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ON WELL-POSEDNESS OF A GENERAL FRACTIONAL INTEGRAL
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Abstract This article has two objectives. The first objective is to utilize Darbo’s fixed-
point theorem (FPT) and the measure of noncompactness (MNC) technique to study the
well-posedness (i.e., the existence and the uniqueness in addition to continuous dependence
on the data) of a generalized fractional quadratic integral equation in Orlicz spaces L.
Our second objective is to prove and explain the novel properties of g-fractional operators,
such as boundedness, continuity, acting, and monotonicity within L. As a result of our
work, several fractional operators are generalized, unified, and extended, including Riemann-
Liouville, Hadamard, and Erdélyi-Kober, as well as related classical and quadratic fractional
problems. Our theories are supported by several examples.

Keywords Orlicz spaces Ly, (MNC) measure of noncompactness, g-fractional operator,
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1. Introduction

Fractional calculus has emerged as a powerful and flexible framework for modeling phenomena
in which memory, nonlocality, and hereditary effects play a fundamental role. Unlike classical
integer-order models, fractional operators can capture long-range temporal and spatial inter-
actions that naturally arise in complex systems. This distinctive feature has made fractional
calculus an indispensable tool in a wide range of applications, including economics, biology,
physics, viscoelasticity, engineering, fluid dynamics, electrical circuits, earthquake modeling,
electrochemistry, and traffic flow (cf. [21,23,32, 36, 38]).

Despite this rapid development of fractional modeling, the majority of existing studies focus
on specific fractional kernels such as the Riemann—Liouville, Hadamard, or Erdélyi—Kober op-
erators (cf. [2,9,18,40-42]). While these kernels have proved useful, they restrict the admissible
memory structures and limit the modeling flexibility of the associated integral equations. In
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contrast, the g-fractional operator provides a unifying and more general framework, allowing
the memory kernel to be adapted to the underlying physical or analytical context through an
appropriate choice of the function g. This generality enables the treatment of a broader class of
fractional models, including many classical cases as particular examples.

Quadratic fractional integral equations arise naturally in several areas of applied science,
such as the kinetic theory of gases [19], radiative transfer [12], and neutron transport theory
[20], where nonlinear interactions between states play a crucial role. When such equations are
combined with generalized fractional kernels, as in the g-fractional operators, they provide an
effective mathematical description of nonlinear systems with complex and nonlocal memory
effects. However, the presence of both quadratic nonlinearities and weakly singular fractional
kernels introduces substantial analytical challenges, particularly with respect to the regularity
and integrability of solutions.

In many realistic models, solutions are not expected to be continuous or bounded in the
classical sense, and they may exhibit nonstandard or fast growth behavior. This makes the
traditional functional spaces of continuous functions or Lebesgue spaces LP with fixed p > 1
inadequate or overly restrictive. In particular, the quadratic structure of the integral equation,
together with the generalized g-fractional kernel, may lead to solutions that fall outside any single
LP space. This limitation motivates the use of Orlicz spaces L,,, which extend the Lebesgue space
and are specifically designed to handle nonlinear growth conditions, irregular data, and non-
polynomial integrability behaviors frequently encountered in statistical physics and nonlinear
analysis (cf. [33,34]).

Orlicz spaces provide a natural and flexible framework for the analysis of nonlinear integral
equations, as they allow the growth of solutions to be controlled by a suitable Young function
rather than by a fixed power. Moreover, these spaces exhibit favorable structural properties
with respect to nonlinear (Nemytskii-type) operators and are well-suited for the application of
compactness methods based on the (MNC). Consequently, establishing fundamental properties
of fractional-type operators such as boundedness, continuity, and monotonicity in Orlicz spaces
is essential for proving well-posedness results for nonlinear fractional integral equations under
weak and physically meaningful assumptions.

The main objective of this paper is to investigate essential analytical properties of the g-
fractional operator in Orlicz spaces L, including boundedness, continuity, and monotonicity.
These results are then applied to study the well-posedness of a class of quadratic fractional
integral equations of the form

y(v) = f(v) + hl(;j’(zg”» /0 (g(:j;(j?j(f))))la J(s)ds, welo,d, 0O<a<l, (L1)

within the Orlicz space Ly. Equation (1.1) encompasses, as particular cases, several well-known
fractional integral equations corresponding to specific choices of the function g, including the
Riemann-Liouville, Hadamard, and Erdélyi-Kober operators.

By employing the (MNC) and suitable (FPT) techniques, including Darbo-type (FPT),
we derive sufficient conditions ensuring the existence, uniqueness, and continuous dependence
of solutions of (1.1) on the given data in Ly (cf. [4,30]). These results demonstrate that equa-
tion (1.1) is stable and mathematically well-behaved within the proposed functional framework.

Our approach generalizes and unifies several existing results in the literature. For instance,
the author in [26] presented some basic properties of the (RL) Riemann-Liouville type fractional
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integral operator and explored its solutions

1

e ds, 0<a <, velod

v = £+ 6 [T

in Orlicz spaces Ly, see also [27].
The authors in [3,29] demonstrated and studied fundamental features of the Hadamard-type
fractional operator within L, and utilized them to solve the following equation

y(v) = Ga(y)(v) + (W/l (log E)MGQ(y)(s) ds, velle, 0<a<l.

The authors in [31] showed the basic characteristics of the Erdélyi-Kober fractional operators
in Lebesgue and Orlicz spaces and used them to analyze the problem

F(a) /; (vﬁ—sﬁ)l—a d)’ G[O,d},

where 0 < o <1 and 8 > 0 in the indicated spaces (see also [11]).

In addition, the (MNC) and (FPT) have been successfully applied in solving various classes
of quadratic integral equations in Orlicz spaces under different sets of assumptions (cf. [5,7, 14,
15,28]).

Inspired by these developments, as well as by models arising in statistical physics and applied
analysis (cf. [22,24]), the present work extends the existing theory to the general g-fractional
operator. This provides a robust and versatile analytical setting for the study of nonlinear
fractional models with generalized memory kernels. Several examples are included to illustrate
and substantiate the theoretical results.

y@)=f@%%h@wwﬂ+h<m

2. Preliminaries

Let R = (—00,00) and [0,d] =1 C Rt = [0,00). Denote the Young function (YF) by ¢ : R —
R*, where

0
1/}(9):/0 f(s)ds, for 6 >0

and f : R™ — (0,00) is an increasing and left continuous function on R*. The pair (1, ¢) is
said to be a complementary pair of YF if ¢(y) = sup,>(yz — ¥(y)).
The function ¥ is known as N-function when it is a finite-valued and verifies:

o limg_,o0 2 = 00, Timg,o U2 =0,

e (0)>0if 0 >0 (@) =0 < 6=0).

Denote by Ly, = Ly (I) the Orlicz space of all measurable functions y : I — R with the norm

lylly = ;g%{/ﬁ (;,(;)) ds < 1} < 0.

It is important to recall that for any YF 1, we have (0 4 s) < 1(6) + ¢(s) and ¢(pf) < p(0),
where 0, s € R, and p € [0, 1].
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Assume that Ey(I) is the set that contains all bounded functions in Ly (I) with absolutely
continuous norms.
Moreover, we get Ey = Ly if 1 satisfies the condition:

Jw, 6y >0 such that (20) < w - (0), 6 > by, (Ag—condition).

It is noted that, the classical Lebesgue spaces Ly (I) shall be considered as a particular case of
Orlicz spaces Ly, (I) with corresponding N-function ¢, = s?, satisfying the above Ay — condition.

Lemma 2.1. [22] Assume that the function h(v,y) : I xR — R wverifies Carathéodory
conditions (i.e., it is continuous in the variable y for almost all v € 1 and measurable in v
for anyy € R). The superposition operator Fy, = h(v,y) : Ey, — Ly = Ey is bounded and
continuous if

(v, y)| <a(w)+b-97 (¢1(y), yeR, vel,
where a € Ly, b >0, and the function 1(y) satisfies the Ao— condition.

Lemma 2.2. [25] Assume that 1, 11, and 1y are arbitrary different N -functions. The following
given conditions are equivalent:
1. For every functions y1 € Ly, and y2 € Ly,, Y1 - y2 € Ly.
2. There exists k > 0 such that for all measurable yi,y2 on I, we get ||y1y2lly < k -
11 llr [yl -
3. There exists C >0, sg > 0 such that for all v,s > sg, ¥ (%) < 1(s) + a(v).

L) v
4. limsup,_, % < 00.

The set S = S(I) is the set of Lebesgue measurable functions “means” on (I) connected with
the metric

d(y, ) = infle + meas{v : [y(v) — 2(v)] = p}]

is a complete space. Additionally, the convergence in measure on I is equivalent to the conver-
gence regarding d (cf. [39]). The compactness in S is called “compactness in measure”.

Lemma 2.3. [14] Assume thatY C Ly(I) is a bounded set, and there exists a family (S0 )o<r<d
C I such that meas Q. = r for every r € [0,d], and for every y €Y,

y(Sl) > y(52)’ (Sl €Qp, 52 ¢ Qr)
Then, Y is compact in measure in Ly (I).

Definition 2.1. [8] The Hausdorff measure of noncompactness S (X)-(MNC) for a bounded
set ) #£Y C Ly is assigned by

Br(Y)=inf{r >0: 3 X C Ly such that Y C X + B, },
where the ball B, = {y € Ly(I) : [|y|l4 < r} is centered at the origin with radius r.

Denote a measure of equi-integrability ¢ of Y € Ly (I) by :

oY) = lim sup sup|y-xolly,
=0 measD<eyeY

where ¢ > 0 and x4 points to the characteristic function of A C I (see [39] or [17]).
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Lemma 2.4. [14,17] Let Y be a nonempty subset of Ly, that is bounded and compact in measure.
Then

oY) = Bu(Y).

Theorem 2.1. [6] Let Q2 be a nonempty, bounded, closed, and convex subset of Ly, and let
T:Q — Q be a continuous mapping. Assume that there exists a constant b with 0 < b < 1 such
that

Bu(T(Y)) <bBu(Y)
for every nonempty subset Y C Q. Then T has at least one fized point in €.

3. Generalized fractional operators
We provide and prove some properties and concepts of the generalized fractional (or g-fractional)
operator in L.

Definition 3.1. [21,36] The g-fractional, or generalized fractional, integral of a function y of
order a concerning a different function g is given by

IR T y(s)g'(s) ‘. o
Jgy(v) = F(a)/o (g(v) —g(s))l_ad , a>0, (3.1)

where g is a positive and increasing function on (0, co] and has a continuous derivative on (0, 00).

Table 1. Some particular cases of Definition 3.1 corresponding to different forms of g(t).

g(t) Common name | Fractional integral Applications
1 v d
t Riemann-Liouville / y(s) ds Viscoelasticity, control theory [21].
[(a) Jo (v=s)!=°
v a—1 d
Int Hadamard / (ln Y yls) ds Finance, biological growths [36].
1 s I'(a)s
1 v BsP1y(s) d
t?,8 > 0 | Erdélyi-Kober (Bsﬁ 53)1 ® | Diffusion equation, geophysics [21].
o (VP —s”) 7@
t2 Sneddon—type / ) sds Potential theory, elasticity [37]
yp F(a) UQ — 82 — y, y [37].
t, « =1 | Hardy-Littlewood , / y(s) ds. Harmonic analysis, PDE theory [13].
0

Now, we examine the monotonicity of the operator Jg* (3.1).

Lemma 3.1. The operator Jg', o> 0 with 9(0) = 0 maps nonnegative and a.e. nondecreasing
functions into functions having similar properties.

Proof. Let vi,vs €1, v1 < w9, and y be a.e. nondecreasing and nonnegative function, then by
putting g(s) = g(v1) - u, we have

—9'(s)ds

) - 1 v1
Jgy(v1) = [(a) /0 (g(vl) - 9(8)>
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du.

o) [ v(o7 (o(v1) - u))
o

1— u)l—a

Since the function ¢ is an increasing and positive function on (0, 00], then its inverse g1

exists and has also the same properties (cf. [10]), then we get

“(v - (v2) -
J;y(m) < g7 (v2) /01 ?J(g(l (_gu;la ))du = Jgo‘y(m).

Therefore, 0 < Jy(v1) < Jgy(ve) for v < va. O

Proposition 3.1. [35] Let P be a (YF) Young function, then for v € RY and any 0 < a < 1,
the set

L peweTE 1
]P(S) = € > O . ‘g/H/ P(uail) du S ol-«a # @,
P

€

gl

is nonempty with P(0) = 0, where the function g is defined in Definition 3.1.

Lemma 3.2. Let (P,Q) be a complementary pair of N-functions and 1 be an N-function,
where P wverifies fog(v) Pu® Y du < oo, a € (0,1). Then the operator Jg o Lo(l) — Ly(T) s
continuous, where

1

gv)o -«
/ Pu* Y du e Ey(), €>0, o=

1
oga—1

lg'll

€
lg'll

k(v) =

for a.e. v el
Proof. Suppose that

(90) = 9()) " g'(s)
K(v,s) = I'(a) ’

0, otherwise.

if s€[0,v], v>0,

For y € Lg(I) and by utilizing Holder inequality, we get:
/ K(v,s)
<2[|K(v,)lrllylle

) (90) —9())" 9'(s)
< /HP ds <1

[Jgy(v)| =

- lyllQ

lyllo

[r (s -99)" 9@l .
I

e o1l



Well-posedness of fractional integral equation in Orlicz spaces 3035

)~ 9)" '
g /
inf /P d gfs) ds <1 [lyllo-
) >0 € 9]l »
Put u = (g(v) — g(s))aﬁ, where o = =i, we have
a1
e e A G T N
— ||In — U u < ogl-e
771 =T(a) [0 Telle Jo 8 v

P
< Jklulyl
Y1Q,
F() P Q

where k € Ey(I). Then, by recalling Proposition 3.1 and [22, Lemma 16.3], we get J¢* : Lo — Ly
and is continuous. O

4. Main results

First, we define the operator B associated with the right-hand side of equation (1.1) as follows:

y=DBy)=f+U(y),

where

Uly) = Fr(y) - Aly), A(y)(v) = Jg Fr, (y)(v),
such that Jg' is defined in Definition 3.1 and Fj,,7 = 1,2 are known as the superposition
operators.

Next, we shall discuss our existence theorem in L,-spaces in the most interesting case,
where the generating N-functions verifying the Ao—condition (cf. [1,15,28,31]). These allow us
to utilize some general conditions for the studied functions.

Theorem 4.1. Assume that 11,2, and ¥ are N-functions and (P, Q) is a complementary pair

of N-functions, such that Q,v, 1 satisfy the Ay—condition and fg(v u N du < o0, a €
(0,1) and that:

(G1) There exists ki > 0 such that for y1 € Ly, (I) and yo € Ly,(I) we get ||yiyaly <
kllyallg: ly2ll, -
(C1) f € Ey(l) is a.e. nondecreasing on the interval I.

(C2) h; - ITxR — R, i= 1,2 satisfy Carathéodory conditions and (s,y) — hi(s,y) are
nondecreasing with respect to each variable separately.

(C3) There exist d; > 0, i = 1,2 and functions by € Ey, (I), and by € Eg(l), such that

ha(s,9)] < bu(s) + dyas;” (w@)), ha(s, )] < ba(s) + @~ (w(y)). (4.1)

(C4) Assume that for a.e. v € I | there exists € > 0, such that
1

ol-ag(v)
,/ Pu* Y du € Ey,(I), o=
19"l Jo

1
ga-l €

lg'll -

k(v) =
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(C5) Assume that there exists a constant r > 0 such that the following inequalities holds on
Iy =[0,dp) C 1

k
/ ¥ |f<v>r+21||k||¢2<ubluwl+d1r) (HbQHQerz?”) dv < r
Io P(a)

2d1kq
—_— . 1.
[F(a) s (121 + 2 )] <

Then, there is a.e. nondecreasing solution y € Ey(ly) of equation (1.1) on Iy C L.

and

Proof. Step I. Lemma 2.1, together with assumptions (C2) and (C3%), implies that
Fh1 : Ew (]I) — Lwl (]I) and Fh2 : Ew(]l) — LQ(H)
are continuous operators. Moreover, by assumption (C4) and Lemma 3.2, the operator
A= J;th : Ew(]l) — EwQ(]D
is continuous. Assumption (G1) then ensures that
U= Fh1 “Ac: qu,(ﬂ) — Ew(]l)
is well defined and continuous. Finally, by assumption (C1), the operator
B: Ew(l[) — Ew(]l)

1S continuous.

Step II. Next, we verify that the operator B is bounded in Ey(I).
Let © denote the closure of the set

do
{yeE¢<Io>:/0 bly(s)) ds <r—1}.

Clearly, Q is not a ball in Ey(Iy); however, Q C B, (Ey(lp)) (see [22], p. 222). Moreover, the
set Q C Ey(Ip) is bounded, convex, and closed.

By applying [22, Theorem 10.5] with constant &k = 1 (see [22]), for arbitrary y €  and
v € Iy, we obtain

o @D, < ol =1+ [ G(ly) do, and
1o (4.2)

Q™ (y)llg < llylle =1 +/ W (ly()]) do.

Iy
Therefore, in view of Lemma 3.2 and the imposed assumptions, we conclude that
[B(y)(v)]

< |f()]+ U () (v)]
< [F@)] + FallFay ()l [[A@) g
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< 1£ )|+ R [+ v (0D |- 15 P (9)

)l (el + el (wtt)

I
<1701+ (Iondy + a5 (w00D)

<O+ gl (Il + i+ 0 slonas ) (Iealg + da -+ az | 0 oy
<O+ LWl (Wl + s+ e = 1) (Iallg + o+ dalr = 1)),
Recalling assumption (C5), we obtain

| wBme)as< [ w<|f(v)| + e Il (181l +ir) (el + dz?“)) dv <.

Hence, B(f2) C Q, and consequently

B(Q) Cc B(Q) c Q=1Q.

Therefore, the operator B : Q — € is well defined and continuous on 2 C B, (Ew([o)).

Step IIL. Assume that €, C 2 contains all a.e. monotonic (nondecreasing) functions on the
interval Iy. The set ) # €, is bounded, closed, compact in measure, and convex in Ly (Ip)
(cf. [15]).
Step IV. The monotonicity of the functions is preserved via the operator B.

Takey € €, then y is a.e. nondecreasing on Iy and, consequently, the operators Fj,,,i = 1,2
are also a.e. nondecreasing on Iy. By Lemma 3.1, A is a.e. nondecreasing on [y, then U = F},, - A
is also a.e. nondecreasing on Iy. Using (C1), we get B : Q, — Q, is continuous.

Step V. Now, we show that B satisfies the contraction condition with respect to Bg.
Suppose there is a set D C Iy, with measure D < g, € > 0. Therefore, for y € Y and
0#Y C Q,, we have:

I1B() - xplly <I1f - xplle + [1Fn (4) A(Y) - xDlly
<If - xolly + kil Fay (0) - XDl [[AWY) - XDl

<1 ol i (0 + v (D) ) o],z
<If - xplly+ k1<||b1 Xl + v (D)) - xo wl)
2 -1
gl (1021 + @ (w0 )
2k
<1l + psllos (101 xpllor + dslly-xoll ) (Ieall + a2 7).

Since f € Ey, by € Ey,, then we get

lim su su . =0
tiy £ sup_fsup I xplo )

and

lim { sup [Sup{Hbl 'XDH%H} =0.
=0 “meas D<e yey
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By using the formula of ¢(Y'), we get

2dy k
«(B(Y)) < (F(la)l!!k\wz (||b2||Q +da- 7‘>>C(Y)‘

Based on the previously established properties, we may apply Lemma 2.4 to get

Pu(B(Y)) < (%Hk\wg <||b2||Q +d2- T))BH(Y)-

The above inequality with (2151(15)1 1l [||b2||Q +dy - 7‘}) < 1 allows us to apply Theorem
2.1. That ends the proof. O

4.1. Uniqueness of the solution

In this section, we may prove and discuss the uniqueness of the solutions of (1.1).

Theorem 4.2. Assume that assumptions of Theorem 4.1 are verified, but replace the inequalities
(4.1) with:

(06) |hi(’U,0)| < bi(’U), by € E¢,1(H), by € EQ(]I) and
o) = (o) < iy (w(ly =<1 ).

hafo) — ha(w,2) £ @ (0l =) ) 5 € 9,
where d; > 0, and 2, is as in Theorem 4.1 for i =1,2.
(C7) Assume that

. 2k1||k||¢2
€ =) (@ (ol +dr) +da (g +d2-r) ) <1,

where r is given in assumption (C5).
Then (1.1) has a unique solution y € Ey in ..
Proof. Using assumption (C6), we get

'\h1<v7y>| - |h1<v,o>r\ < Iha(v) — B (0,0)] < dlwfl(w(y))

= ha(v,y)] < [ (0,0) +d1w;1(w(y)) < by(v) +dlw;1(w(y)).

Similarly, |ho(v,y)| < ba(v) + do@Q ™1 (1/) (y)> Thus, Theorem 4.1 implies that, there exists a.e.

nondecreasing solution y € Ey, of (1.1) in Q,..
Next, Let y, z € Q, be two distinct solutions of equation (1.1), then by using the inequalities
(4.2) and assumption (C6), we obtain

ly — 2y
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< || Fny () A(y) — Fi, (2)A(2) Iy
< |1 Fny (0) A(y) = Fiy ) A(2) |y + [1Fny () A(2) = Fiy (2) A(2) |l
<kt ||y ()l 1AW) = A(2) [l + Kl Fny (1) = Fiy (2) [ 1A(2) s

<iilo+a (v)| |52 (B - Fae)]
1 2
il (wlty—aD) )| o
P1 b2
2|k 2|k
< (It + ) 3002 | i) - e+ bty = 13002 ||

2]{1‘“{“1#2
< —7 1| dy -

1@ (vl =) |

2d1 ki [[K ], -1
— |y — by +d
Flay 2l = =l oo + 2@ (v(12D) .
2k1da |||, 2d 1k [[K |,
< ST s . — SN2\, — .
S T <||b1||w1 + dy T)Hy sz T(a) sz)(HbzﬂQ + dy r)
_ 2k (Il
= T dz(Hb1H¢1 +dj - 7") + d1<||bz||Q +do - 7“) Hy — z||¢
=Cly =2l
The above estimate, based on assumption (C7), concludes the proof. O

4.2. Continuous dependence on the function

In this section, we investigate the third condition of well-posedness for the studied equation, i.e.,
we examine how solutions of equation (1.1) depend continuously on the function f.

Remark 4.1. The concepts of stability and continuous dependence on the data in the context
of integral equations are closely related, essentially equivalent in both practical and theoretical
terms.

Definition 4.1. [4,30] A solution y € Ly of (1.1) is said to be continuously dependent on the
function f if V € > 0, there exists 0 > o such that || f — f||, < ¢ implies that ||y — 7|, < €, where

ey M@EE) [T ha(sa(s)
yv) = f(v)+ : —4g'(s)ds, tel
o (560) — 9())

Theorem 4.3. Let all the assumptions of Theorem 4.2 be held. Then the solutions y € Ly, of
the equation (1.1) depend continuously on the function f.

Proof. Let y,y be two distinct solutions of (1.1), then similar to what is indicated in Theorem
4.2, we obtain

ly = 9lly
ha(v.y) [ ha(s,y(s)) oty U halsy(s)
et ] ( o0 ds—F -2l | ( e s (o) 8]

9(0) = 9(5)) 9(v) = g(s)
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<IIf = Flly + Clly = vlly,

where C' is given by assumption (C7). Then, we get

ly =l < (1=C) " 1F = Flly.

Therefore, if || f — f|ly < d(e), then ||y — §lly <€, and d(e) = €- (1 — C). O

5. Examples

Finally, we provide examples that demonstrate and clarify our outcomes.

Example 5.1. Here are a few additional interesting forms of the functions g(v), that can be
considered as examples of Definition 3.1:

e Let g(v) = t% +¢,3 > 0. One can call it the shifting scaling kernel, and it is similar to the
Erdélyi-Kober operator [21], but shifted by ¢ > 0, which can be applied in Memory effects
with delay.

e Let g(v) = sinv, ¢'(v) = cosv. One can refer to it as a wave-modulated kernel, and the
operator Jg' takes the following form

o 1 v coss y(s)ds
Jsin y(’l)) - F( ) /0' (

a sinv — sin s)1—’

which can be applied in Wave propagation with memory.
e Let g(v) = ¢¥, ¢'(v) = €”. One could call it the exponential kernel, and the operator J¢
takes the form ) ; > y(s)
e® y(s
J& = d
) = g |, e

which can be applied to population growth and chemical kinetics.

Example 5.2. Considering the N-functions P(#) = Q(f) = 62 and v2(0) = exp |0] — |0] — 1.
We can examine that Lemma 3.2 is verified and the fractional operator Jg' : Lo(I) — Ly, (I) is
continuous, where I = [0, d].

Therefore: For any «, 8 > 0 and v € I, we get

g9(v) g9(v) 20—1
_ a—1 _ 20—2 _ g(’U)
k(v)—/o P(6 )de_/o o g = S
Moreover,
d d 2a—1 2a—1
B g9(v) ~|9() B
/0 wg(k:(v)) dv—/o <exp S 50 1 1)dv < oo,

where g is a positive and increasing function on (0, co]. Then, Lemma 3.2 is verified. Therefore,
for y € Lo(I), we obtain J¢* : Ly_g2(I) — Ly, (I) is continuous.

For further particular cases verifying Example 5.2, see [26,29,31], and for more information
and numerous examples of the functions ¢ and (P, Q) verifying Lemma 3.2, see [22].
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Example 5.3. Let a = 2 and consider the N-functions P(6) = Q(0) = 6%, ¢(0) = |07|1n (|0] +
1),y > 3+T\/g’ Y1(0) = (|0] + 1) In (|6] + 1) — |6], and ¥2(t) = exp || — 0] — 1, with the equation

vet + Q7 (v (y(s)) )

£-coss ds, v € Iy =[0,1].
F(%)(shav—sins)3

o) =+ (e + o () ) [

e Note the N functions @, and 1y verify Ao—condition.
e The N functions v, 17 and 9 verify the inequality

w(ST't> = 1(st) < [s][t|" In(]st| + 1) < [s["[¢]"[In(]s| + 1) + In(|¢ + 1)].

Since v > 2, Young-type inequalities imply that there exist ¢q, co > 0 such that
Is|7t]” < e1(|s] + 1) In(|s| + 1) + co(exp |t| — 1), s,t e R.
Combining the above estimates, we obtain
B(st) < (sl + 1) In (|| + 1) — || + exp |t] — [t = 1 < tb1(s) + ¥a(0),

then by recalling Lemma 2.23 , with constant C' = 1, we have for y; € Ly, ,y2 € Ly,, and
Y1 - Y2 € Ly that
HZJIZBH#} < k1||y1||1/11||y1||1/)27

which verifies assumption (G1).

e Assumptions (C2) and (C3) are verified for the functions
Iy < € +dT (6(1)), Tha(v.y)] < e+ Q7 (v(y)).

where by (v) = €V € Ly,, ba(v) = e’ € Lg and Q7'(t) = V1, ¥ (t) = ﬁ;ll) — 1, where
W denotes the Lambert W function W (a)eV(® = a see [16].

e Assumption (C4) is verified (see Example 5.2), where
g(t) =sint = ¢'(t) =cost = |g|lp <1.

e With proper constants d; > 0,ds > 0,k; > 0 and the function f(v) = €2’ € Ly, we can
find » > 0 on Iy = [0,dp] with 0 < dp < 1, where

k(v) = / 6251 4o = / 03 do =3 (sinv)'/3,
0 0
so that |k(v) < 3(sindg)'/? =: Csin,2/3, Then
HkH@DQ < C’sin,2/37 v € Ip.

Moreover, for all v € I,

b1(0)] = [ba(v)| = " < e, |f(v)] = e < €2
= [bill, < e+ Din(e+1) —e, [ballo <e.
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2kq
51+ gl (11 -+ ) (el + )
, 2k
<e 4+ W/B)C’Sin’g/g((e + 1) ln(e + 1) — e+ dl) (6 + dg)
=:e? + Ao,

where Ao = g5 Cana/3((e + 1) In(e + 1) — e + di) (e + da).
Since 1 is increasing on [0, 00), it follows that

2k

0 (171 + g Kl (Ioales +ar) (Ieallg +dar) ) < 0(e* + A0). e T,

Therefore,

2k
Aycﬂm+F@gﬂw@ww%+mﬂuwm+@ong%¢@+Awsww+Aw

Defining r = min{1,(e? + Ag)} gives

S (5004 s o, + ) (el + o)) o) o <

that verifies assumption (C5).
Therefore, all assumptions of Theorem 4.1 are verified, and equation (1.1) has a solution
RS E¢(Io).

6. Conclusion

In this article, we prove and illustrate several novel features of the g-fractional type opera-
tor, encompassing boundedness, monotonicity, acting, and continuity within the Orlicz spaces
Ly. The g-fractional operator combines and unifies many forms of fractional operators, such
as Hadamard, Riemann-Liouville, and Erdélyi-Kober fractional operators, into one form. We
examine the well-posedness (existence, uniqueness, continuous dependence on the data) for the
quadratic integral equation related to the g-fractional type operator in the L, utilizing the
aforementioned properties and proper (MNC) concerning (FPT ). We present several examples
that substantiate our outcomes. Upcoming research in this domain will investigate the funda-
mental properties of numerous fractional operators across different function spaces and utilize
these properties to address diverse fractional problems.
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