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A NOTE ON A CLASS OF DISCRETE LARGE- AND

SUB-CENTRE SYSTEMS∗

Yanglan Ou1,†, Hongfeng Ren2,†, Guang Zhang2 and Qiru Wang3

Abstract For different mappings, there are various methods and techniques to obtain the
normal forms and calculate the center manifolds of a system, with the computations being
highly complicated. Unfortunately, all the results obtained are merely of a local nature.
Recently, a discrete logistic-lottery system with large- and sub-centres was studied. The
authors established a flip bifurcation theorem and provided some numerical simulations.
Thus, they demonstrated that the lottery competition is indeed driven by the logistic growth
of the dominant species. In this note, we have once again considered that system and
theoretically proved that all its stable periodic solutions are induced by the main equation.
In particular, the method is remarkably straightforward, and the logistic model can be
generalized to other recursive equations, such as those describing the weak Allee effect,
the strong Allee effect, the Ricker model, or the Caspari-Watson function.
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1. Introduction

Hierarchical structures are the norm in spatial systems. Globally, we see this in groupings
such as the G20, G7, APEC, the European Union, and ASEAN. At the national level within
China, prominent examples frequently reported include the Beijing-Tianjin-Hebei region, the
Guangdong-Hong Kong-Macao Greater Bay Area, and the Yangtze River Delta. Hutton [11]
identified service industries as increasingly significant drivers of urban development in the Asia-
Pacific and proposed a conceptual and analytical framework for scholarly investigation in this
domain. Cattaneo et al. [5] provided a review article that introduced the concept of catch-
ment areas differentiated along an urban-rural continuum to better capture these interconnec-
tions. Meanwhile, Mercure in [18] developed a core theoretical framework for innovation and
the diffusion of new socio-technical regimes, based on an age-structured demographic theory of
technological change.
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Indeed, Nijkamp and Reggiani [19–21] have considered the discrete system of the formut+1 = aut(1− ut),

vt+1 = rvt(1− but − vt),
(1.1)

where u represents the size of the large centre and v the size of the sub-centre, 0 < a ≤ 4, r > 0
and 0 < b < 1. The complex behavior of system (1.1) had also been numerically investigated
by Nijkamp and Reggiani [19–21]. Similarly, such systems are also considered in mathematical
biology, for example, Xue et al. [24] proposed an almost periodic discrete two-species Lotka-
Volterra commensalism system with delays, and the dynamics of the microbial parasitism, see
Xu [23].

In [19–21], the central position of the large centre u is not clear. In other words, we do not
know the contribution of u and v for the complex behavior of (1.1). Recently, we considered the
dynamical behaviors for the discrete large- and sub-centre system of the form

xt+1 = axt (1− xt) ,

yt+1 =
(1 + b) yt

1 + b (xt + cyt)
,

(1.2)

and find that all dynamical behaviors of the first equation and the second equation for (1.2) are
consistent such as stability, bifurcation, and chaos, where b, c > 0 and 1 < a ≤ 4 (see [6]). For
different mappings, there are various methods and techniques to obtain the normal forms and
calculate the center manifolds of a system, with the computations being highly complicated.
Unfortunately, all the results obtained are merely of a local nature. In the following, we will
give the main result (see Theorem 2 in [6]).

Theorem 1.1. For a = 3, system (1.2) undergoes a flip bifurcation and the bifurcated 2-periodic
points are partially stable.

In view of Theorem 1.1, system (1.2) has a stable 2-periodic points for a ∈ (3, 3 + ε), where
ε is a sufficiently small positive number. However, the other stable periodic solutions are only
seen by numerical simulations, see Figures 4-6 in [6]. In particular, obtaining the flip bifurcation
theorem is difficult when the first equation of (1.2) is replaced by other different recurrence
sequences.

It is well known that the fixed points 0 and (a− 1) /a of the discrete equation

xt+1 = axt (1− xt) , (1.3)

is stable for a ∈ (0, 1) and a ∈ (1, 3), respectively. When 3 < a < a∗ = 1 + 2
√
2, there exists

3 = a1 < a2 < · · · < an < · · · < a∗ such that the equation has a unique stable 2n-periodic
solution for any n. When a∗ < a ≤ 4, the equation is chaotic [1,2,9,15–17,22,25]. Existence and
stability are important [3,8,12], in this note, we will prove that the dynamical behaviors of the
sub-centre y are exactly driven by the large centre x. That is, all stable periodic solutions of the
second equation in (1.2) can be obtained by its first equation. In particular, the first equation
of (1.2) can be replaced by other recurrence sequences, our method is also valid.

2. Model and the main results

In fact, we can consider a more general discrete large- and sub-centre system of the formxt+1 = axt (1− xt) ,

yt+1 =
yt

b+ cxt + dyt
,

(2.1)
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where the parameters a, b, c and d satisfy the following assumptions:
(H1) 0 < a < a∗ = 1 + 2

√
2;

(H2) b > 0, c > 0, d > 0, and b+ c < 1;
(H3) b > 0, c < 0, d > 0, b+ c > 0, and b < 1.
At this time, the second equation of (2.1) can be rewritten by

1

yt+1
= (b+ cxt)

1

yt
+ d,

or a more general linear difference equation of the form

zt+1 = (b+ cxt) zt + d, (2.2)

where zt = 1/yt.
A typical linear homogeneous first-order equation is given by

wt+1 = ptwt, t ≥ 0, (2.3)

and the associated nonhomogeneous equation is given by

vt+1 = ptvt + qt, t ≥ 0, (2.4)

where in both equations it is assumed that pt ̸= 0, and pt and qt are real-valued sequences
defined for t ≥ 0. For any initial value w0, we have

w1 = p0w0, w2 = p1w1 = p1p0w0, · · · ,

and

wt =

[
t−1∏
i=0

pi

]
w0. (2.5)

Now, we assume that

vt =

[
t−1∏
i=0

pi

]
ut

is a solution of (2.4), then [
t∏

i=0

pi

]
ut+1 −

[
t∏

i=0

pi

]
ut = qt,

ut+1 − ut = qt

t∏
i=0

p−1
i

or

vt = v0

[
t−1∏
i=0

pi

]
+

t−1∏
j=0

pj

t−1∑
i=0

qi

i∏
j=0

p−1
j , (2.6)

also see Elaydi [7].
When p and q are ω-periodic, we assume that

v∗ω = v∗0

ω−1∏
i=0

pi +
ω−1∏
i=0

pi

ω−1∑
i=0

qi

i∏
j=0

p−1
j ,
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for some v∗0, which implies that

v∗0 =
αβ

1− α
, (2.7)

when

α ≜
ω−1∏
j=0

pj ̸= 0, (2.8)

where

β ≜
ω−1∑
i=0

qi

i∏
j=0

p−1
j . (2.9)

In this case, we can obtain a unique ω-periodic solution

v∗t =

t−1∏
i=0

pi

 αβ

1− α
+

t−1∑
i=0

qi

i∏
j=0

p−1
j

 . (2.10)

Clearly, we have

lim
t→∞

|vt − v∗t | = |v0 − v∗0| lim
t→∞

t−1∏
i=0

|pi| = 0, (2.11)

when |α| < 1.
We can summarize the above discussion as the following result.

Lemma 2.1. Assume that pt and qt are ω-periodic with |α| < 1, then, (2.4) has a unique
ω-periodic solution v∗t which is globally attractive.

When 0 < a < a∗, let x∗t be the unique 2n-periodic solution of (1.3).

yt+1 =
yt

b+ cx∗t + dyt
,

or
1

yt+1
= (b+ cx∗t )

1

yt
+ d. (2.12)

We assume that b and d are positive. If c > 0, we let

b+ cx∗t < b+ c < 1.

When c < 0, assume that
0 < b+ c < b+ cx∗t < b.

Theorem 2.1. When 0 < a < a∗, let x∗t be the unique 2n-periodic solution of (1.3). If b, c and
d are positive, assume b + c < 1, or b and d are positive, c is negative, b + c > 0, and b < 1.
Then, the unique 2n-periodic solution of (2.1) is partially stable.

Proof. In view of Lemma 2.1, the existence is clear. From the second equation of (2.1), we
have

1

yt+1
= (b+ cxt)

1

yt
+ d,

lim
t→∞

∣∣∣∣ 1yt − 1

y∗t

∣∣∣∣ = ∣∣∣∣ 1y0 − 1

y∗0

∣∣∣∣ limt→∞

t−1∏
i=0

|b+ cxt| = 0. (2.13)

The proof is complete.
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3. Conclusions and some remarks

By using the linearized transform, the sub-centre equation is transformed into a linear equation.
At this time, its general solution can be given. Furthermore, we prove that the dynamics of the
sub-centre equation are exactly driven by the one-dimensional large-centre map. The following
conclusions are obtained.

(i) For a general linear equation (2.4), assume that pt and qt are ω-periodic with

0 <
ω−1∏
i=0

|pi| < 1,

then, (2.4) exists a unique ω-periodic solution y∗t which is globally attractive. See Lemma 2.1.

(ii) When all conditions of Theorem 2.1 hold, the dynamics of the sub-centre are governed
by the logistic model, with the large centre acting as the driving component. In view of the flip
bifurcation Theorem 2 in Du et al. [6], we have known that the 2-periodic solution of the second
equation of (2.1) is stable when a is sufficiently close to a1 = 3. However, Theorem 2.1 implies
that the two-periodic solution is stable when a ∈ (a1, a2), where a2 is the bifurcation point of
4-periodic solution.

(iii) It is well known that there exists 3 = a1 < a2 < · · · < an < · · · < a∗ = 1+ 2
√
2 ≈ 3.828

such that the logistic equation has a unique stable 2n-periodic solution for a ∈ (an−1, an). In
view of Theorem 2.1, we have proved that the corresponding 2n-periodic solution of the second
equation of (2.1) is also stable.

Remark 3.1. Our method is also applicable to the discrete two-species Lottery-Ricker com-
petition model investigated in [13] and [14]. In fact, our approach can be extended to a more
general form of the discrete large-centre equation as

xt+1 = f (xt) , (3.1)

where the function f (x) may be the logistic function

f (x) = x
(
1− x

K

)
, K > 0,

the weak Allee effect

f (x) = x
(
1− x

K

) x

x+ θ
, K, θ > 0,

the strong Allee effect Freedman [10], the Ricker model [13,14,17]

f (x) = x exp r (1− x) , r > 0,

or the Caspari-Watson function

f (x) = x+
shx (1− x) (x− sf/sh)

shx2 − (sf + sh)x+ 1
,

where sh, sf ∈ (0, 1) with sf < sh [4] and [26], etc.

Remark 3.2. Theorem 2.1 is also valid for the stable fixed points.
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Example 3.1. When f (x) is the Caspari-Watson function, we know that equation (3.1) has
three fixed points 0, 1 and sf/sh, where 0 and 1 are partially stable, and sf/sh is unstable.
When b, c and d are positive, we easily prove that equation

yt+1 =
yt

b+ cxt + dyt
,

has the corresponding fixed points

1− b

d
,
1− (b+ c)

d
and

1− (b+ csf/sh)

d
,

when b + c < 1. In view of (2.13), we easily prove that the fixed points (0, (1− b) /d) and
(1, (1− b− c) /d) are partially stable. In any case, the fixed point(

sf
sh

,
1− (b+ csf/sh)

b

)
is also unstable. When b+ c ≥ 1, the fixed point (1, (1− b− c) /d) vanishes, thus, the condition
is sharp. Assume that (x∗, y∗) is a fixed point of system

xt+1 = xt +
shxt (1− xt) (xt − sf/sh)

shx
2
t − (sf + sh)xt + 1

,

yt+1 =
yt

b+ cxt + dyt
.

In fact, we can also prove its stability and instability by using the roots of the characteristic
equation of Jacobian matrix at (x∗, y∗), see Elaydi [7]. However, the calculation of the Jacobian
matrix and its eigenvalues is relatively tedious.

Remark 3.3. The upper bound of that constant interval may be greater than 1. At this time,
we can choose that c is small enough such that 0 < b + cxt < 1. For example, the Ricker
model [13,14,17]

f (x) = x exp r (1− x) , r > 0.

Remark 3.4. When the delay occurs in the sub-centre equation, our method is also valid. For
example, consider 

xt+1 = axt (1− xt) ,

yt+1 =
yt

b+ cxt−τ + dyt
,

(3.2)

where τ is a positive integer and the other parameters are same above. Similarly, we have

1

yt+1
= (b+ cxt−τ )

1

yt
+ d.

Thus, the similar results can be obtained.

Remark 3.5. When the sub-centre equations are two or more, our method is invalid. It will
be considered in the future.
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