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Abstract In this paper, we present the concept of an orthogonal double controlled or-
thogonal m-metric space by employing two control maps a and £ on right-hand side of the
triangular inequality of m-metric space. We also present an example to illustrate our re-
sults. Using the resulting conclusions, analytical solutions to integral equations have been
discovered. A numerical solution is used to validate the analytical solutions.
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1. Introduction

Following the axiomatic interpretation of a metric space by the French mathematician Frechet
in 1906, discoveries in mathematics in general and functional analysis in particular went in
new directions. We can see how vast is the subject of fixed point theory and its applications
in various areas. Fixed point results deal with the existence and properties of fixed points.
These observations are critical in proving the existence and uniqueness of mathematical model
solutions. Fixed point outcomes are well known tools in the mathematical analysis and have
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strong applications. Fixed point techniques are also used to solve both integral and differential
equations, [12].

The notion of a partial metric space was initiated by Matthews [15] in 1994. Asadi et al. [5]
introduced the my-metric space in 2014, which is the expanded form of a partial metric space.
Mlaiki et al. [18] improved the definition of an “my”-metric space in 2016. In 2018, Mlaiki at
al. [17] expanded the concept of extended my-metric spaces. Also, in 2018, Abdeljawad et al. [1]
improved the notion of a controlled metric space [16,19] by using two control mappings. Recently,
Eshaghi Gordji et al. [10] introduced the concept of orthogonal sets and gave a new expansion
for the Banach fixed point result. Baghani et al. [6] proved the existence and uniqueness of
fixed point and as an application they found the solution for Volterra integral equations. Gordji
and Habibi [9] proved the existence and uniqueness of fixed point in generalized orthogonal
metric space in 2017. An orthogonal L- contraction mapping is introduced by Mukheimer et
al. [2] and solved integral equations. Gnanaprakasam et al. [8] investigated existence of fixed
point using an orthogonal triangular a— orbital admissible mapping under orthogonal complete
Branciari metric spaces. Prakasam et al. [21] introduces the concept of orthogonally modified
F— contraction of type - I and type - II and proved fixed point theorems under orthogonal
complete metric like space. Again Prakasam et al. [20] demonstrate the concepts of orthogonal
generalized F- contraction of type - (1) and type - (2) and prove several fixed point theorems.
Mani et al. [11] proved common fixed point theorems via simulation functions in orthogonal
Rectangular metric spaces. Uddin et al. [28] established the concept of orthogonal m- metric
space and proved fixed point theorems under the same metric. For more related details, kindly
refer to ( [3,4,7,13,14,22-27)).

In this article, we present a new orthogonal double controlled orthogonal my-metric space
(Shortly ODCOMMS), by applying two control functions «, & : Gx G — [1, 00) with the following
new triangle inequality as a characterization of the ODCOMM.

(AL(s, @) — AL ) a6, (AL, ) — AL ) +EE @) (AL ) — AL ).

In this regard, we enhance and expand certain well-known theorems from the literature as well
as established some fixed point results for the suggested contraction. Additionally, we present
some significant examples to support our claims. In the final section, we provide an application
to guarantee the existence of a solution of a Fredholm integral equation.

2. Preliminaries

In this section, we define many terms that are essential to understand this work.

Definition 2.1. [17] Let G # (). A map m : G x G — R is called a partial metric if the below
axioms hold for all ¢,w,3 € G,

1. ¢ =w iff m(¢,¢) = m(s,w) = m(w, w);
2. m(s,w) = m(w,s);

3. m(s,<) < m(s, @);

4. m(s, @) <m(s,3) +m(3, @) —m(33)-

Definition 2.2. [19] Let G # (). A map mp: G X G — Ry is called an mp-metric with s > 1 if
the following conditions hold for all ¢, w, 3 € G,
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1. ¢ = w iff mp(s,<) = mp(s, @) = my(w, w);

2. mp oo <Mp(s,@);

3. my (s, @) = my(ew,¢);

4 my (S @) — Mo o < 8[(Mp(S,3) — Mg ) + (M6 (3, @) — Mpy0)] — Mo (3,3)-

Definition 2.3. [17] Let G # () and o: G x G — R;. A map mp: G X G — Ry is termed as an
extended my-metric if the following axioms hold for all ¢, @, 3 € G,

1. s =w iff mp(s,s) =mp(s,w) = mp(w, w);

2. My ¢ < My(S, w);

3. Mp(S, @) = Mpy(0);

4 my(S, @ — Mpew) < als, @)[(me(S,3) — Mec;) + (Mo(3, @) — My )]
The pair of (G, mp) is termed as an extended my-metric space.

Eshaghi Gordji et al. [10] proposed a generalized Banach fixed point theorem via the notion
of orthogonality.

Definition 2.4. [10] Let G # () and L C G x G be a binary relation. If
¢ €eG: (VseGsLlg) or (VseEGg L),

then (G, L) is said to be an orthogonal set.
Definition 2.5. [10] Let (G, L) be an orthogonal set. A sequence {s,} is called an orthogonal
sequence (Oy) if

(VoeN,g Lgyr1) or (YoeN g1 L.
Definition 2.6. [10] The triplet (G,m, L) is known as an orthogonal metric space (OMS) if
(G, L) is an Oy and (G, m) is a metric space.

Definition 2.7. [10] Let (G, L) be an Os. A map €2 : G — G is known as orthogonal-preserving
(shortly, O,) if Q¢ L Qw, whenever ¢ L w.

3. Main results
This section will begin with the definition of an my-metric space. But, first we will present
certain notions that will be useful during the proof.

Definition 3.1. Let G be a non-void orthogonal set and «, £: Gx G — [1,400) be two functions.
A map A|:GxG— [0,+00) is called an ODCOMM if the following axioms hold:

ml) ¢c=w <= Ai(5s)=A1(¢,w)=A)(w,w),V¢ Ll w, ¢weEGQG

m2) A <Ai(s,w), V¢ lw, s weG
1, m) =A(w,s), V¢ L w;
(AL(s,m)—AL ) <als3)(AL(63)—AL ) +EG, ) (ALG @) —AL L),V ¢ Lo,c L.

Example 3.1. Take G = [0, 3]. For distinct ¢, and 3 € G, we take

(m1)
(m2) A
(m3) A
(m4)

m4
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1. Ay (s,w) =18 = A, (w,s), A1 (1,1) =1,
2. AL(QZ?) =6= AL(Z’ag)a AL(272) =38,
3. AL(g,w):'?:AL(w,j), Al(3,3):3.

Define the binary relation L on G: If there exists @w € GV ¢ € G such that ¢ | w then, (G, L) is
orthogonal set. Also define «,&: G x G — [0,00) by

2¢ + 3, if ¢ > w,
afs, @) = 2 .
3w”+1, otherwise,
and
8 + 4, if ¢ > w,
§(§7 w) - 2 .
2% 41, otherwise.

Clearly, (m1) — (m3) are satisfied. Now, to prove (m4) first, we verify the triangle inequality:

Al(s,@) = AL, <al63)(AL(s3) —AL,) + 86, @) (ALG @) — AL, L),
18 — 8 < 7(3) + 8(3),
10 < 45.

Clearly, A | is an mp-metric. Hence, A is an mp-metric, but it is an ODCOMM.

Example 3.2. Consider the set of fourth roots of unity with squared modulus distance. i. e.,
G = {s € C:¢* =1}, the fourth roots of unity,

G={1,-1,i,—1}.

Let us define the orthogonality as two roots are orthogonal if their product is primitive fourth
root of unity

clw iff ¢-we{i, —i}.
Let, a, & : G X G — [1,400). Now, define the control function o by

o, @) =2+ max(argg, arg w)’
T

and & for an orthogonal pairs ¢ | w by,

|arg(s) — arg(w)|

£(s,m) =2+ -

Now, define A __ = max{A}(s,¢), Al (@, @)} and define the distance function A by,

arg(s) + arg(w)
2w

Al(s,w) =|s—w|*+ , s L.

Let us check for the orthogonal pairs:

el li: |[1—-i*=2, arg(l)=0, arg(i) =73, then, A (1,1) =2.25.
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o1l —i: [1+i?=2, arg(l)=0, arg(—i)= 3%, then, A (1,—1i) = 2.75.
eil —1:|1+i>=2, arg(i)=7%, arg(—1)=m, then, A (i,—1) =2.75.
e —11—i: |—-1+i>=2, arg(-1)=m, arg(—i)=2F, then, A (—i,—1) = 3.25.

Now, to verify:

(ml) s =w = Ay (s,6) =A1(s,w) = Al (w,w); holds true.

(m2) For orthogonal pairs:
Al =max{A(5,¢),A | (w, @)}
1. For 1 1L i:
Al,, = max (AL(L 1),A (4, i)) = max <1, 1.25) = 1.25.

Also, 1.25 < 2.25 satisfied.
2. For 1 1L —1i:

A, , =max (AL(I, 1),A(~1, —i)) = max (1, 1.75) = 1.75.

Also, 1.75 < 2.75.
3. For i 1L —1:

A, , =max (AL(—I, “1), AL (4, i)) — max (1.5, 1.75) —1.75.

Also, 1.75 < 2.75.
4. For —1i 1 —1:

A, , =max (AL(—l, —1),A (—1, —i)) = max <1.5, 1.75) = 1.75.

Also, 1.75 < 3.25.
Hence, (m2) holds for all the orthogonal pairs.
(m3) To verify (m3), Since, |¢ — w@|? = | — ¢|? holds for all pair ¢, @, (m3) holds good.

(m4) TO Verify7 (Al(g7 w) - AJ—(,W) S a(g73)(AL(§73) - AJ—*:,(;) + 6(37w)(AJ—(37w) - AJ—g,w)’
V ¢ Lw,gls

— For 1l i:j3=—i,

1 —i 0,3
a(l,—i) =2+ max(arg(1), arg(~1)) =2+ 7max( ) =2+ § = 3.5,
T T 2
. ; 3w _m
(i1 oy laeCh) e, PF -

s m
1< 3.5(2.75 — 1.75) + 3(5 — 1.75) = 13.25.

Similarly, for other pairs of elements of G we have, 1 <L. H. S <4 <R. H. S.

Definition 3.2. Let (G,A, 1) be an ODCOMMS.
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1. An O {<,} in G converges to a point ¢ if
Jim (AL(se6) = Aig,) =0.

2. An O, {s,} in G is said to be a orthogonal A |-Cauchy sequence if

Q7IT]ii[jI£l)OO(AJ—(§g7gm) - AJ—§g,§m) and QILI&(AL§Q,Cm - mbCQSm) < Q.

3. An orthogonal double controlled orthogonal A | - metric space is said to be an orthogonal
A | -complete if every orthogonal A | -Cauchy sequence {c,} is convergent to ¢, that is,

Q’EQW(AL@Q, S) — Aj_gg’g) =0 and Qh_)Iglo(AJ_gg& —mg,¢) = 0.

Theorem 3.1. Let (G, A, L) be an orthogonal complete DCOMMS with the functions o, §: G X
G — [0,00). Suppose that an orthogonal continuous mapping 2: G — G satisfies

AL (9, Qw) < (AL(s, @) +pAL_ ), (3.1)

for all ¢, € G where p € (0,1). For ¢y € G, let 5, = Q9%p. Assume that

. 0(Sigrs Sita) 1
sup lim ———————=¢(a(ga, mp)) < —. 3.2
R e S ) < @2

In addition, for each ¢ € G, suppose that
glglolo a(s,s,) and ggrﬁlof(gg,g) < 0. (3.3)

Then the mapping Q has a unique fized point (UFP).
Proof. By the orthogonality, there is ¢y € G such that

V weEG glw or V weG wlg.

It follows that ¢y L Q¢ or Q¢p L ¢u. Let ¢ = Q¢p, 60 = Q61,63 = Qo .. Sor1 = 265, V o € N.
Since Q is Op, {s,} = Q% is an O, in G fulfilling the conditions of theorem. By (3.1), we get

AL (SprSot+1) < p?(AL(so,51) + AL, ), Veo=0.

For o,m € N with m > o, we get

AL (Sorsm) F AL, o0 < alSo, So+1) (AL (Sps So1) — AL<Q,<Q+1)
+ &(sor1, m) (AL (Sor1,6m) — AL L )
< oSy So+1) (AL (Spr50+1) = AL, y)
+ &(So+1, Sm) [@lSor1s Sor2) (AL (Sor15Sp42) = AL, ,0n)
+&(So+2 Sm) (AL (Sor2:6m) = AL, )]
< oSy So+1) (AL (SgrS0+1) = AL, y)

+ &(So+15 5m)(Sot1, So42) (AL (Sot1: Sp2) = A 0]
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+ &(So+1, Sm )& (Sp+25 Sm) [(A L (Sp+25 Sm) — Ai<g+2,<m )]
< a(Sot25 So+3) (AL (Spt25 Sp+3) — Algg+2,<9+3)
+ &(So+3, Sm) (AL (So+35 Sm) — Alcﬁg,cm)'
That is,
AL (sgrom) = AL, o0
< alSgr S+ (AL (Sor So1) = AL, )
+ £(So+15 Sm) Sot1, So2) [A L (Sot1, Sot2) — Aiggﬂ,ggﬁ}
+ &(Sot+1, Sm)€(So+25 Sm) [a(§g+2, So+3) (A L(Sp+25Sp+3) — AL<Q+2,<Q+3)
+&(Sor3, mp) (AL (Sprame) = AL )]
< alSgr S+ (AL (Sor So1) = AL, )
+ &§(So+1, Sm)(Sor 1, Sor2) [A L (Spr1, Sov2) = AL 1, )
+ &(Sor15 5m)&(Sot2, Sm)(Spr2, So+3) (AL (Spr25So43) — AL<Q+2,<Q+3)

+ & (Set1: Sm)8 (Sor2, Sm)E (Sor3 mp ) (AL (Sor3me) = AL )
<

< aSps So+1) (AL (Sos So+1) — Alcg,cg+1)

mp—2 a
+ Z < H §(§j,§m)>@(§a,§u+1)[AJ_(Q;,%-H)—Aj_guyga_'_l]

a=o+1 \j=o+1
mb—l

+ H E(gpy gm) [AL(gmbfla §m) - AJ‘gmhflﬁm]
p=o+1

< a(SosSor1)P? (AL (0, 51) — Au )

mp—2 a
+ Z ( H f(%‘»%))04(<a,§a+1)/)a[AL(<oa<1)—ALgo,q]

a=p+1 \j=p+1

mp—1
+ ( H f(ga,gm)>pmb_1(Al(§0,§1) - Aico,cl)

a=p+1
< alSps Sp+1) PP (A L(s0,51) — A, )

mp—2 a
+ > ( 11 £(<j,cm)>a(<a,ca+1)p“[A¢(<o,<1)—ALWJ

a=o+1 \j=o+1

mp—1
+< H 5(€a7§m)>ﬂmb_la(Cmb—ly§m)(A¢(€o,€1)—ALCO,Q)

j=o+1
< a(Sp So+1)PP(AL(s0,51) — AL, )

mp—1 a
+ > ( 11 f(g,%))a(ca,caﬂ)p“[AL(co,q)—ALGW]

a=0+1 \j=p+1
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< (g, So+1)P?(A L (0, 61) — AL, )

mp—1 a
+ > ( £(§j7§m))0‘(§a7§a+1)Pa[AJ_(§Ov§1)_AJ-co,cl]‘
0

a=p+1 \j=
Taking
¢ a
Se = Z (Hf(ghgm)) a(Sa, Sat1) P,
a=0 \j=0
we get
(AJ_(§Q7§m) - Aj_cg,qm) < (Al(go,q) — Alco,q) + [pga(gg, gg—&-l) + Sy 1 — 5@}. (3.4)

The equation (3.2) implies that an O, exists, and so {s,} is an orthogonal Cauchy sequence.
Indeed, we obtain

Tg = (Hf((j, Cm)) a(gcn §a+1)-
=0

Taking o, mp — oo in (3.4), we have

hm (AJ_ (gga §m) - AJ—§Q,<m = 0’

o,Mp—00

which implies that {s,} is an orthogonal Cauchy sequence, and by the help of orthogonal com-
pleteness of A |, there is ¢ € G such that

A, <A(s,Q),

s,

and

AJ_(g, Qg) - Aj_ggg g Oé(§, ¢Q) [Al(gv @ZJg) - Alg,wg] + 5(11}97 Qg) [AL(LZ)Q’ Q§) - AJ—UJWQJ :

By the orthogonality continuity of €2 and taking the limit, we have

$,82¢

AJ_(gv Qg) = AJ_

<0,
S, Q6"

Now, let

<

Doy = AL (W, 10) < LE(AL (Yo, ¥1) + AL, . )-

L:ae = A1(s, Q) where L7 o = max(A] (s,¢), AL (06, €)),

Since £ € (0,1), by applying limit, we have

* _
Yoo T 0.

Finally, since

AJ_(ga Q§) = AJ—c,Qc S 'C:,Qw
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one writes
AL (96,90) = A
¢ = (.

s,

Hence, ¢ is a fixed point of €.
Now, we show the uniqueness. Let T € G be another fixed point of €. Then we have
N =¢, Q% =z V p € N. By the choice of ¢y, we have

[so L¢and ¢y L z]or[sLgandz L g.
Since  is O, we get
Q2% L Q° and Q9 L Q7]
or
[Q% 1 Q% and Q% L Q%], VoeN.
Thus,
A (s, z) = A1 (Q%,9%) < pA | (6, %) < Ay (s, T),

which implies
and so

O]

Example 3.3. Let G = [0, 00). Consider the orthogonal complete DCOMM defined by A | (s, w)
= ¢+ @, for all ¢, € G. Given the functions «,&: G2 — [0,00) as

)_{8, if ¢, > 1,

a(s, @) = .
8(¢ +2), otherwise,

and

7, if ¢,o>1,
§(s,w) = :
7(w +2), otherwise.

Define the binary relation 1 on G by ¢ 1L w if w < 8. Taking Q¢ =1,V ¢ € G and ¢ = 1 and

p= %, we obtain

.« 1
sup lim 7(§a+1’ga+2)§(qa+1,gm) =1<4=-,
my>1 4= Oé(ga)a Sa+1 P

that is, (3.2) holds. Moreover, for every ¢ € [0,00) we get
ghﬁrgo a(s,s,) = max(1l,¢) < oo and
Jim £(c,, ) = max(c, 1) < co.

Thus, (3.3) holds. All the axioms of Theorem 3.1 hold, and ¢ = 1 is the UFP.
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Theorem 3.2. Let (G,AL, L) be an orthogonal complete DCOMMS and 2: G — G be an or-
thogonal continuous mapping. Suppose that there are k,i € [0,00) with

]_fa(%:gg—l)

’ <1, (3.5)
020 1 —4£(Sp, So—1)

where g, = Q2% and for any ¢ L ¢y, <, €G,
ka(s, Qg) +i€(s, Q) < 1

If

AL (0, 9m) < kals, %) AL(s, ) + if(w, Q@) A L (@, Q0w),

then Q2 has a UFP.
Proof. By orthogonality, there is ¢y € G such that

V weEG ¢glw or V weG wlg.

It follows that g9 L ¢y or 25y L ¢p. Let g1 = Q¢p, 0 = 61,63 = 6, - - - o1 = §2,, for every
o € N. Since Q is O, we first prove that

1Y
7 g 7( 1)
Ay (§ga§g+1 < K H [1—25(§(1a§c1+1)] AL(CO,Q)-

Let o € N. Then

AL(QQ; g,g—&-l) = AL(Qgg—lu §g)
< Ea(gg_l, Qo—1)A 1 (Sp—1,5p-1) + zf(%a Q6p) A 1 (g5 §26,)
< ka(So—1550) A1 (So—15S0) + 1€(Sps So1) A L (Sos Sp+1)s

and so

AL (Sp,So11) = 1€(Sr So11) AL (Spy Sot1) < k(Sp—1,50) A1 (Sp—1,S0)5
AJ_(gmgg—i-l)(l - ;f(%v §9+1)) < Z"a(gg—lﬁg)Al(%—lﬂg)-

Hence,

< ];Oé(gg—h gQ)AJ—(gL)_h CQ)
1 > <
1-— Z§(§g7§9+1)
];‘Oé(ggflj gg)
_ kalemrs) o o0 )
1-— Z§(§g, §g+1) ¢ ¢
k2a(§g7§gfl)a(§9*1’§972)

< S 2
(1 =28 o)) (1 = i€ (51, 5))]

Ai (ggfla gg)

A (So,61)-
1- Zf((a, §a+1)

ﬁ [ §u,§u 1
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Since

(Sgs Sp—1)

BT AY el VRS S |
0700 1 —i&(Sp, Sp+1)

by the ratio test,

00 0
7. A Sq, Sa—
§ ke H M S50 = AJ_(§9>§Q+1) 0.
a=1 a=0 1- Z§(§a7§a+1)

Further, for o,m € N,
A (Spssm) = AL (2601, Q5m—1)
< kalsy1, 55 1) A1 (Sp-1, 50-1) + 1€ (Smg—15 Lom—1) A1 (Smp—1> m—1)
< ka(Sp-1,50) A1 (Sp-1,50) + 1€(Sm—1,5m) AL (Sm—1, Sm)-

It implies that A (Sp,Sm) converges to 0. Since

Ang,gm = min(AL(ggv gg)a AL(gm, gm)) < AL(gma gm)7

we conclude that

lim (AL (S, sm) = AL, qn) =0

o,Mp—00

Also, suppose that

*

Ly on = max (A (S, Se)s AL(SmySm)) = AL(Sp,Sp)-
Then

‘C* - AJ—Cgvgm g ‘C

*
So,Sm SoSm
= AL(gga g@)
= A1 (Q6-1,2-1)

< ka(Sp-1550) AL (So—1550) + 1€ (Smp—15 Sm) AL (Smgp—15 Sm)-
Let us take p — 0o, we get

lim (Lf

o,mp—ro0 " cQm B Algg&“) =0.

Thus, {¢,} is an orthogonal Cauchy sequence, and by using the orthogonal completeness of A |
which implies that {¢,} — ¢ € G and so {,} = ¢,41 — ¢, ¢ € G. Furthermore, by the hypothesis
of Theorem 3.2, i.e., Q: (G,A;) — (G, A ) is orthogonal continuous, we show that {Q¢,} — Q.
By 3.1, we get

A (e, ) —A) , =0,

0, Q0

and

A (6, 0) = Ap (2, )
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< kou(e, Q)AL (0, 0) +i€(e, Q)AL (¢, )
(kau(e, Qu) 4+ 1€(1, )AL (¢, )

Hence,

A (e, ) = A3 (Q, Q) =0.
By the same observation given in the above equality, we obtain
AL (Q, Q) = AL (Q2%,9%) = 0. (3.6)
Since (G, A}, 1) is orthogonal complete, one writes
0% = Qu.

Thus, we get

is a fixed point of €.
Now, let £ € G be one more fixed point of 2. Then we obtain Q% = ¢,2¢x = Z for each
o € N. By the choice of ¢y, we have

[so Lsand ¢y L Z]or[sL g and Z L g.
Since 2 is O, we get
Q% L Q% and Q% L Q°z],

or

[Q9% L Q% and Q% L Q°%p], VoeN.

Thus,
Ap(s,7) = A1 (2%,0%7) <sA1(5,7) < AL(s,7),

which implies
and so

That is, €2 has a UFP. O
Example 3.4. Let G = {1,2,3} and a,&: G X G — [0, 00) be defined by

afs, @ .
w?, otherwise,

)_{<+1, if ¢ > o,
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and

( ) 3, if ¢ > w,
S, W) =
2w, otherwise.

Given
Al(s,w) =¢+w,

and define the binary relation L on G by ¢ | w if Q: G — G is given as

Clearly,
A (ws, ww) < ka(s, ws) A (s, ws) + i€ (w, ww)A | (w, ww).
Taking w¢ =1 for g = 1, we get

Eaﬁ(gg,gg_ﬂ -1
070 1 — 1&(Sp, So+1)

That is, the equation (3.5) holds.

Jim (s, ¢) = lim £(c,, <) < oo,

hence all the axioms in Theorem 3.2 are fulfilled, and therefore a fixed point is ¢ = 1.

4. Application

Let G = C([0,1],R), and

1
'(e) —/0 A(e,n,5'(¢))dn, for e,n € [0,1], (4.1)

be an integral equation, where A(e,7n,¢'(¢)) is a continuous function on G. Now, we define
ALZ G X G,

/
ALfe.om) s sup SO0
e€[0,1] 2
Note that the double controlled my-metric space (G, A, 1) is already as shown in Example 3.1.

Theorem 4.1. Suppose that for all ¢, € G,

1.
[Ae,1,6'(e)) + Ale,n, @ (e))| < 2}(1)11]({\5(6)(?2(6)D})(I<’(e) +w(e))

< (ezm]({k'(e)(W(e)!)})(k’(e) +@(e)]) + Yg()m(e)1)

1

(1 + supe., [A(e, 7,/ (¢)) + A(eﬂi,w(e))])?]’ and for some ¢ € [0,1]

where p € [0,
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2.
A(e,n,/o A(e,n,§’(e))bn) < A(e,n,¢'(e)), ¥V e,n€]0,1]. (4.2)

Then the equation (4.2) has a unique solution.

Proof. Let Q: G — G be defined by Q¢'(e fo (e,1,¢'(e)). Then

A1 (Q(),Q(w)) = sup (W)

e€[0,1]

So we get

() + )| _ |y Alesn,s'())om] + | fy Ale,n,=(e))on]
: - Jo IAG <)l f Jo [A(e;n, @ (e))[on
Jo (1A(e,m,¢'(2))] +2|A<e,n,w<e>>|)an
_h supeem<{<’<e\<2w<e>>>}><\<'<e> + @ (e)))on
_ Jo psupeepyy <{<’<e<w2<2e>>>}><<'<e> + @ (e)]))on

+ P(Qe(e) (o)) by (1),
Q) + QUw
HOLAEN < s (s,) + A,
AL (926,0w) < p(AL(s, ) + AL ).
Furthermore, let o € N, and ¢ € G. Then

Q2% (e) = Q271 (¢))
:/OIA(e,n,QQ‘lg’(e))dn
_ /OIA(e,n,Q(QQ‘Zc’(e)))dn

< /OlA(w /OIA(w 0272 (¢)))on

1
< [ A9
0
= Q1 (e).
Thus, for all ¢ € [0, 1], we find that the sequence {Q9¢’(¢)} converges to £. Since Q2 — £ is mono-

tonic, by using Denis theorem, we obtain that A (Q(s), Q(w@)) = supcjo 1] (W) — /L.

Thus, all the axioms of Theorem 3.1 are fulfilled and the equation (4.1) has a unique solution.
O
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Example 4.1. Given an integral equation as follows:

ft) = /0 cos(t — s)k(s)ds = tsin(t). (4.3)

Now, we are going to find the approximate solution of this integral equation under this metric.
Then, we will find the relative error between our approximate solution and the analytical solution
as follows:

Proof. From (4.3), the exact solution is k(t) = 2sin(¢), for 0 < t < 1. Table 1 shows the
numerical values.

Table 1. Comparison of k(t) and approximation solutions.

t K(t) approximation solution approximation solution
(m=64) (m=128)
0.0 0 0.010417 0.005208
0.1 0.199667 0.197570 0.192399
0.2 0.397339 0.382942 0.398412
0.3 0.591040 0.605205 0.589930
0.4 0.778837 0.781174 0.785758
0.5 0.958851 0.967335 0.963098
0.6 1.129285 1.126666 1.122812
0.7 1.288435 1.276056 1.289847
0.8 1.434712 1.446451 1.433200
0.9 1.566654 1.569934 1.572171

The graph below combines analytical and numerical results. Figure 1 and Figure 2 show

14 /'/

o
12
1 //

08 //
0.6 /’

)

0.2 H

0

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
t

Figure 1. Graph of f(t) (m = 64) compared to (t) for (h=0.1).

that the error between f(t) and k(t) is also relatively very small. O

Example 4.2. Consider the integral equation

f(s) = 1 K(s,t)z(t)ot, 0<s<1,
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0.8

0.6

0.4

0.2

0 . L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

t

Figure 2. Graph of f(t) (m = 128) compared to (t) for h=0.1.

2
where K(s,t) = €5t and f(s) = 6((5;731;17 with the exact solution z(s) = e®. Consider Table 2

Table 2. Numerical results for a test problem, using the proposed method.

s f(s) t(s) Error

0.100 1.727 1.105 0.622
0.200 1.758 1.221 0.537
0.300 1.811 1.349 0.462
0.400 1.887 1.491 0.396
0.500 1.992 1.648 0.344
0.600 2.129 1.822 0.307
0.700 2.306 2.013 0.293
0.800 2.533 2.225 0.308
0.900 2.823 2459 0.364
1.000 3.194 2.718 0.476

shows that the error of f(s) compared to the solution z(s) is relatively different.

5. Conclusion

In this article, we proved some fixed point theorems for an orthogonal complete DCOMMS. The
derived results have been supplemented with suitable trivial and non-trivial examples. We have
also presented an application to find the solution of an integral equation. The solved analytical
results have been stimulated with related numerical results. It is an open problem to generalize
and extend to the derived results by using other contractive conditions.
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3.5

—4—f(s)
—+—xis)
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Figure 3. Graph of f(s) compared to z(s) for h=0.1.
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