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LOCAL WELL-POSEDNESS IN CRITICAL BESOV SPACES, BLOW-UP
ANALYSIS, AND GLOBAL EXISTENCE OF SOLUTIONS FOR THE
B-FAMILY FOKAS-OLVER-ROSENAU-QIAO EQUATIONS
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Abstract This work establishes the local well-posedness of the b-family Fokas-Olver-
Rosenau-Qiao (bFORQ) equations in the critical Besov space BS,/IZ(R). We then analyze
two special cases: For b = 1, we prove finite-time blow-up of solutions with the explicit blow-
up time T < —1/ (eupy(z1)mo(z1)); for b = 0, we show the existence of global solutions in
time.
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1. Introduction

The b-family of the Camassa-Holm equations
{mt—l—umx—i-bummzo, (t,z) € RT x R, (L1)

m = (1 - 0?)u, (t,z) € RT x R,

where b € R denotes a dimensionless parameter and u(t, z) denotes the fluid velocity field, con-
stitutes a family of nonlinear dispersive partial differential equations. This system, introduced
by Holm and Staley [13], was established to investigate stability exchange in solitary wave inter-
actions within shallow water regimes. The governing equations unify multiple integrable models
in hydrodynamics through the parameter b: When b = 2, the system reduces to the celebrated
Camassa-Holm (CH) equation, renowned for its peakon solutions and complete integrability.
Similarly, the case b = 3 corresponds to the Degasperis-Procesi (DP) equation, another inte-
grable model exhibiting nonlinear wave phenomena. These specializations highlight the critical
role of the parameter b in modulating nonlinearity and dispersion characteristics across shallow
water wave theory.
The Camassa-Holm (CH) equations
my + umg + 2uzm =0, (t,7) € RT x R, (12)
m = (1—02)u, (t,z) € RT x R, '

originated in the mathematical framework of hereditary symmetries developed by Fuchssteiner
and Fokas [12]. This nonlinear dispersive PDE gained prominence when Camassa and Holm [2]
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rigorously derived it in 1993 as a model for unidirectional shallow water wave propagation
over flat topography. As a completely integrable system, the CH equation exhibits an infinite
hierarchy of conservation laws [19,20]. Its solution behavior in Besov spaces has attracted par-
ticular analytical attention. The well-posedness theory for (1.2) was systematically established
by Danchin [7], who proved existence and uniqueness of solutions for initial data ug € B, , with
13
s> max{l + o 2} and (p,r) € [1,00] X [1,00).
Danchin [8] extended these results to the critical Besov space BQ% 1, demonstrating well-posedness
in the sense of Hadamard through continuous dependence on initial data. In [16], McKean
established necessary and sufficient conditions for the blow-up scenario. These conditions depend
solely on the geometric configuration of initial data, without requiring any constraints on their
smoothness. Specifically, let yo = (1 — 82)ug, the CH equation (1.2) breaks if and only if some
portion of the positive part of yg lies to the left of some portion of its negative part. McKean
provided the proof via contradiction in [17], showing that global existence of solutions satisfying
these conditions would lead to a contradiction. Nevertheless, this approach offered a limited
understanding of the equation’s intrinsic analytical structure. Subsequent work by Zhou [26]
and Jiang et al. [14] offered analytical proofs that further indicated the structural properties
underlying the blow-up mechanism.
The Degasperis-Procesi (DP) equations

(1.3)

my + umg + 3uzm =0, (t,z) € RT xR,
m = (1—0?)u, (t,z) € RT x R,

originated in the mathematical physics framework through the seminal work of Degasperis and
Procesi [10]. This third-order nonlinear dispersive partial differential equation shares funda-
mental integrability characteristics with the Camassa-Holm equation, notably possessing a bi-
Hamiltonian structure [9] that underpins its complete integrability. The analytical theory for
(1.3) has been substantially developed through rigorous analysis: Yin [23, 24] established its
well-posedness in Sobolev and Besov spaces via refined energy estimates. In particular, Yin
characterized in [24] the blow-up mechanism precisely: For initial data ug € H*(R) with s > 3,
the corresponding strong solution u blows up in finite time 7% < +oo if and only if

liminf ( inf wy(t, = —00. 1.4
ot (i 0.0)) = o 4

Furthermore, Zhao and Yan [25] established a quantitative estimate for the maximal existence
time by proving that the strong solution u exhibits finite-time blow-up at precisely T, where
the blow-up time satisfies the upper bound

2

T™<Tyi= ——"7—".
3l|uo |l oo (m)

(1.5)

For other properties of the solutions to the DP equation, we refer the reader to [4, 11].

For general values of the parameter b # 0, the b-family equation (1.1) does not represent
a completely integrable system. The foundational well-posedness theory was established by
Zhou [27], who proved that for initial data ug € H*(R) with s > 3, there exists a maximal
time T = T'(||uo||zr+) > 0 yielding a unique solution u € C([0,T); H*(R)) N C*([0,T); H**(R)).
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Moreover, equation (1.1) exhibits an identical blow-up scenario to that of (1.2). For the case
where b € [2, 3] and the initial data ug € H?(R) satisfies the following conditions at some point
zg € R with mg := (1 — 02)up:

(1) mo(zo) =0,

(2) mo(z) >0 (#0) for all z < =,

(3) mo(z) <0 (#0) for all z > =,
the solution experiences finite-time blow-up with an upper bound on its lifespan given by

% 4 UQx (JI()) }
T <max< — ,— . 1.6
N { uox(0) " (uf, — ug)(wo) 0

For the well-posedness theory, we refer to the foundational work of [3,21], which provides com-

prehensive analyses and additional references on this topic.
This paper investigates the following bFORQ equations

x

my + (u? — u)my + bu,m? =0, (t,z) € RT x R, (17)
m = (1 — 02)u, (t,z) e RT x R. '
The local well-posedness theory for this system was developed by Yang et al. [22]. Their main

result states that for initial data mo € B, (R) with parameters satisfying

11
1<p,r < oo, s>max{,},
2'p

there exists a maximal time 7' > 0 such that the Cauchy problem (1.7) admits a unique solution
m in the following spaces

E; .(T):=C(0,T], By .(R)) N C'([0,T], By ;' (R)), r < o0,
Ej (T) := L>=([0, T}, B; . (R)) N Lip([0, 7], B .1 (R)).

Notably, the critical case p = r = 2 recovers the classical Sobolev space framework: B3 5(R) =
H*(R). This yields local well-posedness for initial data mg € H*(R) with s > 1, corresponding
to solutions ug € H*(R) when s > % Moreover, they established the following blow-up scenario:
Let b € R, mg € H*(R) with s > % and 7" > 0 be the maximal existence time of strong solution
m to the Cauchy problem (1.7). Then the solution m blows up in finite time if and only if
liminf inf mu,(t,z) = —oc.
t—T zeR

Furthermore, they require the solution to satisfy the estimate ||u(t)| o ®) < Ce®* along with
additional conditions, which determine the precise blow-up time. We refer the reader to the
complete statement of the theorem for a detailed argument. In [28], Zhu et al. conducted a
study of the solutions to (1.7). Specifically, they discussed the persistence property in weighted
Sobolev spaces and established infinite propagation speed. To the best of our knowledge, the
well-posedness in critical Besov spaces remains unresolved. In addition, since equation (1.7)
lacks conservation laws, the question of global existence for its solutions remains open.

The structure of this paper is organized as follows. In Section 2, the foundational tools
from Littlewood-Paley theory are presented. In Section 3, the local well-posedness result in
the critical Besov space B;GQ(R) is established. Section 4 is devoted to proving the finite-time
blow-up phenomenon for solutions of equation (1.7) with parameter b = 1. In Section 5, the
existence of global-in-time solutions is shown for the case b = 0.
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2. Preliminaries

For readers’ convenience, we briefly review some fundamental results on the Littlewood-Paley
theory and Besov spaces in [1,7].
For every u € 8'(R), the nonhomogeneous dyadic blocks A; are defined as follows

0, if j <2,
Aju = x(D)u = F 1 (xFu), if j =1,
¢(2‘”D) =F Y ¢277)Fu), ifj>0.

The nonhomogeneous low-frequency cut-off operators \S; is defined by

ZA/U

7'<j—1

Definition 2.1 (Besov space [1,7]). Given 1 < p, r < co and s € R. The nonhomogeneous
Besov space B, .(R) is defined for s < oo as follows

B,,(R) = {f e S'R):|flls;, < oo},

where
. 1
(> 27| fllTe) 7y 7 < oo,

=V
I1fllBs, (R) :== ¢ 7€
sup 27° 1A fllLe, 7 = 00.
jez

If s =00, By (R) :=Nser B, (R).

Lemma 2.1 ([1,7]). Let s € R,1 < p,p1,p2,7, 71,72 < 00.

(1) If pr < p2 and r1 < 1o, then B, . (R) — sz,(i_g)( R). If s1 < s2 or s1 = sa,11 < T,
then the embedding B,}. (R) < B2 (R) is locally compact.

2) For s > 0,B5 .(R) N L*®°(R) 4s an algebra. Moreover, B; .(R) is a Banach algebra <
( b,r g DT g

B, (R) = L*(R) < s > % (or s> % andr =1).

3) If s1 and sy are real numbers such that s1 < s2,0 € (0,1) and for any (p,r) € [1,400]?, then
( y (p

we have

0 1—
HuHBszIJFO*e)SQ(R) < ”UHle ||U” 52  (R)’

and
C 1 1

(5 + T MullBe gy lulse_ gy

Hu||Bz;Sll+(1_9)82(R) S S9 — 81

where C' > 0 is a constant independent of u.
(4) If se R, p e [1,400], € > 0, there exists a constant C = C(e) > 0 such that

H ||BS+E (R)

., Vf € BY(R).
17155 @ o) P

115z 2 < ClLf N,y I (e +

Now we state some useful results in the theory of transport equations, which are crucial to
the proofs of our main theorems.
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Lemma 2.2 ([1,7]). Let 1 < p,r < o0 and s > —min{%,l - %D} Assume that fo € By ., F' €
LY([0,T); Bs,) and 9pv € L'([0,T]; Bs,b) if s > 1 —l—% or d,v € L1([0,T7; B,l,,/rp N L) otherwise.

If f € L>([0,T]; B, ) N C([0,T]; ") solves the linear transport equation

Orf+uvfe=F, t>0,xz€R,
f|t:0 :f07 z €R.

(2.1)

Then there exists a constant C depending only on s, p, r, such that the following inequalities
hold:
(1) Ifr=1ors#1+ %. Then, the solution f satisfies the following inequalities:

t t
1flims, < lfollss, + /0 |F() |55, d7 +C /0 V() F(7) s, dr. (2.2)
and hence,
t
HfHBf,,r < 6CV(t) <Hf0||Bf>,r + 0/0 e—CV(T) HF(T)HBE,,« dT) , (2.3)
where

t
[ 19 gyt s <144,
v =1",
[ Iwelgrdr otheruise
O sT

(2) Let s <1+ %. Assume the following regularity conditions hold:
Vfoe L®(R), VfeL®(0,T]xR), VF e L([0,T];L>®(R)).

Then, the solution f satisfies the following inequality:
1£llss, + IV f(B)|pee < eV (||f0||B;,r + IV fol e
¢
b [ e (1@, + VPO ) ar) . (24)

where

t
V() = /0 1900l o 7

(3) If r < 400, then f € C([0,T]; By ). If r = oo, then f € C([0,T]; B;,) for all s" <'s.

Lemma 2.3 ([1]). Let p,r,s, fo, F' be as in the statement of Lemma 2.2. Assume that v €

Lr(]0,T7; Bgo{\go) for some p > 1, M > 0. Suppose that one of the following holds:

(1) vy € LY([0, T]; B2 N L), if s < 1+ 1/p,

(2) ve € LY[0, T B Y), if s >1+1/por (s=1+1/p and r = 1).

Then the transport equations (2.1) has a unique solution f € L>([0,T]; B; ) N C([0,T7; B;’:l)
for any s’ < s and the inequalities of Lemma 2.2 hold true. Moreover if r < oo, then f €
C(00.71: B;,).
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Lemma 2.4 (1-D Moser-type estimates [6,7]). Assume that (p,r) € [1,+00]?, then
(1) For s >0, there exists C = C(s) suth that || fgllps, < C’(HfHBs gllLee + ([ fllze= |9l B ).

(2) For all s1 < %7 S9 > %(52 > ;lo if r=1) and s1 + sz > 0, there exists C' = C(s1, s2,p, )
IF 9l < CllFllsg, gl sz -

Lemma 2.5 (Osgood Lemma [1,5]). Let p be a measurable function from [ty,T] to [0,¢c], v be a
locally integrable function from [to, T] to RY, and p be a continuous and nondecreasing function
from [0, c] to R*. Assume that, for some nonnegative real number a, the function p satisfies

p@fa+[vwmmwmw € lto, T

If a > 0, then fort € [to,T], we have

“M(p(t)) + M(a) < / AV, with M(z) = / L

to x M(T)

If a =0 and u satisfies the condition fl Md(: +o00, then p = 0.

1

1 1
Lemma 2.6 ([1]). Let vo € B3 |(R), and f € L'([0,T]; B3 (R)). Suppose there exists €
LY(0,T) such that

(n)
sup ||0za\"" (t)|| 1
nENH X ()H 31

< B(1),

1 1
and a™ — (> in Ll([O,T];Bil(R)) as n — oo. Let {U(n)}neNu{oo} € C([0,T]; Bg;) be the
solution to

{@Mm+dm&wm—ﬁ z€R, 1€ [0,T], (2.5)

v(™—g = vy,
then the corresponding solutions satisfy
1

v — v in C([0,T); B3, (R)).

Lemma 2.7 (Fatou-type lemma [8]). If {u*}ren is a bounded sequence in BS ., which tends to

uin S, then u € B, ., and

pr7

lull 5, < liminf [[u®]5; .

3. Local well-posedness

This section is devoted to establishing the local well-posedness of the Cauchy problem (1.7) in
the critical Besov spaces.
We begin by reformulating the original system (1.7) as follows:

. u?)ug +px F(u) + 8zp x Gu) =0, (3.1)

atu—l-( 3

where

F(u) = =——u + (b—2uzu?,, Gu) = §u3 + (3 — b)uu?

x?
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and p(z) = %e"“”‘, denote the fundamental solution of 1 — 92 on R. Furthermore, we define the
convolution operators py and p_ as

perf@) =5 [ erwn

€

porf@) =5 [ et

which satisfy the fundamental relations:

p=p++p-, Oop=p- —p4.
We introduce the following spaces:

Definition 3.1. Given 7' > 0,s € R and p € [1, +00|, we define

S R . RS 1 . nps—1
E; (T):=C([0,T]; By, )nC ([0, T]; By, "), r <00,
s . JO© . RS . . Rs—1
Ep,OO(T) = L*([0,T7; Bp,oo) N Lip([0,T7; proo),

and

ES, = NrsoES, (T).

Theorem 3.1. Suppose the initial data ug(x) € B25’/12. Then there exist a T > 0, which depends

only on HuoHBg/lz, and a unique solution u(t,x) to the Cauchy problem (1.7) such that

5/2
u=u(,up) € E2,/1 (T).
Moreover, the solution depends continuously on the initial data, i.e., the mapping
5/2 5/2
w: By — Ey(T),
up — (-, uo)
18 continuous.

Remark 3.1. The momentum equation in (1.7) admits the transport formulation

me + (u2 — ui) my = —buym?.

Roughly speaking, to propagate the regularity of the solution m to the Cauchy problem (1.7) in
terms of its initial data myg, the coefficient u? —u?2 of m, needs to satisfy the Lipschitz condition.
This necessitates u € W2, achieved through the embedding chain

5
B}, < B, = W»* < B2 .

Consequently, the critical regularity threshold emerges at s = %, as evidenced by the space
hierarchy:
5 5 5 / 5
H® — B3, < H2? < Bj , — H*® V5'<§<s.
The proof of Theorem 3.1 relies on the following three key lemmas.
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, such
1

5
Lemma 3.1. Let ug € B3 (R). There exists a time T > 0 depending only on ”UOH

,"" Nl

that the Cauchy problem (1.7) admits a solution u € E;l(T).

Proof. We construct a solution of (1.7) via an iterative scheme. Initialize with 4(®) = 0 and
consider the sequence {u(”)}neN generated by solving the linearized transport equations:

Oym ™+ 4 ((u™)? - (ué”))2) - 8,m ) = _py W (m™)?2, t>0z€eR,

o (3.2)
u | = ug" (2) = Spy1u0, r eR.

Now we prove that there exists a T' > 0 such that
(1) {u™}, ey is uniformly bounded in E5/2(T)

(2) {u™},en is a Cauchy sequence in C([0,T7; 33/2)

Step 1. We first prove {u(™}, ¢y is uniformly bounded in B5/ °
Since

1 1
) IBge, < Clluy™ )||B < C||Sntruoll Bz, < ClluoliBgs s

)2 = 2l < D)2 = ()20 e < ),
bl (m ™)) 3, < Ol s

||V((u("))2 - (u‘,(,sn))2)||ng>1 < CHU(H)||2B§17

lmg

from Lemma 2.3 with p =2, r =1, s = 0o, M = 1/4, we obtain by induction that for all n > 1,
(3.2) has a global solution u(™*t1) € C([0,T]; BS%), which implies ||u("+1)HBs/z is uniformly
’ 2,1

bounded.
Applying Lemma 2.1, we obtain the following estimates:

\WUW@m<mM“H@¢smwauMSCMMWL (3.3)
6l (™)1 a2 < Ol e N2 g+ Ol g llm™ e < Clla™ [0, (3.4)
19 (@) = @) gy < 19 (0 >—wxﬂuﬁsawag (3.5)

Applying the estimates in Lemma 2.2 to transport equation (3.2), we obtain:
(n+1) (n+1)
[uC*D ] para < 0

C LIV (™2 —ui)2) (@) a2

<o 8 )

- HB;,/E
tC v ((™)=wi)?) ()] o
—|—C/ . ( ) 1/2mL Hbuggn)(m(n))2(S)HB1/2dS>. (3.6)
0 2,1

Substituting (3.3)-(3.5) into (3.6), we have

C fo lu™ @)1 5 5 dr t C LM, d
HU(HH)HBg/f <e P2 || 5/2+C/ B2 \|U(n)(5)||?,’3;/12d3- (3.7)
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Let
o 1
. 72.
SCHUOHB;/E
Suppose by induction that for all ¢ € [0, 77, it holds that
[uol| gs/2
(n) < 2,1
u /2 S . (3.8
” HBSJQ (1_4CHUOHQBS/2t)1/2 )
2,1
It is obvious that (3.8) holds for t = 0. Plugging (3.8) into (3.7) yields
l[woll g3/2
) a2 < =
Baa (1 - 4C||UOHB5/2t)1/4
2,1
UOHS 5/2
C /t 5 14 || 32/1
¥ (1 = 4C o2 25)"/ S ——
(1= 4CTwalZ, .07 Jy N (TG I IS
2,1 2,1
2
u
_ HUOHB;/E o /t H OHB;/E o
T (1= 4ACuol? ;)14 o (1—4C(uol?5/,5)%/*
3271 B2,1
o el 1
N (1 _4C||UOHZ5/275)1/4 (1 _4C||UOHZ5/275)1/4
2,1 2,1
ol
(1 —4Cluo|? 55t)1/*’
Byy
which implies for 0 < ¢ < T that
[[uoll /2
[ VS 5 :
B,y (1 —4C’HUOHQB;/121§)1/2
Therefore, (u(™),ex is uniformly bounded in C([0, T); B;/lz).
Step 2. We now establish that 9,u("*Y € C([0, T; B;/IQ).
By (3.2), it suffices to bound the terms
((u(n))2 _ <u‘(rn))2>8;pm(n+1), _bu;n)(m(n))Q (3.9)

in By %/ ? we estimate the first term in (3.9). Using the Moser-type estimates (see Lemma 2.4

(2) with s; = —1/2, s9 = 1), we get

()2 = (0)) 2urnl D sgs < €OV ol ()2 = (02 gy

(n+1) (n))2
< Ol a2
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Similarly, using Lemma 2.4-(2) with the same indices, we obtain
| = b ™ P yase < 00y NPy <

Combining these estimates with (3.2), we conclude that du(*1) is uniformly bounded in

C([0,T7; B;’f), which yields that the sequence (u(”))neN is uniformly bounded in Ezs/l2 (T).
Step 3. We now demonstrate that {u(™},cy is a Cauchy sequence in C([0,T7; B%Q).
From (3.1), for any m,n € N, we derive the following equation:

at(u(n+m+1) - u(n+1)) + <(u(n))2 o ;(u:(vn))2> am(u(n+m+1) - u(nJrl)) =Q, (310)

where the nonlinear term

3
+ o (F@) = F@™m)) + 0,9 « (G@™) - Gm))

Q= 8$u(n+m+l) |:(u(n)>2 _ (u(n+m))2 + 1 ((u;n-i-m))Q _ (ugsn))2>]

The convolution terms admit the following explicit representations:

pe (P®) = F)) = (228 () - i)
o+ (0= 2) (uf @) = ul I m)?) ).

and

0 (GOU) = GO = dupx [ (W) - ()

+(3—b) (u(") ()2 — y(n+m) (ugn+m>)2)} .

xT

Applying Lemma 2.1 yields

1 1
IV ((u™)? — g(ug”))Q)llBl/%Lm <V ((u™)? - g(“gn))2)|131/2
2,1 2,1
1
< (™) = 3@l o

n 1 n
< (@) s + 15
< O ™y + €l o

< HU(H)HQBS/lzy (3.11)

and

Hv(u(ner+1) _ u(nJrl))HLoo SHv(u(nerJrl) _ u(n+1))HBl/2 (3‘12)
2,1
§||(U(n+m+1) _ u(n+1))||33/2
2,1
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(ntm+1)y | (n+1)p .
<D o [ o,
and

+m+1 +1 +m+1 +1 +m+1 +1
g™ ™ = g s + IV (Y g e < Cllug™ ™Y — Vs

By the definition of the cut-off operator 5,1, the following inequality chain holds:

1 1 1 1
lu§™ D Y s = [ Sngmrr T — Sl e
2,1 2,1
n+m
2k
= > 22|AL > Aol e
k>—1 q=n+1
3
< Y 2R(Iakeruolize + [ ArAkuolizz + 1 ArArsuolls:)
n<k<m+4n+1
<o 3 25N Aulle)
n<k<n+m+1

(3.13)

)
1

< C27"uo|
B

5
2
2,

and
H ||L ” HBS,/IQ = H ||B%’/12 || ”Bg’/f = H HBS{?

Since the estimation process for each term in () is similar, we only estimate one of them.
Application of Lemma 2.1 produces

(n)y — (nt+m)
0.9 % (G™) = G ™)) |

Dup * <§((u(n))3 _ (u(n+m))3) + (3 _ b) (u(n)(ug(cn))2 _ u(n+m) (ugn+m))2))

3/2
BQ,l

b
< 3@ = @) 4 (3= B U @) = R

< O™ — ][ o
2,1

Hence, we obtain

IVQlzee + [1Qll oz < Cllul™™ = ul™ || /o
2,1 2,1

Hu(n—l-m)

—u™| a2
< O™y n (e + Boo
2,00 Hu(

). (3.14)

=
2,00

Applying the estimates in Lemma 2.2 to transport equation (3.10) yields:

Hu(n—i—m—H) _ u(n+1)||33/020 + ||v(u(n+m+1) _ u(n—i—l))HLoo

<e 32 + |V (0l ul
2,1

C o IV (@™ =3 /2 e [ imtt) ()
2 [[ug —uy g

(nt+m+1) (n+1)) ||L°°>
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t O [HIV((u™)2=Lwi)?)(n)] _dr
+/ . 3 By/?nL (HQ||B3/2+||VQ”LOO)(5)d5. (3.15)
0 2,1

Substituting (3.11)-(3.14) into (3.15), we can obtain

Jutr+m) — o]

5/2
By2 )

t
(ntm+1) . (n+1) < (9-n (n+m) _, (n) (
[ Ve < C2 +0/0 Ju ™| g2 In e+Hu(n+m)7u<n>HB3/2
2,00

We define the difference between successive approximations as

n+m)

nan(£) 1= [ — D s

Hence, we obtain the estimate

(t)<C2_”+C/t ()1 <+ 20 >d
Wnt1,m(t) < Wnm(T)In (€ T,
i 0 Wn,m(T)
where C' > 0 is a constant depending on ||u(™) | gs/2-

2,1

Let
wn(t) := sup wpm(t) and @(t) := limsup wy,(f).

meN n—00

Then for any € > 0, there exists N € N, such that for any n > N, we have
wn(t) < @(t) + e
Taking the supremum over m € N, we refine the estimate for wy41(t) as

w1 (t) < C2" 4 C /0 @) + <e + wéﬂﬁ) dr.

Passing to the limit n — oo, we deduce

) < c/ot (@(7) +¢)In <e + 20) dr.

w(T)+e

Since € > 0 is arbitrary, sending € — 07 yields

ot < c/ota;(T) In <e + ;&) ir.

Applying Lemma 2.5 with ¢ = 0 and pu(r) = rln (e+ %) is a continuous and increasing
function, we conclude that @(t) = 0 for all ¢ € [0,T]. This establishes that (u(™) is a Cauchy
sequence in C([0, T7; B2 ).

2,00
Finally, by Lemma 2.1, we derive the interpolation bound

(n+m) _

) — ) e < ) — u® gy

n+m n)1/2 n+m n)nl/2
< JJutm ) — a2 utm) — ™),

2,00 2,00
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1/2 1/2
< Jul ) — ) /3/2 [l ™) — () /5/2

< (20)"Jutm) — a2

3/2 .

Hence, (u(™),ey is a Cauchy sequence in C([0, T7; B;/f).

Thanks to above calculation, we have that (u(™),cy is a Cauchy sequence C([0, T7; B;’/lz) so

3/ 2) Next, we need to verify that u belongs to E2/12

and solves the Cauchy problem (1.7). Since (u( N pen is uniformly bounded in L ([0, T); Bgf),

5/2)

it converges to some function u € C([0,T]; B,

it follows from the Fatou property (Lemma 2.7) for Besov spaces that u € L*([0,T]; B
On the other hand, since (u(™),cy converges to u in C([0,T7; 32/12), an interpolation argu-

ment ensures that the convergence holds in C([0,T7; BQ,I)’ for any s’ < 3. It is then easy to
pass to the limit in (3.2) and conclude that v is indeed a solution to the Cauchy problem (1.7).

It is easy to check that u; € L*°([0,T]; B 3/2) Lemma 2.3 guarantees that v € C([0,7]; B 5/2)

3/2)

Moreover, from equation (1.7), we can also verify that u, € C([0,T]; B Thus, we conclude

that u € B3/, 0
The above discussions demonstrate that solutions to equation (1.7) indeed exist. We now
present the following lemma to establish the uniqueness of these solutions.

Lemma 3.2. Let u,v € L*(|0, T] B5/2) N C([0,T); B, / 1) be solutions to the Cauchy problem
(1.7) with the initial data uy € B271. If the solutions sat@sfy the differential inequality

t
2 2
= ol < o = voll g s (€ [ (il + IolEgaar). (319

then uniqueness holds for the Cauchy problem (1.7).

Proof. By virtue of (3.1), the difference w := u — v satisfies the transport equation
1
Orw + <u ~ 3l >8 w = (3.17)
where
1
M = <v2 —u?+ g(ui — vﬁ)) Uy +px (F(v) — F(u)) + 0pp * (G(v) — G(u)).

Here, the nonlinear terms F' and G are given explicitly by

3b—5
3

pr (P - F) =px (25200 )+ 0= Do~ wi) )

and
Dup + (G(v) — Gu)) = Byp + (g(v?’ C )+ (3 ) — uu2)>

Lemma 2.1 first provides

1 1
2 2 2 2 2
100(u2 = 50l gy < 102 = gl <l (3.18)

3
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We estimate M as follows
7] 5

=02 = 02— e+ px (F(0) = Fw) +0up» (G0) = G gy (319

Since the estimates for each term in (3.19) follow analogous arguments, we only estimate one of
them,

102 % (G(v) = G(W)) o2 < C([[0* = w?|| gy + [Jvv; — wai || y1/2)
By Byi By

2 2
< C(H””B;/f + ”U”BS{f)HwHB;‘{f‘
Applying the estimates in Lemma 2.2 to transport equation (3.17), we have

1
x)” 1/szH 3/2d$. (3.20)

t t
< M d C 7]
ol gz < ol + [ IMggeds +C [ Jou =

Substituting (3.18) and (3.19) into (3.20) yields
¢
wll g < ol gz +C [ i+ loll3gll gyads.
An application of Gronwall’s inequality in integral form consequently gives

t
ol gz < ol gz exp(C [l + o)) (3.21)

For solutions sharing identical initial data (wg = ug—vo = 0), the exponential term remains finite

while the prefactor vanishes. This immediately yields w(t) = 0 for all ¢ € [0, T], establishing the

uniqueness property. ]
We now verify the continuity of solutions with respect to the initial data in Bg’/f.

Lemma 3.3. For any ug € Bg/f, there exist a neighborhood V' of ug in B, / and a time T > 0

such that for any vg € V with v € ES/ (T') being the corresponding solutzon to Cauchy problem
(1.7), the map

©:V Bl — BT,

vy — v(+, vo)

18 continuous.

Proof. Step 1. We establish the Lipschitz continuity of ® in the space C([0,T7; 33/2)
5/2

Fix an initial datum ug € By’|, there exist a neighborhood V' and a constant 7" > 0 such

that for any vg € V, the corresponding solution v = ®(vg) to the Cauchy problem (1.7) belongs
to C([0,TY; B5/2) and satisfies HU”LOO (0.71:B32) < \/§HUOHB5/2. We have from (3.16) that
2,1 2,1

2
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where M = \/imax{vaHBs/z, |uol[ ys/2}. Hence, @ is Lipschitz continuous from BS/IQ
2,1 2,1 )

c([0,T); ByY).

into

Step 2. We present the continuity of the map ® € C([0,T]; Bg/lz).

Let u(()n) € B;/f, u(()n) tends to u(()oo) in B;/f. According to Lemma 3.1, we know that
u™, ul>) ¢ L‘X’([O,T];Bgf). In order to prove u(™ tends to u(*) in C’([O,T];Bg’/lz)7 it is
sufficient to prove m™ = 4™ — 9,4 tends to m(®) = u(*) — 9, () in C([0,T7; B;{f).

Note that m(™ solves the following transport equation:

(n) _ () (n)

m™ | = my = Uy — Uy z e R.

{atmw + (@™)? — (W) Dm™ = —bu (m™)2, t> 0,z €R,

Following the Kato theory [15,18], we decompose m(™ into m(™ = z(" + w(™ with

Az + ((u™)? — (u&”))Q)asz — b (m(™)2 4 bl (m>)2 t>0,z €R, (3.22)
z(")]tzg = mén) (x) — méoo) (z), r € R,

and

O™ + ((ul)? — (uén))2)8xw(”) = —buf™ (m>*N2 t >0,z €R, (3.23)
wm™|i—g = m(()oo)(:n), z eR. .

Denote 2(°°) = 0, w(®) = m(°) Making use of the fact that v(™®, 4(°®) are uniformly bounded

in B257/12 and applying Lemma 2.1, we have
V(@) = @)l e < IV(@)? = @)
< [1(@™)? = (uf)?[| ga2
2,1
< (n)y2 (n)y2
SO e [ e
< Ol [ oo [u™ | a2 + Cllul || zoo [[ul™ | a2
2,1 2,1
< Ol el g + Ol el
< CHU(H)HZM% (3.24)
2,1
and
I = bl (m™)? 4 bul) (m )2 e
2,1
< Clluf (m™)? = uf? (m 2| Ly + [[ul (m>)? = uf (m )| 1
2,1 2,1
< o [ m ™ + )™ — ] g+ sl a1 4+ )l — o) e

N P D — s+ 2y —
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=: I1+12+13—|—I4. (325>
The following provides an estimation of each component of (3.25), respectively,
I = [l oo [ (m™ + m ) (m) = m )| e
2,1
< [ oo [m™ 4+ m O oo ™ — m | Ly 2
2,1
o el — ]
< |l (n) (c0) (n) _ pp(0)
< gy ™ ™ — )
(n) (n) (c0) () _ ()
[yl ™ = )
< (n) _ p(00)
< Cllm™ = m]
By = ] e (m ™) + ) (") — 1)
< ™ sz |m™ 4+ m O oo ™ — m | oo
B2,1
< gz llm® + m ™ — |
< (n) _ 4y (00)
< Cflm™ = m]
I = [[m e [0 = ul | e
2,1
< Ol 2 allu® =
< (n) _ 4, (00)
= CHU U HBS,/E,
L= [[(m©)2|] e [[ul = ul | oo
2,1
< ONlm®)|| ;oo lm, () (n) _ 4, (c0)
< Ol e o ) = w5y
< 2 ) =
< O™ — () )
< Clla™ = | o
Hence, we obtain
| = bl (m™)2 + bl (2| s < Cllm™ = m )| 1o + Cllu™ = a| oo (3.26)
2,1 2,1 2,1
Applying the estimates in Lemma 2.2 to transport equation (3.22), we have
(n) t
IO
C IV (@™ =@ 1y, ds . -
<e P (i (@) = mE (@) gy
2,1
t =0 [ IV (™2 =@ e ds
N / el B}/2n1 | = bul (m™)? + bul>) (m(oo))2HBl/2 (t/)dt/>~
0 2,1

(3.27)
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Substituting (3.24) and (3.26) into (3.27), we have
Hz(n) (t)HB;/lz < eCt(Hm(()n)(x) _ m(()oo)<m)“B;(12
t
(n) (n) _ ,(c0) (n) _ 4, (%) Nt
0 [ (1N gy + 16 = O gy + [ = )E)i). - (3.28)
From Lemma 2.1 and Step 1, it yields that
ou (M| e < Ll | e [ (m )2 e+ Clul | el (m )| o
2,1 2,1 2.1
(00) (00)]2
< Cllug HB;QZHm HB;/f

< C”u(oo)HsB;/fa (3.29)

IV (™) = @) e < 11@™)? = (@) oo
By By

< (n)\2 (n)\2

< )P ayn + 12

< O™ ool [u™ |l g2 + Cllul” |l oo l|u? | a2
2,1 2,1

< Ou™ (n) Clul™ (n)

< O™yl g +

< CHU(n)HQBS/lz, (3.30)

and
0 < lim H((u("))2 — (u(”))Q) — ((u(oo))2 — (ug(goo))Q)H 12 < C lim Hu(") — u(OO)H 32 = 0.
B2,1 n—oo B2,1

n—oo z
(3.31)

By combining estimates (3.29)-(3.31) and applying Lemma 2.6 to (3.23), we obtain the conver-
gence result:
w™ = W) i (0, T B;{f). (3.32)

Recall that the initial data satisfies
u(()n) — uéoo) in Bg’,/f, (3.33)
and the solution sequence converges as
u™ = u®) i O([0,T); By,
Applying the integral form of Gronwall’s inequality to (3.28), we deduce that
2" 0 i C([0,T); ByY).
Using the definition of m(™), we conclude that
™ = gy < 2 = 2y [l — ]y,

which yields that
u™ = u>) in (o, T B%?)-
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Therefore we complete the continuity of the map ® in C([0,T7; B;/f).
Step 3. Continuity in C*([0,77; Bg”/f).

Finally, applying J; to equation in (1.7) and using the same argument to the resulting
equation in terms of d;u, we may verify the continuity of the map ® in C'([0,T]; Bg/f). This
completes the proof of Lemma 3.3. O

Combining Lemma 3.1-3.3, we complete the proof of Theorem 3.1.

4. Blow-up criteria

Theorem 4.1. Let b =1, up € H*(R) with s > g Suppose that there exists a point r1 € R,
13v/2[moll?
12(1—€)eud, (z1)’
of (1.7) blows up in finite time with an estimate of the blow up time T* as

such that upz(x1) < 0 and mo(x1) > where 0 < € < 1. Then the solution u(t,x)

1

eugz (r1)mo(z1)”

Remark 4.1. Compared with Theorem 3.3 in [22], our theorem does not require any additional
assumptions on |lu(t, )| zee.

Lemma 4.1 ( [22]). Letb € R, mg € H*(R) with s > & and T > 0 be the maximal ezistence
time of strong solution m to the Cauchy problem (1.7). Then the solution m blows up in finite
time if and only if

liminf inf mu,(t,z) = —oc.
t—T zeR

Before deriving the exact blow-up time, we introduce the following conservation law:

Lemma 4.2. Suppose that mg € H*(R) with s > % Then any solution of equation (1.7) with
b =1 satisfies
Iml[r2 = [lmol| 2

Proof. When b = 1, equation (1.7) reduces to
me + (u? — u)mg + uym? = 0.

Multiplying both sides by m and integrating over R, we obtain through integration by parts:

1d
/dex:—/(uQ—ui)mmmdx—/uzmgdx

:/uxm?’ dx—/uwmz)’dx
R R

=0.

This completes the proof of Lemma 4.2. O
Let g be the particle trajectory satisfying

{qt(t,az) = (W2 —u2)(t,qlt,x)), xR, tel0,T), 1)

q(0,z) =z, xeR,te0,T),
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where T is the lifespan of solution u. Taking derivative (4.1) with respect to z, we obtain

Therefore,

4.2
q-(0,2) =1, z € R. (42)

{qx(t, z) = elo Ziemltata)ds LR ¢ [0,T),
Since ¢, is always positive before blow-up, ¢(¢, x) is increasing with respect to z and trajectories
never coincide before blow-up. According to definition of (3.1) and (4.1), direct calculation
yields

2 2 1
au(t, q(t,z)) = up + upqi(t,z) = —gui + p * (3% + ugu fm) — O * (gu?’ + 2uu33),
1 2 1
%ux(t, q(t,x)) = Upt + ugaqe(t, ) = gug + Op * (3ux + uzu fm) D * (§u3 + 2uui), (4.3)

d
am(t q(t, ) = my + maq(t, x) = —uzm?.

Proof of Theorem 4.1. By the Sobolev embedding and Lemma 4.2, we obtain

1
el < —Sllullm <

\[Hmollm
[tz || oo < \[HUHH2<\[Hm0”L2

[t |2 < [l L2 = [lmol| L2,
1
luzl7s < lluolloollusll7e < EllmoHi%

Therefore

3

*HUHLoo

5v/2

2
(g”quL‘x’Hqu%? + HUxHL‘X’HUMH%?) >

N | —

2
|0z * (3u —l—uxu 2] <

and

1 1
[p* (3’ + 2uu)| < 5(*HUHL°<>IIUHL2 +2llullz luallzz) < =5
Substituting the above estimates into equation (4.3) and taking x to be x; given in Theorem

4.1, we obtain
13v/2

d
et alt, )] < Tou o2,
which is equivalent to

13v2 13v2

—7II ollizt+UOx(fv1)éux(t,tJ(tafﬂl))<7H mo||at + woz(21).
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_ 6\/§qu (11)

13]mol1?,

From the condition wug;(x1) < 0 in Theorem 4.1, it holds for any ¢t € [0,7"), T' =

that

Take T" = (1 — &)T" = — V20-9u0s(21) i § < ¢ < 1 given in Theorem 4.1. Then for any

13[Jmoll;
t € [0, 7"], we have
13v2
ug(t, q(t, 1)) < TQHmOH‘zQT” + upz (1) < eupz(z1) < 0. (4.4)

From the preceding discussion, we arrive at

d
%m(t7Q(t7$1)> = —ugm® > _ﬁuoac(xl)mz(t’Q(t?xl)) > 0.

Integrating from 0 to ¢ yields

mo(z1)
m(t’ q(t7 1‘1)) 2 1 + EUOx(l‘l)mo(fL‘l)t'

From the condition mg(x1) > @ in Theorem 4.1, we have 7" > —m. There
exits T S _m, such that
lim m(t, (¢(t,z1))) = +o0. (4.5)
t—T*
Combining (4.4), (4.5), and Lemma 4.1, we complete the proof. O

5. Global existence
Theorem 5.1. Let b =0, ug € H*(R) with s > 2. Then the solution to (1.7) exists globally in
time.

Lemma 5.1. Letb =0, myg € H® with s > % and T > 0 be the mazimal existence time of strong
solution m to the Cauchy problem (1.7). Then we have

1
m t, . co = ||TN LS S — || s,
[m(t, )|z = llmollz \/ﬁll oll
for allt € [0,T).
Proof. By direct calculation, we have
d
%m(t Q(tv $)) =m + qut(t7 Jj) =my + mx(UZ - ui) = 07
which completes the proof of Lemma 5.1. O

Proof of Theorem 5.1. According to Lemma 4.1, the solution exists globally if and only if
the condition ||mu,|| < C is satisfied. Furthermore, applying the Sobolev embedding theorem,
convolution form of Young’s inequality, Lemma 5.1, and the identities ||0.p||;1 = ||p||r = 1, we
derive

[z || oo = [|0zp * mi[Loe < {|0upllLr[ml[Loe < [lmollLes,
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1
[mllzee = [[mol|L~ < EHWOHH%
1
e[ oo < [lualzoe [mllzee < llmollZe < 5llmollfre,
which complete the proof of Thorem 5.1. O

6. Conclusions

In this paper, we established three results that characterized the solution behavior of the b-
FORQ equation. First, we obtained local well-posedness in the critical Besov spaces. We then
analyzed the solutions in two special cases: For b = 1, we proved that the solution blows up in
finite time, whereas for b = 0, we established the global existence of the solution. These results
extend the existing well-posedness theory of the bFORQ equation by establishing critical Besov
space results and developing, for a specific parameter, both the blow-up analysis and the global
existence of solutions.
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