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INTEGRAL INEQUALITIES OF HERMITE-HADAMARD TYPE FOR
DIFFERENTIABLE GT-CONVEX FUNCTIONS
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Abstract In the paper, we establish some new inequalities of the Hermite-Hadamard type
for differentiable GT-convex functions.
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1. Introduction

We first recite some definitions of various convex functions.

Definition 1.1. A function f: 1 C R = (—o00,00) — R is said to be convex if

fltz+ (1 —t)y) <tf(z)+ 1 —1¢)f(y)

for all z,y € I and ¢ € [0, 1].

The famous Hermite-Hadamard integral inequality for convex functions and some of its
diverse generalizations can be recalled as follows.

Theorem 1.1. If f: I CR — R is a convex function on the interval I and a,b € I with a < b,

then f(a—;—b)Sbla/bf(x)def(a);—f(b).

In [7], Tung and Yildrim defined the MT-convexity as follows.
Definition 1.2 ( [7, Definition 2]). Let I C R be an interval. A nonnegative function f: [ —
Rp = [0, 00) is said to be MT-convex if the inequality

Vi Tt
o @+

fltze+ (1 —1t)y) <

holds for all z,y € I and t € (0,1).

In [4-6], some integral inequalities for MT-convex functions were established.
In [2,9] the concepts of the HT-convex and GT-convex functions was innovated below, re-
spectively.
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Definition 1.3 ( [9, Definition 2.1]). Let I C R = (0,00) is an interval. A function f: I — R
is called GT-convex if the inequality

1-1¢

t 1t Vi
f($y1 )Sﬁf@?)"‘ NG f(y)

holds for all z,y € I and t € (0,1).

Definition 1.4 ( [2, Definition 3.1]). Let I C R\ {0} be a nonempty interval. A function f is
called HT-convex on [ if the inequality

Ty 1—-t Vit
Wiy, ) < Yo f@)+ 5o 1w

2/t 21—t
holds for all z,y € I and ¢ € (0,1).

In recent decades, a lot of inequalities of the Hermite-Hadamard type for various kinds of
the MT-type convex functions have been established. We recite some of them as follows.

Theorem 1.2 ( [7, Theorem 2|). Let I C R be an interval. If f : I — Rq is MT-convex on I,
a,b e I witha <b, and f € Li([a,b]), then

(50) <55 [ rwar ot 2 [ rwrear < 020

where
2\/(b—z)(x —a)
b—a ’

T(z) = x € [a,b)].

Theorem 1.3 ( [9, Theorem 3.1]). Suppose that I C Ry is an interval. If f : I — Ry is
GT-conver on I, a,b € I with a <b, and f € Ly([a,b]), then

[f(a) + £(b)].

N

1 b f@)
f(\/%) = lnb—lna/a T dz <

Theorem 1.4 ( [2, Theorem 4.1]). Suppose that I C R\ {0} is an interval. If f : I — Ry is
HT-convex on I, a,b € I with a <b, and f € Li([a,b]), then

2ab ab [P f(x)
f(a—l—b) = b—a/a 22 dz <

For recent developments, please refer to the papers [3,8,10], for example.
In this paper, we will establish some new integral inequalities of the Hermite-Hadamard type
for differentiable GT-convex functions.

[f(a) + £ (b)].

I

2. Several lemmas
For u,v € R4, the weighted geometric mean is

Gi(u,v) = utv*™, t€[0,1]. (2.1)
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Lemma 2.1 ( [11, Lemma 2.1]). Suppose that I C Ry is an interval. Let f : I — R be a
differentiable function on I° and a,b € I° with a <b. If f' € L1([a,b]) and = € [a,b], then

(Inx —Ina)?

bt 1
f(z) - lnbilna/a fi ) du = lnb—lna/o (1=1)Gi(a,2)f'(Gi(a,x)) dt

Inb—Inz)? [
- W/O tGy(x,b) f'(Gi(x, b)) dt.

Lemma 2.2. Let r,s > —1 and u,v € Ry with u < v. Then
1
H, (u,v) = / t"(1 —t)°G(u,v)dt
0

vF(T—i—1)F(s—|—1)1F1<r+1,r+s+2,lnu>, u <w,
v
uB(r+1,s+1), u =,

where G¢(u,v) is defined by (2.1) and

I(z) = / Fletd, R(z) >0,
0

1
Bla, ) = /0 U1 - PN, R(a),R(B) > 0, (2.2)
\Fi(0;pi2 Z(i—% 0€C, peC\{0,-1,-2,...}, || <1,

k=0

stand for the Fuler gamma function, the Euler beta function, and the Kummer confluent hyper-
geometric function, respectively.

Proof. The proof is straightforward. O
In Lemma 2.2, taking » = 1 and s = 0 leads to:

Lemma 2.3. Foru,v € R;,

! Lwv)=u
Hy o(u,v) :/ tGy(u,v)dt = zanv_lnu
0 57 u:v,

where G¢(u,v) is defined in (2.1) and the logarithmic mean L(u,v) is defined by

u—"v

L) = { mu—tno’ "7 (2.3)
u, u=v
In Lemma 2.2, taking (r,s) = (%, %), (rys) = (—%, %), and (r,s) = (%, —%) results in

Lemma 2.4. For u,v € Ry with u < v,

H1/21/2UU / \/ ].—thUU
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H_y/33/2(u,v) =

Hszjo _1/9(u,v) =

where Gi(u,v) is defined in (2.1) and the Bessel function of the first kind J,(x) is defined [1,

Chapters 9 and 10] by

B oo (_1)n 5 2n+v
Jy(z)_y;)F(n+1)F(V—i—n+1)<2> , veC\{-1,-2,...}, zeC.

In Lemma 2.2, putting (r,s) = (%, —%) and (r,s) = (—%, %) gives
Lemma 2.5. Let u,v € Ry with u < v, then

H1/2,71/2(U7 v) =T(u,v)

Il
N ——
\
<
(4
| —
S
/3
=
o
N———
+
S~
/3
=
‘&‘
N———
| I
IS4
AN
u@

H—1/2,1/2(Ua v) =

where G¢(u,v) is defined in (2.1) and J,(z) is defined in Lemma 2.4.

3. Integral inequalities of Hermite—-Hadamard type

We now start out to establish some new integral inequalities of the Hermite-Hadamard type for
differentiable GT-convex functions.
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Theorem 3.1. Let f: I C Ry — R be a differentiable function on I°, a,b € I° with a < b, and
1€ Li([a,b]). If | f'|9 for ¢ > 1 is GT-convez on [a,b] and x € [a,b], then

b flu
fla) = lnbilna/ fi)du

Inz —Ina)? _
SQl(/q(lnb — lrza) [HO,l(aa ff)]l Y [H1/2,1/2(a7 $)|f/(a)|q + H—1/2,3/2(aa $)|f/($)|q} ta

(Inb —Inx)?
21/4(Inb — Ina)

[H1o(a,0)]' /9 [Hyjo -1 (2, 0) ' (2)|7 + Hypoa o, )L £ 077, (3.1)

where Hyo(u,v) is defined in Lemma 2.8, and Hy /31 /2(u,v), H_1/23/2(u,v), and Hz/a _1/2(u,v)
are defined in Lemma 2.4.

Proof. For u,v € [a,b] with u < v, we denote

(Inv — Inwu)?

D(u,v) = b —Ina (3.2)
From Lemma 2.1 and Holder’s integral inequality, it follows that
1 b f(u)
’f(x)_lnb—lna/a w
1 1
< Dia.a) [ (1= 0Gila,2)|f Gela,a))|dt + Diab) [ 1Gilawr b (G, b)) dt
0 0
1 1-1/q1 r1 1/q (3.3)
< D(a,x) [/ (1 —1t)Gi(a,x) dt} [/ (1 —t)Gy(a, )| f'(Gi(a, x))|th}
0 0
1 1-1/qr r1 1/q
4 D(x,b) [/ 1, b) dt] [/ 1Gy (2, b)) /' (Gl b))|th}
0 0
Using Lemma 2.3, we obtain
1 1
/ (1 -t)Gi(a,x)dt = Hy1(a,z) and / tGy(z,b)dt = Hyo(x,b). (3.4)
0 0
By the GT-convexity of f on [a,b] and Lemma 2.4, we acquire
1 1 \/E 1—¢
1—t)Gy(a, "(Gy(a, th</1—tG , { "(a)|? 4+ ——=1f q}dt
| a=nGaalsGamprar [[1-nGian)| ;I f @+ 5 @)

= 2 [Hyjajela )| f @) + Hoyjo (a0l F @)Y (35)

and

1

Vi V1—t
2v1 —t 2Vt

= L [Hypoa ol )| @)+ ool DL )]

1
/ th(x,b)]f’(Gt(:v,b))Pdt</ |f'(2)]7 +
0

G [

W@@w o

Substituting (3.4) to (3.6) into (3.3) yields (3.1). The proof of Theorem 3.1 is complete. O
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Theorem 3.2. Let f: I C Ry — R be a differentiable function on I°, a,b € I° with a < b, and
€ Li([a,b]). If |f'|2 for ¢ > 1 is GT-convex on [a,b], then

1 b fu)
f(x)_lnb—lna/a P

(Inz — Ina)?

1/
Sm [H1/2,1/2(aq7 Iq)‘f/(a”q + Hfl/g’g/g(aq, xq)|f/(x)]q] 1

(Inb —Inx)? N TNT q ra\| (a1 1/4
+ 2(nb—Ina) [Hj ), —1/2(z%, b)) | f' ()| + Hy o122 09| £ (b)]7) (3.7)

for x € [a,b], where Hy /9 1/2(u,v), H_y/23/2(u,v), and Hz/o _12(u,v) are defined in Lemma 2.4.

Proof. Using Lemma 2.1, Holder’s integral inequality, and the notation (3.2), we obtain

V@*wmimalwyhm
1

1
SD(a,x)/O (1—t)Gt(a,x)]f’(Gt(a,a:))]dt—i—D(x,b)/o tGe(z,b)|f (Ge(x,b))| dt

< D(a,z) [/01(1 —t dt]l v

X
D(x,b)(/ tdt)l Uq[/ 1 (. D] (G, b))ythr/q.

From the inequalities (3.5) and (3.6), it follows that

1/q
(1 —t)[Ge(a, )] f (Gy(a, 1:))|th]

1
| = G2 Gl

' q 9 \/E ! q q
< [a-nGatan | ot @i+ ¥ 2 o] ar
_% [Hijo,12(a%, 29) | f/(@)|? + H_12,3/2(a”, 27| f'(2)|] (3.8)
and
' q| ¢! q ! q 14 \/i / q q
[ dcwomrcmras G| i@ tror a

= 2 [Hya 1o W) 5 @)+ Hy o jola, 0 O] (3.9

Substituting (3.8) and (3.9) into (3) and simplifying yield the inequality (3.7). The proof of
Theorem 3.2 is thus completed. ]

Theorem 3.3. Let f: I CR. — R be a differentiable function on I°, a,b € I° with a < b, and
1€ Li([a,b]). If | f'|2 for ¢ > 1 is GT-convex on [a,b], then

1 " f(u)
‘f(x)_lnblna/a U du
a;

(Inx —Ina)? [
~ Inb—Ina
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1/
v [H1/2,(2e—1)/2(aﬁ,96‘ﬁ)’f’(a)q +H—1/2,(2z+1)/2 (aﬁamﬁ)f/(w)\q] !
2

Slmbolnary | )

Inb—1Ina 1

1/
X [H(%H)/Q,_lm (" B f"(@)|7 + Hize—1) /2,12 (2", bﬁ)\f’(b)’q] q (3.10)

2

forq>4{, h>0, and x € [a,b], where H, s(u,v) are defined in Lemma 2.2.

Proof. Using Lemma 2.1, Holder’s integral inequality, and the notation (3.2), we derive

'f(x) T Inb : Ina /ab f(uu) d“’

1 1
gD(a,x)/O (1—t)Gt(a,x)]f’(Gt(a,a:))\dt+D(:1:,b)/0 1Gy(, b)|f (G, b)) |t

i 1/q

<D(a,z) [/01(1 G (a0, 2)) dt] o [/01(1 _ t)f[Gt(a,x)]ﬁ|f’(at(a,m))|qc1t]
o=t 1/q

+ D(x,b) Ulté"f[c;t(x,b)]“ dt]ll/q Uoltf[Gt(m,b)]ﬁ\f’(c;t(x,b))yth] S 1)

0

Applying Lemma 2.2, we obtain

1 qa—2 q—
/ (1— )i Gy, ) E
0

tdt =H (3.12)

>
o
11
|
=l
/N
Q
Q jQ
1]
=l
8
Qe
1]
=l
N——

and

1 q—¢ q—h q—h q—h
/ ta-1 [Gt(l’,b)}‘I*l dt:Hq_g O(xqfl’bqfl)'
0

q—1’

Using the GT-convexity of f, we derive
1
| = 0(Gia o)1 el
0

1 Vit b VI=E
< [[a-vaaa) (S a2 o) a

1
=5 [H1/2,(zz—1)/2 (a",2")| £ ()| + H_y 2 2011y /2 (a", 2") |f’(l‘)!q}

and

/ (G, D) (Galer, BY)|

0

1 _
< [ et o) (S 1w+ L) a
0

2v1—t 2/t
1
=5 [H(ze+1)/2,—1/2 (2", ") f ()| + Hizo—1y/2,1/2 (2", b") !f/(b)’q] ~ (3.13)
Substituting the equalities and inequalities between (3.12) and (3.13) into the inequality (3.11)
leads to the inequality (3.10). The proof of Theorem 3.3 is thus completed. O
In Theorem 3.3, taking £ = i = 0 leads to:
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Theorem 3.4. Let f: I C Ry — R be a differentiable function on I°, a,b € I° with a < b, and
[ € Li([a,b]). If |f'|? is GT-convex on [a,b] for q,p > 1 with p= —L5, then

q
1 b flu)
f(gﬁ)_lnb—lna/a w4

(Inz — Ina)?

(| f (z)|? "(q)]9)11/4
[Hovp(aﬂxp)]l/p[ (I @)+ | £ (a)] )]

Inb—1Ina 4
nb—Inz)? (| f ! 1/a
(11nbb _llnxa) [Hpo(a?, bp)]l/p |: (1f (x)’qZ' |f (b)‘q)] (3.14)

for x € [a,b], where Hy s(u,v) are defined in Lemma 2.2.

Proof. Similar to the proof in (3.11), we acquire

1 b f(u)
’f(:”) B lnb—lna/a _—

1/q

< Do) [ - 0.0 e 1/,, / P (Gula, D)

1/q

+ D(x,b) [/Ol[th(x,b)]pdt] " Uol \f’(Gt(x,b))]th]

Applying Lemma 2.2, we derive
1 1
/ (1 —t)G¢(a,z)]P dt = Ho p(a®, 2P), / [tGi(x, )P dt = Hp (2P, bP),
0 0

1 . 1 ™
/ |[/(Gela, 2))|* dt < 2 f (@)l + 1 ()], / [f(Gel, b))% dt < Z[1f' ()| + [/ (0)17].
0 0

From the above inequalities and integral equations, we arrive at the inequality (3.14). The proof
of Theorem 3.4 is thus completed. O
Putting £ = 0 and A = ¢ in Theorem 3.3 for ¢ > 1 demonstrates.

Theorem 3.5. Let f: I C Ry — R be a differentiable function on I°, a,b € I° with a < b, and
1€ Li([a,b]). If | f'|2 is GT-convex on [a,b] for q,p > 1 with p = qﬁl, then

1 b fu)
f(x)_lnb—lna/a w

< (Inx —Ina)? Hyjy 1y2(a?, 2| f'(a)|? + H 191 p2(a?, 29)| f(2)|7 1/e
“(p+1)YP(Inb —Ina) 2
(Inb —Inx)? Hyjo 1y2(x?, 00| f/(2)|9 + H_1/21/2(x?,b7)| f'(b) |7 1/
(p+1)Y/2(Inb —Ina) 2

(3.15)

for x € [a,b], where T(u,v) is defined as in Lemma 2.5.

Proof. Using Lemma 2.1, Holder’s integral inequality, and the notation (3.2), we derive

b flu
’f(x)_lnbilna/ f(u)du

<D(a.a)| 1y ] " / (G, )71 (Gl )7

1/q
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1 1/pr pl 1/q
+ D(z,b) / tP dt] [/ [Ge(z, D) (Gy(z,0))|7dt| . (3.16)
0 0
It is easy to see that
1 1
1
tpdtZ/ 1—-t)Pdt = . 3.17
/ Ca-par= (317)
From the GT-convexity of f and Lemma 2.5, we acquire
! | Vi Nig=r
G ’ q /G , th</G q7q< / q A I ) Q>dt
[ ea )i canias [ Glatan (ot ir @+ Yt w)

= 2 [Hya 10, 29| (@)[9 4+ o1 oa, 29| (2)]]
and
1
| (Gt 1 (Gl It < [y a1 ja W @)+ Hs o WL O] (339

Substituting three inequalities between (3.17) to (3.18) into the inequality (3.16) arrives at the
inequality (3.15). The proof of Theorem 3.5 is thus completed. O

Theorem 3.6. Let f: I C Ry — R be a differentiable function on I°, a,b € I° with a < b, and
[ € Li([a,b]). If |f'|? is GT-convez on [a,b] for q,p > 1 withp = L7, then

1 " f(u)
f(m)_lnb—lna/a U du

B@a+éﬂﬂ@ﬁ+3@ﬂ+§nﬂmvr”

(Inz — Ina)?

L@ )|

Inb—1Ina 2
(Wb tnef ) [BGat D@+ BG g+ P01
Inb—1Ina ’ 2

for x € [a,b], where L(u,v) is logarithmic mean (2.3) and B(«, ) is the classical Euler beta
function (2.2).

Proof. Similar to the proofs of the above theorems, we obtain

1 ? f(u)
’f(x)_lnb—lna/a w

swaﬂAR@mwwwqMTA?L%VW«Mm@Ww}

1/q

1/q

+ D(,b) [/Ol[Gt(x, b)]pdt] Up [/01 191 (G, b))|‘1dt} . (3.19)

Straightforward computation gives

1 1
/ [Gy(a,z)Pdt = L(aP,2P) and / Gy, b)P dt = L(aP, bP).
0 0
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By the GT-convexity of f, we obatin

VI—t
2Vt

! q| £ q 1_q \/z /aq
[ a0 Gilepiacs [ w( P+

0 — ) ar

(3 DY s (L s 3 e
=385+ 3 ) 1@+ 3B (504 3 )1 @)

and

v 1 _/1 3\, . 1_(3 1\, .,
tf(Gu(z,0))|"dt < SB| 5,q+ 5 | 1f' (@) + 5B 5,0+ 5 | 1f/ ()] (3.20)
0 27\ 2277 2 2°\227 7" 2

Combining the inequalities and equalities between (3.19) and (3.20) yields required result. The-

orem 3.6 is thus proved. O
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