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1. Introduction

We first recite some definitions of various convex functions.

Definition 1.1. A function f : I ⊆ R = (−∞,∞) → R is said to be convex if

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)

for all x, y ∈ I and t ∈ [0, 1].

The famous Hermite–Hadamard integral inequality for convex functions and some of its
diverse generalizations can be recalled as follows.

Theorem 1.1. If f : I ⊆ R → R is a convex function on the interval I and a, b ∈ I with a < b,
then

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a
f(x) dx ≤ f(a) + f(b)

2
.

In [7], Tunç and Yildrim defined the MT-convexity as follows.

Definition 1.2 ( [7, Definition 2]). Let I ⊆ R be an interval. A nonnegative function f : I →
R0 = [0,∞) is said to be MT-convex if the inequality

f(tx+ (1− t)y) ≤
√
t

2
√
1− t

f(x) +

√
1− t

2
√
t

f(y)

holds for all x, y ∈ I and t ∈ (0, 1).

In [4–6], some integral inequalities for MT-convex functions were established.
In [2, 9] the concepts of the HT-convex and GT-convex functions was innovated below, re-

spectively.
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Definition 1.3 ( [9, Definition 2.1]). Let I ⊆ R+ = (0,∞) is an interval. A function f : I → R
is called GT-convex if the inequality

f
(
xty1−t

)
≤

√
t

2
√
1− t

f(x) +

√
1− t

2
√
t

f(y)

holds for all x, y ∈ I and t ∈ (0, 1).

Definition 1.4 ( [2, Definition 3.1]). Let I ⊆ R \ {0} be a nonempty interval. A function f is
called HT-convex on I if the inequality

f

(
xy

tx+ (1− t)y

)
≤

√
1− t

2
√
t

f(x) +

√
t

2
√
1− t

f(y)

holds for all x, y ∈ I and t ∈ (0, 1).

In recent decades, a lot of inequalities of the Hermite–Hadamard type for various kinds of
the MT-type convex functions have been established. We recite some of them as follows.

Theorem 1.2 ( [7, Theorem 2]). Let I ⊆ R be an interval. If f : I → R0 is MT-convex on I,
a, b ∈ I with a < b, and f ∈ L1([a, b]), then

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a
f(x) dx and

2

b− a

∫ b

a
τ(x)f(x) dx ≤ f(a) + f(b)

2
,

where

τ(x) =
2
√

(b− x)(x− a)

b− a
, x ∈ [a, b].

Theorem 1.3 ( [9, Theorem 3.1]). Suppose that I ⊆ R+ is an interval. If f : I → R+ is
GT-convex on I, a, b ∈ I with a < b, and f ∈ L1([a, b]), then

f
(√

ab
)
≤ 1

ln b− ln a

∫ b

a

f(x)

x
dx ≤ π

4
[f(a) + f(b)].

Theorem 1.4 ( [2, Theorem 4.1]). Suppose that I ⊆ R \ {0} is an interval. If f : I → R0 is
HT-convex on I, a, b ∈ I with a < b, and f ∈ L1([a, b]), then

f

(
2ab

a+ b

)
≤ ab

b− a

∫ b

a

f(x)

x2
dx ≤ π

4
[f(a) + f(b)].

For recent developments, please refer to the papers [3, 8, 10], for example.

In this paper, we will establish some new integral inequalities of the Hermite–Hadamard type
for differentiable GT-convex functions.

2. Several lemmas

For u, v ∈ R+, the weighted geometric mean is

Gt(u, v) = utv1−t, t ∈ [0, 1]. (2.1)
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Lemma 2.1 ( [11, Lemma 2.1]). Suppose that I ⊆ R+ is an interval. Let f : I → R be a
differentiable function on I◦ and a, b ∈ I◦ with a < b. If f ′ ∈ L1([a, b]) and x ∈ [a, b], then

f(x)− 1

ln b− ln a

∫ b

a

f(u)

u
du =

(lnx− ln a)2

ln b− ln a

∫ 1

0
(1− t)Gt(a, x)f

′(Gt(a, x)) dt

− (ln b− lnx)2

ln b− ln a

∫ 1

0
tGt(x, b)f

′(Gt(x, b)) dt.

Lemma 2.2. Let r, s > −1 and u, v ∈ R+ with u ≤ v. Then

Hr,s(u, v) =

∫ 1

0
tr(1− t)sGt(u, v) dt

=

vΓ(r + 1)Γ(s+ 1) 1F1

(
r + 1, r + s+ 2, ln

u

v

)
, u < v,

uB(r + 1, s+ 1), u = v,

where Gt(u, v) is defined by (2.1) and

Γ(z) =

∫ ∞

0
tz−1 e−t dt, ℜ(z) > 0,

B(α, β) =

∫ 1

0
tα−1(1− t)β−1 dt, ℜ(α),ℜ(β) > 0, (2.2)

1F1(ϱ; ρ; z) =
∞∑
k=0

(ϱ)k
(ρ)k

zk

k!
, ϱ ∈ C, ρ ∈ C \ {0,−1,−2, . . . }, |z| < 1,

stand for the Euler gamma function, the Euler beta function, and the Kummer confluent hyper-
geometric function, respectively.

Proof. The proof is straightforward.
In Lemma 2.2, taking r = 1 and s = 0 leads to:

Lemma 2.3. For u, v ∈ R+,

H1,0(u, v) =

∫ 1

0
tGt(u, v) dt =


L(u, v)− u

ln v − lnu
, u ̸= v,

u

2
, u = v,

where Gt(u, v) is defined in (2.1) and the logarithmic mean L(u, v) is defined by

L(u, v) =


u− v

lnu− ln v
, u ̸= v,

u, u = v.
(2.3)

In Lemma 2.2, taking (r, s) =
(
1
2 ,

1
2

)
, (r, s) =

(
−1

2 ,
3
2

)
, and (r, s) =

(
3
2 ,−

1
2

)
results in

Lemma 2.4. For u, v ∈ R+ with u ≤ v,

H1/2,1/2(u, v)=

∫ 1

0

√
t(1− t)Gt(u, v) dt
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=


π
√
uv

2(lnu− ln v)
J1

(
ln

√
u

v

)
, u < v,

πu

8
, u = v,

H−1/2,3/2(u, v) =

∫ 1

0

√
(1− t)3

t
Gt (u, v) dt

=


π

2

√
uv

[
J0

(
ln

√
u

v

)
−

ln u
v + 1

ln u
v

J1

(
ln

√
u

v

)]
, u < v,

3πu

8
, u = v,

H3/2,−1/2(u, v) =

∫ 1

0

√
t3

1− t
Gt (u, v) dt

=


π

2

√
uv

[
J0

(
ln

√
u

v

)
−

1− ln u
v

ln u
v

J1

(
ln

√
u

v

)]
, u < v,

3πu

8
, u = v,

where Gt(u, v) is defined in (2.1) and the Bessel function of the first kind Jν(x) is defined [1,
Chapters 9 and 10] by

Jν(z) =
∞∑
n=0

(−1)n

Γ(n+ 1)Γ(ν + n+ 1)

(
z

2

)2n+ν

, ν ∈ C \ {−1,−2, . . . }, z ∈ C.

In Lemma 2.2, putting (r, s) =
(
1
2 ,−

1
2

)
and (r, s) =

(
−1

2 ,
1
2

)
gives

Lemma 2.5. Let u, v ∈ R+ with u ≤ v, then

H1/2,−1/2(u, v) = T (u, v)

=

∫ 1

0

√
t

1− t
Gt(u, v) dt

=


π

2

√
uv

[
J0

(
ln

√
u

v

)
+ J1

(
ln

√
u

v

)]
, u < v,

πu

2
, u = v,

H−1/2,1/2(u, v) = T (u, v)

=

∫ 1

0

√
1− t

t
Gt(u, v) dt

=


π

2

√
uv

[
J0

(
ln

√
u

v

)
− J1

(
ln

√
u

v

)]
, u < v,

πu

2
, u = v,

where Gt(u, v) is defined in (2.1) and Jν(x) is defined in Lemma 2.4.

3. Integral inequalities of Hermite–Hadamard type

We now start out to establish some new integral inequalities of the Hermite–Hadamard type for
differentiable GT-convex functions.
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Theorem 3.1. Let f : I ⊆ R+ → R be a differentiable function on I◦, a, b ∈ I◦ with a < b, and
f ′ ∈ L1([a, b]). If |f ′|q for q ≥ 1 is GT-convex on [a, b] and x ∈ [a, b], then∣∣∣∣f(x)− 1

ln b− ln a

∫ b

a

f(u)

u
du

∣∣∣∣
≤ (lnx− ln a)2

21/q(ln b− ln a)
[H0,1(a, x)]

1−1/q
[
H1/2,1/2(a, x)|f ′(a)|q +H−1/2,3/2(a, x)|f ′(x)|q

]1/q
+

(ln b− lnx)2

21/q(ln b− ln a)
[H1,0(x, b)]

1−1/q
[
H3/2,−1/2(x, b)|f ′(x)|q +H1/2,1/2(x, b)|f ′(b)|q

]1/q
, (3.1)

where H1,0(u, v) is defined in Lemma 2.3, and H1/2,1/2(u, v), H−1/2,3/2(u, v), and H3/2,−1/2(u, v)
are defined in Lemma 2.4.

Proof. For u, v ∈ [a, b] with u ≤ v, we denote

D(u, v) =
(ln v − lnu)2

ln b− ln a
. (3.2)

From Lemma 2.1 and Hölder’s integral inequality, it follows that∣∣∣∣f(x)− 1

ln b− ln a

∫ b

a

f(u)

u
du

∣∣∣∣
≤ D(a, x)

∫ 1

0
(1− t)Gt(a, x)|f ′(Gt(a, x))|dt+D(x, b)

∫ 1

0
tGt(x, b)|f ′(Gt(x, b))|dt

≤ D(a, x)

[∫ 1

0
(1− t)Gt(a, x) dt

]1−1/q[ ∫ 1

0
(1− t)Gt(a, x)|f ′(Gt(a, x))|q dt

]1/q
+D(x, b)

[ ∫ 1

0
tGt(x, b) dt

]1−1/q[ ∫ 1

0
tGt(x, b)|f ′(Gt(x, b))|q dt

]1/q
.

(3.3)

Using Lemma 2.3, we obtain∫ 1

0
(1− t)Gt(a, x) dt = H0,1(a, x) and

∫ 1

0
tGt(x, b) dt = H1,0(x, b). (3.4)

By the GT-convexity of f on [a, b] and Lemma 2.4, we acquire∫ 1

0
(1− t)Gt(a, x)|f ′(Gt(a, x))|q dt ≤

∫ 1

0
(1− t)Gt(a, x)

[ √
t

2
√
1− t

|f ′(a)|q +
√
1− t

2
√
t

|f ′(x)|q
]
dt

=
1

2

[
H1/2,1/2(a, x)|f ′(a)|q +H−1/2,3/2(a, x)|f ′(x)|q

]
(3.5)

and ∫ 1

0
tGt(x, b)|f ′(Gt(x, b))|q dt ≤

∫ 1

0
tGt(x, b)

[ √
t

2
√
1− t

|f ′(x)|q +
√
1− t

2
√
t

|f ′(b)|q
]
dt

=
1

2

[
H3/2,−1/2(x, b)|f ′(x)|q +H1/2,1/2(x, b)|f ′(b)|q

]
.

(3.6)

Substituting (3.4) to (3.6) into (3.3) yields (3.1). The proof of Theorem 3.1 is complete.
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Theorem 3.2. Let f : I ⊆ R+ → R be a differentiable function on I◦, a, b ∈ I◦ with a < b, and
f ′ ∈ L1([a, b]). If |f ′|q for q ≥ 1 is GT-convex on [a, b], then∣∣∣∣f(x)− 1

ln b− ln a

∫ b

a

f(u)

u
du

∣∣∣∣
≤(lnx− ln a)2

2(ln b− ln a)

[
H1/2,1/2(a

q, xq)|f ′(a)|q +H−1/2,3/2(a
q, xq)|f ′(x)|q

]1/q
+

(ln b− lnx)2

2(ln b− ln a)

[
H3/2,−1/2(x

q, bq)|f ′(x)|q +H1/2,1/2(x
q, bq)|f ′(b)|q

]1/q
(3.7)

for x ∈ [a, b], where H1/2,1/2(u, v), H−1/2,3/2(u, v), and H3/2,−1/2(u, v) are defined in Lemma 2.4.

Proof. Using Lemma 2.1, Hölder’s integral inequality, and the notation (3.2), we obtain∣∣∣∣f(x)− 1

ln b− ln a

∫ b

a

f(u)

u
du

∣∣∣∣
≤ D(a, x)

∫ 1

0
(1− t)Gt(a, x)|f ′(Gt(a, x))|dt+D(x, b)

∫ 1

0
tGt(x, b)|f ′(Gt(x, b))|dt

≤ D(a, x)

[∫ 1

0
(1− t) dt

]1−1/q[ ∫ 1

0
(1− t)[Gt(a, x)]

q|f ′(Gt(a, x))|q dt
]1/q

+D(x, b)

(∫ 1

0
t dt

)1−1/q[ ∫ 1

0
t[Gt(x, b)]

q|f ′(Gt(x, b))|q dt
]1/q

.

From the inequalities (3.5) and (3.6), it follows that∫ 1

0
(1− t)[Gt(a, x)]

q|f ′(Gt(a, x))|q dt

≤
∫ 1

0
(1− t)Gt(a

q, xq)

[ √
t

2
√
1− t

|f ′(a)|q +
√
1− t

2
√
t

|f ′(x)|q
]
dt

=
1

2

[
H1/2,1/2(a

q, xq)|f ′(a)|q +H−1/2,3/2(a
q, xq)|f ′(x)|q

]
(3.8)

and∫ 1

0
t[Gt(x, b)]

q|f ′(Gt(x, b))|q dt ≤
∫ 1

0
tGt(x

q, bq)

[ √
t

2
√
1− t

|f ′(x)|q +
√
1− t

2
√
t

|f ′(b)|q
]
dt

=
1

2

[
H3/2,−1/2(x

q, bq)|f ′(x)|q +H1/2,1/2(x
q, bq)|f ′(b)|q

]
. (3.9)

Substituting (3.8) and (3.9) into (3) and simplifying yield the inequality (3.7). The proof of
Theorem 3.2 is thus completed.

Theorem 3.3. Let f : I ⊆ R+ → R be a differentiable function on I◦, a, b ∈ I◦ with a < b, and
f ′ ∈ L1([a, b]). If |f ′|q for q > 1 is GT-convex on [a, b], then∣∣∣∣f(x)− 1

ln b− ln a

∫ b

a

f(u)

u
du

∣∣∣∣
≤(lnx− ln a)2

ln b− ln a

[
H

0, q−ℓ
q−1

(
a

q−ℏ
q−1 , x

q−ℏ
q−1

)]1−1/q
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×

[
H1/2,(2ℓ−1)/2

(
aℏ, xℏ

)
|f ′(a)|q +H−1/2,(2ℓ+1)/2

(
aℏ, xℏ

)
|f ′(x)|q

2

]1/q

+
(ln b− lnx)2

ln b− ln a

[
H q−ℓ

q−1
,0

(
x

q−ℏ
q−1 , b

q−ℏ
q−1

)]1−1/q

×

[
H(2ℓ+1)/2,−1/2

(
xℏ, bℏ

)
|f ′(x)|q +H(2ℓ−1)/2,1/2

(
xℏ, bℏ

)
|f ′(b)|q

2

]1/q

(3.10)

for q > ℓ, ℏ ≥ 0, and x ∈ [a, b], where Hr,s(u, v) are defined in Lemma 2.2.

Proof. Using Lemma 2.1, Hölder’s integral inequality, and the notation (3.2), we derive∣∣∣∣f(x)− 1

ln b− ln a

∫ b

a

f(u)

u
du

∣∣∣∣
≤D(a, x)

∫ 1

0
(1− t)Gt(a, x)|f ′(Gt(a, x))|dt+D(x, b)

∫ 1

0
tGt(x, b)|f ′(Gt(x, b))|dt

≤D(a, x)

[∫ 1

0
(1− t)

q−ℓ
q−1 [Gt(a, x)]

q−ℏ
q−1 dt

]1−1/q[ ∫ 1

0
(1− t)ℓ[Gt(a, x)]

ℏ|f ′(Gt(a, x))|q dt
]1/q

+D(x, b)

[ ∫ 1

0
t
q−ℓ
q−1 [Gt(x, b)]

q−ℏ
q−1

dt

]1−1/q[∫ 1

0
tℓ[Gt(x, b)]

ℏ|f ′(Gt(x, b))|q dt
]1/q

. (3.11)

Applying Lemma 2.2, we obtain∫ 1

0
(1− t)

q−ℓ
q−1 [Gt(a, x)]

q−ℏ
q−1 dt = H

0, q−ℓ
q−1

(
a

q−ℏ
q−1 , x

q−ℏ
q−1

)
(3.12)

and ∫ 1

0
t
q−ℓ
q−1 [Gt(x, b)]

q−ℏ
q−1 dt = H q−ℓ

q−1
,0

(
x

q−ℏ
q−1 , b

q−ℏ
q−1

)
.

Using the GT-convexity of f , we derive∫ 1

0
(1− t)ℓ[Gt(a, x)]

ℏ|f ′(Gt(a, x))|q dt

≤
∫ 1

0
(1− t)ℓGt

(
aℏ, xℏ

)( √
t

2
√
1− t

|f ′(a)|q +
√
1− t

2
√
t

|f ′(x)|q
)
dt

=
1

2

[
H1/2,(2ℓ−1)/2

(
aℏ, xℏ

)
|f ′(a)|q +H−1/2,(2ℓ+1)/2

(
aℏ, xℏ

)
|f ′(x)|q

]
and ∫ 1

0
tℓ[Gt(x, b)]

ℏ|f ′(Gt(x, b))|q dt

≤
∫ 1

0
tℓGt

(
xℏ, bℏ

)( √
t

2
√
1− t

|f ′(x)|q +
√
1− t

2
√
t

|f ′(b)|q
)
dt

=
1

2

[
H(2ℓ+1)/2,−1/2

(
xℏ, bℏ

)
|f ′(x)|q +H(2ℓ−1)/2,1/2

(
xℏ, bℏ

)
|f ′(b)|q

]
. (3.13)

Substituting the equalities and inequalities between (3.12) and (3.13) into the inequality (3.11)
leads to the inequality (3.10). The proof of Theorem 3.3 is thus completed.

In Theorem 3.3, taking ℓ = ℏ = 0 leads to:
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Theorem 3.4. Let f : I ⊆ R+ → R be a differentiable function on I◦, a, b ∈ I◦ with a < b, and
f ′ ∈ L1([a, b]). If |f ′|q is GT-convex on [a, b] for q, p > 1 with p = q

q−1 , then∣∣∣∣f(x)− 1

ln b− ln a

∫ b

a

f(u)

u
du

∣∣∣∣
≤(lnx− ln a)2

ln b− ln a
[H0,p(a

p, xp)]1/p
[
π(|f ′(x)|q + |f ′(a)|q)

4

]1/q
+

(ln b− lnx)2

ln b− ln a
[Hp,0(x

p, bp)]1/p
[
π(|f ′(x)|q + |f ′(b)|q)

4

]1/q
(3.14)

for x ∈ [a, b], where Hr,s(u, v) are defined in Lemma 2.2.

Proof. Similar to the proof in (3.11), we acquire∣∣∣∣f(x)− 1

ln b− ln a

∫ b

a

f(u)

u
du

∣∣∣∣ ≤ D(a, x)

[∫ 1

0
[(1− t)Gt(a, x)]

p dt

]1/p[ ∫ 1

0
|f ′(Gt(a, x))|q dt

]1/q
+D(x, b)

[ ∫ 1

0
[tGt(x, b)]

p dt

]1/p[∫ 1

0
|f ′(Gt(x, b))|q dt

]1/q
.

Applying Lemma 2.2, we derive∫ 1

0
[(1− t)Gt(a, x)]

p dt = H0,p(a
p, xp),

∫ 1

0
[tGt(x, b)]

p dt = Hp,0(x
p, bp),∫ 1

0
|f ′(Gt(a, x))|q dt ≤

π

4
[|f ′(a)|q + |f ′(x)|q],

∫ 1

0
|f ′(Gt(x, b))|q dt ≤

π

4
[|f ′(x)|q + |f ′(b)|q].

From the above inequalities and integral equations, we arrive at the inequality (3.14). The proof
of Theorem 3.4 is thus completed.

Putting ℓ = 0 and ℏ = q in Theorem 3.3 for q > 1 demonstrates.

Theorem 3.5. Let f : I ⊆ R+ → R be a differentiable function on I◦, a, b ∈ I◦ with a < b, and
f ′ ∈ L1([a, b]). If |f ′|q is GT-convex on [a, b] for q, p > 1 with p = q

q−1 , then∣∣∣∣f(x)− 1

ln b− ln a

∫ b

a

f(u)

u
du

∣∣∣∣
≤ (lnx− ln a)2

(p+ 1)1/p(ln b− ln a)

[
H1/2,−1/2(a

q, xq)|f ′(a)|q +H−1/2,1/2(a
q, xq)|f ′(x)|q

2

]1/q
+

(ln b− lnx)2

(p+ 1)1/p(ln b− ln a)

[
H1/2,−1/2(x

q, bq)|f ′(x)|q +H−1/2,1/2(x
q, bq)|f ′(b)|q

2

]1/q
(3.15)

for x ∈ [a, b], where T (u, v) is defined as in Lemma 2.5.

Proof. Using Lemma 2.1, Hölder’s integral inequality, and the notation (3.2), we derive∣∣∣∣f(x)− 1

ln b− ln a

∫ b

a

f(u)

u
du

∣∣∣∣
≤D(a, x)

[∫ 1

0
(1− t)p dt

]1/p[ ∫ 1

0
[(Gt(a, x)]

q|f ′(Gt(a, x))|q dt
]1/q
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+D(x, b)

[ ∫ 1

0
tp dt

]1/p[∫ 1

0
[Gt(x, b)]

p|f ′(Gt(x, b))|q dt
]1/q

. (3.16)

It is easy to see that ∫ 1

0
tp dt =

∫ 1

0
(1− t)p dt =

1

p+ 1
. (3.17)

From the GT-convexity of f and Lemma 2.5, we acquire∫ 1

0

[
Gt(a, x)

]q|f ′(Gt(a, x))|q dt ≤
∫ 1

0
Gt(a

q, xq)

( √
t

2
√
1− t

|f ′(a)|q +
√
1− t

2
√
t

|f ′(x)|q
)
dt

=
1

2

[
H1/2,−1/2(a

q, xq)|f ′(a)|q +H−1/2,1/2(a
q, xq)|f ′(x)|q

]
and∫ 1

0

[
Gt(x, b)

]q|f ′(Gt(x, b))|q dt ≤
1

2

[
H1/2,−1/2(x

q, bq)|f ′(x)|q +H−1/2,1/2(x
q, bq)|f ′(b)|q

]
. (3.18)

Substituting three inequalities between (3.17) to (3.18) into the inequality (3.16) arrives at the
inequality (3.15). The proof of Theorem 3.5 is thus completed.

Theorem 3.6. Let f : I ⊆ R+ → R be a differentiable function on I◦, a, b ∈ I◦ with a < b, and
f ′ ∈ L1([a, b]). If |f ′|q is GT-convex on [a, b] for q, p > 1 with p = q

q−1 , then∣∣∣∣f(x)− 1

ln b− ln a

∫ b

a

f(u)

u
du

∣∣∣∣
≤ (lnx− ln a)2

ln b− ln a
[L(ap, xp)]1/p

[
B
(
3
2 , q +

1
2

)
|f ′(a)|q +B

(
1
2 , q +

3
2

)
|f ′(x)|q

2

]1/q
+

(ln b− lnx)2

ln b− ln a
[L(xp, bp)]1/p

[
B
(
1
2 , q +

3
2

)
|f ′(x)|q +B

(
3
2 , q +

1
2

)
|f ′(b)|q

2

]1/q
for x ∈ [a, b], where L(u, v) is logarithmic mean (2.3) and B(α, β) is the classical Euler beta
function (2.2).

Proof. Similar to the proofs of the above theorems, we obtain∣∣∣∣f(x)− 1

ln b− ln a

∫ b

a

f(u)

u
du

∣∣∣∣
≤D(a, x)

[∫ 1

0
[(Gt(a, x)]

p dt

]1/p[ ∫ 1

0
(1− t)q|f ′(Gt(a, x))|q dt

]1/q
+D(x, b)

[ ∫ 1

0
[Gt(x, b)]

p dt

]1/p[∫ 1

0
tq|f ′(Gt(x, b))|q dt

]1/q
. (3.19)

Straightforward computation gives∫ 1

0
[Gt(a, x)]

p dt = L(ap, xp) and

∫ 1

0
[Gt(x, b)]

p dt = L(xp, bp).
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By the GT-convexity of f , we obatin∫ 1

0
(1− t)q|f ′(Gt(a, x))|q dt ≤

∫ 1

0
(1− t)q

( √
t

2
√
1− t

|f ′(a)|q +
√
1− t

2
√
t

|f ′(x)|q
)
dt

=
1

2
B

(
3

2
, q +

1

2

)
|f ′(a)|q + 1

2
B

(
1

2
, q +

3

2

)
|f ′(x)|q

and ∫ 1

0
tq|f ′(Gt(x, b))|q dt ≤

1

2
B

(
1

2
, q +

3

2

)
|f ′(x)|q + 1

2
B

(
3

2
, q +

1

2

)
|f ′(b)|q. (3.20)

Combining the inequalities and equalities between (3.19) and (3.20) yields required result. The-
orem 3.6 is thus proved.
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