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COMPREHENSIVE FRAMEWORK FOR EYE INFECTIONS IN
COMMUNITY UNDER PREVENTIVE AND TREATMENT WITH
FRACTIONAL ORDER STUDY*

Kottakkaran Sooppy Nisar’ and Muhammad Farman?34

Abstract Environmental biopollutants and airborne contaminants contribute to eye infec-
tion diseases through prolonged exposure. Despite natural protections, some microorganisms
can infect the eyes. This study develops a fractional-order mathematical model analyzing
the transmission dynamics of environmentally induced eye infections, incorporating biopol-
lutant exposure and air quality effects. The model uses a generalized fractional derivative
to account for memory and hereditary effects from cumulative exposure and delayed im-
mune responses of the ocular system. We verified that a single solution with a positively
invariant region exists. The Banach fixed point theorem and Krasnoselskii type are used
to investigate the existence and uniqueness of the eye infection model. It highlights local
stability while accounting for limiting observations, a critical component of epidemic mod-
els. The reproductive number R is calculated to evaluate its impact on compartments and
community-wide transmission rates. A sensitivity study of the model’s parameters is used
to investigate its behavior. We used the linear feedback control technique to stabilize the
system and also verified the local and global stability of equilibria. The study conducted
numerical replications for a range of outcomes in order to demonstrate the efficacy of frac-
tional coupled differential equations in modeling ocular infections, producing evidence that
is compatible with theoretical conclusions. This study advances knowledge of eye infections
and the creation of sensible preventative measures.

Keywords Infectious Diseases, eyes infection model, fractal-fractional operator, stability
analysis, health care, Chaos control, Newton polynomial.
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1. Introduction

A wide variety of microorganisms live on the nutrient-rich surface of the eye and interact with the
host’s immune system as well as one another. This aids in controlling microbial development and
avoiding eye infections. Infections of the exterior structures of the eye, however, are frequent and
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frequently result from the acquisition of pathogenic microorganisms or the unchecked expansion
of preexisting organisms because of decreased host resistance [3]. Bacteria, fungus, parasites, or
viruses can all cause eye infections, which can lead to a variety of infections. Because of their
unique characteristics and the difficulty of differentiating between infectious and non-infectious
illnesses, identifying the causative agent is difficult [40]. There are many different factors that
affect the distribution and prevalence of infectious organisms linked to eye infections. Red eyes,
discomfort, and blurred vision are common symptoms of eye infections. The most prevalent and
rarely dangerous condition affecting eyesight is conjunctivitis. Although less frequent, corneal
and endophthalmitis can seriously impair eyesight [47]. A frequent ocular surface infection that
is more common in children, conjunctivitis can be spread by virus infection, dry eye, ocular con-
tact, or allergies [11]. The main culprits are viruses, and infections brought on by eye damage,
such as wearing contact lenses, can spread from the cornea or eyelid. By 2030, onchocerciasis
and trachoma, two serious infectious illnesses that cause bilateral vision impairment, should be
under control. Unlike syphilis and herpes, which are found worldwide, these illnesses are found
in high-risk geographic locations [8]. Due to their unilateral nature, which is not taken into
account in prevalence analysis using widely accepted criteria of sight impairment, the actual
global visual load of viral illnesses is probably underrated. Globally, eye infections are common,
yet ophthalmic services are frequently lacking or underdeveloped, which results in unreported
symptoms and missed diagnoses. Without identifying the underlying cause, secondary diseases
such as cataract, glaucoma, or retinal detachment can be ascribed to eye infections. Common
medications used to treat eye infections can cause visual loss [12]. Autoimmune non-infectious
symptoms can be confused with unidentified para- or post-infectious illnesses. After infections,
immune-mediated disease plays a complicated and poorly understood function. It is probably a
difficult task to estimate the worldwide visual burden of other infectious diseases [10]. Globally,
the ongoing disparity in access to healthcare services is a major problem that calls for optimum
techniques for the distribution of healthcare resources in space [35]. Although nivolumab has
been linked to uveitis, its exact clinical features are unknown. Drug repurposing is acknowl-
edged for its ability to speed up drug application, while research concentrates on its prevention,
diagnosis, and treatment [48]. Allergy risks may be associated with genetic variants [45], and
spatial networks are influenced by variables like GDP and population size [44]. To close de-
velopmental gaps, policy recommendations support an integrated approach to transportation,
technology, and economic planning [18]. Furthermore, the retina is an important sensor for
translating optical impulses into cerebral signals, which is necessary for comprehending image
identification and creating therapies for blindness [51]. Mathematical modeling in infectious dis-
eases has shown effective in providing treatment recommendations for managing and preventing
viral illnesses, making it a viable alternative weapon in the fight against viral diseases [25]. It
is mathematically possible to determine the percentage of a population that must receive vacci-
nations in order to prevent the pandemic from spreading. In order to investigate eye infections
and provide preventative viewpoint measures, researchers have created mathematical modeling
tools [6,20, 36, 38].

According to several articles [29, 30, 34, 46, 49], fractional calculus is a quickly expanding
branch of mathematics with important uses in science and engineering. With new concepts
being applied and evaluated on actual data, fractional calculus has broadened its reach to in-
clude intricate real-world dynamics [43]. To examine the hearing loss caused by mumps in chil-
dren, [32] developed a hybrid fractional operator model. Researchers in [23] employed a model
of waterborne infections, transformed it into a fractal-fractional integral form, and carried out
a qualitative study of it using an iterative convergent sequence and a fixed-point technique.
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Shao-Wen Yao et al. [50] developed a fractional-order mathematical model for the population
suffering from diarrhea using the fractal-fractional derivative operator and an expanded Mittag-
Leffler kernel for solution. Using a power-law kernel and Sumudu transform, the study by Nisar
et al. [33] presents a novel approach to treating tumor models, ensuring system stability and
enhancing the efficacy of therapeutic interventions using mathematical and biological insights.
A hybrid fractional order model was created by a study [16] to examine the dynamic spread
of measles, a serious worldwide health issue. When the model’s effectiveness and memory ef-
fects were compared, it became clear that immunizations greatly slow the virus’s transmission,
underscoring the significance of efficient disease-control measures. A fractional-order stochastic
epidemic model is used in Mangal et al.’s work [27] to investigate the transmission of conjunc-
tivitis, an ocular infection, while accounting for media awareness. Through the use of fractional
derivatives to take memory effects and non-local interactions into account, the model offers a
more realistic representation of illness dynamics. The importance of public awareness in conjunc-
tivitis epidemics and the complex relationship between disease dynamics and media influence
are highlighted in the study. Using the Caputo fractional operator, Nisar et al. [31] created a
fractional order conjunctivitis virus model, demonstrating how strong immune systems can stop
the spread of disease without the need for treatment and help create a disease-free environment
sooner. In [22], fractal and fractional order derivatives were used to analyze another dynamical
system of infectious eye illness. Recent developments in the modeling of ocular infections, espe-
cially adenovirus-induced conjunctivitis, include early identification and treatment approaches
like immunization to take advantage of robust patient immune responses [21]. The investigation
of these illnesses is improved by the combination of artificial intelligence-based neural networks,
fractional differential equations, and fractals [39]. Numerical simulations also employ stochastic
methods for probabilistic approaches and nonstandard finite difference systems for determin-
istic models [1]. Advanced mathematical models also take into consideration the dynamics of
quarantine and treatment, as well as direct and irritant-induced transmission channels [9].

Conventional integer-order differential equations, which ignore memory effects and local in-
teractions, are insufficient to capture the intricate biological processes involved in eye diseases,
such as conjunctivitis, keratitis, and trachoma. Fractal-fractional calculus, on the other hand,
combines geometric complexity and memory, offering a more useful framework for comprehend-
ing and controlling the dynamics of ocular diseases. Fractal and fractional operators are rarely
included in current mathematical models for eye infections, which typically rely on classical or
fractional-order systems. Current models use integer-order systems to simplify infection dy-
namics, ignore abnormalities in eye surface tissue, and fail to account for long-term immune
response memory. Fractal-fractional order models are therefore required in order to adequately
represent the physiological and biological features of ocular infections. The following is how the
manuscript is structured: The newly developed eye infection system is formulated with certain
specifications in Section 2. The comprehensive qualitative examination of the suggested system
is covered in Section 3. Section 4 includes both stability analysis and chaos control. In Section
5, we use the Newton polynomial method to create a numerical system. Numerical simulations,
discussion, and significant findings will be covered in Section 6. The concluding remarks will be
discussed in Section 7.

2. Formulation of fractional order eye infection model

Atangana [4,5] invented nonlocal differential and integral operators with fractional order and
fractal dimension, which are potent mathematical tools for modeling complicated real-world
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issues. Here, we go over certain definitions that are utilized in the rest of the manuscript.

Definitions 2.1. The fractional derivative of a function f with order w is derived by assuming
that f : (a,b) — [0,00) is a continuous function and fractal differentiable with dimension ¢ is
defined [4,5,37] by

T e (2.1)

where
AB(w) =1—w+ % AB(0) = AB(1) =1, (2.2)

and

(2.3)
The inverse of (2.1) is defined [37] as

(1 —w)9t?=1 wi

FEM yw,9 _ taﬁq ) o) do. '
SRMIEL0) = S 0+ e 7 = e 2

We present a unique mathematical model for eye infections that divides the total examined
population into six distinct groups:

e Susceptible group (S) includes people who are at risk of infection.

e Exposed group (F) include those who have symptoms but no clear proof of infection.
e Infected group (I) includes those who are already sick.

e Treatment group (7') includes people who are actively receiving infection treatment.

e Recovered group (R) consists of individuals who have recovered after therapy, have estab-
lished immunity, and are no longer infectious.

e The cautionary/preventative group (P) consists of those who practice safety by adopting
preventive measures to limit the danger of infection.

A comprehensive framework for comprehending the transmission dynamics of eye infections
within a community is offered by this model. Figure 1 presents a schematic representation of
the proposed model. The generalized fractal-fractional model for our nonlinear fractional order
system is given below.

FFM @Y 5(1) = aM — BES + pR — 1S,

FFM D@V B () = BES — (A + 1 + ) E

FEM D@V T(t) = ¢F — (y 4 d + )1,

FEMDPUT(t) = AT — (u+ )T,

FEM DU P(t) E<1 — ) = (= p)P,
( —A)—(a+p+P)R

(2.5)

0
FEM D (1)

/‘\

The initial conditions are given by

S(0)>0, E()>0, I(0)>0, T(0)>0, P(0)>0, R(0)>0. (2.6)
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Because of the lack of memory, irregular tissue designs, and time delays in immune and curative
responses, integer-order models in biological contexts are limited when applied to eye infections.
This frequently results in inaccurate estimates of infection duration and recurrence. The fractal
geometry of ocular tissues and memory effects are taken into account by fractional-order models,
which enhance predictions but ignore uniform transmission rates and spatial roughness. This is
improved by fractal-fractional models, which employ a fractal kernel to capture the intricate dy-
namics of time-memory and space-complexity relationships as well as to more accurately depict
the spread of infections across the surface of the eye. By adding geometric complexity and mem-
ory effects, the fractalfractional order model (2.5) improves our comprehension of the dynamics
of eye infections. With the fractional order (w) taking immunological memory and delayed heal-
ing into account, it provides a biologically consistent depiction. The fractal dimension (¢) shows
irregular pathogen colonization and surface roughness of ocular tissue, which combined explain
treatment inefficiencies, protracted inflammation, and reinfection patterns seen in traditional
models. The flowchart of the model is given in Figure 1. To ensure mathematical coherence
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Figure 1. Schematic representation of the proposed model.

and realistic disease dynamics, the parameter values in Table 1 are selected from biologically
relevant ranges observed in classical and fractional-order epidemiological studies, rather than
extensive clinical records on the transmission of eye infections.

3. Analysis of proposed model

3.1. Positivity and boundedness

Here, we show the boundedness and positivity of the proposed system (2.5). This investigation
confirms that the suggested fractal-fractional order eye infection model is biologically realistic
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Table 1. Parameters’ description and justification.

Parameters Description Value Justification
a Recruitment rate into 20 Preserving demographic balance and
the susceptible class population inflow [17].
M Natural birth rate 0.8 Assumed from normalized demographic
ranges [2].
B Transmission rate of 0.16 Represents moderate contact-based
eye infections transmissibility [42].

o The rate of loss of 0.9 The quick decline in post-infection
immunity after recovery immunity is biologically reasonable [7].

Y Natural death rate 0.7 Assumed constant across compartments,

following standard practice [17].

A Preventative rate for control 0.9 Represents a strong commitment to
measures and infection prevalence non-pharmaceutical therapies [15].
S Incidence rate from 0.8 Aligns with SEIR frameworks [20]
exposed to infected class and represents a brief incubation time
¥ Rate of treatment 0.56 | Represents effective medical intervention
for infected class aligned with epidemic models [28].

I Recovery rate after 0.067 In line with recovery parameters used
treatment in fractional epidemic models [13].

d Recovery rate without 0.098 Represents a mild case’s spontaneous
medication recovery [42].

o Recovery rate after 0.9 Stabilizing impact of both therapy

precaution/treatment measures and prevention combined [15].

over time, mathematically sound, and physiologically significant. In this context, we came to
the following observations. The norm is defined as

[ I]loc = sup |J(2)]. (3.1)
teDg

We determine that
FEMD@Yg(4) = AN — BSE — 65T — S + pR
> —(BE++19)S
> —(BIE| + 61| +4)S (3.2)
> —(Bsup |E|+dsup |[I|+)S

teDg teDy

_(5|E’oo + 5‘”00 + WS

Following from [5], the fractal-fractional derivative’s outcome is given by

v

v 0w (]| Blloo + 0] ]|o + )t

S 2 SO |~ 3 B@) ~ (1~ @) (BE oo + 61w + )]

vt >0, (3.3)
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where the Mittag-Lefller function is represented by &, and v is the time component. Likewise,
Vvt > 0, we obtain

0w(s 4+ 9 + A — B[S]|oo)t”
B(t) = EO). [‘maa(w) Sy ) - mrsnoo)}
0y +1p 4+ d — 59)t
I(#) 2 10)&. [_AIB%(UJ) O —w)(td+d— 55)]
[ 00 ()t

0> TO% |~ ) o4

B llliﬁw(w )tw :|
AB(w) — (1 -w)(® —p) ]’

[ V0t p )t
R(t) > R(0)&, | AB(w)— (1 —w)(@+p+ 04)}

Lemma 3.1. [14] The newly created eye infection model (2.5) is unique and constrained, in
addition to the initial conditions.

Proof. We obtain the following results.

FEP D@9 G (1) |s—g = aM+pR>0
6Dy B(t) =0

FEP D@V (1) 1—g = <E >0,

FEP DT () pmo = A1 >0,

FEP D@V p(t)|p—g = dI — (1 —A)E >0,
FEP D@V R(t)|Reo = (1 —A)E > 0.

(3.5)

In order to create a new model for eye infections, it is essential to show that the domain is positive
invariant and has distinct solutions for every compartment, as the solution cannot escape from
the hyperplane. ]

3.2. Equilibrium points

We set all fractional derivative equations (2.5) to zero and solve the resulting algebraic system
for the system variables in order to determine the equilibrium points. These points stand for
constant solutions in which the state of the system remains constant across time. The resulting
equilibrium points are as follows:

e The disease-free equilibrium state can be expressed as

alM
w?
E —0,
Dl_ I—)O,
T — 0,
P —0,
R—0.

S —
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e Endemic equilibrium points are

Dy

where
(

( S — M
B )
B —aX) + aaBM + afMp + af My — a? — apw — A\ptp = Mp? — pip® — pypw — * — Y%w
B (aX+ ah + aw + 2Ap + Mb + ptp + pw — p + P2 + Yw) ’
I w(fa)ﬂ/)JraozBMJraﬂMpqLaﬁ]Mwfomﬁfm/]wf)\pzbf/\w?fpw2fp1pw7w3 7w2w)
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S
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dw (—oz/\w—l—aoeﬁJV[—l—aﬁMp—l—aﬁMd)—a¢2 — atpw — Apy) — M2 — pip? — pihw — 3 —1/)2w)
By + d+ 1) (e + ath + aw + 20p + b + pi + pw — p + 2 + hw)

Yw (—aXy + aaffM + afMp + af M — ap?® — apw — A\pip = Mp? — pp? — ppw — ¢ — %)
a By +d+1v) (X + ) + aw + 2Ap + M\ + pt + pw — p + 12 + Pw)

w(—a/\zl)+aa5]V[+aﬂMp+aﬂM¢—oa/)Q — athw — A\pp — A% — pyp? — pihw — 3 —1/)2w)

+ BaX+ aw) + aw + 2Xp + XY + p + pw — p + Y2 + Yw) '

(3.6)

0 (—a)\w—i-aaﬁM—i-aﬂMp—i-aﬂMw — ap? — apw — App — Mp? — pyp? — pyhw — 3 —wa)
aX+ o) + aw + 20 p + A + pYp + pw — p + P2 + Yw

A (=X +aaBM + afMp + aBMp — a® — agpw — A\ptp — Mp? — pyp® — ppw — ¢° — P2w)
+ aX + ay + aw + 22p + M) + pYp + pw — p + P2 + Yw

+w (fon/JJraaBMJraﬁM'eraﬁMd) — ap? — apw — Apyp — Mp? — pi? — pypw — 3 71/J2w)
ad+a + aw + 2Xp + M + ptp + pw — p + Y2 + Yw

—afBM + M) + P2 + Yuw.

(3.7)

4. Reproduction number

The next-generation matrix technique is used to calculate the reproduction number of system
(2.5), a crucial idea in epidemic models. This value helps in the development of vaccination
programs by expressing the expected number of secondary infected cases that a primary case is
expected to cause during an infectious period. We employ infectious compartments (E, I, T, P)
to determine the reproductive number of system (2.5) since they separate the dynamics of eye
infection transmission from the overall population. These compartments enable the estimation
of the average number of secondary infections by identifying the rate of new infections using a
matrix F' and the rate of progression/removal using a matrix V. We have

85000
0000
0000
0000
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and
A+ +g¢ 0 0 0
—S +d+ 0 0
V= THa+Y (4.2)
0 -y p+v 0
1—A —d 0 ¥v—p
Also, we find
1
_— 0 0 0
A+Y+g¢
s I 0 0
1 A+v+)(r+d+9) y+d+y
vl = (4.3)
Y gl 1
A+ +(y+d+)(u+v) (y+d+ ) (p+v) p+
sd—(y+d+¢)(1—N) d 1
W =p)A+¥+)(y+d+4) (v+d+¥)(W —p) b —p
Then, from
|[FV—! — AI| =0, (4.4)
we get the dominant eigenvalue known as reproductive number (Rg) by
aM
Ro=——""—. 4.5
" O+ Y +) 9

o If Ry < 1, the eye infection will not spread and die out.

o If Ry > 1, the eye infection will spread and become endemic.

Figure 2 shows the analysis of the reproductive number under varying parameter values. The
findings indicate that the parameters with the strongest positive sensitivity are a and M. As a
and M are increased, Ro also grows. We can also see that the sensitivity of the parameters 1,

¢, and A is negative. Ry drops as these parameters’ values increase.

4.1. Sensitivity analysis

Sensitivity analysis evaluates how various factors impact a model’s stability and helps identify

important variables, especially when dealing with confusing data.
aM
Ro=—""".
"+ +9)

The following is an analysis of R sensitivity:

6720: M >0 8R0: a >0
da YA+ +5g) OM YA+ +9) ’
8R0 _ aM 0 6720 B _aM(/\+2w+g)
G T A W] WA SIS

8R0__ aM <0
ds YA +yY+o)2

0, (4.6)
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(a) Ro vs a and M (b) Ro vs a and ¢

(d) Ro vs a and ¢ (e) Ro vs ¢ and M (f) Ro vs s and M

(g) Ro vs A and M (h) Ro vs ¢ and A (i) Ro vs Aand ¢

Figure 2. Analysis of reproductive number’s variations to different parameters.

The sensitivity indices of Rq’s parameters are displayed in Figure 3. When the corresponding
parameter rises, the reproduction number rises with a positive sensitivity index, and when the
parameter rises, the reproduction number falls with a negative sensitivity index. a and M expand
and ¢, ¥, and A contract in Figure 3. The value of Ry depends on the situation. For efficient
infection control, prevention should come before therapy, and these indicators help identify the
key elements that characterize the spread of eye infections.

4.2. Existence and uniqueness

The fractional-order eye infection model’s existence and uniqueness are established, proving both
its mathematical soundness and biological significance. It is demonstrated that, under certain
beginning conditions, the model has a single solution by using the Lipschitz requirements and
the Banach contraction principle. This accuracy eliminates uncertainty in predictions and vali-
dates that the model can faithfully depict the dynamics of eye infection across time, laying the
groundwork for more research into stability, bifurcation, chaos control, and numerical simula-
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Figure 3. Impact of parameter variations on Ro.

tions. Prior to performing epidemiological simulations, the fixed point theory offers a guarantee
for identifying the presence of dynamical difficulties. The fixed point theory of Banach and

Krassnoselskii to analyze the existence and uniqueness results of model (2.5).

condition, we write

EFP D@97 (1) = T[t, T(t)),
FEP DY P(t) = Plt, P(t)),
| FFP DYV R(t) = Rlt, R(t)).

After integrating, we get

S(t) = S(0) + A1S (t,5(t)) + AsS (0, S(0)) do = K1 + Ka,
E(t) = E(0) + A E (1, E(t)) + A2E (0, E(0)) do = x1 + X,
I(t) = 1(0) + Aud (1, I(1)) + Aol (0,1(0)) do = p1 + po,
T(t) = T(0) + AT (t,T(t)) + AT (0,T(0)) do = o1 + 09,
P(t) = P(0) + AP (t, P(t)) + Ao P (0, P(0)) do = ¢1 + 2,
R(t) = R(0) + Ay P (t, R(t)) + Ao R (0, R(0)) do = a1 +

To satisfy this

(4.7)

(4.8)



2924 K. S. Nisar & M. Farman

—w)t? ! w w— -
where A; = %T?j)’ and Ay = Wﬁ“@fg(t —0)*7 Lg% Now let P(k1, x1,p1,01, b1, 1)

be contraction maps and V(ka, x2, p2, 02, P2, 2) possess continuous and compact integral com-
ponents.

Theorem 4.1. [41] The contraction mapping P : [0, T] — RS satisfies a Lipschitz contractive
condition with respect to the positive constants M, My, M,, My, Mg, My > 0.

Proof. Let P : [0, T] — R® be defined on a complete normed space. The norm is given by

QI = max [[Q(4)]]; (4.9)

t€[0,T]

where Q = {S,E,I,T, P, R}.
(i) For S(t) and S(t), we have

|k(S, B,I,T, P, R)(t) — x(S, B, I,T, P, R)(t)|]
= |[(BE + 31 +4)(S = 9)|
<BIEN + ]| + LIS = S)Il
<M |(s-9)

(4.10)

)

where M, = ||(B||E|| + d[|I|| +v)||. Similarly, we obtain My, = ||(d + ¥ + X = B||S|])|], M, =
(o + 3+ d=[ISIDIl, Mo = [[(n+ ), Mg = [[( = p)Il, Ma = [[(¢» + p+ @)||. Thus, we have

IP(Q)(t) — P(Q)|| = A1 max |(Q)(t) — (Q)(¢)]

t€[0,T]
< A(Q)(1) — (Q)(1)] (4.11)
< AM,
where
M = max[M,, M, M,, My, My, M| < 1. (4.12)

(ii) We now establish that V possesses continuity and compactness and fulfills

|K(t, S)| < ©kl|S]] + Vs,
IX(t, E)| < O, B[] + Wy,
p(t, 1) < O[] + W,

p(t, T)| < O6||T'|| + Vo,
p(t, P)| < Og]|P|[ + Wy,
p(t, R)| < Ol P + Wa.

t
4.13

t (413

t

t

Let a closed subset Z of J is given by

J={(r,x,p,0,0,) € Z/||K, X, p, 0, 9,l| < 5,6 >0} (4.14)

For ("@Xapa g, ¢7a) € J7 we find

& (¢, S)| = Jnax AQ/O (t — o) to? 1k (0,8(0)) do

€[0,T]
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w, ¥

e Y — o) 16"k (0, S(0))| do
S el A TG
pw,ﬁ

< m@n§ + U, (4.15)

proceeding similarly, we obtain ||7|| as follows:

7%, X, p, 0, 0, )|
<[Ox+0,+0,+0,+ 04+ 0O,]¢

(4.16)
+\I/R+\PX+\PP+\PU+\I/¢+\IIO¢
:’r].
Now, for t; < to € [0, T], we find
| (t2, S) — £ (t1, )|
ty tq
~ A / (t — o)~ 10" 1k (0, S(0)) dor — / (t — 00" k[0, S(0)] do
0 0
t ta (4.17)
<Ay [/ (t = o)*lo?! —/ (t - a)w—laﬁ—l} (Ons +T,)
0 0
@nﬂ"‘ \I/n w,¥ w,¥
< EZ R g gt
| = AB@)I(w) et
Similarly,
Xg"i_ w,? w,V
— ({5 — 17’
‘X(t%E) (tlv )‘ = (w)r(w) ( 2 1 ) ’
O, +¥, (wy Lwo
— {5 — 17’
|p(t27I) (tl) )| > (w)F(w) ( 2 1 ) ’
O, + Y, w,¥ w,¥
- — 0 (g g .
7 (t2.7) = o (1, 7] < s (157 - 67)) (4.18)
@¢§+ \Ildl w,9 w,9
pP)— P < ——— " (tJ" —t7
‘¢<t27 ) (b(tl’ )‘ —_ AB(L{))F(W) ( 2 1 ) ?
Oqc + ¥, w9 w,d
— < — =t ).
etz R) = (11, B)] < e o (8577 = 67)
As to — 11,
I7(Q) (t2) — 7(Q) (t1)] — 0. (4.19)
This confirms the existence of unique solution. ]

Theorem 4.2. [41] A unique solution to the fractalfractional order eye infection model (Eq.
2.5) exists provided that

w, ¥

o
— M <1 M = max{M,, M, , M,, My, My, M, }. 4.2
(AIB%(w)F(w)) - 7 ax{ X0 =P ¢ } (4.20)
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Proof. Let S = (S1,S9,S3,S4,55,56) : Z — Z utilizes (4.13) as
S1(S)(t) =S(0)+ A1k (t,S(t)) + Aq /Ot(t - 0)‘”_10’9_114 (0,5(0))do,
82 (B) (1) = B0) + Sux (. 50) + 82 [ (6= 00" (o, Blo) do

$5.(1) (6= 10) + A1p (1.10) + 82 [ (= 01" o 1(0) do

. (4.21)
S4(T)(t) =T(0)+ Ao (¢, T(t)) + AQ/O (t — o)t Lo (0,T(0)) do,
$5.P) (1) = PI0) + 161, P(0) + 82 [ (1= 0)* 0" 90, Plo) o,
Se (R) (t) = R(0) + Aja (t, R(t)) + As /Ot(t —0)“ 16" La (o, R(0)) do.
For (S,E,I,T,P,R),(S,E,I,T,P,R) € Z, the following is achieved.
151 (5) (1) — 1. (5) ()] =1 || (8 S8) — # (6, 5®)]|
+A2/ HH(O’,S(O’ — £k (0, 8(0))|| (t = o) 0%k (0,8(0)) do
0
_ 0"’"719 _
<A |15 =S+ gy M 1S - 5l
O.w,ﬁ o
(4.22)
HS —?H — 0 when S — S. Hence
. O_w,ﬁ
151 (S) (t) = S1 (S) (1)]| < [Al - AE(ww} M, <1, (4.23)
with
- Uw,ﬁ
151 (S) (t) = S1 (S) (1)]] [1 — <A1 + MB%CU)NW)) MH] <0. (4.24)
Following this strategy, we discover
_ o‘wvﬂ .
Is(@®) -s(@Q) ®)] < <A1 + AW) M[[(Q) — (Q)]|- (4.25)
This verifies the uniqueness of system (2.5)’s solution. O

5. Stability analysis and Chaos control

In the fractional-order eye infection model, the behavior of the system close to steady states is
investigated by the local stability analysis of equilibrium points. By analyzing the Jacobian ma-
trix’s eigenvalues and fractional stability requirements, it is possible to ascertain local stability,
which shows if slight changes in infection levels will eventually go away. This approach clarifies
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how ocular infections spread or disappear initially and identifies threshold circumstances asso-
ciated with the basic reproduction number that affect the dynamics of the disease in the near
run.

5.1. Local stability

Theorem 5.1. [24] (Dy) is locally stable if Ro is less than unity; (D2) is locally stable if Ry
1s higher than unity.

Proof. At the equilibrium points (D*), we determine the Jacobian matrix of (2.5) as

[y — gE* _BS* 0 0 0 p ]
BE*  S*B—1Y—¢—A 0 0 0 0
0 'S —y—v—-d 0 0 0
J(D*) = Y (5.1)
0 0 ¥ —u—1v 0 0
0 —(1-=X d 0 p—v 0
i 0 (1-=2X) 0 o 0) —a—p—1|
The characteristic equation is calculated as
v+ + BE* BS* 0 0 0 —p
—BE* v—S*B+Yv+c+ A 0 0 0 0
0 —G v+y+yY+d 0 0 0
CO) = v+ 7
0 0 — v+pu+y 0 0
0 (1-=2Xx) —d 0 v—p+ 0
0 —(1=X) 0 — 0 v+a+p+y
(5.2)
where
vi=—Y—-BE", 1»n=SB-9Y-c—X v3=850-v—-v—d, (5.3)

vi=—p—1vY, vs=p—9%, Vg=—a—p—1.

All the eigenvalues are negative or less than 0, hence the the Equilibrium points, D; and D,
are stable. ]

5.2. Global stability

Regardless of the initial population numbers, global stability analysis assesses the fractional-
order eye infection model’s long-term behavior. In contrast to local stability, which applies
around equilibrium points, it verifies that system trajectories converge to a particular equilibrium
for all potential initial conditions. Based on the given epidemiological and control data, this
analysis is essential for verifying control strategies that aim to either eradicate or sustain ocular
infections over time. For the analysis of global stability of our eye infection system (2.5), we
discuss the following results.
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Lemma 5.1. [19] For all t > ty, a continuous function G € RT satisfies:

G G*
FEM pyw.? ((G -G*-G* 1“@*) < (1 — G) FEMD@iGy),  G* € RY,Vu,w € (0,1). (5.4)
Theorem 5.2. [24] The endemic equilibrium point of the eye infection system (2.5), denoted
by Do, is globally asymptotically stable if Rg is greater than 1.

Proof. Let the Lyapunov function be defined as

S E 1
G(t) :Ul(S*S* 78*1n§)+1)2(E7E* *E*In§)+U3(I*I* 71*111?)’
T P R (5'5)

where vy, v2, v, v4, U5, g are arbitrary positive constants. Equation (5.5) is entered into system
(2.5), and we obtain

FFMDZJ,ﬁG(t)
S —5* E - FE* I-1TI
<vi(S ) TDS + s 6D E + vy (— )DL (5.6)
T—-T* P — P* R—R*
+os(— ) DT + vs ()5 D P v (< )5 DR,

Their derivative values can now be expressed as follows:

S — 5" E—-FE*

FEMD@IG (1) < vy 5 V(@M — BES 4 pR — 1.S) + va( = Y(BES — (A +19 +6)E)
I_ *

DB~ (y+ d+9)1) + sl
P — P*
P

B B0 -0~ (atpto)R). (5.7)

Putting S=S - S, E=E—FE* I=1-I* T=T—-T*,P=P—P* R=R— R,

T

+ vs( Y = (p+¢)T)

+ o )(dl = B(1 = \) = (4 — p)P)

+ vg(

- S*){GM—/B(E — B')(S = §%) + p(R— ") = (S - 57)}

< vy (

{BE - E)(S - 57— A+ + (B - B}
I1-1I

(B - B = (v+d+ )1 -1}

OG-~ o -1}

Fos(CSE{dr - 1) — (B~ B - X) - 0 - (P~ P))
{

) (E—E*)(l—/\)—(a+p+¢)(R—R*)}, (5-8)
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S* B(E — E*)(S — 5%)? o PR—-RYNS (S —5)°
< 2 _ _ _ _
< vl{aM 5 aM 5 + p(R— RY) 3 5 }
BE—E* (S -5 (A+¢+q)(E—E) ey S(E-ENIT
. T
Fd ) (I — I7)? . LT (a4 )T —T*)?
+v5{d(I—I*)— CW;)P* (E—EY(1-))
L EZENNE @ PPy
P P
* C(E-EBY(A-NR" (a+p+y)(R— R
+116{(E—E )1 = A\) - -~ } (5.9)
Now, let v1 = vo = v3 =v4 = v5 = vg = 1, and finally we have
§PMDEG(E) = Ay — Ay, (5.10)
where
E — E*)*(S — 5
Aq :aM—l—p(R—R*)—i-ﬂ( ]2?( )+§(E—E*)+’y([—[*)+d([—[*) (5.11)
5.11
E—E*(1 - \NP*
+ ( i ) +(E—E")(1-\),
P
and
S B(E - E*)(S—8*)?  p(R—R9)S* (S 5)?
)\ _ *)2 _ *\ Tk
L 04U E-B) (BB
E I
J—T* 2 T* T — T* 2
I T T
dd = 1) P _PI )P (E— E*)(1 =\
L WP P (B BYL-NR | (atp+ )R- R
P R R '
From Equation (5.10), ¥FM D¥YG < 0 for Ro > 1, and {FM DG = 0 for
S=§* E=E', I=I, T=T", P=P*, R=R"
Thus, system (2.5) is globally asymptotically stable. O

5.3. Chaos control

The objective of chaos control in a fractional-order eye infection model is to reduce the chaotic
disease dynamics that are impacted by nonlinear interactions and memory effects. Predicting
and treating diseases is made more difficult by such turmoil. By stabilizing system dynamics
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and guiding them toward equilibrium states, control strategies increase the efficacy of preven-
tative and treatment measures for eye infections. Considering a fractional-order system with a
regulated design, system (2.5) is stabilized using the linear feedback regulate method based on
its locations of equilibrium.

EFFM D@V §(4) = aM — BES + pR — 1S — @1 (S — S*),
FPMDYVE(L) = BES — (A + ¢+ ¢)E — ma(E — E¥),
FEMDYPI(t) = ¢E — (v + d+ )] — ws(I — I),
FEMDEYT(t) = 41 — (u+ )T — (T — T¥),
FEMDEYP(t) = dI — E(1= ) = (¢ — p)P — @s(P — P¥),
FPMDPUR(t) = B(1 = ) = (a+ p+¥) R — wg(R — R¥),

(5.13)

where control parameters are dentoed by w1, ws,, ws,, w4, ws, we and {2} shows the proposed
system’s equilibrium point. The Jacobian matrix at {Qx} is given by

_—w—ﬁE—w1 —BS 0 0 0 P 1
BE SB—th—c—\— 1w 0 0 0 0
0 —y—Y—d- 0 0 0
J(E*): S Y w w3
0 0 y —p— ) — oy 0 0
0 —(1-\) d 0 p— 1 — s 0
| 0 (1-X) 0 0 0 —a—p—1) — ws |
(5.14)
We establish the characteristic equation as
[Vt +BE+m 35S 0 0 0 —p
_BE V=SB4 4+ At m 0 0 0 0
0 —< v+y+Y+d+w 0 0 0
fv) = ’
0 0 —y v+ p+ 4wy 0 0
0 (1=X) —d 0 v—p++ws 0
0 —(1-2) 0 0 0 v+a+p+ i+ wg
(5.15)
Let wy =1, wes =2, w3 =3, wy =4, ws =5 and wg = 6, then we get
v=—-y—-pBE -1 vp=8—9Y—¢c—A—2 v3=—y—Y—d—3
1 QP B ) 2 B ¢ ) 3 Y ¢ ’ (516)

vi=—p—t—4  wvs=p-9-5  v5=-a—p—i—6

Equilibrium points are asymptotically stable since all eigenvalues are negative.

6. Numerical scheme

This section presents a numerical algorithm [4,5,37] for simulating and analyzing the outcomes
of new eye-infection model based on the generalized fractal-fractional derivative with the Mittag-
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Leffler kernel. Examine the system (2.5) as
6 MDY (S(1) = 1 (¢ Q),
5D (E() = E(1,.Q),
6D (I() = E5(1,Q), 61)
5D (T (1) = Ea(t. Q)
6D (P() = E5(t, Q)
5 MDY (R(1) = E6(t.Q)
By applying the fractal-fractional integral with the Mittag-Lefller kernel, we obtain
1-—
S (tn+1) =50 + AB(w )tl 1951 (tm S (tn) E, (tn) v (tn) T (tn) P (tn) R (tn))
n to+1
+AB / Si(0,8,E,1,T,P,R) 0" (t,11 — 0)" ' do, (6.2)
r=2"7to
1-—
E( 77+1) =Ep + AB( )tl ﬂEl (t777S( ) (tﬁ)’l(tn)7T(t77)7P(t77)7R(t77))
n to+1
+AB) / Ei(0,8,E,I,T,P,R) 0" (t;41 — )" do, (6.3)
r=27%0
1-—
I(ty1) =Io+ AB(w )tl ULy (tyy S () s E (t) I (1), T (t) , P (tg) , R (t))
n to+1
+AB / I (0,8, E,1,T,P,R)0'™ (t, 11 — 0)" " do, (6.4)
r=2"7t0
1—w _
T (tys1) =To + AIB%(w)t% Ty (tn, S (ty), E(ty), 1 (ty), T (ty), P (ty), R (ty))
n to+1
+ AB Z/ 1) (0,S,E,I,T,P,R) 07" (ty+1 — o) do, (6.5)
r:2 to
P( 77+1) PO+AB( )tl ﬁPl (tﬂas( ) (tﬁ)7I(t77)7T(t77)7p(t7])7R(t77))
T rtot+l
+AB / P (0,8,E,I,T,P,R) 0" (t,41 — 0)" ' do, (6.6)
r=2 "1
1-—
R (tﬂ—i—l) =Ry + AB( )tl 19R1 (t777 S (t"l) E (tﬂ) i (t'f]) , T (t'f]) , P (tﬂ) R (tﬂ))
n to+1
+ AB Z/ Ry (0,8, E,I,T,P,R)o'™" (ty+1 — )" do, (6.7)
2

r=

where AB = NI
As we have

1
G(t,Q) zG(tTi*% STI*% Ey—2, 2, Ty—2, Pan»Rnd) + Kt[
P77—1a R'f]—l) - G(tn—Qa Sﬁ—?a E77—27 qu—Q, T77_2’ P,,,,_Q’ Rﬂ—2)] (0’ — t77_2)

G(tﬁ*b Snfly Enfly Infl, Tn—l,



2932 K. S. Nisar & M. Farman

1
+ [G(tmsm By, Iy, Ty, Py, Rn) - 2G(t7,_1, Sn—1, Ep1,Iy-1,Ty-1, Py-1, Rn—l)

2A 2
- G(tn—Q, Sn—27 En—27 In—27 -[77—27 Tn—?a Pn—27 Rn—Q)] (U - tn—2)(0' - tn—l)‘ (68)

This suggests

1— ! to+1 _
S (tyr1) =So + 7Sy (Iy) + AB D S (Su)tp ) X / (tpe1 — o) do
to

AB(w) " =
1 1-9 1-9 fot w—1
+ ABZZ o [h081 (92) 17051 (39)] /t (0= ty2) (tys1 — o)V do
U
AB(w)I'(w) < INZR -2
to+1
X / (0 —ty—2) (0 —ty_1) (tys1 — o) ' do, (6.9)
to
l-w 1y 1- fott w1
E (ty41) =Eo + AIB%(w)t" By (Sa) + AB;El 4) by /to (tpy1 — o) " do
- 1 1—9 o 1-9 o fot1 w—1
+ ABZQ E X |:t77—1E1 (\SQ) _tn—lEl (03)} X . (0 — tn_g) (tﬁ-‘rl — O') do
w 1-9 1-9 1-9
+ B Z At2 [to Er(31) —260-0Ey (S2) + 119 Ey ()
to+1
X / (0 —ty-2) (0 —ty-1) (tys1 — U)w_l do, (6.10)
to
l-w 1y 1, [T w—1
I(tn+1) :IO+AIB( )t I (\Y4 —i—ABTZle R tn 2></t‘0 (tn+1_0') do

0

U
1 _ we
+ABY o [t;;ffl (S2) 1791 (3 )} x/ (0 — ty_s) (tgs1 — 0)* " do
r=2 ¢

n
w 1 _ B B
t ABW)M () > AL [té VI (S1) 260701 (D) + 55T (33)]

to+1 1
< [ 0= ty2) (@ = tyoa) iy — o) o (6.11)
to
1 1—9 iU o~ —9 to+1 w—1
T (ty41) T0+AB( )t Ty (S4) + ABY Ty (Su)t)-5 x (tys1 — o) Hdo
r=2 to
n 1 to+1 1
+ABY . = x [t};?n (S2) —th9T1 (S )} X /t (0 — ty—s) (tgs1 — 0)* " do
r=2 0
T AB(w ) ZM [té "Ta (S1) =26, 7T (82) + 14,7571 (3s)
(6.12)

to+1 1
X / (0 —ty—2) (0 —ty-1) (tyy1 — o) do,
to
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1-—
AB(w) "

to+1
P (ty1) =Po + -t Py (34 +ABZP1 th ) X / (tp1 — o) ' do
to

r=2

1 _ _ t0+1 o
+AB) | X [til—llgpl (S2) ~t, 1Py (%3)} X / (0 —ty—2) (tyr1 —0)* " do

to
w "1

0P (S) =261 P (S tHH=7p (.
+ EBWI(@) 2 A7 1670 P(S) —205 VP () + 5P (3)

fotl w—1
« / (0 =ty 2) (0 = ty_1) (tys1 — o) do, (6.13)

_ n to+1
R (tyi1) =Ro + 7;" ty "Ry (Sa) + ABY Ry (Sy)th -4 x / (tpe1 — o) L do
r=2 to

+ AB(O; ZAﬁ [té YR (3) —2t1 IR (S )+t717:gR1 ()
to+1
X / (0 —ty—2) (0 —ty—1) (tys1 — U)w—l do. 61

to

Where

tn—27 S77_27 E77_2,I77_27Tn_27P"7_27R77_2)7
ty_1, STLETL T Tt prot Ry
tT,S" E" I, T, P" R").

(6.15)

LW o W
w
I

From above equations,

to+1 w
[ =0 ar=E g1 - g,

to

to+1 1
| @ tia) a0 Mo

to
(At)w—i-l

:m[(n—r—i—l)w(n—r—i-fi—i-%))—(77—7")”(77—7"+3+3w)], 6.16)

to+1

/t (0 —ty—2)(o —ty—1)(tys1 — U)w_lda
(At)w 2

ww+1)(w+2)

—(n=7r)*2(n—7)? + (5w + 10)(n — 1) + 6w? + 18w + 12].

[(n—7+1)%2(n — )%+ (Bw + 10)(n — ) + 2w? + 9w + 12

As a result, we obtain

w(At) U

o 1—
AB(@)T(w+ 1) 1:281(“ DL < H

]_ _
S(by+1) =gty "S1(Se) +
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w(At)“ I (1 9 /o -9 o
- - H
BT T 2 Al 151(%2) ~ 47381 (S0)  x o
r=2
W(At)w . 1 1—9 X 1—9 x 1-9 o
T ABW)I(w+3) Z:; 2At2 {tT S191) = 26,151(32) “r—zsl(“?‘)} x Hs,
(6.17)
1—w _ w(At)¥ ! _
E(tn+1) AB(w)té YE1(Sy) + A]B(wgl”(z)—kl) ZE1(34)t3_§9 x Hy
r=2
w(At)¥ O N P ER AN e e
+ AIB((U)F(UJ—I—Q) Zit{tr— El(‘y ) tr—QEl(\yZﬁ)} X H2
r=2
w(Ab)* Ll fen o 10 (o 1-0
* AIB%(W)F(w+3)Tz:;2At2{t’" Bi(S1) = 267 B1(S2) + 5 F1(S) | x M,
(6.18)
1—-w _ w(At)Y ! _
r=2
w(At)“ N o =91
P BN T3 2 ArL T h(82) — (S | x
r=2
w(At)¥ | 1—97 /o =97 Lo
* AB(W)T(w +3) ; OALZ {tr L(S1) = 26,771 (S2) + ¢, 211(\53)} x Hs, (6.19)
1—w _ w(At)¥ ! _
T(ty+1) = AB(W) UT(Se) + AIB%(w()I‘(c)L)+1) > TSty x Hy
r=2
w(At)¥ 1 (e -
R T [ _ T Cx H
+ AB(w)'(w +2) ; t{tr_l 1(S2) — 6,25 1(03>} x Ho
W(At)w 2 1 1-9 o~ 1-9 Cx 1—9 Cx
* BN T8 2 sam " Ti(30) = 2T Ti(%) + 6T (%) | o,
(6.20)
1—w _ w(At)¥ ! _
r=2
w(At)¥ N N AR NN o e
+ AIB%(W)F(M—I—Q) ;t{tr Pl(‘g ) t, 2P1(JS)} x Ha
w(At)? ~ L foaan o 1-9p_ 1-9p (o
T ABw)T(w+3) z:; sa{tr PO = 260{P1(S:) + 5P (Ss) f X Ha,
(6.21)
l1—-w _ w(At)Y ! _
R(ty+1) =45 (w)t’17 YR1(S) + AB(WSF (Z)+ ) > Ra(Su)t 2y x Hy

r=2
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* AB(Z%?(TJF 2) ZQ %{tinl(%) B ti:gRl(%?’)} X Ho
e 3 a2 IR R} <,
(6.22)
where
Hy = {(77 —r DY = (- 7‘)“},
Ho = {(n—r+1)%(n—r+3+2) = (n—r)*(1 -7 +3+3w)}, .

7. Results of proposed scheme

This section presents numerical simulations that validate the stable iterative technique for the
eye infection model. The model is reduced at various fractional orders of w and fractal dimensions
of ¥ using a Mittag-Leffler kernel. MATLAB R2016b coding is used to find the simulation for
the fractional order nonlinear eye infection model (2.5). Extensive simulations were conducted
to assess the influence of parameter values on the model’s behavior. Figures show approximate
solution graphs against various fractional orders and dimensions. A stable posture is achieved
by reducing fractional values in each of the compartments of the proposed system.

e The curves depict the temporal variation of the susceptible group in Figure 4a. For the
classical case w = 1.0 the number of susceptible individuals declines rapidly, indicating fast
transition to the exposed or infected states. When w decreases, the decline becomes slower
and smoother due to the memory effect inherent in fractional derivatives. A lower fractal
dimension 9 = 0.8 further delays this decrease Figure 4b, reflecting higher irregularity in
the systems response.

e The Figure 5a illustrates the evolution of individuals who show symptoms but lack con-
firmed infection. The exposed group exhibits a risefall pattern. Higher w values yield an
earlier and sharper peak, whereas lower w shifts and flattens the peak, implying slower
disease progression. The reduction in fractal dimension from 9 = 1.0 to ¥ = 0.8 smooths
and prolongs the exposure period in Figure 5b.

e The infected class in Figure 6a shows its highest level and fastest growth at w = 1.0.
As the fractional order decreases, both the peak magnitude and the growth rate decline,
and the epidemic wave becomes broader. This behaviour highlights how memory effects
reduce abrupt changes in infection levels. Lower ¢ values similarly moderate and delay
the infection peak in Figure 6b.

e The treatment compartment in Figure 7a represents individuals actively receiving therapy.
Under w = 1.0 the entry into treatment is rapid and reaches a higher level. Decreasing w
results in a more gradual increase and lower peak treatment levels. The fractal dimension
¥ = 0.8 further spreads treatment uptake over time in Figure 7b, showing slower but
steadier treatment dynamics.
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e The Figure 8a captures the portion of the population adopting preventive measures. In

the integer-order case the rise in preventive behaviour is faster and more pronounced. As
w decreases, the adoption becomes delayed and less intensive. A lower fractal dimension
in Figure 8b again produces smoother and more extended preventive responses.

The recovered group in Figure 9a accumulates most quickly at w = 1.0. For smaller
fractional orders, the recovery process is slower but still converges to a stable level over
time. The influence of ¥ = 0.8 is to prolong the build-up of recovered individuals and to
reduce fluctuations in Figure 9b.

The three-dimensional surfaces display the combined effect of time and fractional order
on each compartment in Figures 10, 11, 12, 13, 14, and 15. These plots confirm that
for all compartments the solution trajectories remain bounded and converge to steady
states within the feasible region. As w decreases, responses become smoother and delayed,
highlighting the non-local and non-singular nature of the proposed operator. The fractal
dimension ¥ quantifies the irregularity of the model and, together with w, enables a more
realistic representation of the epidemic dynamics. A fractional-order model loses its gener-
alized quality when its phase picture is altered by changing the initial conditions. Because
of the system’s memory, this change occurs, leading to path-dependent dynamics that may
produce non-unique results and crossover paths. Because attractors are more sensitive to
beginning conditions than just basin edges, stability basins become complex. This feature
makes fractional-order models more applicable to real-world situations, such as biological
adaptability and hysteresis.

The classical integer-order solution at w = 1 serves as a reference point for evaluat-
ing the numerical simulation outcomes. In contrast, the trajectories corresponding to
w = 0.95, 0.90, and 0.85 exhibit a more gradual rise and decay over extended time inter-
vals relative to the classical model. The proposed fractal-fractional formulation surpasses
both the standard integer-order and conventional fractionalorder approaches owing to its
nonlocal and nonsingular characteristics and its capacity to incorporate the effects of the
fractional operator and the fractal dimension simultaneously. This framework deepens the
understanding of complex dynamical processes and offers practical benefits for managing
public health challenges such as eye infections.

Proposed Method Proposed Method
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Figure 4. S(t) simulation at various fractal-fractional parameters.
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Proposed Method Proposed Method

(a) p=1 (b) ¢=0.8

Figure 5. E(t) simulation at various fractal-fractional parameters.
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Figure 7. T(t) simulation at various fractal-fractional parameters.
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Figure 9. R(t) simulation at various fractal-fractional parameters.
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Figure 10. Surface plots of S(t) showing phase trajectories and stability within the feasible region.
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Figure 11. Surface plots of E(¢t) showing phase trajectories and stability within the feasible region.
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Figure 12. Surface plots of I(¢) showing phase trajectories and stability within the feasible region.
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Figure 13. Surface plots of T'(t) showing phase trajectories and stability within the feasible region.
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Figure 14. Surface plots of P(t) showing phase trajectories and stability within the feasible region.

x10% x10%

1 25 1 25
0.9 0.9
0.8 0.8
0.7 0.7
15 15
0.6 0.6
3 3
0.5 0.5
1
0.4 0.4
0.3 05 0.3 05
0.2 0.2
0.1 0.1
0 10 20 30 40 50 0 10 20 30 40 50

Time Time

(a) p=1 (b) ¢=0.8

~
~

-

Figure 15. Surface plots of R(t) showing phase trajectories and stability within the feasible region.

8. Conclusion

This study examines the dynamics of eye infection spread across six groups using a nonlinear
model. The study illustrates how strong immune systems can stop the development of disease
without the use of medication by presenting a fractional order eye infection model that includes
early detection and prevention techniques, therefore fostering disease-free surroundings. The
models infection threshold is evaluated, and both the local and global stability of its disease-
free and endemic equilibria are investigated. The Mittag-LefHer kernel is used to simulate the
effects of eye infections, providing a realistic approach. The study also numerically duplicates
the impacts of recent resource scarcity, showing that everything starts to be used in just a few
days. The fractal fractional approach, which produces better results for each compartment at
various fractional derivative values, is used in the study to forecast future research on reducing
eye infections. The efficacy of this approach in preventing eye infections is increased as solutions
become more accurate and dependable as dimensions and fractional values decrease. Future
research should consider extensive modeling based on detailed studies and external factors for
more realistic simulation results. Under the Caputo operator, further research will examine
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the optimal controls for the suggested model. Clinical validation and customized treatment
approaches should be prioritized in fractal-fractional order models for ocular infections. One
important approach is to use patient-specific data to calibrate model parameters, which can
measure how infection history affects recovery rates. This method could improve outcomes
for chronic infections like fungal keratitis or herpes eye disease by enabling adaptive dosage
strategies to maximize treatment intensity based on individual inflammatory histories.
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