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ASYMPTOTIC STABILITY AND UNIQUENESS OF CRITICAL
TRAVELING WAVES IN A REACTION-DIFFUSION MODEL WITH
NONLOCAL DELAY

Jingdong Wei!, Han Jiang!, Zaili Zhen' and Jiangbo Zhou!

Abstract We study the stability and uniqueness of critical traveling waves for nonlocal
delayed reaction-diffusion model for a single species with age structure. By introducing a
suitable solution space, using the anti-weighted energy method and the nonlinear Halanay’s
inequality, we prove the exponential stability of critical traveling waves when the initial
perturbations are suitably small in a weighted norm. As a corollary of stability result, we
obtain the uniqueness of critical traveling waves up to translations. Meanwhile, we apply our
result to the nonlocal delayed diffusive Nicholson’s blowflies equation in population dynamics.
Our results provide significant insight into theoretical research and practical application since
the spreading speeds of the traveling waves in the applications of biological sciences usually
are the critical speed.
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1. Introduction

In the field of applied mathematics, the reaction-diffusion equations with time-delay and spatially
nonlocal term have been proposed in population biology since this types of equations are believed
to be more realistic than the usual kind of reaction-diffusion equations for certain population
dynamics [1-3,8,9,12,14]. In this paper, we consider the following reaction-diffusion equation
with nonlocal delay

ve(t, ) = Dugg(t, x) — dv(t, x)

+e /OO b(v(t — 1,2 —y)) faly)dy, (t,x) € RT xR, (1.1)

—00

v(s,x) = vo(s,z), (s,z) € [-r,0] x R,

which was derived as a model for describing the population dynamics of a single species with age
structure [34]. In (1.1), v(¢,z) denotes the total population of mature species after the mature
age r > 0 at time ¢t and location x, D > 0 represents the spatial diffusion rate of the mature
species, a > 0 is the total amount of diffusion for the immature species and satisfies a < rD,
d > 0 is the death rate coefficient, the time-delay r > 0 is the time taken from birth to maturity,
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€ > 0 refers to the survival rate of the species in time r period and reflects the impact of the
death rate of the immature population, b(v) denotes the birth rate function and f,(y) is the
heat kernel in the form of

2

fa(y) = e s with /_OO fa(y)dy = 1.

4o
To be biologically feasible, we suppose that

(H1) Eq. (1.1) has two stationary solutions: v_ = 0 is unstable and vy = K > 0 is stable, i.e.,
b(0) =0, eb(vy) = dvg, eb/(0) —d > 0 and &b/ (vy) — d < 0;

(H2) b(v) is a non-negative, C?-smooth function and satisfies |b'(v)| < ¥'(0) for any v € (0, c0);

(H3) there exists a v, € (0,v4) such that b(v) is increasing on [0, v,] and decreasing on [vy, 00).

As far as we know, the nonlocal delayed diffusive Nicholson’s blowflies equation [11,17, 18,26,
28,31,34,36,38], i.e., Eq. (1.1) with

b(v) = pve ', a >0, p>0, (1.2)
is a typical example satisfying (H1)-(H3). Indeed, (1.1) with (1.2) has two stationary solutions:
v— = 0 is an unstable node and v = %ln % is a stable node. By elementary calculations, we
get b/ (v) = pe~ (1 —av) and b’ (v) = —ape™ " (2 —av). When £ > ¢, b(v) attains its maximum

at v, := 1 € (0,v1). Clearly, one can see that b'(v) = pe~®(1 — av) is decreasing on (0, 2) and

b (v) = pe™®(1 — av) is increasing on (2, 00). It is easy to check that ¥'(0) = p, [V/(2)| = pe~?
and |V (c0)| = 0. Hence, |V/(v)| < ¥'(0) for any v € (0, 00).
Noting the fact that

[e.e]

lim b(v(t — 7,2 —y)) faly)dy = b(v(t — 7, ),

a—0t J_

we obtain the reaction-diffusion equation with local delay [13,21,25,29, 35]

vi(t,2) = Dugg(t,z) — dv(t,z) + eb(v(t — r,z)), (t, ) € RT x R, (1.3)
v(s,x) =vo(s,z), (s,x) € [-r,0] x R. .

In the present paper, our aim is to explore the stability and uniqueness of the critical traveling
wave solutions of (1.1), when b(v) is non-monotone. A traveling wave solution in (1.1) is a special
solution of the form v(¢,x) = ¢(x+ct) > 0, which can be viewed as a heteroclinic orbit connecting
two steady states vy at infinity. Substituting v(t,z) = ¢(2), z = = + ct into (1.1) yields

o0

ed'(2) = D"() — do(z) + ¢ / b(é(= — y — er)) faly)dy,
. (1.4)
¢(ioo) = U4,

where ¢ > 0 is the wave speed.

Now let us briefly review some results and methods concerning the stability of non-critical
traveling waves for equations (1.1) and (1.3). When b(v) is monotone for v € [0, v4], the stability
of traveling wavefronts has been extensively studied in the literature and many methods have
been developed for this issue. By a spectral analysis method, Schaaf [32] first investigated the
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linearized stability of traveling wavefronts for time-delayed monostable equations which include
(1.3). Another effective method is the comparison principle coupled with the squeezing technique
developed by Chen [4], which has been further used by many investigators for various monostable
equations [5,23,37]. In addition to these methods, Mei et al. [26,28] applied the weighted energy
method together with comparison principle to obtain nonlinear stability of traveling wavefronts
for monostable equation (1.1). After that, Lv et al. [22] and Wu et al. [39] extended the same
method [26, 28] to more general time-delayed reaction-diffusion equations with monostability.
When b(v) is non-monotone on [0,v4], the situation is totally different. Because equations
(1.1) and (1.3) are all lack of monotonicity and the traveling waves are non-monotone. In such
case, comparison principle cannot be applied any more. However, the weighted energy method
doesn’t require the monotonicity of the equations and works for any non-monotone equations if
it possesses some viscosity or a damping or relaxation effect [6,15,24]. Based on these concerns,
Wu et al. [40] first obtained asymptotic stability for non-monotone traveling waves of (1.3) with
(1.2) under the additional assumptions that =¥ ~ e and the wave speed is sufficiently large. To
overcome these restrictions, Lin et al. [20] further established the stability of traveling waves
for both e < %p < e? and %p > e? by the weighted energy method and the nonlinear Halanay’s
inequality. Particularly, they [20] constructed weight function different from previous works
where the weight functions are selected to be greater than one.

For the stability of critical traveling waves for equations (1.1) and (1.3), it seems that little
has been done for this challenging case except for [7,27,30], because the analytical approaches
for this case are quite limited until now. It is well known that the stability of the critical waves
is vital in the study of biological invasions because the critical wave speed is also the spreading
speed for all solutions with initial data having compact supports, see [19,33,41] and the references
therein. When b(v) is monotone for v € [0,v1], Mei et al. [27] established the global stability
of critical traveling wavefronts for monostable equation (1.1) with optimal convergent rates by
using the Fourier transform and Green’s function method combined with energy estimates. Mei
et al. [30] extended the same idea [27] to obtain the global stability of critical traveling wavefronts
to nonlocal Fisher-KPP equations with optimal convergent rates. When b(v) is non-monotone on
[0, v4], the critical traveling waves are non-monotone, thus their stability analysis is much more
difficult. Recently, Chern et al. [7] derived the exponential stability of non-monotone critical
traveling waves for local delayed equation (1.3) by employing the anti-weighted energy method
and the nonlinear Halanay’s inequality.

To our best knowledge, the stability of the critical traveling waves for nonlocal delayed
equation (1.1) has not been investigated yet. It is a much challenging problem for the sake
of difficulties cased by lacking of monotonicity both of equation (1.1) and traveling waves.
Motivated by [7], we will prove the stability of non-monotone critical traveling waves for (1.1)
by appealing to the anti-weighted energy method and the nonlinear Halanay’s inequality. It is
necessary to point out that model (1.1) and the views of analysis have three differences with
that in [7]. Firstly, model (1.1) is more complicated than that in [7], because we consider the
reaction-diffusion equation with nonlocal delayed effects while the authors in [7] studied the one
with local delayed effects. Secondly, we introduce a solution space (see (2.13)) which is different
from that in [7]. The benefit of this solution space is that we do not need to estimate the H3-
norm of \/w(z)u(t, z) to guarantee \/w(z)u(t, z) (w(z) is the weight function (2.12) and wu(t, 2)
is the perturbed solution of (2.7)) and its first and second order derivatives to vanish at far
fields in the proof of exponential decay of Hl-norm for \/w(2)u(t, z) (see Remarks 4.1 and 4.2).
Lastly, in our newly introduced solution space, we prove the local existence and uniqueness
of perturbed problem by the iteration technique and Banach fixed point theorem, while the
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authors [7] obtained the similar result by extending the mild solution in time of r-unit step by
step.

The rest of this paper is organized as follows. In Section 2, we show the preliminaries and
reformulate equation (1.1) to the perturbed equation (2.7) around a given critical traveling
wave. Then we state our main stability and uniqueness theorems of the critical traveling waves
for equation (1.1) and give an application to the nonlocal delayed diffusive Nicholson’s blowflies
equation. In Section 3, we obtain the local existence and uniqueness of the perturbed solution
by the iteration technique and Banach fixed point theorem. In Section 4, employing the anti-
weighted energy method and the nonlinear Halanay’s inequality, we establish priori estimates of
the perturbed solution. In Section 5, we establish the uniqueness of critical traveling waves of
(1.1) by the stability theorem.

Notations. We denote a generic constant by C' > 0 and specific constants by C; > 0 (i =
1,2,---). Let I be an interval such as I = R. L2(I) is the space of the square integrable
functions defined on I and H*(I) (k > 0) is the Sobolev space of the L?(I)-functions f(x)
defined on the interval I whose derivatives dff;f (i=1,---,k) also belong to L?(I). Let T > 0
be a number and B be a Banach space. We denote by C([0,7];B) the space of the B-valued
continuous functions on [0,7] and L?([0,T];B) is the space of the B-valued L?-functions on
[0,7].

2. Preliminaries and main results

In this section, we state the stability and uniqueness theorems of the critical traveling waves
of (1.1) and apply them to nonlocal delayed diffusive Nicholson’s blowflies equation (1.1) with
(1.2). The proof of stability theorem will be carried out in Sections 3, 4 and 5.

For our purpose, we recall some results concerning the Cauchy problem and traveling waves
of (1.1) with assumptions (H1)-(H3).

(i) So et al. [34] obtained the existence, uniqueness and positiveness of the solution to the
Cauchy problem in (1.1).

(ii) Fang et al. [10] proved that there is a unique critical speed ¢, > 0 such that for each
¢ > ¢, (1.1) has a unique (up to a constant shift) traveling wave solution ¢(z + ct)
satisfying ¢(—o0) = 0 and ¢(oc0) = K.

(iii) Since ¢(z) — v_ as z — —o0, we expect that ¢(z) is close to a function v(z) which satisfies
the linearized equation of (1.4) around v_ as z — —o0

cv'(z) — D" (2) + dv(z) = b/'(0) /Oo v(z —y —cr)fa(y)dy, v(—o0) = 0. (2.1)

— 00

Heuristically, we expect v(z) = Ce** — 0 as z — —oo for some eigenvalue A > 0. Substi-
tuting v(z) = Ce** into (2.1) yields

A — DX 4 d = eb/ (0)e®N e, (2.2)
For convenience, we denote

Fo(\) := e\ — DA2 + d and Go()\) := b/ (0)e™ AT,
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As stated in [38] that, for each r > 0, there exists a unique ¢, = c.(r) > 0 at which
two graphs of F, and G. are tangent at A.. This means that (c,, \.) are determined by
F., (M) = G, (M) and Fé()\*) = G’C*()\*), ie.,

CeAs — .D)\z +d= 5[)’(0)60‘)\3*)\*6*?’

(2.3)
cx — 2D = €b/(0)(20¢A* _ c*r)ea/\z—/\*c*r.

Consequently, (a) for ¢ > ¢, Eq. (2.2) has two different positive roots A\; < Ag; (b) for
¢ = ¢, Eq. (2.2) has multiple root \; = Ay = Ay > 0; (c) for ¢ < ¢4, Eq. (2.2) has no
positive roots. Moreover,

P(z) = CeM? = 0, as z — —oo for ¢ > ¢,
(2.4)

P(z) = C}Zle)‘*z — 0, as z —» —oo for ¢ = ¢,.
Now we present the profile of the critical traveling wave ¢(z) of (1.1).

Lemma 2.1. Let ¢p(x + cit) = ¢(z), 2 = x + it be a critical traveling wave of (1.1), then there
exists a constant A > 0 such that |¢(z)| + |¢'(2)| < A on R and lim,_, 100 ¢'(2) = 0.

Proof. Firstly, the boundedness of ¢(z) follows from (ii) aforementioned. Secondly, set

ce — /2 +4Dd and on — cx + cZ+4Dd'

2D P 2D
By (1.4) and the boundedness of ¢(z), we have
1 /z _ o —
P — P G H () (s ds+/ P2 =) H () (s ds} 2.5
o= | [ @ (@) 25)

where H(¢)(s) = € [ b(¢(s —y — cur)) fa(y)dy.
Differentiating (2.5) with respect to z yields

'(z :# : eP1(z—s) $)ds ° or2(z=5) ds
00 = g | [ e i@+ [ e n@ 0] 2

Since D(p2 — p1) = /2 + 4Dd > 2+/Dd and boundedness of ¢(z), we obtain

p1=

¢(z) =

|¢/(z)’ < LmaX’H(gf))(s)l, z € R.
\/m seR

Finally, applying L’Hépital’s rule in (2.6) gives lim,_, 1 ¢/(z) = 0. O

To state the asymptotic stability result, we reformulate (1.1) to a perturbed problem around
the critical traveling wave solution. Let ¢(z+cit) = ¢(z), 2 = x+ ¢4t be a given critical traveling
wave solution of (1.1) and define

u(t,z) :=v(t,x) — p(x + cit) and ug(s, 2) := vo(s, ) — d(x + c48).
Then we infer from (1.1) and (1.4) that u(t, z) satisfies
Ut + CxUy — Duzz + du
= 5/ P(u(t — 7,2 —y — cur)) fa(y)dy, (t,2) € RT x R, (2.7)

— 00

u(s,z) = up(s, 2), (s,z) € [-r,0] xR,
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where
P(u) :=b(¢p+ u) — b(¢) (2.8)
with ¢ = ¢(z —y — cor) and u = u(t — r,z — y — cu1).
Moreover, (2.7) and (2.8) are equivalent to

;

U + sty — Duy, + du
—6/ V' (p(z —y —cur))ult — 7,2 —y — ) fa(y)dy

o (2.9)
=[Gtz -y - en)falw)dy, (t2) €R xR
L u(s,2) = uo(s, 2), (s,2) € [-r,0] xR,
where
G(u) :=b(¢ +u) — b(¢p) — V' (d)u (2.10)
with ¢ = ¢(z — y — cyr) and uw = u(t — r,z — y — c,r). By Taylor’s theorem, we have
G(u)] < Clul”. (2.11)
As in [7,26], we define a weight function
w(z) = e 2 2R, (2.12)
where A\, > 0 is defined in (2.3). Notice that lim,_, o w(z) = oo and lim,_, . w(z) = 0.
For 0 < T < oo, we define the solution space for (2.7) as follows
X(—r,T) ::{u(t, 2)| u(t, z) € Cunit[—1, T], Vw(z)u(t, z) € C([-r,T];
HR) N L[ T R) . (2.13)
where
Cunit[—7, T ::{ u(t,z) € C([—r,T] x R) such that li_>m u(t, z) exists uniformly
Z—r 00
inte[—r,T]and ILm oFul(t,z) = Erf vw(z)u(t,z) =0
exist uniformly with respect to t € [—r, T]}
for k =1,2. Let X(—r,T) be endowed with the norm
2 2 2
MZ(T) :t ?upﬂ [Hu(t)”c + H\/@u(t)HHl] (2.14)
[SE

Now we state the stability theorem as follows.

Theorem 2.1. (Stability) Suppose that (H1)-(HS3) hold, uo(s,z) € X(—r,0) and

0
mae {Juo(s)|?, + [[Vauo(O) [ + | [[Viuos) s < 63

s€[—r,0]

for a small constant 69 > 0. Let ¢p(x + c4t) be the unique critical traveling wave of (1.1). Then
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(i) for any r >0 and d > 5‘b’(v+)‘, the solution u(t,z) of (2.7) exists uniquely and globally
in X (—r,00), which satisfies

sup |u(t, z)’ <Ce ™™  t>0, (2.15)
z€R
i.e.,
sup |v(t,z) — ¢(z + eut)| < Ce ™™, t>0 (2.16)

z€R
for some constant p > 0;

(ii) for 0 <r <7 and d < e[V (vy)

, where

T arctan (/e[ (v4)]]2 — d2/d)
VEWEIE - @

the solution u(t, z) of (2.7) exists uniquely and globally in X (—r,00), which satisfies (2.15).

: (2.17)

Proof. The global existence is based on Propositions 3.1, 4.1 (in Sections 3 and 4 stated

below) and the standard continuity extension method [28,29]. The stability result is a direct

consequence of Proposition 4.1 for t € (0, 00). O
By Theorem 2.1, we can establish the uniqueness of critical traveling waves of (1.1).

Corollary 2.1. (Uniqueness) Suppose that (H1)-(H3) hold and let either d > e|b/(v4.)| for any
r>0o0rd< z—:‘b’(er)‘ for 0 < r <7, where 7 is defined in (2.17). Then any critical traveling
wave solutions ¢(x + c«t) of (1.1) are unique up to translations.

Next we apply Theorem 2.1 to nonlocal delayed diffusive Nicholson’s blowflies equation (1.1)
with (1.2).

Theorem 2.2. (Application) Let ¢(x + cit) be the unique critical traveling wave solution of
(1.1)-(1.2), uo(s, z) € X(—r,0) and
2 2 0 2 2

max [Juo()[f+ Vo) + [ Vuo(e)|fds < 6

for a small constant ég > 0. Then

(i) for anyr >0 and e < F < e2, the solution u(t,z) of (2.7) exists uniquely and globally in
X (—r,00), which satisfies (2.15) for some constant p > 0 and any t > 0;

(it) for any 0 <r <7 and & > €2, where
~ m—arctan/In P (In 7 — 2)

7= )
dy/In P (In =2 — 2)

the solution u(t, z) of (2.7) exists uniquely and globally in X (—r,00), which satisfies (2.15)
for some constant > 0 and any t > 0.
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3. Local existence and uniqueness of the perturbed solution

This section provides the proof of the local existence and uniqueness of perturbed solution of
(2.7), which is the basis for proving Theorem 2.1.

Proposition 3.1. (Local existence and uniqueness) Assume that (H1)-(H3) hold and let d >
e|t/(vy)| for any r >0 or d < e[/ (vy)| for 0 <r <. When ug(s,z) € X(—r,0) and

0
e [uo(s) [ + Vi) + [ |Vua(s) s < 5

s€[-r

for a small constant 6y > 0, there exists a small 0 < tg = to(dy) <K 1 such that the local solution
u(t, z) of (2.7) exists uniquely on [—r,to| and satisfies u(t, z) € X(—r,t9) and My(ty) < CM,,(0)
for some constant C > 0.

Proof. The local existence and uniqueness of the solution can be proved by the iteration
technique, elementary energy method and Banach fixed point theorem. We will divide the proof
into four steps.

Step 1. This step is devoted to constructing the iteration scheme for equation (2.7). Let

u(o) (8, 2) 1= uo(s,z) € X(—7,0) C X(—r,t0) and define the iteration u(,11) := F(u,)) (n € N)
by
[u(n+1)]t + Cx [u(n+1)]z - D[U(n+1)]zz + du(n—i—l)
= [ Plu(t =iz —y = e falo)dy, (3)

u(n+1)(57 z) = uo(s, 2), (s,2) € [—7", O] xR,
where
P(u(n)) = b(¢ + ugm)) — b(e) (32)
with ¢ = ¢(2 —y — cir) and w(,) = ) (t — 1,2 — y — cr).

Step 2. This step is devoted to proving the implication u,(t, 2) € Cunit[~7, to] = um41)(t, 2) €
Cunif[—7, to]. Note that (3.1) can be rewritten as follows

o) t o]
U(ng1)(t; 2) :edt/ ['(n, t)uo(0,z —n)dn + 5/ e~ dt=s) / I'(n,t—s)
< ’ -
X / P(u@y(s =72 —n—y — cir)) fa(y)dydnds, (3.3)

1 (WJrC*t)

where I'(n,t) = ¢ P . Assume that u,(t, 2) € Cunit[~7, to], then

U (t, 2) € O([=7,t0] X R), (3.4)
zhﬁnolo U(n) (t, Z) = U(n,o00) (t)
and
Zlgn oku Uy (t, 2) = ZEle[loo w(z)uey(t,z) =0 (3.6)

exist uniformly with respect to ¢t € [—r,to] for k =1, 2.
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It follows from (3.2)-(3.4) and (H2) that
u(n+1)(t7 Z) S C([—T, to] X R) (3.7)

and

Hu(nﬂ)(t)Hc < CHUO(O)HC + Cty sup HU(n)(t)‘ t e [O,to]. (3.8)

te|—n,to

C7
Furthermore, integration by parts, we have from (3.3) that, for £k = 1,2,

O (1) (t, 2)
00 t 00
= edt/ L(n,t)0%uo(0, z — n)dn + 5/ e~ dt=s) / L(n,t—s)
—00 0

—00

X / 3§P(U(n)(s —rz—n—y—cT)) fa(y)dydnds
o t
= (-Dre / T(n, £)05uo(0, 2 — n)dn + (—1)*e / ¢—d(t=9)
oo ;

X / L(n,t—s) / 8§P(U(n)(s —r,z—1n—Yy—cr))fay)dydnds

—0o0

> t
= (1 [~ oA o0,z — mdn + (-1 [ et
. 0

< [ ot =) [ Plugy(s =z =0y = cr))falu)dydnds

00 t 00
= e_dt/ 6];1‘(17, t)up(0, z — n)dn + 6/0 e~ dt=s) / 8,’?1’(7], t—s)
o

—00

X /_OO P(upy(s —r,2 —n—y —cur)) fa(y)dydnds. (3.9)

Next we will prove u(,,41)(t, 2) € Cunit[—7,t0]. Using (3.3), (3.5), ug € X(—r,t9) and

/ L(n,t — s)dn = / faly)dy =1, (3.10)
—0o0 —00
we get that
zllg.lo U(n+1) (t7 Z)
o] t o]
= edt/ T(n,t) hﬁm up(0, z —n)dn—i—e/ ed(ts)/ L(n,t—s)
—00 o 0 —0o0

X / lim P(ug,y(s — 7,2 —n—y— cur)) fa(y)dydnds

%) Z—00

(o] t
= U(0,00) (())e_dt/ L(n,t)dn + 6/ e~ dt=s)
—00 0

% Pt (s — 1) / h

—0o0

L(n,t—s) / h fa(y)dydnds

t
= U(0,00) (0)e~% 4 6/ e_d(t_s)P(U(nm)(s —r))ds
0
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= U(n+1,00) (t) (3.11)

exists uniformly with respect to t € [—r, tg].
In view of (3.5), (3.9), (3.10), ug € X(—r,to) and the facts that

L(n,t)|lp=toc =0, OpL'(n,t)[y=tcc =0, (3.12)
we obtain for £k = 1,2 that

Zli)m ok U(n41) (L 2)
t o)
dt/ 93T (n, ) lim uO(O,z—n)dnJr&?/ ed(”)/ OyT(n,t — s)
— 600 Z—00 0 —00

X / lim P(ug,(s — 7,2 —n—y— c))faly)dydnds

Z—00

= U(0,00) (O)e_dt/ 871;;F(777 t)dn
t 00 00
e [Pl (s =) [ Salwddy [ 08Tt = )i
= 0. (3.13)
By the mean value theorem and (H2), we have

‘P y(s—mrz—mn— y—cr)))|

= |b(¢ Z*n*y*w)+U<n)(5*7",2*77*y*c*7“))*b(qb(zfn*y*w))!
‘b’¢1 (s —r2—n— y—c*r)‘

< V(0 ‘u(n —r,z—n—y—c*r)‘, (3.14)

where ¢ =0z —n—y—cur) + Oupy(s — 7,2 —n—y — cur) for some 0 < 6 < 1.
Using (3.3), (3.6), (3.14) and ug € X(—r, o), we deduce

lim ’ Vw(2)upg)(t, 2)

z—+oo
o) t 00
= edt/ ['(n,t) Zl}gloo [ w(z)up(0, z — 77)} dn + E/O e~ dt=s) / L(n,t—s)
X / lim [FP (s=rz—n—y-— c*?“))] faly)dydnds

t 00
< z-:/ e~ t=s) / [(n,t—s)
0 —o0

x/ v (0) lim ‘\/ ys—rz—n—y—cr)

o z—):l:oo

fa(y)dydnds
=0, (3.15)
which implies that

lim /w(2)ug41)(t,2) =0 (3.16)

z—+o0
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exists uniformly with respect to ¢t € [—7, o).
Moreover, by (3.6), (3.9), (3.12), (3.14) and ug € X(—r,tp), we obtain

z—+00

/OO 9,T(n,t) lim [Wuo(O, z— n)} dn‘

—00

t 0o
/0 e~dt=s) /OO 8§F(n,t—s)

x / " H(0) Tim [ W@y (s — 12— —y — c*r)] Faly)dydnds

oo z—+oo

lim ‘ vV w(z)ﬁfu(nﬂ) (t,2)

< e—dt

+¢€

=0fork=1,2, (3.17)

which yields
lim Vw(z)@fumﬂ)(f, z2)=0 (3.18)

z—+oo

exists uniformly with respect to t € [—r,to] for k =1, 2.
Thus we conclude from (3.7), (3.11), (3.13) and (3.16) that u(,41(, 2) € Cunit[~7, to]-

Step 3. This step is devoted to obtaining the implication

Vwug, (t,z) € C([—r,to]; H' (R)) N L*([—r, to]; H' (R))
= Vw1 (t, 2) € C([—r to]; H (R)) N L*([—r, to]; H (R)).

Assuming v/wuy)(t, z) € C([—r,to]; H*(R)) N L*([—r, to); H'(R)), i.e.,

Vw0 g < 00 (3.19)
and .
/ H\/Eu(n)(s)Hipds < oo for t € [—r, to], (3.20)

we are going to prove \/wu,;1)(t, 2) € C([—r, to]; H(R)) N L2([—r, to]; H'(R)), i.e.,

[Vwug iy @) g < o0 (3.21)
and

t
/ !’\/@u(nJrl)(s)H?{lds < oo fort € [—r,to). (3.22)

We will derive these results by the following two lemmas.

Lemma 3.1. It holds that
t
Vi@ + [ Vo) ads
0 t
<C|Van®lf+ [ Vi@ + [ Vaue@lfds| 629

for t € [0,t0] and some constant C > 0.
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Proof. Multiplying (3.1) by 2w(2)u(,1)(t, 2) and noting that w(z) = e~22% we have

t

z

— 4D)\*wu(n+1) [U(n+1)] + 2Dw[u(n+1)] + 2dwu%n+1)

= 26WU(n41) /OO P(uy(t =72 —y — 1)) fa(y)dy (3.24)

Using the Cauchy-Schwarz inequality (2ab < a® + b?) yields
[ADN w1 [ty 1))z| < 2Dw[ugni1)]2 + 2DA? wu(n 1) (3.25)

Then it follows from (3.24) and (3.25) that

{wu%nﬂ)] t + {c*wu?nH) — 2Dwu 1) [u(n+1)]z} + 2(csh — DX2 + d)wu%nﬂ)

z

<2ewugns) /_ Puaguy(t — 17—y — 7)) faly)dy (3.26)

Using (3.14) and the Cauchy-Schwarz inequality (ab < na® + § = b2, n > 0) yields

25w‘u nt1) (£ 2) Py, )(t—r,z—y—c*r))‘
< 2eb' (0 w‘u nt1) (5 2) Uy )(t—rjz—y—c*r)}

eb'(0)

1

< 2€b'(0)51wu%n+1)(t, z) + wu( Wt =12 =y —cr), (3.27)
where 61 > 0 will be determined later.

Integrating (3.26) over R x [0, ¢] with respect to z and ¢, and noting the vanishing term at
far fields, i.e.,

[e.9]

:0,

{c*wu?nﬂ) - 2Dwu(n+l)[u(n+1)]z}

Z=—00

because of \/wu(,41)]z=+00 = 0 (by (3.16)) and v/w[u(,41)]z]:=+00 = 0 (by (3.18)), substituting
(3.27) into the resultant inequality yield

t
Vw1 ®)][52 + 2l — DA2 + d — e/ (0)61] /0 VW) ()||52ds

<[l )] 3 + S5 // / wBo(s =12 — y — cr) faly)dydzds.  (3.28)

Using (2.3) and choosing §; = %ew‘%*)‘*c“", then (3.28) is reduced to

t
Vil + 6 05 [ i (o) s

<H\FU0 H12+8b'( 0)e —aAZH A cur

/ / / ufyy(s =1z =y — er) fa(y)dydzds. (3.29)
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By changing variables y — y, z — y — ¢4 — z, s — r — s and using the fact that

/ il (z+ g(/ J)r CaT )dy _ hodi-2hear (3.30)

one can estimate the last term on the right-hand side of (3.29) that

/ / / )(8_7" 2 —y — ) fo(y)dydzds

_ / / w(z +y+ cr) / T2, (5, 2) fuly)dydads

—0o0

/t / [/Oo ztﬂi(/;)r CxT )fa(y)dy]w(Z)u%n)(s,z)dzds
// [/oo Zj;g(/;; = )f (y)dy}w(z)ug(s,z)dzds

elaNi— 2’\*"”[/ / u( (5,2 dzds+/ / (s,2 dzds] (3.31)

Substituting (3.31) into (3.29) yields
t
Vi @3 + [ V(o) Fats
0 t
gc[uﬂuo(o>||;+ | IVafuds + [ \wum)(s)y!;d{ (3.32)

for t € [0, tp] and some constant C' > 0. The proof is completed. O
Lemma 3.2. It holds that

IVt = 1 + [ IVBluuel6) s
SC{H\/E[UO],Z(O)HLQ_'_/O H\/E[u(n)]z(s)HdeS"i‘/ H\/iuo HLz
t 0
+/0 H\/Eu(n)(s)uizds+/_ H\/Euo(s)Hist} (3.33)

for t € [0,t0] and some constant C > 0.

Proof. Differentiating (3.1) with respect to z, multiplying the resultant equation by 2w(z)
X [Uu(n+1)]=(t, 2) and noting that w(z) = e~?**, we obtain

{w[uw]z} n {c*w[ wsnl? — 2Dwlu (n+1)1z[u<n+1>1zz}
t
+ 2(ceds + d)wlu (n+1)] — 4D\ wlu (n+1)]z[U<n+1)]zz+2Dw[um+1)]§z

= 2€w[U(n+1)]z/ [Pl (U (t =712 —y — cur))

—00

z

T Pyt — 12—y — cur >>] fuly)dy, (3.34)
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where
Pi(ugy(t =72 —y —cur)) = |0 (¢(z =y — cr) +um)(t — 1,2 —y — )
—0(p(z —y —cur))|¢'(z —y — cur)

and

Po(ugy(t =1z —y —cr)) =0 (o2 —y — cur) +ugy(t — 7,2 —y — cur))

X [uml(t =12 —y — cur).
Using the Cauchy-Schwarz inequality (2ab < a? + b?) yields
[ 4D X w(ugny )] [ugny1))zz] < 2Dwlug ]2, + 2DAZwlu1)]7. (3.35)

Then we infer from (3.34) and (3.35) that

{w[u(nJrl)]g} + {C*’w[ U(nt1y]2 — 2Dwlu (n+1)]z[u(n+1)]zz}
t
+2(c A — DAZ + d)wlugry)?

< 2ewu(p41)]z / [Pl (uy(t — 1,2 —y — cur))

— 00

z

o

# Palu(t =z == eor)| fal)d (3.36)

Integrating (3.36) over R x [0,¢] with respect to z and ¢, and noting the second term on the
left-hand side vanishes at infinite, i.e.,
o0

:()7

Z=—00

{C*w[ Uni1): — 2Dwlu (n+1)]z[u(n+1)]zz}
because of \/w[u(ni1)]z]z=400 = VW[U(n11)]ez]z=t00 = 0 (by (3.18)), we further have
IVl n)=(®)]% + 2(che — DA2 4 d) / / Wty dzds
< Va0 +22 [ [ el [ [Putuyls=riz =y =)
+ Po(ugy(s =72 —y — cur ))] Faly)dydzds. (3.37)

By the mean value theorem, Cauchy-Schwarz inequality (ab < na® + ﬁbg,n > 0), (H2) and
Lemma 2.1, we get

2ew(z)

[WMMLQJMMWM@—nz—y—@mﬁ

:=%w@HWMﬂp@wﬂHw@—y—nw»+ww@—nz—y—cw»
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—Hw@—y—&mﬂw@—y—am

[U(n+1)]z(s, z)U(n)(s — T, Z— Y — CyT)

é‘ACl
269

< 2e AV (dg)w(2)

w(z)u%n)(s — T Z— Y — CT) (3.38)

< 2€A0162w(z)[u(n+1)]z(s, z) +
and

2ew(z) [u<n+1)]z(s, Z)PQ(U(,,L)(S —r,z—1y— c*r))‘

= 2e|w(2)ugu 1)) (s, 2V (9= — ear)

+umy(s =12 —y —cr))uml(s =12 —y —cur)

eb’(0)
203

< 26H(0)05(2) i (5. 2) + P ug(s —rz -y —er), (339)

where C] > 0 is some constant, A is defined in Lemma 2.1, ¢ = ¢(z — y — c47) + otp (s — 7, 2 —
y — cy1) for some 0 < o < 1 and 6,03 > 0 will be determined later.
Substituting (3.38) and (3.39) into (3.37) yields

H\/> u(n—i—l HL2 + 2 [C*)\* — D/\z +d— €b/(0)(53 —eAC169

<[ N6 s

< It + 5 [

></ [u(n)]2( — T2 =Y — CT )fot( )ddedS
6545(51// / Uy (s =72 = y = eur) fa(y)dydzds. (3.40)

Using (2.3) and choosing 0 < d2 < 1 and 3 = %eo‘)‘z_)‘*c*r, inequality (3.40) is reduced to

Itz + [ V)= ads
<0{H\Fu0 0)|%, + // / ) |2(5 = 12 — y — ) faly)dydzds

/ / / )(5 —TZ—Y - C*T)fa(y)dydzds}. (3.41)

By changing variables y — y, z — y — cur — 2, s — 7 — s, using (3.30) and similar to (3.31), we

/Ot /Zw(z) /Z[“m)]?(s—m— — 1) faly)dydzds

derive
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+/t/oo w(z) h u%n)(s—r,z— — ¢y1) foly)dydzds

0 J—oo —00

t 0
< cf [ IVl lfads+ [ Vil o]
t 0
+/0 V() 2ads + [ H\/Euo(s)Hist}. (3.42)

Inserting (3.42) into (3.41) yields
Itz + [ V)= ads
0
< c{ IVt O + | Il [ [Vilun-(0)] a0
t 0
[ IV @l ads + [ Vo))

for t € [0, o] and some constant C' > 0. This finishes the proof. O
Noting the facts that

[Vwugsn |5 = [[Voumen |72 + [|[Voumen):| 72
= [[Vwugsn |72 + [Voltigen]: = Mevwug ||

< fIVauninll + IValuinll . 5.3)
and

Vw72 + | Veolug):] 72
= [[Vawug) |72 + [Veolugm): = Aev/wug + Aevwug, |17
= [ Ve[ + [[[V@ugm): + Aevwug,||;
< [Vwug |72 + 2| [Vawug): (72 + 222 [Vwue | 7.
< OH\/E}U(”)Hzl forn e N. (3.44)

Combining Lemma 3.1, Lemma 3.2, (3.43) and (3.44), we obtain the following energy estimate
Ve @l + [ V(s s
< C[IVau I+ [ Voo ds + [ Vo) s
< C[H\/Euo(o)\ﬁ{1 + /0 | vwuo(s) HHlds + 1o ?up (| vVwun )Hf{l} (3.45)

te[—r,to]

for t € [0, tp] and some constant C' > 0.
Thus from (3.19), (3.20) and the assumption ug € X (—r,tg), we conclude that (3.21) and
(3.22) hold, i.e.,

\/EU(n_H)(t, Z) € C([—T, to]; Hl (R)) N L2([—'r, to]; Hl (R))
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Step 4. This step is devoted to completing the proof of Proposition 3.1.
Combining (3.8) and (3.45), we conclude that

M2 (1) < c{ mae [[uo(s)][& + [ Virno(0) 5

U(nt1) s€[-r,0
0
+/ [Vauo(s) || 31 ds| + Cto Mg, (to). (3.46)

Thus, we can see that F deﬁned 1n (3. 1) is a contraction mapping from X (—r,tp) to itself if
maxe(_y o] [[uo(s) & + |Vwuo(0)]|7: + f |[vwuo(s) |51 ds is suitably small and 0 < #y < 1.
Hence Banach fixed point theorem 1mphes that (3.1) admits a unique local solution u(¢, z) €

X (=7,t0). Since the convergence lim,, o0 u(n)(t, 2) = u(t, 2) is uniform for (¢,z) € [-r,to] x R
and up)(t,2) € Cunit[—7,to], we can guarantee u(t,z) € Cunif[—7,to]. For this unique solution
u(t,z) € X(—r,tp), it is easy to see from (3.46) that M, (tg) < CM,,(0) for some constant
C > 0. O

Remark 3.1. (i) By the definitions of the weight function (2.12) and the solution space
(2.13), we know that lim,_,_ o y/w(2)u(t,z) = 0 and lim,_,_~ w(z) = co. This is enough
to justify that lim,_,_ u(t,2) = 0 exists uniformly with respect to ¢ € [—r, o], so one
does not need to require that lim, ,_~ u(t, z) exists uniformly with respect to t € [—r, to]
in the solution space X (—r,tp).

(ii) Compared with the solution space defined in [7], our solution space (2.13) requires that

the function wu(t, z) satisfies additional condition

lim w(z)u(t,z) = 0. (3.47)

z—rFoo

From the proof of Proposition 3.1, one can see that this space setting has helped us obtain
from (3.18) that

lim w(z)us(t,z) = lm w(z)us,(t,z) =0, (3.48)

z—*+oo z—+o0

which will be used to ensure (4.11) and (4.28) hold.

4. A priori estimate

In this section, we establish the a priori estimate of the perturbed solution (2.7) by the anti-
weighted energy method and the nonlinear Halanay’s inequality.

Proposition 4.1. (A priori estimate) Assume that (H1)-(H3) hold and d > |V (vy)| for any
r>0ord< ‘b’(wr)‘ for 0 < r < 7. Let u(t,z) € X(—r,t9) be a local solution for (2.7) with
constant tg > 0, then there exist constants C' > 0 and p > 0 independent of ty such that, when
Mu(to) < 1,

nax [[uo (5)le: + Vo 0)]| 7

+ [ IVauolas (11)

o)+ IV@ulolf, < ce |

hold for t € [0, to].
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First of all, we shift u(t, z) to u(t,z + xo) by the constant xg, which will be determined in
Lemma 4.6 and make the following transformation

Ult,z) = Vw(2)u(t, z + x0) = e u(t, z + x0). (4.2)
The transformation (4.2) is inspired by Huang et al. [16]. Substituting u(t,z + ) =
[w(z)]_%U(t, z) into (2.9) yields the following equation for the new unknown U (¢, z)

(

Ui — DU,, + kU, + kU

—ee e [T 00—y — e aa)U(E =2~y = ) a(w)dy
0 —o° (43)
—e / Gt —r2—y— e ful)dy, (t2) ER* xR,

\ U(s,z) = Vw(2)u(s,z + xo) =: Uy(s, 2), (s,2) € [-r,0] X R,

where

k= c. — 2D, ko = cuh — DX2 +d (4.4)

and
GUt—rz—y—cr)) =e ™Gult —r z —y — cur + x0)), (4.5)

which satisfies (by Taylor’ theorem)

u(t—r,z—y—c*r—i-a:o)‘2

U(tfr,zfyfc*r)}2

‘@(U(t —rz—y—cr))| < Ce M=
— Ce)\*z—2)\*y—2>\*c*'r
¢

w(z)

e—2>\*y—2>\*c*7’ U(t —ryz—y— C*fr)‘Q. (46)

Next we will prove the a priori estimate (4.1) by several lemmas.

Lemma 4.1. It holds that

t t )
eQ“ItHU(t)HiﬁzD/ 62“18\\Uz(s)Hi2ds+// Ay (2)€25|U (s, 2) [P d=ds
0 0 —00

0 t oo
< |06 (0)|[3, + C/T [Uo(3)||22ds + CMu(to)/O /Oo A3 |U (s, 2)|*dzds, (4.7)
where ,
A (2) = B(2) = 2u1 — e 27 (@27 — 1)1 (¢(z + o)) (4.8)
and
B(z) = 2eeN: T AnCT [b'(O) — |6 (o(z + ZE()))’:| . (4.9)

Proof. Multiplying (4.3) by 2e?*1'U(t, 2), where p1 > 0 is a constant and will be specified
later, we obtain

(e*'U?), + " (kyU? = 2DUU,) _ + 2De* ' U2 + 2(kg — pu1) e U?

o0
— 2ge ATt / V(p(z —y — cur + 20))

—00
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e MU, 2)U(t =1, 2 —y — er) fa(y)dy
:2562“1t/oo Ut,2)GU(t — 1,2 —y — 1)) fa(y)dy (4.10)

Integrating (4.10) over R X [0, ¢] with respect to z and ¢, and noting the vanishing term at far
fields, i.e.,

=0, (4.11)

Z=—00

(kiU? — 2DUU,)

due to u(t,z) € X(—r,tp) implies Ul,—100= VWU|;2400 = 0 and U|,—100 = (—Av/wu +
Vwuy)| =400 = 0 (by (3.47) and (3.48)), we have

t t 00
ez’mHU(t)Hi2 + QD/ eQmSHUz(s)Hist + 2/ / (ko — p1)e?*15U% (s, 2)dzds
0 0 J—o0

— 2ge AT /t /oo /oo V(d(z —y — cur + 30))

X e MY (5, 2)U (5 — 1,2 — Y — car) fa(y)dydzds (4.12)

= |Uo(0 HL2+25/ / / M50 (5, 2)G(U (s — 1,2 — y — ¢x)) fa(y)dydzds.

We now turn to estimate the last term on the left-hand side of (4.12). By making the change of
variables y — y, 2 —y — ¢, — 2z, s — 7 — s and using the fact that

o
| ety =, (4.13)
—0oQ
one can get that

e (p(z — y — cur 4+ 20)) U (s — 1, 2 — y — cor)e MY fo (y)dydzds

_ ‘/t_T /oo 62#1(8+T)b/(¢(2 + SUO))U2(S’ ?) |:/Oo e_A*ny‘(y)dy:| e

t 00
< eNIH2ur [/ / €2u18’b/(¢(z + xo))‘UQ(s, z)dzds
0 J—oo

+ /(l /Z e2”18‘b’(¢(z + xo))}Ug(s, z)dzds]. (4.14)

Using the Cauchy-Schwarz inequality (2ab < a? +b?), (4.13), (4.14) and (H2), one can estimate
the last term on the left-hand side of (4.12) as follows

/Ot /:: /_0; XY (b(z — y — e + 1))

x U(s,2)U(s — 1,2 —y — cxr)e” MY fo(y)dydzds

/ot /Z /Z MY (9(z =y — e + 20))

66—)\*0*7“

67)\*0*7"
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X [Uz(s, 24U (s —rz—y— c*r)} e MY £, (y)dydzds

t 00 00
<eem T [/ / / 62M18‘b/(d}(2 — Y — €T + X0)) ‘U2(8, 2)e” MY fo(y)dydzds
0 J—ooJ—-00

_,_/Ot/i/zez’“s‘b'(qb(z—y—c*r—i-xo))‘

X UQ(S —Tr,zZ—Yy— C*T)G_A*yfoz(y)ddedS}
t 00 oo
< Eef)\*c*r |:/ / 62#15 / ‘b/((ﬁ(z — Y — CsT + l’O))lei)\*yfoa(y)dyUQ(Sa Z)dZdS
0 J—oo —00
t [ee]
+ €a>\3+2u1r/ / e”‘”‘b'(gb(z + xo))}UQ(s, z)dzds
0 J—o0
0 o]
I ea)\§+2mr/ / 62’”3‘[)/(¢(Z+ xo))‘Ug(s,z)dzdS]
t 00
< eb/(o)eakﬁ—k*c*r/ / 62M15U2(5’ z)dzds
0 J—o0

t 00
+66aAZ—A*c*r+2u1r/ / ezuls‘b’(¢(z+xo))HU(&Z)‘QdZdS
0 J—o0

+ c/_o /_Z |Uo(s, 2)|*dz=ds. (4.15)

Using (4.6) and the fact that

lu(t, z + z0)| = == < CMy(tg), (t,z) € [0,t0] x R, (4.16)

we can estimate the second term on the right-hand side of (4.12) as follows

2e /Ot/;Z/_o;e?mSU(S,Z)G(U(S—T,z—y—c*r))fa(y)dydzds

§2C5/0t/:/_z ;Z%\U(s,z)\

X Us—rz—y— c*r)‘2fa(y)dydzds

t o] o]
< 2CeM,(to) / / / e2s
0 J—ocoJ—0

Us—rz—y— c*r)ffa(y)dydzds.

672)\* Y—2XCxT

672/\*y72)\*c*r (4.17)

X

Making the change of variables y — vy, z —y — cur — 2z, s — r — s and using (3.30), we can

estimate that

t (o) ')
20€Mu(to) / / / 82M156—2)\*y—2)\*c*r
0 J—ooJ—0

t—r poo o0
= 2C€Mu(t0)/ / / o211 (5+7) g =2Xy—2Xwcur
—r —o0 J —o0

U(s — 1,2 —y — cur)| faly)dydz=ds

U(s,z) ‘2fa(y)dydzds
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t—r o]
= 2C€Mu(t0)/ / 62u1(3+r)64a)\372)\*c*r U(s, z)‘2dzds

Ul(s, z)|2dzds

t 00
< 20=My(to) / / J21(547) AN 2\ ,cur
0 —00

Uo(s, 2) ‘Zdzds

0 0
+2CeM, (t()) / / e2u1 (s+7) e40¢>\2—2A*C*T
t ;o R 9 0 e8] 9
< CMu(to)/ / eQﬂlS’U(S,z)‘ dzds—f—C'/ / \Uo(s, 2)|"dzds. (4.18)
0 J—oco —r J —00
Plugging (4.18) into (4.17) yields

t ') 0o
2p1s ~ _ o
26/0/_00/_006 U(s,2)G(U(s = 1,2 — y — cur)) faly)dydzds

t [e’s) 0 00
< CM,(to) / / 15|05, )| *dzds + C / / |Uo (s, 2)|*dzds. (4.19)
0 J—oo —r J—o0

It follows from (4.12), (4.15) and (4.19) that

t t 00
62M1t|’U(t)|ﬁ:2+2D/0 62“15HU2(5)Hist+/O /_ Am(z)eQ‘“S‘U(s,z)‘deds
0 t oo
< HUO(O)Hjﬁc/ HUo(s)Hizds—l—C’Mu(to)/o / 25| U (s, 2)|*dzds, (4.20)

where A, (z) is defined in (4.8) and we have used (4.4) and ks = c,\s—DA2+d = e/ (0)eaAimAsear
The proof is finished. ]

Remark 4.1. (i) In [7,20], the authors used the boundedness of H'-norm of U € X (—r,t)
to guarantee U vanishes at infinite (see equation (3.15) in [7] and Proposition 2.2 in [20]).
However, they didn’t obtain the boundedness of H%-norm of U to ensure U, vanish at
infinite or directly prove U, vanishes at infinite, such that (4.11) can hold.

(ii) Under our setting of the solution space X (—r,tg) (see (2.13), (3.47) and (3.48)), one can
see that, to ensure (4.11) hold, we only require U = /wu € H'(R) and do not need
to estimate the H2-norm of U. Actually, it seems difficult to obtain the boundedness of
H?-norm of U.

Based on Lemma 4.1, we now establish the crucial lemma.

Lemma 4.2. There exists a sufficiently small g1 > 0 such that
Ay (2)>Cy>0 (4.21)
for some positive constant Cy.
Proof. Using (H2), we estimate A, (z) as follows
Ay (2) = 262720 15 (0) — | (2 + 20))| | — 2mm1

— cetnen (7 _ )| + a0
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> QgetNi et {b’(O) - H(Ia}(/[ |V (v ‘] — 2
ve(0

. Eea)\* )\*c*r(eQ/,Llr . |b/ 2+ x()))‘
>0y — |:2M1 + Eeaﬁ—)\*c*r(ezuw _ 1)b/(0)]

= CYy
>0 for0 < py < pa, (4.22)

where o is the unique positive solution of the equation

C3 — [2;@ e (T 1)b’(0)} =0 (4.23)
and
Cy 1= 2ee™NAscer {b’(()) — max ’b v @ > 0.
ve(0,M]
The proof is completed. O

Lemma 4.3. Let U(t,z) € X(—r,to), then

001 < €10+ [ 1000 s, (121

provided M, (tyg) < 1, where uy and C are positive constants.
Proof. Combing Lemma 4.1 and Lemma 4.2, i.e., substituting (4.21) into (4.7) yields

t
U0 +2D [ U (0)|Fads
0

t o]
G- O] [ [ (s, deds
0 J—o0

< c[HUOm)H; +/_0 \\U()(s)\\;ds]. (1.25)

Dropping the positive terms fg J €#15|U (s, z)|*dzds and f(f 15| U (s)[|32ds in (4.25), since
Cy — CM,(tg) > C for M, (tp) < 1 and D > 0, inequality (4.25) is reduced to

) e [ Ay A e T e (420
which gives

0
o < €I + [ 0o ats] .
This ends the proof. O
Lemma 4.4. Let U(t,z) € X(—r,to), then

0
HUz(t)Hi2 < C|:H[U0]z(0)Hi2 +/_ |HU0 HL2d3:| 6_2M1t7 (4.27)

provided M, (ty) < 1.
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Proof. Differentiating equation (4.3) with respect to z and multiplying it by 2e?*1'U,, then
integrating the resultant equation with respect to z and ¢ over R x [0, ¢], one can similarly prove
(4.27) provided M, (t9) < 1. The details is omitted here. O

Remark 4.2. Indeed, in the proof of (4.27), we have used the fact that

o0

(c.UZ —2DU.U.) =0, (4.28)

Z=—00

which is also guaranteed by (3.47) and (3.48). Hence we do not need to estimate the H3-norm
of U = y/wu to ensure (4.28) hold.

Combining (4.24) and (4.27), we have established the following energy estimate.
Lemma 4.5. Let U(t,z) € X(—r,to), then

U, < Ca2e2mt, (4.29)

1.€.,

[ Vawu(t) |5, < Co2e 2, (4.30)
provided M, (to) < 1, where

0
= |Vaun(O) i + [ Vo) [fds. (4.31)

Next let u(t, z) € X(—r,to) be the unique local solution of the Cauchy problem (2.7) guar-
anteed by Proposition 3.1, then u(t, z) € Cyunit[—T, to]. Based on this, we derive the exponential
decay of u(t, z) when z is sufficiently close to occ.

Lemma 4.6. There exist a large number xo > 1 (independent of t) and a number us > 0 such
that

(i) for anyr >0 and d > e[b'(vy)],

[ < Ce " luo| (4.32)

t)HLOO[JJO,oo) - [—7,0]xR)’

provided M, (tg) < 1;

(it) for 0 <r <7 and d < e|b/(vy)|, where 7 is defined in (2.17), the exponential decay (4.32)
holds for M, (ty) < 1.

Proof. Since u(t,z) € X(—r,tp), we obtain that lim, ,o u(t,2) and lim, oo u.(t,2) =
lim, o0 uzx(t,2) = 0 exist uniformly with respect to t € [—r,tg]. Denote w(t) = u(t,00)
and wo(s) := up(s,00) for s € [-r,0]. Taking z — oo to (2.9), we have

w'(t) + dw(t) — &b (vy)w(t —r) = eG(w(t — 1)), (4.33)
w(s) =wo(s), s € [-r,0].

Applying the nonlinear Halanay’s inequality [7, 16,20], we obtain that: For any r > 0 and
d > elb(vy)],
00 < g6 (430
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for some 0 < p3 < d, provided M, (tp) < 1; for 0 < r < 7 and d < £[b/(vy)|, where 7 is defined
n (2.17), the decay estimate (4.34) holds for M, (tp) < 1.
Multiplying (2.9) by e# leads to

(edtu)t + cpe®u, — Dey,,

et [ 00—y = earult =1z — g — e fuly)dy
= sedt/ Gu(t —r,z —y —cur)) fa(y)dy. (4.35)
Integrating (4.35) with respect to t over [0, ¢] yields
t
u(t,z) =e" |:UO(O z) — c*/ eu,(s,2)ds+ D | e®u..(s,z)ds
+5/ ds/ V(d(z —y —car))u(s — 2 — y — cur) foly)dyds
+ 5/ eds/ Gu(s—r,z—y— c*r))fa(y)dyds} :
0 —o0
Then we deduce for 0 < pz < d that
elstu(t, z) = o (d—p3)t [UO(O,z) — c*/ euy(s, z ds—|—D/ ey, (s, 2)
t 0
+ 6/ eds/ V(p(z —y—car))u(s —r,z —y — cur) foly)dyds
0 —00
t 00
+ 8/ e / Glu(s—rz—y— c*r))fa(y)dyds] . (4.36)
0 —00

Passing to the limits in (4.36) as z — oo, noting all these limits exist uniformly in ¢ and applying
the facts |G(w)| < Cw? (by (2.11)), (H2) and the decay estimate (4.34) for w(t), we obtain

lim |estu(t, 2)
Z—00
¢
= ¢ (d—pa3)t hm uo(O 2) —c*/ 5 1im uy(s,z ds+D/ s 1im Uz (s, 2)ds
0 Z—>00 Z—>00

+g/ ds/ Zlggo[’ (2 =y — cor)uls — 12—y — cur ))}fa( dyds

+€/ ds/ lim G(u(s —r,z —y — 1)) fa(y)dyds

Z—00

wp(0) + Eb'(v+)/0 eBw(s —r)ds + 6/ eBG(w(s —r))ds

0

t t
< e~ (d—na)t [‘wo(O)] + eb'(O)/ e®|w(s —r)|ds + 05/ e w(s — T){st}
0 O

t ¢
< e (At [‘wo(())’ + Csb’(O)/ eld=ra)sehar gg 4 Cs/ edse_2“3(s_r)ds}
0 0
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6_(d_ﬂ“3)t

< ef(df’“)t‘wo(O)‘ + Ceb/ (0)e!s”

d—p3  d—ps
—pat e_(d_p‘i’))t

(&
Cleg2har _
e T o T A 2

<C fort>0. (4.37)

Hence there exists a number zg > 1 independent of ¢, such that when x > x,

sup ‘u(t, z)‘ < C’e_‘“’tHuoHLoo([_r’O]XR), teRT, (4.38)

z€[x0,00)

either for any » > 0 and d > ¢|b/(v4)| or 0 < r < 7 and d < €[b/(v4)|. This finishes the proof.
0
From (4.29) and by Sobolev’s inequality H'(R) < C(R), we obtain

[Vt 9 < U] < Coc

Notice that U(t,z) = /w(z)u(t,z + x0) = e Mu(t,z + z9) and Jw(z) = e ** > 1 for
z € (—00,0], we then get

sup ‘u(t,z + x0)| < CdeHt,
z€(—00,0]

This proves the following estimate for the unshifted wu(¢, z) as follows

sup  |u(t, z)| < Cde 1, (4.39)

2€(—00,z0)

provided M, (tg) < 1. Finally, combining (4.38) and (4.39), we obtain the following lemma.
Lemma 4.7. For 0 < p < min{pu, usz} and M,(to) < 1, it holds that:

(i) for any r >0 and d > e[t/ (vy)],
[u@)]] poo ry < CoE™
(it) for 0 <r <7 and d < e|b/(vy)|, where 7 is defined in (2.17),
Hu(t)HLOO(R) < Coe M
fort €[0,t0], d is defined in (4.31) and some constant C' > 0.

Proof of Proposition 4.1. Combining Lemma 4.5 and Lemma 4.7, we obtain the a priori
estimate (4.1), i.e.,

O+ Vi) <0 s, o)+ [ Vi)

+ [ oo ]

for t € [0, tp] and some constant C' > 0, where p is taken to satisfy 0 < g < min{pg, us}. O
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5. Uniqueness of critical traveling waves

In this section, we prove the uniqueness of critical traveling wave solutions of (1.1), i.e., Corollary
2.1. Suppose that ¢1(z + c.t) and ¢2(x + c.t) are two distinct critical traveling wave solutions
of (1.1), which admit the same exponential decay at minus infinity:

b1(2) = C1|z]eM*  as z — —o0

and
P2(z) = Co|z|eM*  as z — —o0

for some constants C1,Cy > 0, where A, > 0 defined in (2.3). Shift ¢2(2) to ¢2(z + z,) with
some constant shift .. Then we obtain

Go(z + x,) = Calz + 2. [eMCH) 5 Oz as 2z — —o0
by an appropriate selection z,. Therefore, we get
[62(2 + 21) = 61(2)] = of|z]e™) as 2 — —oo,
which implies that
Vw@)[ga(z +2:) = d1(2)] = € Moz + 2.) — $1(2)] € C(R) N H'(R).
Taking the initial value of (1.1) by
vo(s,x) = p2(z + cus + ), (s,x) € [—r,0] xR, (5.1)

Clearly, the solution of (1.1) with (5.1) is ¢o(x + cxt + x,). By Theorem 2.1, we have that either
d> 5‘b’(v+)‘ for any r >0 or d < 6}b’(v+)| for0<r<r,

lim sup |pa(x + ¢t + x4) — d1(z + e4t)| = 0.

t—o00 z€R

In other words, ¢o(x + cit + x4) = ¢1(x + c4t) for any z € R if £ > 1. Consequently, we obtain
the uniqueness of critical traveling waves up to a constant shift.
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