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NUMERICAL SOLUTIONS FOR PHASE-LAGGED
VOLTERRA-FREDHOLM INTEGRAL EQUATIONS VIA
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Abstract In this paper, a numerical method based on shifted Legendre polynomials com-
bined with a least-squares formulation is developed for solving a class of phase-lagged
Volterra—Fredholm integral equations of the second kind. Phase-lag effects arise naturally
in many physical and engineering models involving delayed responses, leading to increased
analytical and computational complexity. By employing shifted Legendre polynomials as ba-
sis functions, the proposed approach transforms the original integral equation into a system
of algebraic equations that can be solved efficiently. Sufficient conditions for the existence
and uniqueness of the solution are established using the Banach fixed-point theorem, and a
convergence analysis of the proposed method is provided. Several numerical examples are
presented to demonstrate the accuracy, stability, and efficiency of the method, including
comparisons with existing approaches. The results confirm that the proposed scheme offers
an effective and reliable tool for the numerical solution of phase-lagged Volterra—Fredholm
integral equations.

Keywords Phase-lag, Volterra-Fredholm integral equations, Banach’s fixed point, shifted
Legendre polynomials, least squares method.
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1. Introduction

Integral equations play a crucial role in various branches of mathematics and arise naturally
in many applications across science and engineering, including fluid mechanics [32], elasticity
theory [11], thermoplastic plates [19], biology [33], and engineering [7]. Among these, Volterra—
Fredholm integral equations (V-FIEs) are particularly significant due to their ability to model
systems involving both memory effects and spatial interactions. Their theoretical and numeri-
cal analysis is closely related to functional analysis [3] and operator theory [1], and they have
been successfully applied in electrodynamics and electromagnetic theory [36], population dy-
namics [38], and mathematical economics [13].

Because analytical solutions of V-FIEs are generally available only for special cases, extensive
research has been devoted to the development of efficient numerical methods for approximat-
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ing their solutions. Existing approaches include Toeplitz matrix method [30] and Levin-type
methods [20], Adomian decomposition techniques [24], modified Taylor series methods [25],
polynomial-based approaches such as Lucas polynomials [23], Chebyshev collocation and spectral
methods [21], quadrature rules [15], operational matrix techniques [10], and hat functions [27].
More recent studies have focused on nonlinear and fractional integral and integro—differential
equations of the third kind, where spectral and cardinal-function-based schemes have demon-
strated high accuracy and computational efficiency [8,9, 18]. Block-based numerical strategies
have also been introduced for nonlinear Volterra integral equations [4], while numerical meth-
ods have been extended to mixed and multidimensional Volterra—Fredholm formulations [5,26].
Classical polynomial-based collocation techniques, such as the Legendre collocation method, con-
tinue to serve as a fundamental foundation for modern numerical schemes due to their accuracy
and stability properties [31].

In many practical applications, system responses are not instantaneous but occur with a
delay, leading naturally to phase-lag effects. Such phenomena arise in thermal conduction with
memory, viscoelastic materials, signal processing with delayed feedback, wave propagation, and
control systems. Incorporating phase-lag effects into integral equation models yields more real-
istic mathematical descriptions of these processes, but also introduces additional analytical and
numerical challenges, particularly for nonlinear and mixed Volterra—Fredholm operators.

Despite these advances, many existing numerical methods remain tailored to specific ker-
nel structures, discretization strategies, or restricted problem classes, which may limit their
flexibility when solving phase-lagged Volterra—Fredholm integral equations. Motivated by this
observation, the present work develops a unified numerical framework based on shifted Legendre
polynomials combined with a least-squares formulation. By exploiting the orthogonality and fa-
vorable approximation properties of the shifted Legendre basis, the proposed method provides
a stable and efficient approach for solving phase-lagged Volterra—Fredholm integral equations.

In this article, we consider a class of V-FIEs of the form:

t ol t
nU(u,t) =y(u,t) + ,u/o /0 G(t, 7)k(u,v)¥ (v, 7)dvdT + ,u/o U(t,7)¥(u,r)dr, (1.1)

where 1 # 0 is a constant and p is a parameter with various physical interpretations. The
function y(u,t) is given and continuous, while the unknown solution ¥(u,t) is sought in the
product space L3[0,1] x C[0,T], where u € [0, 1] denotes the spatial variable and ¢ € [0, T], with
T < 1, represents time. The temporal kernels G(¢,7) and U (t, 7) are assumed to be continuous
on [0,7] x [0,T], and the spatial kernel k(u,v) belongs to Lo([0, 1] x [0, 1]).

Phase-lag Volterra—Fredholm integral equations are often used to represent delays in physical
processes, like how heat moves slowly, the way materials stretch and compress, and how signals
are affected by delays in feedback In these kinds of systems, the response depends on both
the current input and the past states, which creates a real-time lag. The analysis of phase-
lag effects therefore requires careful examination of the kernel functions and their properties.
Spectral analysis and asymptotic expansions are two common ways to find phase shifts in the
frequency domain. A phase lag shows up as a shift between input and output that depends on
the frequency. Taking these considerations into account, and following the passage of a shock
wave, the resulting model leads to a Volterra—Fredholm integral equation of the second kind
incorporating a phase-lag effect, given by

t+8t 1
nW(u,t+ 6t) =y(u,t+ dt) + ,u/ / G(t+ ot, 7)k(u,v)¥ (v, 7)dvdr
0 0
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t+6t
+ ,u/ U(t+ot,7)¥(u,7)dr, 0<dt<1, (1.2)
0

under initial condition,

\Il(u’ O) = y(uv 0)/”7) (13)
where §t represents the phase-lag parameter. Phase-lag refers to the delay in time between
two related phenomena, typically associated with periodic or cyclical processes. It is commonly
encountered in various fields, including physics [12], engineering [22], wave propagation [2], signal
processing [14], and control systems [29].

When we apply Taylor expansion to the equation (1.2), omitting the second derivative, we
obtain

o¥(u,t)
PO ) +

+M/t+§t/ < +5t8Géi,7)) k(u, v)¥(v, 7)dvdr (1.4)

t+3t
+ ,u,/ <U(t, T) + &(9Uétt,7')> U(u, 7)dr.
0

ay(u t)

N (u,t) + 1ot + ot

Using initial condition (1.3) and integrating equation (1.4) with respect to time ¢, we obtain

Wt =Yt - 5 [ "Wy 2)da
n&/ /Mt/ ( 2,7 +5taGg;’T)> k(u, v)U(v, )dvdrdz  (1.5)

ool oU (z,7)
775t// < z,T) + ot———= . ) U(u, 7)drdz,

Y (u,t) = ;[y(u,t) + 51t/o y(u, )da].

Using the triangular domain and the alternating order of integration, we obtain the following
relationship:

U(u,t) =Y (u,t) — 51/ U (u, 7)dT

where

" t+6t 5t
5/ /Altr)k(u v)U(v, 7)dvdT + 5/ /A2 k(u,v)¥ (v, 7)dvdr
t+5t
L o[
L [ me v+ & / = ()W (u, 7)dr,
(1.6)

where

t T—0t
st = [ (oo + 028D ar aatr)~ [ (6t + 52820

T—5t ox 0 Oz

=0t 7) = / t& (U(m,7)+5tal]g;7)> dz,  So(r) = /0 o (U(x,T)JrataUéf;T)) dz.



3006 M. E. Nasr, S. M. Abusalim & M. A. Abdel-Aty

The equation (1.6) is called the Volterra-Fredholm integral equation with a phase lag and is
equivalent to equation (1.2)under condition (1.3).

The remainder of this article is organized as follows: The existence and unique solution of
V-FIE with a phase lag are presented in Section 2. Section 3 introduces the system of Fredholm
integral equations and derives the corresponding convergence analysis. In Section 4, shifted
Legendre polynomials (SLPs) and their properties are given. Section 5 details the application
of SLPs integrated with the least squares method (LSM) to transform the integral equation into
a solvable algebraic system. The convergence analysis of the presented method is studied in
Section 6. Section 7 provides the numerical results that show the accuracy and efficiency of
the proposed technique. Finally, concluding remarks followed by a discussion of future research
directions are provided in Section 8.

2. The existence and unique solution of equation (1.6)

In this section, the Banach fixed point theorem will be utilized to show that the solution to
equation (1.6) exists and is unique. To facilitate this analysis, we reformulate equation (1.6) as
the following integral operator:

VU =Y (u,t)+ VU, (2.1)

where

-1 rt
VU =VU 4+ VU + V30 + VU 4 V50, Vl\Il:n/ U (u, 7)dT,
0

L t+4t 1 U ot 1
‘/2\11 - =, / Al(t,T)k(U,’U)‘I’(’U,T)dUdT, ‘/E’>\IJ = / / AQ(T)k(u’U)\Il<U7T)dUdT’
775t 0 0 77575 0 0

uo [ po [
Va¥ = W;t/o Ei(t,7)¥(u,7)dr, and V3V = W/o Eo(7) ¥ (u, 7)dT.
(2.2)

We assume the following;:

D=

(i) The kernel of position k(u,v)€ La([0,1]%]0,1]), u,v € [0,1] satisfies [fol fol |k(u, v)|?dudv
< A, A is a constant.
(ii) The functions G(t,7), U(t,7), and their partial derivatives are continuous in C[0, 7.

(iii) The functions Aq(t,7), Aa(7), E1(t,7) and Eg(7) are continuous in C[0,7] and satisfy
the conditions ‘Al(t,T)‘ < Dl, ’AQ(T)‘ < DQ, El(t,T) < D3 and EQ(T) < Dy Vt,’]’ S
0, 7], 0 <7< t< T <1, where Dy, Dy, D3, Dy are constants.

(iv) We define the norm on the space L3[0,1] x C[0,T] as

1
t 1 3
10 (u, t)| = max/ U \Ilz(u,T)du} dr.
0<i<T Jo 0

We further assume that the given function Y (u, t) satisfies ||Y (u, t)|| < A1, A; is a constant.

Theorem 2.1. If the conditions (i)-(iv) are satisfied, then equation (1.6) has a unique solution
U(u,t) in the Banach space L2[0,1] x C[0,T], 0 < T < 1, under the condition

[nl(6t = T)
Dy A+ D3)T + (D1 A+ DyA + D3 + Dyg)ét’

lp| < ( 0<ot<1. (2.3)
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Proof. First, for normality, we utilize formula (2.2) to obtain
V[ < [Vaw|| + V20| + [V + [[VaW | + [|V5 ]|

1 t t+ot 1
< |—= / U (u, 7)dr / / Aq(t, 7)k(u, v)¥(v, 7)dodr
ot ||l Jo 0 0

L ot pl
+|— / / Ao (7)k(u, v)¥ (v, 7)dvdr
not||lJo Jo

L
not

l

I

t+5t
o /0 Ei1(t, 7))V (u, 7)dr

°

m ot
+ % /0 Eo(T)¥(u, 7)dr|| .

Applying Cauchy-Schwarz inequality, and using conditions (i)—(iii), we obtain

0T + |p|[(D1A+ D3)T + (D1 A + Dy A+ D3 + Dy)ot]
a Inldt

Vel < g, 6 <1,

such that
In|(6t —T)

D1 A+ D3)T + (D1 A+ DyA+ D + Dy)dt’

|M|<( 0< ot < 1.

As a result, the integral operator V is normal, which leads immediately to the normality of
the operator V when the condition (iv) is applied.
Secondly, for the continuity, we have

VW, — V| < B0 — Ty, B<1,
with

[n|(6t —T)
D1 A+ D3)T + (D1 A+ DyA + D + Dy)dt’

ul < ( 0<dt<1.
Hence, V is a contraction operator, and by the Banach fixed point theorem, V has a unique
fixed point, which is, of course, the only solution to IE (1.6). O

3. The system of Fredholm integral equations (SFIEs) of the sec-
ond kind

The system of Fredholm integral equations (SFIEs) of the second kind plays a crucial role
in mathematical modeling, particularly in solving inverse problems, boundary value problems,
and integral equations. The versatility of SFIEs makes them invaluable in numerous scientific
disciplines. They are extensively used in electromagnetic field simulations, inverse scattering
problems, signal processing, and image reconstruction. By studying SFIEs, students can explore
how these equations are applied to real-world problems and contribute to cutting-edge research
developments.

3.1. Quadratic numerical method

The importance of quadratic numerical techniques derives from their numerous uses in math-
ematical physics problems, where the integral equations’ eigenvalues and eigenfunctions are
frequently examined and discussed. Additionally, this approach has several applications in the
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real-world sciences, particularly in the areas of contact problems, mixed mechanics problems,
and elasticity theory.

In this part, we express the V-FIE (1.6) of the second type as a system of second-kind
Fredholm integral equations using the numerical technique. To do this, we split the time interval,
0,7T], 0 <t<T <las0=ty <ty < <ty<-- <ty =T wheret = t,, m =
0,1,2,3,...,M; to get

1 tm tm+0t
U (U, ty) =Y (u, ty) — (St/o U (u, 7)dT + 77&/ / Ay (tm, 7)k(u,v)¥ (v, 7)dvdr

L ot 1
+n§t/0 /OAQ(T)k(u,v)qf(v,T)dvdT (3.1)

u [imtot uo [
+W;t/ E1(tm, 7)Y (u, T>dT+77(5t/ Eo(7)¥(u, 7)dT.

Using the quadrature formula, we can calculate the following Volterra integral terms: In this
work, the Volterra and Fredholm integrals are approximated using a composite quadrature rule
based on a uniform partition of the integration intervals, where the weights A;,v1;, and vy are
computed accordingly.

tm+8t 1 m 1
/ / Ay (tm, 7)k(u,v)¥(v, 7)dodr ~ Z uli/ Aq(tm, ti)k(u,v)¥ (v, t;)do,
0 0 P 0

tm+0t m
/ = (b )W, )T 2 S 003 (o, 1) W 0, ), (3.2)
0 .

m

tm
/ U(u, 7)dr =~ Z)\i\ll(u,ti).
0 :
Equation (3.2) in equation (3.1) is used to obtain
1 m M m
U(u,ty) =Y (u,tm) — &iz;)\i\lf(u,t 72 / s L)k (u, 0) U (v, ;) dv
e
LR / / Ao(7)k(u, v) (v, 7)dvdr (3.3)
not Jo Jo
P uo [
&iz;ylizl(tm,ti) (u,t;) + &/ Ea(7) ¥ (u, 7)dr.

Also, we divide the interval [0, 6t] into n subintervals of equal width, 0 =7 <71 < 7; < ... <
Tp, = 0t where (7 — 7j_1) = % for j=1,2,...,n,and n < m.
The Fredholm integral terms are calculated as follows:

/&/ Ao (1)k(u, v)¥ (v, 7)dvdT ~ 0!/2;/ Ao (7w, v)¥ (v, 7)dv,

Jj=

ot n
/ Ea(T) U (u, 7)dT ~ Y w9 Ea() U (u, 7).
0

J=0
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Using equation (3.4) in the equation (3.3), we get

\Il(u,tm) = u tm — (St Zx\ \I/ u, tz —I— —_— 1/1@/ Al tm, z )\If(v,ti)dv
&Zygj/ Ao (15)k(u, v)¥ (v, 75)dv (3.5)

nétzyhul tm, i)W 5tZV23~2 )V (u, 75).

Utilizing the notations shown below:
U, tm) = Um(u), Y(u,tm) = Ym(uw), Ai(tm,ti) = Aimi, Da(7j) = Agj.

Equation (3.5) is transformed into

U, (u) =Y (u) — 5 Z AiVi(u) + oy Z 1/1,2/ Ay g ik(u, v) U4 (v)do
=0 1=0
n 1
1
+ 5 ZVQJ‘/(; Ag ik (u,v)¥;(v)dv (3.6)
7=0
/J/ m n
W ; Vl,z—*l,m,quz(u) + E Jgo V2,]'—'2,]\Ilj (U)

According to equation (3.6), there are only a finite number of unknown functions ¥,,(u), m =
0,1,..., M. Various techniques can be used to determine the solution of the system (3.6), for
example, using Galerkin method, Picard’s method, Expansion method, Collocation method,
Quadrature method, etc. [6,25,27,28] to solve the system (3.6).

In the next section, we obtain the solution of the system (3.6), by using the shifted Legendre
polynomials (SLPs) and least squares method (LSM), see [34,35].

3.2. Convergence analysis
To investigate the convergence of system (3.6), we assume the following conditions:
max |\;| <, max|ry | <aj, and max|v;| <o+ a. (3.7)
% 7 A

Theorem 3.1. If the series Y 0 {Pmn(w)}, Pmn(u) = Ypn(u) — Wi p-1(u) is uniformly
convergent, then W, (u) represents the solution of system (3.6).

Proof. We construct the sequence W, ,,(u) as follows

1
qjm,n(“):Ym(u)_EZ)\z\Dzn 1 Z lz/ Almz U, U zn 1( )d

’I’](StZVQ’]/ AZ] u, U ]n 1( )d (38)

3

+'§Z£V1,i51,m,i\l’m 1 5tZV2,]~2,J jm—1(u).
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Create the function ®,, ,(u) such that @, ,(u) = Wy 5 (u) — ¥pp n—1(u). According to that, the
integral Eq. (3.8), becomes

1 m
mn u 572 7,n 1 \Iji,n—2(u))
=0
+ L Zylz/ Almz u 'U( in— 1( )_\I/i,n—Q(U»dv
o Zuz,j / Ao ik (u, 0) (-1 (V) — Wj_a(v))dv
=0 0

m
i Z V1B mi (Win—1(u) — Wi n—o(u))
i—0

n
By applying the norm properties and conditions (i)—(iii), (3.7), we obtain

ZH\I/zn 1 - zn—2(u)H

1 E @+ al)DlAZ W01 () — Ui ()
=0

n
| Do AN (11 () — Wa(u)]
§=0

B _\

m
+ | (@t a)Ds Y W1 (u) — U a(u)]
=0

n
L 1 Da 7 W1 () = Wy o ()],
j=0

hence, we have

o+ |p(D1A + DoJat (DA + DoA+ Dot D)ol §=yq, )

D, n(u)] <
| @m0 e

for n =1 and using condition (iv), we obtain

|T]|C¥ + ‘,U/H(DlA + D3)a + (DlA + DQA + D3 + D4)a1}

P <
s (w)]| < i

m Al,

and by induction, we get

[nloc 4 |p|[(D1A + D3)a+ (D1 A4 Dy A+ D3 + Dy)as]
n|ot

m < 1.

(3.9)

||(I)m,n(u)“ < (Bm)" A1, Bm =

Inequality (3.9) indicates that the system (3.6) is uniformly convergent and has a unique solution
as n — 0o. O
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4. The properties of Legendre polynomials

This part starts with a review of some basic facts about Legendre polynomials. Then, we
introduce the main features of the SLPs and derive some of the fundamental mathematical tools
needed to create the proposed method. Legendre polynomials are orthogonal functions that are
utilised as fundamental approximations. Compared to other orthogonal polynomials (Chebyshev
polynomials, etc.), they display a convenient and easy-to-calculate form. Legendre polynomials
have an interval from —1 to 1.

4.1. Legendre polynomials and shifted Legendre polynomials

The following recurrence formula, which defines the Legendre polynomials on the interval [—1, 1],
can be used to get the well-known orthogonal polynomials of degree £ in v. For further infor-
mation, see [17]:

(2¢+1) 14
1 P - T

Pryq(v) = Pra(v), £=1,2,..., (4.1)
with
P()('U) = 1, Pl(v) = .

The weighted space Lfv(v)[—l, 1] = L?[—1,1] can be defined since the Legendre weight function
w(v) = 1 is normal, provided with the inner product and the standard of the following:

1
z/_lf(v)g(v)d% Lf ()] = (f(0), f0)2.

Therefore, a complete L?[—1, 1]-orthogonal system is formed by the set of Legendre polynomials,

and
2

(Py, (v), Py (v)) = @1

where dy, ¢, is the Kronecker function. By applying the change of variable v = 2u — 1, we provide
the SLPs using these polynomials on the interval w € [0,1]. The SLPs P;(2u — 1), which are
represented by Ly(u), are all we have yet to study. Next, the following recurrence relation can
be used to construct the SLPs of degree ¢:

0¢14s)

(20+1)(2u — 1) ¢
Y Ly(u) - mLZ—l

Lesi(u) = (W), £=1,2,..., (4.2)

when u € [0, 1] and the following are the fundamental properties of the SLPs:

Lo(u) =1,

Li(u) =2u

Lo(u) = 6u2 —6u+1

La(u) = 20u® — 30u2 + 12u — 1,
1= L()(u),

u=(1/2)[Lo(u) + Ly (u)],
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u? = (1/6)[2Lo(u) + 3L1(u) + L2(u)],
u® = (1/20)[5Lo(u) + 9L1 (u) + 5La(u) + L3(u)],

and
Ly(u) = (—l)ng(l —u).

It is possible to write the binomial expansion of the SLPs as

(0 + i)l
(¢ —1)!(a)?’

(20 — i)t _
(=1) ([(e — 1))!]%! )

= A [ug(u — l)g] )

(—1)HH teN

Recall that
Li(0) = (=1)%, Ly1)=1.

Regarding the weight function ws(u) = 1 on the interval [0, 1] corresponding to the inner product
given below, these polynomials satisfy the following orthogonality condition:

1

1
(L0, L) = [ L) ey (e = s

0010y-

4.2. Shifted Legendre expansion and truncated approximation

The function ¥(u) € Li}s (w) [0,1] can be expanded concerning the SLPs as follows, as known:

\I/<’LL) = Z Bng(u), (4.4)
=0

where the coefficients of the series are denoted by S,;. Therefore, given a polynomial of degree
N, ¥(u) can be represented as follows in terms of the SLPs:

N
Uy (u) =) fele(u) = BT o(u), (4.5)
=0
where the vector B = [, B1,...,8n]T and its component values are based on the integration
that follows: )
Be = (20 + 1)/ Un(u)Le(w)ws(u)du, £=0,1,2,...,N. (4.6)
0

Assume that ¢(u), the shifted Legendre vector, is expressed as
TZJ(U) = [LO(U)ﬂLl(u)ﬂ"'7LN(U)]T7 (47)

as well as presume
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then the following is an expression for the vector ¢(u)
¥(u) = ATN(u), (4.9)
where A is (N + 1) x (N + 1) square matrix provided by
0, m < n,

(@m,n)o<mn<N = N (N + D)I(N 4+ m + 1) . (4.10)
) N F T —m s DT s D ™2™

The diagonal elements of matrix A, which is a N 4+ 1 order lower triangular matrix, are all
positive integers. The linear transformation can be used to convert matrix A into the N + 1
order identity matrix. Thus, A is an invertible matrix. As an example, if N = 4, the square
matrix A can be found by

1 0 0 0 O
-12 0 0 O
1 -6 6 0 0
-1 12 =30 20 O
1 —20 90 —14070

Thus, utilizing equation (4.8), we conclude

T (u) = ALp(u). (4.11)

5. Solution of the system of Fredholm integral equations of the
second kind (3.6)

This section explains the method of using SLPs to solve the main problem numerically using
the LSM. As a result, the problem will be transformed into an algebraic system of equations
with collocation points where numerical solutions can be found. The following is an expression
for a function ¥,,(u) in terms of SLPs:

oo
Uy () = BrmLe(u). (5.1)
(=0
In actuality, we take into account the SLPs about u of the (N 4 1)-terms so that
N
U (1) = BoamLi(w), (5.2)
=0
where,
1
Bem = (20 + 1)/ U, N(u)Lg(u)du, £=0,1,2,...,N. (5.3)
0

We obtain the following equation from the system (3.6) to simplify the presented method tech-
nique:
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not =
[ m—1 [ n
+ W : Vl,iEl,m,i\I]i(u) + W Z VQJEQJ\II]‘ (u), (5.4)
=0 7=0
where, A, = ):TT — %Vl,mEl,m,m-
Putting (5.2) to use in (5.4), in this way:
m—1
Am Zﬁe mLe(u ~ 5 Z Z/\zﬁezLe
=0 =0
M m 1 N
+ &;%Vl,z/ Al,m,z‘k(uyv) Lz_% Bé,zLZ(U)] dv
- ) v (5.5)
+ nétZVQ,j/ AQ,jk(uav) [Zﬁﬁ]l%(v) dv
7=0 /=0
1 m—1 N " n N
Tt > r1iErmiBeile(w) + 18 2 > v2E2,8eiLe(u)
i=0 (=0 j=0 £=0
For any u € [0,1], E, n(u) = ¥y n(u) — ¥y (u) is called the N-order remaining elements of
Eq. (5.4), where
1 m—1
Em,N(u):étzz;Az(\Ijz(u)\I’ Zylz/ A1ml UU( ZN() \I’())d
RS !
— A U, (v))d
* o2 /0 2 (01, 0) (0 (0) — 05 (0))
M m—1
72<<> S
i=0

Remark 5.1. If E,, y(u) = 0, then U,,(u) = U, y(u); if imy_oo B n(uw) = 0, then
Hmy oo Ui v (0) = Wpp (u).

Remark 5.2. For any u € [0,1], if £, y(u) =0, then ¥,,(u) is an exact solution of Eq. (5.4);
if imy_y00 B v (u) = 0, then ¥, y(u) converges to the exact solution of Eq. (5.4).

From equation (5.5), we can obtain the following expression:

N m—1 N
1
Rm(“? Bo,mv Bl,ma s aﬁN,m) = Am Z ﬁfﬂan(u) - Ym(’lL) + a Z )\iBZ,iLf(u)
=0 i=0 £=0
1 m 1 N
B> [ Bimik(u0) |3 BuaLa(w) | do
1ot i=0 0 £=0
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n N

N
1 - p
— 5 > v1iE1m,iBeiLe(u ~ oot v2,i82,j B¢, Le(u),

i=0 (=0 =0 (=0

.

where, R,, denotes the residual function associated with the m-th time level.
Let

1
Sm(BO,my 51,m, ey BN,m) = /[) [Rm(za 60,m> ﬁl,rm ) 6N,m)]2 w(z)dz'

You can define any positive function on the interval [0,1] as w(z). Usually, it’s referred to as
the weight function. For simplicity, we assume w(z) = 1 in this work.

Therefore
1 1 m—1 N
S (B Brms- -+ Bom) = [ Am S i)~ ¥ul2) + L3 S )
0 =0 i=0 (=0
" m 1 N
_ W Z 1/17Z Al,m,zk(zy v) (Z ,Bg ZL@(U)) dv
Uiy 0 =0
0 n 1 N
— oD vy | Dagk(zv) (Z ﬁmLz(v)> dv
o520 0 (=0
[ m—1 N M n N 2
s Zm iZ1,m,iBeiLle(z) — 5 D 1aEaBeiLu(z)| da.
ot 525 =0 9% 520 =0
(5.6)

The unknown coefficients 8¢,,; ¢ = 0,1,..., N are obtained by minimizing the least-squares

functional Sy, (Bo,m, Bim, - - - » BN.m)-
To determine the minimum value of S,,, we set

gilzm ¢=0,1,...,N. (5.7)
Hence, we have
1 m—1 N
/ Am ZﬁemLz Yi(2) + & > AiBriLe(2)
0 i=0 (=0
[ m 1 N
— 5 Z vii | Avmik(z,0) (Z BZ,'LLE(U)> dv
o559 0 =0
1 n 1 N
- ZVQJ/ Ao jk(z,v) (Z ﬂe,]Lz(U)> dv
not 55 0 (=0

N N
i = p -
_E ‘ ZVl,iﬂl,m,i/B&iLl(Z) — W ‘ ZV27j‘:2,j/B£,jL€(Z)
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m—1 m 1
1
AAnLole) + 5 SNl ~ Z;uu /O At ik(z0) Lo (v)dv

j=0
" m—1 " n
i iEimile(s) = o5 JZ; vy,jZa,Lo(z) p dz = 0. (5.8)

We can get a system of (N + 1) linear equations with (N + 1) unknown coefficients B, n’s by
evaluating the previous equation for ¢ = 0,1,..., N. Matrices form can be used to build this
system in the following way:

1 1 1
/ Rm(za BO,m)SOdZ / Rm(za Bl,m)godz tet / Rm(Z, BN,m)%Odz
0 0 0

1 1 1
/ Ron(2 Bon)S1d / R (2, Brom)S1dz - - / Ron(2 Bnm)S1d
0 0 0

H = , (5.9)
1 ' 1 ' 1
/ Run (2, fio ) Snd / R (2 B ) Sz - / Ron (2, i) Sz
0 0 0
and
1
/ Yo (2)Sodz
0
1
Y (2)S1d
Q= /0 (2)3dz | (5.10)
1
Yin(2)Sndz
0
where
N 1 m—1 N
R (Z BE m) —Am25&m[f€('z> + E Z)\iﬁé,z[f@(z)
£=0 i=0 (=0
m 1 N
- Wzyl’l/ Al,m,zk<zav) <ZB€,1 ( )) dv
=0 =0
n N
_ WZVQJ/ Ag ik(z,v) (Z B&]Lg(’u)) dv
7=0 =0
[ m—1 N M n N
— Zylzulmzﬂéz Lo(2) = == > > w2Z0,80,Lu(2), (5.11)
ot i=0 (= not j=0£=0
with

1
7
51 2 /\in(Z) — % ; Vl,i/o Al,m,ik(zv 'U)Lp(v)dv
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n 1
1
- E ; Ao ik L d
1ot P V2,J/O 2,jk(z,v) Ly(v)dv

NE

m—1

[ - [ -

~ oot Y iEimil(z) - v V2,82, Lp(2). (5.12)
i=0 j

I
=)

We can determine the values of the unknown coefficients and the approximate solution of (5.4)
by solving the system described above.

Definition 5.1. For every ¢ > 0, if fol R2 (u, Bom, Brm, - - - Bnm)du < €, then U, n(u) is
called an e-approximate solution of Eq. (5.4).

Remark 5.3. If limy_.o fol RZ (u, Boms Bim, - - - BN.m)du = 0, then the approximation solu-
tion W,, n(u) = Zévzo Be.mLe(u) converges to the exact solution W,,(u) of Eq. (5.4).
The resulting algebraic system at each time level m is a dense linear system of size(N + 1) x

(N +1) and is solved using a standard direct method such as LU decomposition. Consequently,
the computational cost scales as O((IN + 1)?) per time level.

6. Convergence analysis

We provide a convergence study for the proposed method in this section. The approximation
solution ¥y, n(u) should converge to the exact solution ¥,,(u) of Eq. (5.4) as N — oo, according
to the technique of solving in Section 5. The following theorem establishes the convergence of
the LSM:

Theorem 6.1. Let V,,(u) be the exact solution of Eq. (5.4), and assume that W, y(u) is
the approximation solution provided on [0,1]. If 30,, y(u) = Zévzo agmLe(u), such that Vu €
[0,1], Imy 00 O n(u) = Uy (u), then

1
lim [ R2(u, Bom, Brams - - » BNm)du = 0.

N—oo 0

Proof. The following inequality is valid based on the way the coefficients of the approximation
solution W,, n(u) are calculated and taking into account the relations (5.1)—(5.6):

1 1
0 < / R’?n(”? ﬂo,mv 61,m> s 75N,m)du < / R?n(uv A0,ms Xlymy - - - 7aN,m)du'
0 0

Thus, it can be concluded that

1 1
0 S lim R'?n(u7 50,m7 Bl,my s 76N,m)du S lim Rgn(uv aom, Xl,my - - - 7aN,m)du-
N—oo 0 N—oo 0
Since Imy—y00 O N (1) = Uy (u), that is, fol R2 (u, Q0.ms A mys - - - » AN,m)du = 0. Thus,

1
lim Rgn(ua BO,ma /Bl,m’ cee 75N,m)du =0.

N—oo 0

It is now complete to prove this theorem. ]
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7. Numerical problems

In this section, several numerical examples are presented to demonstrate the accuracy, con-
vergence, and effectiveness of the proposed shifted Legendre least-squares method for solving
phase-lagged Volterra—Fredholm integral equations. The selected examples cover different prob-
lem settings, including nonlinear and linear equations as well as kernels with specific structural
properties, such as symmetry. Whenever possible, exact solutions are used to provide a direct
and reliable assessment of the numerical accuracy.

The performance of the method is evaluated using the maximum absolute error, and the
numerical results are reported for different time levels and truncation orders. The examples are
designed to validate the theoretical analysis presented in the previous sections and to illustrate
the practical efficiency and stability of the proposed approach.

Example 7.1. Consider the following V-FIE with a phase-lag 6t = 0.7:

t40.7 o1
U(u,t+0.7) = y(u,t +0.7) + 0.01 / / ((t + 0.7)27) (u?v) ¥ (v, 7)dvdr
0 0

t4+0.7
N
+0.01 / (t +0.7)7%F (u, 7)dT, (7.1)
0

“U(u,0) =0; y(u,t+0.7) = (t +0.7)u? — 0.00333333 (t + 0.7)5u>.”

The proposed shifted Legendre least-squares method is applied to this problem for several time
levels t,, € [0,0.6] and truncation orders N.

Tables 1-3 report the absolute errors for tg = 0, t; = 0.3, and t5 = 0.6, respectively. The
numerical results show a clear and systematic decrease in the error as the truncation order N
increases, confirming the convergence of the proposed approximation scheme.

Figures 1-3 illustrate the comparison between the exact solution and the numerical solutions
at representative time levels. The approximate solutions closely match the exact solution over
the entire spatial domain uw € [0,1], and the agreement improves noticeably as N increases.
These results demonstrate that the proposed method provides accurate and stable numerical
solutions for phase-lagged Volterra—Fredholm integral equations, even for relatively small trun-
cation orders.

Table 1. Absolute errors for Example 7.1 at to = 0 for different truncation orders N.

U N =4 N=5 N=7 N=9

0 0 0 0 0

0.1 1.538E-07 1.355E-07 3.547E-08 1.570E-09
0.2 3.685E-07 2.158E-07 5.215E-08 2.525E-09
0.3 4.528E-07 2.587E-07 6.521E-08 3.690E-09
0.4 4.988E-07 3.102E-07 7.521E-08 5.247E-09
0.5 6.521E-07 4.326E-07 8.255E-08 7.458E-09
0.6 7.410E-07 4.521E-07 9.254E-08 6.325E-08
0.7 3.698E-06 5.299E-07 5.231E-07 7.215E-08
0.8 4.529E-06 6.255E-07 5.625E-07 8.574E-08
0.9 5.214E-06 2.587E-06 6.321E-07 9.585E-08

1 6.325E-06 3.015E-06 7.524E-07 4.127E-07
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Table 2. Absolute errors for Example 7.1 at ¢; = 0.3 for different truncation orders N.

Uu; N =1 N=5 N=7 N=9
0 0 0 0 0
0.1 5.214E-07 3.658E-07 3.610E-08 1.201E-08
0.2 5.925E-07 4.366E-07 7.521E-08 3.658E-08
0.3 6.254E-07 5.237E-07 8.521E-08 5.874E-08
0.4 7.385E-07 6.255E-07 9.025E-08 6.985E-08
0.5 8.520E-07 6.529E-07 1.366E-07 8.549E-08
0.6 8.874E-07 7.125E-07 2.741E-07 1.712E-07
0.7 9.174E-06 7.521E-07 6.358E-07 2.587E-07
0.8 9.574E-06 8.521E-07 7.521E-07 4.751E-07
0.9 3.855E-05 5.874E-06 9.633E-07 5.180E-07
1 4.126E-05 7.542E-06 2.587E-06 6.527E-07
Table 3. Absolute errors for Example 7.1 at t2 = 0.6 for different truncation orders N.
U N =4 N=5 N=7 N=9
0 3.524E-06 2.547E-06 2.689E-07 4.739E-08
0.1 5.968E-06 4.752E-06 3.588E-07 5.213E-08
0.2 6.524E-06 5.412E-06 3.987E-07 7.125E-08
0.3 7.521E-06 6.854E-06 4.752E-07 7.963E-08
0.4 8.621E-06 7.582E-06 6.325E-07 8.524E-08
0.5 9.633E-06 3.658E-05 8.985E-07 9.325E-08
0.6 4.321E-05 4.588E-05 9.630E-07 3.652E-07
0.7 5.633E-05 5.269E-05 3.652E-06 2.857E-06
0.8 5.921E-05 5.585E-05 5.396E-06 3.625E-06
0.9 6.125E-05 5.874E-05 7.412E-06 5.874E-06
1 1.521E-04 6.547E-05 7.520E-05 6.925E-06
]
0.000006 I’
/
0.000005 ; i £ 310t solution
/ — -Approx. solution at N=4
}l -e= A lutic it N=5
’g'. 0.000004 PR jma =
£ ? —a—Approx. solution at N=7
i 0000003 [ —#— Approx. solution at N=9
E 0.000002 ’ ""
/ /
0.000001 I "
B == _e---.i--e,-h‘ﬂ’é’:‘::':: =
i it g LT
’ 0 0’.“1 0/.'\2 U/.“3 04 0/.’5 O'.\E 0.7 U’.“ﬁ O.é 1

Figure 1. Exact and approximate solutions of ¥(u,t) at (to =
squares method for different truncation orders N.

0) obtained using the shifted Legendre least-
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03 350601 == Exact solution
—#— Approx. solution at N=7

Jp 3.00E01 === Approx. solution at N=9

o / = «Approx. solution at N=4
/ — -o— Approx. solution at N=5
F + 2.50E-01

02 7
/ F 2.00E-01
15 /-

r 1.50E-01

) ya
.~

W{Approx.)

WiExact)
\\k
N

r 5.00E-02

0 y T T T T T T T T 0.00E+00
1

Figure 2. Exact and approximate solutions of ¥(u,t) at (1 = 0.3) obtained using the shifted Legendre least-
squares method for different truncation orders N.

06 7.00E-01 bl 3.-12 3 solution
—4— Approx. solution at N=7

B 6.00E01 = =Approx. solution at N=4

L / === Approx. solution at N=5
=i Approx. solution at N=9
+ 5.00E-01

0.4 /
/’? I 4.00E-01
/} /' 3.00E-01

0.2 /

/// 2 00E-01

W(Exact)
o
e
WiApprox.)

r 1.00E-01

oM . T T T T T T T T 0.00E+00
0 01 02 03 04 05 06 07 08 08 1
u

Figure 3. Exact and approximate solutions of ¥(u,t) at (t2 = 0.6) obtained using the shifted Legendre least-
squares method for different truncation orders N.

Example 7.2. Consider the linear V-FIE [16,37]
1 t
W)=t —etpet 14 / (I (r)dr + / retw(r)dr, WO)=1,  (7.2)
0 0

where the exact solution is W(t) = e~'. After the shock wave, the corresponding V-FIE with
phase-lag becomes

U(t + 0.0001) = (t + 0.0001) — (t+0-0001) 4 o=(¢+0.0001) 4 ¢

1 (t+0.0001) (7.3)
+/ e((t+0.0001)+7‘)\1,(7_)d7__|_/ 7e(H0:0000) (1) g7
0 0
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The proposed shifted Legendre least-squares method is applied to this problem for different
discretization parameters.

Table 4 reports the absolute errors obtained using the present method and compares them
with those reported in [16] for representative values of the time discretization and truncation
order.

The numerical results demonstrate that the proposed method achieves significantly smaller
errors than the reference method for comparable parameter values. Furthermore, the accu-
racy improves systematically as the truncation order increases, confirming the convergence and
stability of the approach.

Figures 4 and 5 compare the approximate and exact solutions. The numerical solutions ob-
tained by the present method closely match the exact solution over the entire interval, confirming
the effectiveness of the shifted Legendre least-squares formulation for phase-lagged Volterra—
Fredholm integral equations.

Table 4. Comparison of absolute errors for Example 7.2 obtained using the proposed shifted Legendre least-
squares method and the method reported in [16] for different discretization parameters.

ti Method in [16]  Proposed Method in [16]  Proposed
method method
m= 16 N=6 m= 32 N =38

0.0625 4.05145E-04 1.42547E-07 9.93506E-05 3.65872E-09
0.1875 5.20217E-04 2.93354E-06 1.27569E-04 9.52148E-09
0.3125 6.67972E-04 4.12935E-06 1.63802E-04 5.20147E-08
0.4375 8.57692E-04 6.10658E-06 2.10325E-04 8.24531E-08
0.5625 1.10130E-03 6.85215E-06 2.70063E-04 9.23657E-08
0.6875 1.41410E-03 2.58744E-05 3.46768E-04 9.52148E-08
0.8125 1.81573E-03 3.69854E-05 4.45259E-04 5.82367E-07
0.9375 2.00283E-03 4.25876E-05 5.71723E-04 7.23985E-06

Figure 4.
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=== Exact solution

== Approx. solution at m=1&
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Comparison between the exact solution and the numerical solutions obtained using the method
reported in [16] and the proposed method for m = 16 and N = 6.
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K o i Exact solution
- 9.00000E-01

== Approx. solution at m=32

== Approx. solution at N=8
\’;\\ I 7.D0000E-01
6.00000€-01

¥

f

/
/

Figure 5. Comparison between the exact solution and the numerical solutions obtained using the method
reported in [16] and the proposed method for m = 32 and N = 8.

Example 7.3. Consider the following V-FIE with a continuous and symmetric kernel:

1 t+0.5 1
2U(u,t +0.5) =y(u,t + 0.5) + 4/ / (t+0.547)|u—v|¥(v,7)dvdr
0 0

t+0.5
+ 4/0 (t+0.5—7)¥(u,7)dr, ¥(u,0)=0.
The exact solution of this problem is given by W¥(u,t) = uln(1+¢).

This example is selected to examine the performance of the proposed method in the presence
of a continuous and symmetric kernel, which typically leads to smooth solution behavior. The
proposed shifted Legendre least-squares method is applied for several time levels t,, € [0,0.4]
and truncation orders N.

Tables 5—7 report the absolute errors obtained at tg = 0, t; = 0.2, and t2 = 0.4, respectively.
The numerical results exhibit a systematic reduction in the error as the truncation order N
increases, demonstrating the convergence of the proposed approximation scheme. The smooth-
ness induced by the symmetric kernel is effectively captured by the orthogonal shifted Legendre
basis, resulting in accurate approximations even for moderate values of V.

Figures 6-8 compare the approximate and exact solutions at representative time levels.
The numerical solutions closely coincide with the exact solution over the entire spatial domain
u € [0,1], and the agreement improves as N increases. These results confirm that the pro-
posed method efficiently exploits kernel regularity and symmetry, yielding stable and accurate
numerical solutions for phase-lagged Volterra—Fredholm integral equations.

Table 5. Absolute error for Eq. (7.4) at to = 0 for different truncation orders N.

U; N =3 N =4 N =6 N =10

0 2.56478E-06 4.69857E-07 1.24757E-07 5.32987E-10
0.1 4.28610E-06 5.36987E-07 2.54321E-07 6.68294E-10
0.2 5.58391E-06 7.52364E-07 4.52876E-07 7.19684E-10
0.3 7.41058E-06 8.23147E-07 5.63217E-07 8.52147E-10
0.4 8.36921E-06 1.23657E-06 7.12548E-07 9.52896E-10
0.5 3.21475E-05 3.69214E-06 9.32564E-07 2.10312E-09
0.6 4.63287E-05 4.96347E-06 9.92548E-07 4.52170E-09
0.7 6.32587E-05 3.65874E-05 3.69254E-06 5.93214E-09
0.8 1.54287E-04 5.20314E-05 5.21369E-06 9.92587E-09
0.9 5.68923E-04 5.72164E-05 5.96328E-06 4.21567E-08

1 6.32187E-04 1.20120E-04 7.52361E-06 5.54269E-08
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Table 6. Absolute error for Eq. (7.4) at t; = 0.2 for different truncation orders N.

u; N=3 N =4 N =6 N =10

0 2.93584E-06 6.52387E-07 3.58964E-07 7.63254E-10
0.1 4.92358E-06 8.62394E-07 4.72593E-07 8.76325E-10
0.2 6.72398E-06 8.96325E-07 5.10247E-07 9.53215E-10
0.3 8.23954E-06 9.58236E-07 7.76289E-07 9.85678E-10
0.4 9.16387E-06 2.58694E-06 8.36247E-07 2.56932E-09
0.5 5.36987E-05 4.86322E-06 9.82635E-07 4.75232E-09
0.6 7.52369E-05 5.76328E-06 3.18746E-06 6.93254E-09
0.7 1.58632E-04 6.89520E-05 3.95216E-06 7.82365E-09
0.8 3.69852E-04 9.25847E-05 6.85243E-06 2.56987E-08
0.9 6.92354E-04 9.86254E-05 4.36980E-05 3.25870E-08
1 3.62584E-03 5.38747E-04 5.79632E-05 7.52364E-08

Table 7. Absolute error for Eq. (7.4) at t2 = 0.4 for different truncation orders N.

U N=3 N =4 N =6 N =10

0 3.59247E-06 7.19687E-07 5.87463E-07 8.14627E-10
0.1 5.63891E-06 9.05874E-07 6.24789E-07 9.07854E-10
0.2 7.41308E-06 9.58736E-07 7.74185E-07 9.83674E-10
0.3 9.18387E-06 9.97425E-07 8.57436E-07 2.78615E-09
0.4 9.75632E-06 5.27463E-06 9.38745E-07 3.98762E-09
0.5 9.98326E-05 6.79258E-06 2.57641E-06 5.24781E-09
0.6 2.89647E-04 7.05240E-06 5.74368E-06 8.10421E-09
0.7 3.69287E-04 7.96254E-05 6.58932E-06 3.82147E-08
0.8 4.10739E-04 9.98763E-05 8.46374E-06 4.17258E-08
0.9 7.49634E-04 3.65874E-04 6.30014E-05 5.83691E-08
1 8.28741E-03 5.69874E-04 7.52896E-05 9.23874E-08

. »
7 Exac sohtion

0.0005

—i& =Approx. solution

0.0004

=== Approx. solution

—=#— Approx. solution

i ApproX. SOlution

atN=3

atN=4

at N=6

at N=10

0.0003

Wi{Exact), W{Approx.)

0.0002

0.0001

0 01 02

03

=%

04 05 086 07
u

038

= _—”__‘3_---0’

09

0 B e e =T gy

1

Figure 6. Exact and approximate solutions of Eq. (7.4) at to = 0 for different truncation orders N, illustrating

the convergence of the proposed method.
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Figure 7. Exact and approximate solutions of Eq. (7.4) at t1 = 0.2 for different truncation orders N, illustrating
the convergence of the proposed method.

i Exact solution

=5 - Approx. solution at N=3

=== Approx. solution at N=4

—+— Approx. solution at N=6

solution &

—4— Approx

© 0 01 02 03 04 05 06 07 08 09 1
u

Figure 8. Exact and approximate solutions of Eq. (7.4) at ¢t2 = 0.4 for different truncation orders N, illustrating
the convergence of the proposed method.

8. Conclusions

This study proposes a new method for the numerical solution of a class of V-FIE with a phase-
lag that arises in problems related to biology and physiology. The process is based on SLPs
functions using the LSM. We reduce the problem to an algebraic system by utilizing SLPs as
a basis with the LSM and operational matrices of these functions. In comparison with other
approaches now in use, the present methodology is easier to build and more accurate. Our claim
is supported by the comparison results and the numerical applied models that are described
in the research. Numerical experiments (Examples 7.1, 7.3) and comparisons with alternative
approaches (Example 7.2) have demonstrated the reliability and efficiency of the suggested
method. We conclude that the SLPs method with the LSM is better than the current method
in [16] based on the results shown above in Table 4 and Figures 4, 5. According to the numerical
results, the current methodology provides reasonable stability, a lower computing workload, and
good convergence by increasing N and noting that the accuracy will increase while decreasing
the time ¢. Figures 1-8 and Tables 1-7, which obtain the view, show the simulations of the
suggested approaches that were used to get the theoretical results that, which are explained as
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follows:

(i) Based on Example 7.1, we can observe from Table 3 that the maximum absolute error occurs
when the position is u = 1 and the time is ¢ = 0.6, the error value at this point is (1.521E-
06) at N = 4. As we reduce the time and increase N, we can see in Table 1 that the
absolute error value begins to decrease until the time reaches 0, this means that the error
is increased if the time is increased and N is decreasing.

(ii) From Table 4 in Example 7.2, the numerical results presented in the table clearly demon-
strate that the proposed method significantly outperforms the technique of [16] for all
tested time levels ¢;. In all cases, the absolute errors produced by the presented method
are several orders of magnitude smaller than those obtained using the technique of [16].
It is worth noting that the proposed method achieves substantially higher accuracy using
fewer discretization parameters (e.g., N = 6, N = 8) compared to the method of [16],
which requires larger values of (m = 16, m = 32). This highlights the efficiency of the pro-
posed approach in reducing computational cost while maintaining superior accuracy. For
all values of t; € (0, 1), the errors associated with the proposed method remain consistently
small and stable, indicating strong numerical stability and robustness of the technique over
the entire computational interval.

(iii) From Table 5 in Example 7.3 and decrease the value phase-lag to see its effect, we get the
maximum absolute error value is (5.32987E-10) at the position u = 0, the time ¢ = 0 and
N =10. Also from Table 7, we obtain the minimum absolute error value is (8.28741E-04)
at the position v = 1, the time ¢ = 0.4 and N = 10, this means that if the values of
phase-lag decrease, then the error value is also decreasing.

In future work, we’ll discuss the following equation, which has several applications in com-
munication problems and mathematical physics. It can be defined as follows:

t 1 t
nU(u,t) =y(u,t) + ,u/ / G(t,7)k(u,v)¥ (v, 7)dvdT + ,u/ U(t,7)¥(u,r)dr, (8.1)
0 Jo 0
considering the dynamic conditions
1 1
/ U (u, t)du = P(t), / uW(u, t)du = M(t). (8.2)
0 0

However, in mathematical physics problems, the following given function can be taken into
consideration:

y(u,t) = s [y(8) + B(t)u — h(u) = ha(w)], 0<w < 1, t € (0,71,
1+ 62
and ¢; = IJE/%j, ji=1, 2
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