibrium existence and stability (stable focus)

θ 3 Acts as a stability switch; induces θ > 0.5 (stable for all τ > 0);

Hopf bifurcation θ < 0.5 (unstable)

τ 4 Amplifies instability but does not No critical stability threshold

change stability

α 5 Indirectly influences stability by α >
a22

δ(ρ+ δ)(a1 − b)
(saddle)

affecting A2/B2

c0 6 Only affects equilibrium location; No critical stability threshold

no impact on stability

As summarized in Table 13, the parameters with the highest Sobol total-effect indices (i.e.,
ρ, a2, and θ) are precisely the critical factors that govern the stability of the system equilib-
rium. Specifically, the discount rate ρ (ranked 1st) directly determines the stability type (sta-
ble/unstable/center) through its sign change, while the consumer green sensitivity a2 (ranked
2nd) and price weight coefficient θ (ranked 3rd) control the existence of stable equilibria and
induce stability switching (e.g., Hopf bifurcation at θ = 0.5). In contrast, low-sensitivity param-
eters (e.g., τ , α, c0) exert no direct influence on the stability type, only modifying the equilibrium
position or amplifying existing instability. Figure 6 visualizes the stability distribution in the
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Figure 6. Stability regions in the ρ-a2 plane with fixed θ = 0.6 and τ = 5, Taking other parameters from G3 of
Table 11.

ρ-a2 parameter plane. To clearly demonstrate the stability transition and facilitate a direct
comparison with the stable focus case V3, we appropriately expand the coordinate ranges of ρ
and a2. The high-sensitivity region is exactly located at the boundary between the stable and
unstable regions, confirming that the most influential parameters govern the system stability.
The blue area represents the stable focus state (corresponding to case V3 in Table 11), the red
area represents the unstable focus state (corresponding to case V2), and the yellow area repre-
sents the saddle-point state (corresponding to the similar case V1). The dashed rectangle marks
the high-sensitivity interval of ρ and a2, which lies exactly at the boundary between the stable
and unstable regions, confirming that the top-ranked sensitive parameters govern the system
stability transitions.

From Figure 7, we can see the oscillation amplitude versus θ for different time delays τ , with
other parameters taken from group G3 in Table 10. The dashed vertical line denotes the Hopf
bifurcation at θ = 0.5, separating the unstable region (θ < 0.5) and stable region (θ > 0.5).
Larger time delays τ amplify the oscillation amplitude in the unstable region, while all curves
decay to zero in the stable region. An interesting and important observation emerges from the
stable region: When τ = 0 and θ = 1, the oscillation amplitude is exactly zero, signifying that
the system is fully stable and converges to the equilibrium without any oscillations. This result
perfectly aligns with the stable focus equilibrium V3 presented in Table 13, providing direct
numerical evidence that the system achieves asymptotic stability under appropriate parameter
settings. This consistency between the numerical simulation and the theoretical classification of
equilibrium types further validates the robustness of our stability analysis.

This integrated analysis of the correlation table and stability visualizations explicitly links
the Sobol sensitivity indices to the system stability regions, significantly enhancing the inter-
pretability of the results and providing a rigorous theoretical foundation for targeted manage-
ment strategies in green supply chain dynamics.
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Figure 7. Oscillation amplitude versus θ for different time delays τ (Taking other parameters from G3).

6. Conclusions and managerial implications

It is an established fact that the positive discount rate plays an essential role in constructing the
objective function. However, the impact of the negative discount rate is still unclear. Here, based
on the extension of discount rate to the whole real number domain, we investigate a two-channel
green supply chain neutral delay differential system with respect to the green technology level and
the price of the manufacturer under centralized and decentralized decision making, respectively.
For two neutral delay differential systems, we consider the existence of the positive equilibria.
Under the condition of making sure that the positive equilibria exist, the local stability are
investigated. Compared to the result about the stability of the equilibria in the single channel
work [23], in this research, due to the widening range of discount rates, the equilibrium of both
the centralized and decentralized models may be stable, rather than always being a saddle.
Moreover, under the equilibrium remains stable as τ = 0, taking θ as the bifurcation parameter,
Hopf bifurcation occurs for θ=0.5. Stability analysis reveals that the introduction of delay
can induce Hopf bifurcation, creating periodic fluctuations that managers must account for in
strategic planning.

Furthermore, by comparing the equilibria obtained in two decision-making scenarios, we
know that, although the optimal profit in the centralized decision-making system outperforms
the total profit of the decentralized system (as shown in Table 2), it is often difficult to imple-
ment in practice due to the challenges of unified strategy-making among independent members.
Therefore, designing an effective coordination mechanism to achieve Pareto improvements for
all members is essential. So we design a cooperation and coordination model by introducing
the transfer payment mechanism to make the GSCs members achieve a win-win. Thus, we
recommend the upstream and downstream companies of dual channel GSCs to adopt the co-
operation and coordination model if they can not accept the centralized GSCs. Because the
proposed wholesale-price-based transfer payment mechanism effectively coordinates decentral-
ized systems, enabling Pareto improvements for both manufacturers and retailers.
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Next, we have established that the extended discount rate ρ ∈ R (including negative values)
and the consumer’s green sensitivity a2 emerge as the most influential parameters in green supply
chain dynamics. These findings offer several actionable insights for supply chain practitioners
in Subsection 4.2.

Although this research provides substantial insights, several limitations suggest directions
for future investigation. First, our model assumes identical delay parameters for manufactur-
ers and retailers; future work could explore asymmetric delay scenarios. Second, the study
focuses on a two-echelon supply chain; extending this to multi-echelon networks would enhance
practical applicability. Third, we considered deterministic parameters; incorporating stochastic
elements would better reflect real-world uncertainties. Finally, empirical validation of the pro-
posed coordination mechanism across different industry contexts would strengthen the practical
contributions. Despite these limitations, this research provides a robust theoretical foundation
for understanding and managing dual channel green supply chains with time delay effects. In-
tegration of differential game theory, bifurcation analysis, and global sensitivity analysis offers
a comprehensive approach to addressing complex supply chain dynamics in environmentally
conscious market environments.
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