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THE BLOW-UP PROBLEM FOR A CLASS OF QUASILINEAR
SCHRODINGER EQUATIONS

Qi Guo'' and Boling Guo?

Abstract We consider the blow-up results of the solution in W2?2(R¥) for the following
quasilinear Schrodinger equation

iug + Au+ 2ub/ (Ju?)Ah(Juf?) + uf(|u|?) = 0, z € RV,
u(z, 0) = uo(z), r € RN,

where h and f are real functions which related to various physical models. We prove that
the W22(RY) solutions must blow up if |z|uy € L?(R")(finite variance), and we give the
upper bound of the blow-up time. We also show that without the finite variance assumption,
the radial symmetric solutions in W2?2(R”Y) must blow up in finite time for the whole class
of initial data with strictly negative energy.
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1. Introduction

In this paper, we consider the following Cauchy problem of quasilinear Schrodinger equation
iug + Au 4 2ub/([u|?) Ah(Jul?) + wf(|u|?) = 0, r € RV, (1.1)
u(z,0) = up(x), reRY '

where u = u(z,t) : RY x R; — C is a complex valued function, h, f : R, — R are given real
smooth functions, 2 = —1. A = Z;Vﬂ a?—; is the standard Laplacian operator. Equations
J

of the form (1.1) often appear in many phenomena of physics like plasma physics and fluid
mechanics [19,20,26,31], dissipative quantum mechanics [14], condensed matter theory [23] and
in the theory of Heisenberg ferromagnets and magnons [1,18,21,32,36]. For example, the case
of h(s) = v/1+ s models the self-channeling of a high power, ultra-short laser pulse in matter
(see [3,34]) whereas if h(s) = /s, equation (1.1) is applied to physical phenomena in dissipative
quantum mechanics [4, 14]. In the case h(s) = s, equation (1.1) is used for the superfluid flim
equation in plasma physics [19].

The well-posedness of the problem can refer to [6,17,30,35] and the references therein. By
the known results, we have the following result.

fThe corresponding author.

1School of Mathematics, Statistics and Mechanics, Beijing University of Technology, Beijing 100124,
China

Institute of Applied Physics and Computational Mathematics, Beijing 100088, China

Email: guoqi23@emails.bjut.edu.cn(Q. Guo), gbl@iapcm.ac.cn(B. Guo)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20250215

2706 Q. Guo & B. Guo

Theorem 1.1. (Local well-posedness) [35] Let N > 1. Assuming that uy € HYT2(RY) and
h,f € CET2(Ry) for L > N + 2, then there exists a Ty, > 0 and a unique solution to (1.1)
satisfying

we L=([0,Tg); H*P2(RYN)) u C([0, Tw]; H* (RY)).

Regarding the blow-up phenomena of the nonlinear Schrodinger equations, many scholars
have investigated and obtained a series of valuable results [8,10,29,35,37,38]. In 1977, Glassey
considered the following Cauchy problem

u(x,0) = ug(z), r € RN (1:2)

{iut = Au+ F(Ju|?)u, r €RY,
based primarily on the finite variance assumption ([pn |2[?luo|*dz < o0), and obtained the
valuable result that the corresponding solution blows up in finite time for the first time. In
his paper [11], the solution to (1.2) satisfies the mass and energy conservation laws. The most
critical condition for the blow up of the solution to (1.2) is that there exists a constant ¢y > 14 %
such that sF(s) > cyG(s) for all s > 0, where G(s) = [; F(n)dn.

When F(u) is a typical typical nonlinear term Aul?, (1.2) becomes the following equation

u(x,0) = ug(z), r €RN (1.3)

{iut+Au:)\u|pu, r € RV,
where A € R,p > 0. The case A > 0(A < 0) corresponds the defocusing (focusing) case.
Using the similar method as in [11] and without the assumption [py [z|?|ug|?dz < oo, T.Ogawa
and Y.Tsutsumi [27, 28] obtained the blow up results for radially symmetric H! solutions with
negative energy for (1.3) in finite time. Moreover, F. Merle and P. Raphéel obtained that the
solutions blow up in finite time for the entire class of initial data in H' with strictly negative
energy in [25], and established the existence of a universal blow-up profile which attracts blow
up solutions in the vicinity of blow up time in [24]. In 2009, the similar result was obtained by
P. Raphéel and J. Szeftel [33] for p = 4 in any dimension. Later, the blow up criterion for the
focusing case of (1.3) with negative energy had been studied in [9].

If h(s) = s, f(s) = BspTiz, we obtain a special case of (1.1) as follows

u(z,0) = ug(z), z € RN, (1.4)

{iut + Au+ Blufp2u+ 0(Alu)u=0, xRV,
In [13], Guo, Chen and Su obtained the solution of (1.4) must blow up in finite time if 4 + 5 <
p < 22 under some assumptions, here 2* = % Later, in 2009, Chen and Guo [5] used
the variational method to prove the one-dimensional blow up results of (1.4) in finite time, and
obtained the H!(R) strong instability of standing waves. The problem also considered in [7].
Our purpose is to extend the blow-up results of the standard nonlinear Schrédinger equation
(h = constant) to the general quasilinear case. Consequently, the second-order quasilinear
term uh/(|u|?)Ah(|u|?) gives rise to relatively complex terms in the calculation. Meanwhile,
determining appropriate assumptions for f and g is also a difficulty which needs to be overcome
to obtain the blow-up results. Early blow-up results generally relied on the weighted condition
|z|ug € L*(RY), but some numerical computations have indicated that this condition is not
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necessary. In this paper, we use the classical method from Glassey in [11] to study the “blowing
up” phenomena for the Cauchy problem (1.1). For applications of the same method to obtain
the blow-up solutions of nonlinear equations in finite time can refer to [2,12,15,16,37]. Moreover,
the solution of equation (1.1) obeys the mass and energy conversation laws, which read as

(i) Mass conversation

M(t) = /RN (-, £)[2dz = M(0).

(ii) Energy conversation

E(t):/RN|Vu|2d:L"+/ Vh(luf?)] / Gllul?)dz = E(0).

We will prove the conservations of mass and energy in Section 2.
Now, we state our main results as follows.

Theorem 1.2. Suppose that u(t) € W22(RN)(N > 1) is a solution of (1.1) and
(1) ug € W2ARN), Im [ugzVug < 0, and |z|ug € L*(RY);
(2) E(0) = [([Vuol> + |Vh(uol2) — Glluol?)) < 0, where G(s) = [ f
(3) there is a constant Cy > 2+ % such that sf(s) > CnG(s) for all s 2 0 r € RV
(4) for all s > 0, there holds h'(s) > 0,h"(s) <0 or h'(s) < 0,h"(s) >0, that is h'(s) and h'"(s)
have opposite signs;
here and after, w is the complex conjugate of u. Then, there exists a Ty > 0 such that
lim ||Vul|7. ®N) = +00.
t—=Ty
By removing the finite variance assumption in Theorem 1.2 and considering the radially
symmetric solutions in W22(RY), we obtain the following resluts.

e W2ARY) = {u € W22(RN);u(z) = u(|z)}N > 2) is a

and

)
M)

Theorem 1.3. Suppose that u(t)
radially symmetric solution of (1.1
(1) ug € W2 (RN), V|ug|? € L2(R
(2) E(0) = [(IVuol* + [Vh(|uo|? )! G(Juol*)) <0, where G(s) = [ f(

(3) there is a constant Cy > 2+ % such that sf(s) > CnyG(s ) for all s 2 0 r € RY;

(4) for all s > 0, there holds h'(s) > 0,h"(s) <0 or h'(s) < 0,h"(s) > 0, that is h'(s) and h"(s)
have opposite signs and ||h||oo, ||1]|co is limited;

(5) f(0) =0 and ||f'||oc is limited;

then, there is T > 0 such that

. 2 .
i [[Vul2zex) = +oo.

Notations. Throughout this paper, all integrals are taken over RY unless stated otherwise.
Re(Im) denotes the real(imaginary) part for the complex value. C' stands for a generic positive
constant, which may be different from line to line.

This paper is organized as follows. In Section 2, we construct the mass and energy conversa-
tion laws for solutions to (1.1), then we prove that the solutions will blow up in finite time based
on the finite variance assumption and give an upper bound estimate for the blowing up time. In
Section 3, we present several lemmas to be used in the proof of Theorem 1.3. In Section 4, we
prove Theorem 1.3 which establishes sufficient conditions for the finite-time blow-up of radially
symmetric solutions without the finite variance assumption.
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2. Proof of Theorem 1.2

In this section, we will prove Theorem 1.2. Based on the finite variance and negative energy
assumptions, we establish the existence of a blow-up time and its upper bound estimate. First,
we demonstrate that the solutions to (1.1) satisfy the conservation laws of mass and energy.

Lemma 2.1. Assume that u(-,t) is a solution to (1.1). Then, in the time interval [0,t] when it
exists, u(-,t) satisfies
(i) Mass conversation

_ / (-, £)2dz = M(0).
(ii) Energy conversation
E(t) = / ]Vu|2dx+/[Vh(|u]2)]2da: - /G(|u|2)dx = E(0),

where G(s fo
Proof. (1) Multlplymg (1.1), by @ and integrating on R, we obtain that

i/autdx + /ﬂAudx + 2/ 21 (Juf2) Ah(Juf2)ds + / Wlf(uP)de =0,  (21)
integrating by parts and considering the imaginary part yields

- 2 —
Re/uutdzx— 2dt/|u| dz =0,

that is,
M (t) :/\u|2dx :/\u0]2dx = M(0). (2.2)
(ii) Multiplying (1.1); by u;, we have
i/|ut|2dx+/ﬂtAudx+2/uh’(|u\2)Ah(|u|2)ﬂtdaz+/uf(|u|2)ﬂtd:r =0, (2.3
where
Re / Gy Audr = —Re / Vu - Vigde = =5 — / |Vu|?dz,
zRe/utuh’(|u|2)Ah(yu|2)dx:/|u|§h'(yu\ )AR(|Jul?)dz
= [P () da
= [ ()

=5 [ [VA(jul*)]*dz,



The blow-up problem for a class of quasilinear Schrédinger equations

2709

1
Re/utufqu\?)dx = 2/1u|§f(\u| )dz = 2dt/G lu|?)dz,

and G(s) = [; f(6)dd. Taking the real part of (2.3) yields

g 2 i 2\12 _d/ 2 _
dt/\w da:—i—dt/[Vh(|u] o — S [ G(luae =

thus we can obtain the conserved quantity as follows

:/]Vu|2dx+/[Vh(|u]2)]2da:—/G(\u|2)dx:E(O).

Based on the conservation laws in Lemma 2.1, we will prove Theorem 1.2.

Proof. Denote D(t) = [ r*lul*dz. We have

d

dtD( ) = 2Re/r21]utdx

= —2Im/r2uAudx

= 2Im/(r2\Vu]2 + 2zuVu)dx
= 4Im/xﬂVuda:

=: —4D(t),

in here Dy (t) = —Im [zaVudz. A direct calculation yields

%Dl( t)=— Im/(xutVu + zuVu,)dx

=— Im/mﬂtVudx + Im/(Nﬂut + zVuu)dx

:2Im/xVuutdx+Im/Nuutdx

“Re /(vaa + N [Au + 20k (Ju2) Ah(uf?) + uf(|u2)]de

Note that

Re /[23:Vu + Nu|Audx = —Re/(V(Z:L'Vu)Vu + NVuVu)dz

= —N/ |Vu|?dz — Re/(2|Vu|2 + 2xV2aVu)dz

—(N+2)/|Vu|2dx—/xV|Vu|2d:c

= —2/\Vu]2da:,

2Re/(2xVﬂ + Na)uh/(|u|®) Ah(|jul*)dz

(2.7)
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—o / eV ulH (|uf2) Ab(uf?)dz — 2N / V(a2 (jul?)) Vh(uf?)dz
= 2/a:Vh(|u]2)Ah(\u|2)d:c—2N/]Vh(|u]2)]2dx—2]\7/]u|2Vh/(|u]2)Vh(\u|2)dx
~V+2) [ Th(uP) Pz 2N [ P VPR (A ) da

(2.8)
Re/(QxVﬂ b NG)uf(|ul?)dz = /x Yl (luf?)dz + N/ 2 f(Juf?)de
=N [ Gl + N [P f(uyiz, (2.9)
thus, (2.6) can be written as
%Dl( t)
2 [ [VuPde — (¥ +2) [ 1V(uP)Pdo 2N [ [V hP R (ul?) (ol
N [ (QuPs(a) - Gz (2.10)
Combining this with the hypothesis (2)-(4), we derive that
%Dl( 1) > — N(Cx — DE(0) + (NCy — N — 2) / Ve
=2 [ P VPP (ol ()
>0, (2.11)
therefore,
Dy (t) > D:1(0) = —Im/uo:zrVuodx > 0,
it now follows from (2.5) that dD(t)/dt < 0 and
D(t) < D(0) = /r2|u0|2d$. (2.12)
Because of

|D1(t)] = Da(t)
= —Im/a:vVudx
< / r?|ul*dz) % /\Vu|2d:1: é
< D(0)? || Vul| 2 g, (2.13)

together with (2.11), it follows that

D(0) dDi (1)
Dy(t)? < D(O)Hvu||2LQ([RN) S NCy—N-2 dt
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which implies that
—Di(t) > ——————D1(t)". 2.14
T = S (214)
Combining with the expression of D;1(0) = —Im [ uyxzVipdz > 0, we obtain that
D > !
1) 2 ey v (2.15)
D1(0) D(0)
Let T* = (NCN—?V(%)Dl(O) < 00, then there exists Ty < T* such that
lim || Vu? > tim 20° (2.16)
2(RNY = = , .
t—T, L2®Y) t—=Ty D(O)
so that [[ul|y22gyy blows up in finite time. O

3. Some lemmas

In this section, we state two lemmas which are useful for the proof of Theorem 1.3. The first is

concerned with a radially symmetric function in W12(RY) which is due to [22].

Lemma 3.1. Let u be radially symmetric in WY 2(RY) and N > 2. Then for any R > 0, u

satisfies

_N-1o 4 1
lull o (rery < CRTE ([l 2oy | V0l 22y

where r = |x| and C is a constant independent of u and R.

The second lemma is the key identity to obtain our result. The following is the further

generalization of the estimates obtained in [13,22,27].

Lemma 3.2. Suppose that ¥ = (U1, Wy, --- ,Uy) is a vector valued function in (W3 (RN))N

then the W22(RN) solution u(t) of (1.1) satisfies
Im / WuoViigdz — Im / Vu(t)Va(t) de

t
0 k.j k.j

+ [V 0GPy - 5 [ AV s+ [V 0T ()P

+ / (V- 0)|Vh(juf?) P + 2 / (7 0) 2V Ju 2120 a2 ([uf2) de

— [ O (),

(3.1)

where ug, = (8/0xg)u, h(|u|?)p = (90/0zk)h(|ul?), and Vi; = (8/0x;) ¥, all summations are

taken from 1 to N.
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Proof. It is observed that

iug = —Au — 2ub/(|[u)?) Ah(|u)?) — uf(|ul?), (3.2)
— ity = —AG — 2ah (JuH) Ah(|ul?) — af(Jul?). (3.3)

Multiplying the terms on the left hand side of (3.2) by ¥ - Vu and integrating by parts, we
obtain

z/ut(lll -Va)dr = z'jt/\lluVudm —i/\Iquutda:.
Then it follows that
z% / YuVudz +i/(V - U)utde
:i/ut(\I/Vu)d:r + i/\IluVutdx +i/(V - U)utpde
:i/ut(\IlVﬂ)d:U—i/\IlﬂtVudx.
Combining this with (3.2)(3.3), we can derive that
.d _ ) _
i / VYuVadr + 2/(V - U)utyde
= /[—AU = 2uh’(Ju*) AR(|uf?) — uf(ju*))(¥Va)dz
+ /[—Au — 2l (Ju*) AR(|u)?) — af (jul*)| (¥ Vu)dz. (3.4)

A direct calculation yields

/Au (IVa)de = /Vuv (¥Va)d / Zuk‘llk]u] —l—Z\II Zukuk] x,
/Au (UVu)dz = /Vuv (IVu)d / Zuk‘llk]u] —i—Z\I/ Zukukj x,

hence

/ - Au(UVaE) — Aa(VVu)|de
=2Re / Z uk\Ilkjﬂjdx + /Z \I/j Z(ukﬂk] + ﬂkukj)da:
k.j J k

:2Re/2uk‘llkjujdx - /(V ) | Vudz. (3.5)

k,j

Similarly, we obtain that

/[2uh’(]u|2)Ah(|u|2)(\IJVa) + 2ah/ (|Jul?) Ah(Ju|?) (¥ Vu)|dz



The blow-up problem for a class of quasilinear Schrédinger equations 2713
:/Qh’(]u|2)Ah(|u]2)Vu|2\I/dx
:—/2Vh(|u\2)V[\IJVh(|u]2)]dx
= =2 [ S hlluP)wigh(ul?)yde =2 [ 37 30 h(lu)h(uf)isde
k,j 7 k
=2 [ S huPhvih(u)de + [ (70T Pz, (3.6
k.j
and
[rusty @ )~ wpu) @ Vol = - [ o)Vl - v
:/(v )G(|uf2)da. (3.7)
Therefore, (3.4) can be written as
i% / uVads + i / (V - O)uiiydz
:2Re/2uk\1fkjﬂjdx _ /(v W) (|l + [VA(Jul?)2)de + /(v )G (Juf?)de
k,j
2 [ Y h(uPhvih(a)de. (3.5)
k.j
Then, multiplying (3.3) by (V - ¥)u shows that
i/(V W)ty der = /(v W) [uAT + 2|u2B (Ju|) Ah(|u|?) + |ul?£(|u|?)]dz, (3.9)
similar to the calculation of (3.5) — (3.7), it follows that
/(v V) uAudr = — /V(v - uVade — /(v -0 |Vul?dz, (3.10)
and
JECR RN
—— [V Tl )P~ 2 [ (7 WPz
- 2/(V ) [ul* [V PH (Jul?) R (Jul?)da. (3.11)

Combining (3.8) — (3.11) and taking real part, we finally obtain that
id/‘llu -Vudz
dt

—zRe/Zukwkjujdx+2/Zh(yu\2)kmkjh(\u|2)jdx+/(v.\IJ)G(\uF)dx
kg k.
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—;/A(V-\Il)|u2dx+/V(V~\Il)V|u4|h’(|u]2)|2dm—|—/(V-\I!)|Vh(|u|2)|2d33
- / (V- )l f (juf?)de + 2 / (7 D)l [V Ju 220 (fuf2) (]2 (3.12)

Integrating (3.12) with respect to t can get the desired result. O

4. Proof of Theorem 1.3

In this section, we will prove Theorem 1.3 by choosing an appropriate weight function ¥ and
using the method of contradiction.

Let ¢ : [0,400) — R4 be a continuous function with bounded third order derivatives and
such that

0< <1
s, <s<3,
1 1 1 3
s—(s—3)° f§s<7+£,
B 2 2 23
P(s) =
. 1 V3
smooth, ¢ , =+ — <s< 2
2 3
07 QSS
\

and |¢'(s)| < 1,¢"(s) <0. Let m be a large positive constant to be determined later, we set

On(r) = mo(-),

clearly

for a«=0,1,2,3. (4.1)

Denote r = |z| and define ¥ as follows
Tk

V(@) = “on(r), Wil@) = “Fon(r).

Direct computations show that

1
orj, 0<r< 3™

1 1 1 1 1 V3
(=0kj = —52825)dm(r) + S Tk2iP (1), Sm <71 < (5 +—)m,
U, — r r r 2 2 3 1.9
S 1 1 1 V3 42)
(;51@' - ﬁﬁkxj)¢m(r) + ngwkﬁjéf);@(r)a ¢ <0 (5 + ?)m <r<2m

0, 2m<r
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where k,7 =1,2,--- , N and

AV - D)
=o(r)
(0, 0<r<?
s _T<§m,
2, N-3 , N -3 1 1 3
_ ¢£§)+(N_1){T m(r)—i_ r2 ¢m(T)— r3 ¢m(r)}7 §m§7’<(§ {)mv
o+ V=) {20+ 200 - T T ) <0 G+ Ym < <om,

0. 2m<r.
(4.3)

Proof. We prove Theorem 1.3 by contradiction. Assuming u(t) € W*(RY) and [Vull 2@y
exists globally, that is |Vu| ;2@ny # +0c0. Substituting (4.2) (4.3) into (3.1) in Lemma 3.2 and
using (2.4), we obtain

Im/\IIUOVu_Od:U—Im/\IJu(t)Va(t)dx

t
:/O {2/T<m |vu\2dx+2/% |Vu|?¢l, (r)dz 4+ (N + 2)E(t) — (N+2)/\vu|2dx

+ OV +2) [ 6o = [ oluds+ N/<m (G(ul?) — [l £(uf2)] da
E 200004 000 ) [G0uP) ~ A ()]

(
o [ (Gt Tt = T ntn)) o Tl
(

>
|

—Om(r) + 3¢, (r) — N — 2) IVh(|u|?)|?da

#2N [ VP (ol (o)

2

N -1
+2/>m <T¢m(r) +¢$n(r)> \uP\Vlqu|2h’(yuP)h"(yuP)dx}dT. (4.4)
T=3%
Now from the expression of ¢, we know that
N1
r

dm(r) + 3¢, (r) — N—-2<0, for r> %

0 < dm(r) <1,

2/ ]Vu|2dx+2/
r<g r>

Equations (4.2) and (4.3) imply that, for some constant C,

and

|Vu|?¢l, (r)dz — (N + 2) / |Vu|?dz < N/ |Vu|?dz.

1\3‘3

lo(r)] < Cm™2,
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then, combining these with A’h” < 0, we obtain that
Im/\IJUOVU_odZL‘—Im/\I/u(t)Vﬂ(t)de'
< /Ot [V +2)B(r) - N/ Vul2dz + (N +2) / G(lu?)de + Cm~2|Jul%
+ (1) [G(ul?) = |uf® f(|uf?)] dz

+2 o () [ul* [V a2 2B (Juf*) " (|| dz

E - 20 0) (o Vil )P

r

IA
O\N
—

(N z)E(O)—N/vu|2dx+cm—2uu||§2+(N+4)/ w2 f(Juf?)de

r>

w[3

P2 el [l Va1 [ otlultas far. (45)

25 >
From Lemma 3.1, and assuming
1 e <m, [[B]loe <m,  [|B"]loc < m,

we arrive at

e g e N (R T e T P A
' b3 m

r>g

/ . ]u‘ﬂVu‘de S |’uHL[1/°°[T>(m/2)] />m ‘Vu’zd[]} S sz_QNHUH%zHVUHAim
25 rZ35

J;

thus, we can conclude that for sufficiently large m, there exists a positive constant n such that

o()ulde < Om 2 ulZepys 2 / , JuPae < Om = ul | Vul

=72

w[3

Im/\I/uOVuodx — Im/\IJu(t)Vu(t)da: < —nt. (4.6)
Set ®(r) = [; ¢m(s)ds. Since ® € L>(RY) and
VO(r) = =g (r) = U(a),
using (3.4) we derive that
i/@uﬂtdx = / du[AT + 2ah (Ju*) Ah(|ul?) + af (|u)?)]dz
= — /\IIuVuda: - /<I>(|Vu]2 — |ul?f(Jul?) = 2/u*R (jul*) Ah(|u?))dz.  (4.7)
Taking the imaginary part of (4.7), we arrive at

Re/q)uﬂtda: = —Im/\I’uVﬂdm.
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Since

d
T <I>|u|2da: = /@(utﬂ + wyu)dx = 2Re/<l>uatdx, t>0

it follows that

¢
/<I>|u2dx :2Re/ /@uutdxd7+/§>uo|2dx
0
t
:—2Im/ /\I/uVud:ch+/<I>\u0]2dx
0

t
SQ/ (—7]7’—Im/\I/uOVuoda:)dT+/<I)]u0|2d;z;
0

<—nﬂ—mm/mwwmmh+/@mﬁm. (4.8)

Therefore the left-hand side of (4.8) becomes negative in finite time, which implies a contradiction
since ®(r) > 0 except when r = 0. Hence [|[Vul|p2g~) must blow up in finite time. And we

complete the proof. ]
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