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STRONGLY LACUNARY Z,-CONVERGENCE OF DOUBLE
SEQUENCES OF FUNCTIONS

Nimet Pancaroglu Akin't

Abstract In this paper, firstly, we define the concepts of strongly lacunary convergence,
strongly lacunary Z-convergence and strongly lacunary Z*-convergence of double sequence
of functions, and also we investigate the relations between them. Then, we define the con-
cepts of strongly lacunary Cauchy sequence, strongly lacunary Zs-Cauchy sequence and and
strongly lacunary Z5-Cauchy sequence of functions, and also we investigate the relations
among strongly lacunary Zs-convergence, strongly lacunary Z,-Cauchy sequence and strongly
lacunary Z;-Cauchy sequence.

Keywords Lacunary sequence, double sequences of functions, Zs-convergence, Zo-Cauchy
sequence.

MSC(2010) 40A30, 40A35.

1. Introduction and definitions

Throughout the paper N and R denote the set of all positive integers and the set of all real num-
bers, respectively. The concept of convergence of a sequence of real numbers has been extended
to statistical convergence independently by Fast [18] and Schoenberg [27]. The concept of Z-
convergence in a metric space, which is a generalized from statistical convergence, was introduced
by Kostyrko et al. [21]. Nabiev [23] studied on Z-Cauchy sequence and Z*-Cauchy sequence with
some properties. Recently, Das et al. [6] introduced new notions, namely Z-statistical conver-
gence and Z-lacunary statistical convergence by using ideal. Debnath [7] studied the notion of
lacunary ideal convergence in intuitionistic fuzzy normed linear spaces as a variant of the notion
of ideal convergence. Tripathy et al. [30] introduced the concept of Z-lacunary convergent se-
quences. Diindar et al. [14,15] introduced the concepts of lacunary Z-convergence and lacunary
Z-Cauchy sequences of functions. Akin and Diindar [1] investigated the concepts of lacunary
Z5-convergence and lacunary Z3-Cauchy sequence. Diindar and Altay [10,11] introduced ideal
convergence and ideal Cauchy double sequences in the linear metric space and they investigated
some characteristics and between relations. Diindar et al. [17] studied strongly Zs-lacunary con-
vergence and Zy-lacunary Cauchy double sequences of sets. Hazarika [20] studied the lacunary
ideal convergence for double sequences. Diindar and Altay [12,13] studied Zy-convergence for
double sequences of functions. Diindar [8] scolayed strongly lacunary Z-convergence of sequences
of functions.

Now, we recall some basic concepts and definitions (see [2-5,7,9-11,14-16,19,21,23,25-33]).

A family of sets Z C 2V is called an ideal if and only if
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(i)0eZ (it) f AABeZ, then AUB€Z, (iii) If A€ Z and B C A, then B € T.

An ideal is called non-trivial if N ¢ Z and non-trivial ideal is called admissible if {n} € Z for
each n € N.

A family of sets F C 2N is a filter if and only if

(i) ¢ F, (it) If A,B € F,then ANB € F, (iii) If A€ F and B D A, then B € F.

7 is a non-trivial ideal in N, then the set F(Z) ={M C X : (A€ Z)(M = X\A)} is a filter
in N, called the filter associated with Z.

An admissible ideal Z C 2N is said to satisfy the property (AP) if for every countable family
of mutually disjoint sets {41, Ag,---} belonging to Z there exists a countable family of sets

o
{B1, Ba,- -} such that A;AB; is a finite set for j e Nand B= |J B; € Z.
j=1

A nontrivial ideal Zy of N x N is called strongly admissible if {i} x N and N x {i} belong to
Is for each ¢ € N. It is evident that a strongly admissible ideal is admissible also.

Throughout the paper, we let Z, C 2¥*N be a strongly admissible ideal.

78 = {ACNxN: (3m(A) € N)(i,j > m(A) = (i,5) ¢ A)}. Then Z7 is a nontrivial strongly
admissible ideal and clearly an ideal Z; is strongly admissible if and only if Z§ C Zs.

We say that an admissible ideal Z, C 2N satisfies the property (AP2) if for every countable
family of mutually disjoint sets { A1, Ao, ...} belonging to Zs, there exists a countable family of
sets { By, Ba, ...} such that A;AB; € 79, ie., A;AB; is included in the finite union of rows and
columns in N x N for each j € N and B = U;’il Bj € I, (hence B; € I, for each j € N).

By a lacunary sequence we mean an increasing integer sequence 6 = {k,} such that

ko=0and h, =k, — k,_1 — 00

as r — o0o. Throughout this paper, we take § = {k,} be a lacunary sequence and also the
intervals determined by 6 will be denoted by I, = (k,_1, k.|, and ratio kfil will be abbreviated
by gr.

Throughout the paper, we take Z C 2 be an admissible ideal of subsets of N, {f,},en and
{gn}nen be two sequences of functions and f, g be two functions on a set S C R. Also, we take
convergent instead of pointwise convergent.

A sequence {f,} is strongly lacunary convergent to f on S C R, if for each z € S

In this case, we write f, — f[Ng].
A sequence {f,} is strongly lacunary Z-convergent to f on S C R, if for every e > 0 and
each z € S

1
{réN:mgwfn(:v)—f(xﬂ 26} e 1.

In this case, we write f, — f[Zy].

A sequence {f,} is strongly lacunary Z*-convergent to f on S C R if there exists a set
M ={m3 <mg <---<m;<---} C N such that for the set M’ = {r e N:m; € I,} € F(I)
and for each x € S we have
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In this case, we write f, — f[Zj].
A sequence {f,} is a strongly lacunary Cauchy sequence on S C R if there exists a subse-
quence { f, ()} of {fn} such that lim f,)(x) = f(z) for each x € S, where n/(r) € I, for each
T—00
r, and for every € > 0
1
hf Z |fn(x) - fn’(r)(x)‘ <g,
r nel,
for all r > rg = ro(g, x).
A sequence {f,} is a strongly lacunary Z-Cauchy sequence on S C R if there exists a
subsequence { f,(;)} of {fn} such that lgn Sy (w) = f(x) for each x € S, where n/(r) € I, for
T—00

each r, and for every € > 0

{r eEN: hi Z ‘fn(:v) —fn/(r)(:n)‘ > 5} eT.

r nGIr

A sequence {f,} is strongly lacunary Z*-Cauchy sequence on S C R if there exists a set
M ={reN:m; € I,} € F(Z) for the set M = {m3 < ma < --- <m; <---} C N such that
there exists a subsequence { f,/(y)} of {fy} such that lim f,.y(x) = f(z) for each z € S, where

r—00

n/(r) € I, for each r € M’ and
. 1
(TGM/) " m; €l

The double sequence 6 = {(k;,j,)} is called double lacunary sequence if there exist two
increasing sequence of integers such that

ko=0, hy =k, — kp—1 — 00 and jo = 0, hy = ju — ju_1 — 00 aS r, U — 0.
We use following notations in the sequel:
kry = krju: Ry = hrﬁua Iy = {(kaj) tk1 <EkE<Ek, and Ju—1 <7< Ju}a
T

Ju
qr = k a'nd Gu = — .
r—1 Ju—1

After that, throughout the paper, we take 2 = {(k,, j,)}) be any double lacunary sequence,
T, C 28N be a strongly admissible ideal, {frnm}nmyenxy and {gnm }(n,m)enxn be two double
sequences of functions and f,g be two functions on a set S C R. Also, we take convergent
instead of pointwise convergent.

A double sequence { fi,} is lacunary convergent (Ny,-convergent) to f on S C R, if for each
xesS

A double sequence {fyn} is lacunary Zs-convergent to f on S C R, if for every € > 0 and
each z € S

(ru) eN?:|-— N fon() = f(z)| > ey €T,
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In this case, we write fomn, — f(Zp,)-

A double sequence { fin} is lacunary Z5-convergent to f on S C R if and only if there exists
a set G = {(m,n) € N?} such that for the set G’ = {(r,u) € N*: (m,n) € I,,,} € F(Z2) and for
each x € S we have

i, o Y fanle) = @)

7,U—>00
((ru)eG”) (m,n)€lry

In this case, we write fn — f(Z,)-
A double sequence {fp,} is lacunary Cauchy sequence on S C R if there exists a sub-
sequence { fu(ryn/(u)} Of {fmn} such that liLn fot @y y(x) = f(z) for each z € S, where
7, U—00

(m/(r),n'(u)) € I, for each (r,u), and for every € > 0

. 1
lim
7"7’LL—>OO hru

Z (fmn(x) - fm’(r)n’(u) (:E)) =0,

(m,n) €Iy

for all r > rg = ro(e,x),u > ug = ug(e, ).
A double sequence {fmnn} is lacunary Zs-Cauchy sequence on S C R if there exists a sub-
sequence { fo(ryn/(u)} Of {fmn} such that liLn fot @y y(x) = f(z) for each z € S, where

(m/(r),n'(u)) € I, for each (r,u), and for every € > 0

() ENXN: [ 3™ (funle) ~ furen@)] 2 < { €T

" (myn)elru

A double sequence {fm,} is lacunary Zj-Cauchy sequence on S C R if there exists a set
G = {(m,n) € N?} such that for the set G’ = {(r,u) € N?: (m,n) € I,.,} € F(I3), there exists
a subsequence { fm/(r)n/(u)} of { fmn} such that ligl Syt () () = f(x) for each x € S, where

(m/(r),n'(u)) € I, for each (r,u) € G', and we have

1
h Yo (@) = forym (@) = 0.

1m
ru—00 h
(m,n)Elry

((r,u)eG’)
Lemma 1.1. [10] Let { P, }32, be a countable collection of subsets of N* such that Py, € F(ZLy) for

each k, where F(Z3) is a filter associate with a strongly admissible ideal Zy by (AP2). Therefore,
there exists a set P C N? such that P € F(Iy) and the set P\ Py is finite for all k.

2. Main results

Definition 2.1. A double sequence { f,,,} is strongly lacunary convergent to f on S C R, if for
each z € S

lm Y fla) — f(@)] =0,

rau—o0 h
' T (m,n)Elry

In this case, we write fi,, — f[Na,].

Theorem 2.1. If a double sequence {fmn} is strongly lacunary convergent to f, then it is
lacunary convergent to f on S C R.
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Proof. Let a double sequence {f,,} is strongly lacunary convergent to f on S C R. Then,
for every e > 0 and each x € S there is a 19 = r¢(g,x), up = up(e,x) € N such that for all > ry
and u > ug we have

Y lmlo) - f@)] <<

e (m,n)EIlry

Therefore, for every € > 0 and each x € S we have

for all » > rg and u > wp, S0 { fmn} is lacunary convergent to f on S C R. O

Definition 2.2. A double sequence { fy,,,} is strongly lacunary Z,-convergent to f on S C R, if
for every € > 0 and each z € S

(T,u)ENXN:hl

U

Z | fran(2) — f(2)| > € p € La.

(m,n)Elry
In this case, we write fomn — f[Zs,].

Theorem 2.2. If a double sequence { fmn} is strongly lacunary convergent to f, then {fmn} is
strongly lacunary Zo-convergent to f on S C R.

Proof. Let a double sequence {f,,} is strongly lacunary convergent to f on S C R. Then,
for every e > 0 and each x € S there is a 19 = r¢(g,x),up = up(e,x) € N such that for all » > ry
and u > ug we have

= Y )~ @) <

T (m,n)elry

Then, for every € > 0 and each z € S

Ale) = (r,u)eNxN:hi S° (@) — f(o)] > ¢

Y (mn)Ely
c{(1,1),(1,2),(2,1),(2,2),-- , (ro, uo)} -
Since 75 is an admissible ideal, we have
{(1,1),(1,2),(2,1),(2,2),- -+, (ro,up)} € Zo and so A(e) € Zs.
Hence, we have fi, — f[Zg,]. O

Definition 2.3. A double sequence { fy,} is strongly lacunary Zj-convergent to f on S C R if
there exists a set G = {(m,n) € N x N} such that for the set

G ={(r,u) e NxN: (m,n) € I,} € F(Z2)

and for each x € S we have

TVELHOO Z | frn(2) — f(x)] = 0.
(ra)€G) Y (mn) €l

In this case, we write frn — f[Z5,]-
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Theorem 2.3. If frun — f[Zg,], then fon — f[Zo,] on S CR.

Proof. Let fm, — f[Z;,] on S C R. Then, there exists a set G = {(m,n) € N x N} such that
for the set G' = {(r,u) e NxN: (m,n) € I,,} € F(Zz) (i.e., H=Nx N\G' € Z,) and for every
e > 0 and each = € S there are ro = ro(e,x),up = uo(e, ) € N such that for all r > ro,u > ug
we have )

. > (@) = f@)] <& ((ru) € @),

" (myn)elru

Then, for every € > 0 and each z € S

A(e)={ (r,u) e Nx N: S fmnl@) = fl@)] =€

(man)Glru

CHU[G'N(({1,2, - ,r0} x N)U(N x {1,2,--- ,uo}))].

U

Since 75 is an admissible ideal, we have
HU[G' N (({1,2,-- ,ro} x N)U(N x {1,2,- - ,up}))] € Io,

and so, A(e) € Zy. Hence, fin — f[Zs,]- O

Theorem 2.4. Let T, C 2N be a admissible ideal with property (AP2). If fmn — f[Zo,], then
Fmn — f[IgQ] on S C R.

Proof. Assume that f,,, — f[Zg,] on S C R. Then, for every ¢ > 0 and each z € S,

Ple) = (r,u)eNxN:hl S funl@) = f@)| e} €T,

U

(myn)Elry
Put
1
Pr=q(rnu) eNxNig— 3 |fun(e) = f2)] 2 1
(m,n)Elry
and
P={meNsxN:2 < S (@) - f@)] < —
7 = r,u 'Z'ihru mn\ L X ’i—l 5

(m,n)Elry

for i > 2 and i € N. It is clear that P, N P, = () for i # k and P; € I, for each i € N. By
property (AP2) there is a sequence {Uy }ren such that PyAUy is a finite set for each & € N and

U=|J U e
k=1
We prove that, for each z € S and G’ =N x N\U € F(I)
1

dme = X (@) - f@) =0,
((ryu)eG”) (m,n)E€Ilry
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1
Let 0 > 0 be given. Choose v € N such that — < §. Then, for each z € §
v

1
(r,u)GNxN:h

U

o fn(@) = f(2)] > 6 UPk

(m,n)€lry

Since P, AUy is a finite set for k € {1,2,--- ,v — 1}, there exists rg,up € N such that

v—1 v—1
<UPk> ﬂ{(T’,u)ENZZTZTo/\UZuO}: (U Uk> ﬁ{(r,u)eNQ:er/\uZuo}.

k=1 k=1
If r > ro,u > up and (r,u) ¢ U, then

1
UUk and so (r,u) UPk
k=1

For each x € S we have )

i ) = F)] <y <6

U
(m,n)E€Iry,
This implies that for each z € S

b, S ()~ f@)] =0

T,U—>00 ru
((ru)e@’) (m,n)€lry

Hence, we have fy, — f[Zj]. O

Definition 2.4. A double sequence {f,,,} is a strongly lacunary Cauchy sequence on S C R,
there exists a subsequence { fm/(r)n/(u)} of {fmn} such that

lim fm (r) n(u)(x) = f($)

T,U—>00

for each x € S, where (m/(r),n'(u)) € I, for each (r,u), and for every & > 0

1
e Y (@) = Fwywiny (@) <&

Theorem 2.5. If a double sequence {fmn} is strongly lacunary Cauchy sequence, then it is
lacunary Cauchy sequence on S C R.

Proof. The proof can be easily seen using the same technique used in the proof of Theorem
2.1. O

Definition 2.5. A double sequence {f,,,} is a strongly lacunary Zs-Cauchy sequence on S C
Rthere exists a subsequence { fm/(r)n/(u)} of {fmn} such that

lim fm (r) n(u)(x) = f($)

T,U—00

for each x € S, where (m/(r),n'(u)) € I, for each (r,u), and for every & > 0

1
(r,u)ENxN:h

ru

Z ‘fmn(x) _fm’(r)n’(u)(x)‘ >¢ep €.

(m,n)Elry
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Theorem 2.6. A sequence {fmn} is strongly lacunary Zy-convergent if and only if {fmn} is
strongly lacunary Zo-Cauchy sequence on S C R.

Proof. Assume that a double sequence {f,,} is strongly lacunary Zs-convergent to f on
S C R. Then, for every € > 0 and each x € S. Now, for each s,t € N and each = € S let

et — {(r,u) ENXN: [fom(@) — f(z)] < Slt}

Hence, for each for each s,t € N and each z € §, UGETLEH) C (st and

UGD N Lyl 1
NxN:— ——— > — Ts.
{(r,u) € N x . e €y

We select m(1),n(1) such that » > m(1), u > n(1) implies

v ni,
{(T,U) GNXNW <].} ¢IQ

Next we choose m(2) > m(1), n(2) > n(1) so that » > m(2), u > n(2) implies

u2nir,
{(T,u)ENXN:W<1 ¢ I.

In this way, we can select m(i + 1) > m(i), n(j + 1) > n(j) so that » > m(i +1),u > n(j + 1)
implies U1+ D N 1, # (. Then, for each (r,u) satisfying m(1) < r < m(2),n(1) < u < n(2)),
select (m/(r),n'(u)) € I, NU®I) | ie., for each x € S
Fnn(2) = Far (@) < o
mn (¥ m/ (r)n’ (u)\ T Z]
and so we have (m/(r),n'(u)) € I, for each (r,u) € I, and liLn ftrynr () () = f(2).

T7
Consequently, for every € > 0 and each x € S, we have

1
, U ENXNZT Z ‘fmn(x)_fm’(r)n’(u)($)‘ >€

w (m,n)Elry

| ™

T (m,n)Elry

U

> | ot ey ) () = f(2)] >

(m/ (r),n’ (u) € Lry

1
N x N:
,u) € N x -

ru

| M

{(7“ )
- {(r,u) ENXN:% Z | frn(2) — f(2)| >
{(7‘ )

that is,

1
(r,u) € NxN: h Z ‘fmn(x)_fm’(r)n’(u)(‘r)‘ >¢ep €l

T (m,n)Elry
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This means that {f,,,} is strongly lacunary Z,-Cauchy sequence on S C R.
Conversely, assume that {f,,} is a strongly lacunary Zs-Cauchy sequence on S C R. for
every € > 0 and each x € S, we have

1
(r,u)GNxN:h

U

(m,n)Elry

1
- (r,u)ENxN:h

TU

S (@) = Fwin(@)] = 5

(m,n)Elry

U4q (r,u) e NxN:

> | for ey () () = f ()] >

m/(r),n/(u))Elry

DO | ™

U (
From here it is understood that {f,,} is strongly lacunary Zs-convergent on S C R. O

Definition 2.6. A double sequence {fm,} is strongly lacunary Z;-Cauchy sequence on S C R
if there exists a set G = {(m,n) € N2} such that for the set

G' = {(r,u) € N?: (m,n) € I,} € F(Tv),
there exists a subsequence { fp/(;yn/(u)} Of {fin} such that
lim fm’(r)n’(u) (z) = f(x)

T,U—>00

for each x € S, where (m/(r),n'(u)) € I, for each (r,u) € G’, and we have

1 Z ‘fmn(ﬂﬁ) - fm/(r)n/(u) (x)‘ =0.

11m
T,U—>00 hru
(rueG’) (m,n)E€Iry,

Theorem 2.7. If a double sequence { frmn} is strongly lacunary Z; - Cauchy sequence, then { frn}
1s strongly lacunary Zs-Cauchy sequence on S C R.

Proof. Let {fmn} is strongly lacunary Z;-Cauchy sequence on S C R. Then, there exists a
set G = {(m,n) € N x N} such that for the set G' = {(r,u) € Nx N: (m,n) € I,} € F(Iz),
there exists a subsequence {f,/(;)n/(u)} Of {fmn} such that liLn Sy () (2) = f() for each

x € S, where (m/(r),n'(u)) € I, for each (r,u) € G’, for every € > 0

Y @)~ Fw@)] < () €6)

T (m,n)Elry

for all r > rog = ro(e, ), u > ug = ug(e, ). Now, let H = N?>\ G’ € Zy. Then, for every € > 0,
(r,u) € G and each z € S,

AQ =3 () ENXN: 2 3™ fun®) = frryin (@] > ¢

U ()L
CHU[G'N(({1,2,-+ ,ro} x N)U (N x {1,2,-++ ,uo}))].
Since 75 is an admissible ideal, we have
HU[G' N (({1,2,-++ ,ro} x N)U(N x {1,2,--- ,up}))] € Zo.
and so, A(e) € Ty. Hence, { fmn} is strongly lacunary Zo-Cauchy sequence on S C R. O
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Theorem 2.8. Let Ty admissible ideal with property (AP2). If a double sequence {fmn} is
strongly lacunary Za-Cauchy sequence, then { fmn} is strongly lacunary I - Cauchy sequence on
S CR.

Proof. Assume that {fn,} is strongly lacunary Zs-Cauchy sequence on S C R. Then, there
exists a subsequence { fy/(yyn/(u)} Of {fmn} such that Hm f, ) ) (z) = f(z) for each z € S,
r—00

where (m/(r),n'(u)) € I, for each (r,u) and for every ¢ > 0

A(e) = (ru) eNx N : hl 5™ @) — Fryi (@) > ¢ § €T,

e (mvn)elru

Let

1 1 .
P, = (’I”, u) eENxN: h Z |fmn($) — fml(r)m(u)(x)‘ < ; ,i1=1,2,...,

TWw
(m,n) €lry

where m;(r) = m/(r) () and n;(u) = n'(u) (}). It is clear that P, € F(Z,) for i = 1,2,---.
Since Zy has the (AP2) property, then by Lemma 1.1 there exists a set P = {(m,n) € N x N}
such that for the set P’ = {(r,u) € Nx N: (m,n) € I,,,} € F(Iz),and P’ \ P, is finite for all 7.
Now for each = € S, we show that

Wlligoo h > @) = favewio @) = 0.
((;,U)eP’) " (mn),(s,t) €l

2
To prove this let € > 0, j € N such that j > —. If (r,u) € P then P’\ P; is a finite set, so there
€

exists 1o = ro(j) and ug = up(j) such that (r,u) € P; for all » > r¢(j) and v > ug(j). Therefore,
for all » > r¢(j) and u > up(j) and each x € S

hl Z ‘fmn(ﬂf) - fm](r)nj(u)(l')‘ < ;l
" ()€l
and
Y @ - 1 @) <1
h m/ (r)n’ (u) mj(r)n;(u) j

() ! (w) €D

Hence, for all r > r(j) and u > up(j) and each x € S it follows that
1

hf Z ‘fmn(l‘) - fm’(r)n’(u)(x))l < h

" (mn) el

1

S @) = Frngomy @)

" (mn) el

1
+ Z ’fm/(r)n/(u)(ﬂf) ~ fm(ryn; (w) ()
" (! ()0 ()€l
1 1
<=+ -
J J

<e.
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Thus, for any € > 0 and each x € S there exists 7o = 9(e, ) and ug = ug(e, z) such that for all
r>rg, u>ug and (r,u) € P' € F(Iy)

1
Z |fmn($)_fm’(r)n’(u)($))‘ <E.

T (m,n)€Elry,

This shows that the sequence { fy,} is lacunary Z;5-Cauchy sequence on S C R. O]
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