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ANALYSIS OF AN IMPULSIVE TUMOR-CHEMOTHERAPY MODEL
WITH MICHAELIS-MENTEN NONLINEAR DRUG DEGRADATION

Changtong Li%'f, Lifeng Wang!, Xiaozhou Feng:f

and Yuntao Liu?

Abstract While chemotherapeutic drugs can rapidly debulk tumor populations, they also
induce irreversible harm to healthy tissues. Therefore, precise control of both dosage and
timing of administration is critical. In this study, we establish a class of tumor—chemotherapy
models incorporating a nonlinear drug elimination rate, characterized by a Michaelis-Menten
function. For the tumor-extinction subsystem, we employ blue principal branch of the
Lambert W function to derive an analytical solution for the chemotherapy dose by solving
the Michaelis-Menten equation, and construct an equivalent difference equation to establish
the global stability of the fixed point. By combining the differential equation comparison
theorem with Floquet multiplier analysis, we obtain explicit conditions for the local and
global asymptotic stability of the tumor-free periodic solution and the permanence of the
system. Additionally, using the bifurcation theorem, we establish explicit conditions for the
existence of a stable positive periodic solution under the mechanism of system permanence.
Numerical simulations further show that changes in the impulsive chemotherapy dose can
drive a transition in the system dynamics, causing the tumor cells to evolve from a persistent
state to an extinction state, thereby highlighting the decisive role of dose intensity in repeated
chemotherapy. Moreover, small perturbations in the initial state can switch the long-term
dynamics between tumor extinction and permanence, revealing bistability induced by the
interaction between fixed-dose pulsed administration and nonlinear pharmacokinetics. Over-
all, this work provides a rigorous mathematical framework for analyzing dose-time effects in
chemotherapy and offers valuable guidance for the design of clinical treatment regimens.

Keywords Chemotherapeutic drug, Michaelis-Menten function, Lambert W function, sta-
bility, permanence, bifurcation.
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1. Introduction

Cancer remains one of the most serious threats to human health and continues to impose a
substantial burden on public health systems worldwide. Recent statistics indicate that, in the
United States alone, an estimated 2,001,140 new cancer cases and 611,720 cancer deaths are
expected in 2024, highlighting the continuing importance of optimizing therapeutic strategies
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in oncology [25,30]. Among the available treatment modalities, chemotherapy remains a fun-
damental approach for suppressing tumor progression, reducing tumor burden, and supporting
combination therapy. However, the efficacy of chemotherapy is not determined solely by the ad-
ministered dose itself. It also depends strongly on the dosing interval, the permanence of drug
exposure in vivo, and the tolerance of normal tissues. Excessive treatment intensity may induce
severe toxicity, whereas insufficient dosing or poorly scheduled administration may weaken tu-
mor suppression and even promote relapse or therapeutic resistance. Therefore, clarifying the
coupled relationship among dose, timing, and treatment outcome from a dynamical perspective
is of both theoretical and practical importance [4,13].

The development of mathematical oncology has provided a systematic framework for under-
standing tumor evolution and designing therapeutic strategies. Early studies on tumor—immune
interactions showed that even relatively simple nonlinear systems may exhibit rich dynami-
cal behaviors such as permanence, dormancy, bistability, and bifurcation, among which the
work of Kuznetsov et al. is widely regarded as a foundational contribution to quantitative
tumor—immune modeling [11,27]. Subsequently, de Pillis et al. developed a classical chemo-
immunotherapy model that revealed therapeutic synergy and provided biological interpretations
of combined treatment effects [6,22]. Building on these developments, increasing attention has
been paid to treatment scheduling, combination therapy, and optimization, demonstrating that
mathematical models can support both mechanistic understanding and quantitative design of
treatment regimens [1, 19, 24].

Despite these advances, two major issues remain in current mathematical models of
chemotherapy. First, many tumor-drug models idealize chemotherapy administration as a con-
tinuous input process, whereas in clinical practice chemotherapeutic agents are usually deliv-
ered at discrete times or within short dosing windows, followed by intervals during which drug
metabolism and tumor evolution proceed continuously. Thus, the real treatment process is
intrinsically characterized by the coexistence of instantaneous intervention and continuous evo-
lution. Previous studies have shown that impulsive differential equations are more suitable than
continuous-input models for representing fixed-time dosing, different treatment frequencies, and
scheduling mismatch [7,20,37]. Second, many existing models still adopt a linear drug elimi-
nation law to describe the decay of chemotherapeutic agents in vivo. From a pharmacokinetic
perspective, however, when drug metabolism is affected by enzymatic saturation and related
nonlinear mechanisms, the clearance rate is no longer proportional to drug concentration, and
Michaelis-Menten-type kinetics offers a more realistic description [5,9,23,29]. More recently,
Pierik et al. further showed that higher-order nonlinear effects in chemotherapy pharmacody-
namics and pharmacokinetics may significantly influence tumor regression and cachexia, under-
scoring the importance of incorporating more realistic PK/PD nonlinearities into mathematical
models [21,31,34,36]. In parallel, recent studies on infectious-disease dynamics have highlighted
the growing importance of advanced stochastic and intelligent modeling frameworks for captur-
ing biological complexity, uncertainty, and intervention effects, such as within-host chikungunya
virus transmission with latency and vaccination-mediated COVID-19 control [8,16,32]. These
developments, although arising from a different biomedical context, further demonstrate that
integrating nonlinear mechanisms, temporal heterogeneity, and data-informed computational
strategies is essential for improving the realism and predictive capability of mathematical mod-
els of treatment dynamics.

Recent studies have further advanced this direction. Tang et al. analyzed synergistic and
dose-dependent effects in combined radio- or chemotherapy with immunotherapy [28]; Yosef and
Bunimovich-Mendrazitsky developed a more treatment-specific mathematical model for MMC
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chemotherapy in bladder cancer [35]; and Liliopoulos et al. compared periodic and intermittent
chemotherapy schedules from an optimal-control perspective, emphasizing the importance of
dosing design in tumor suppression [17].

Motivated by the above considerations, this paper investigates an impulsive tumor—
chemotherapy model with fixed-time administration and Michaelis-Menten nonlinear drug elim-
ination

H'(t) = rH(t)(1 — nH(t)) — % — kD(t)H (1)
Dty — - BD(t) t #nr,

K + D(t) (1.2)
H(tt) = H(t) t = nr,
D(tT)=D(t)+5

where H(t) denotes the density of tumor cells at time ¢, and D(t) denotes the concentration
of the chemotherapeutic drug at time ¢t. The parameter r is the intrinsic growth rate of tumor
cells, and % represents the environmental carrying capacity for the tumor population. The

lj_‘fg()t) is a Holling type II functional response describing the baseline inhibitory effect

of the host Immune system on tumor cells, where « denotes the maximum immune-induced
inhibition rate and w characterizes the saturation effect of the immune response. The term
kD(t)H (t) represents the killing effect of the chemotherapeutic drug on tumor cells, where k is
the drug-induced tumor cell killing coefficient. The drug elimination process is governed by the
Michaelis—-Menten term Ifflgt()t), where 5 denotes the maximum elimination rate of the drug and
K is the Michaelis—Menten constant, namely, the half-saturation constant of drug degradation.
The parameter 7 denotes the treatment period, and & is the dose of the chemotherapeutic drug
administered at each impulsive treatment time ¢t = n7 (n € N;.). Here, H(t") and D(¢t") denote
the right-hand limits of H(t) and D(t) immediately after impulsive administration, respectively.
Unless otherwise stated, all parameters are assumed to be positive. In addition, the initial
conditions are taken as H(0) = Hy > 0 and D(0) = Dy > 0, where Hp and Dy denote the initial

tumor cell density and the initial drug concentration, respectively.

term

In contrast to many existing models built upon continuous administration or linear elimina-
tion assumptions, the present study does not seek to construct a highly complex multivariable
clinical prediction framework. Instead, we propose a two-dimensional impulsive dynamical sys-
tem that retains both biological interpretability and mathematical tractability, with the aim of
characterizing the coupled influence of periodic dosing and nonlinear drug elimination on the
long-term evolution of the tumor. In particular, we focus on the interplay among the impulsive
dose, treatment period, and maximal drug elimination capacity, and on how these factors jointly
determine whether the tumor persists or is ultimately eradicated.

The main contributions of this work are summarized as follows. First, we establish a tu-
mor—chemotherapy model incorporating fixed-time impulsive drug administration and Michaelis
Menten nonlinear drug elimination, and we explicitly define the biological meanings of all vari-
ables and parameters. Second, we analyze the positivity, boundedness, and existence of solutions,
thereby providing the theoretical basis for the subsequent study of stability and the existence
of positive periodic solutions. Third, by examining the coupled dynamical relationship between
the drug subsystem and the tumor subsystem, we derive threshold-type criteria that distin-
guish tumor permanence from tumor eradication. Finally, numerical simulations are performed
to validate the theoretical findings and to systematically illustrate the effects of the impulsive
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dose, treatment period, and nonlinear elimination parameters on the system dynamics and their
biological implications.

The remainder of this paper is organized as follows. Section 2 presents the preliminaries
and basic properties of the system. Section 3 discusses the existence of solutions and the corre-
sponding conditions. Section 4 investigates the local and global stability of the tumor-extinction
periodic solution. Section 5 is devoted to the existence of positive periodic solutions. Section
6 demonstrates, through numerical simulations, the effects of key parameters on the dynamical
behavior of the system. Finally, Section 7 concludes the paper with a summary of the main
results, together with a discussion of the model limitations and possible directions for future
research.

2. Preliminaries

This section, we would like to introduce some concepts and definitions related to our system (1.2).

Definition 2.1. [2,9] The Lambert W function is characterized as a multi-valued inverse of
the function x — zexp{z}, where it acts as a solution that satisfies

Lambert W (z)exp {Lambert W (z)} = z.

Based on the definition above, the derivative of the Lambert W (x) function can be expressed

Lambert W (x)
Lambert W'(z) =
ambert W’ (x) x(1 + Lambert W (x))’

_ Lambert W (z)? 4+ Lambert W (z) + 1

L bert W//
amber (37) x2(1 + Lambert W(x))3

Note that Lambert W”(x) > 0 always holds on the upper branch of Lambert W. Integral
representations of Lambert W [3]

1
/ Lambert W (z)dz = x (Lambert W(z) -1+ LmbtW(x)) ’

prove particularly useful for asymptotic analysis, as demonstrated in Figure 1.

Definition 2.2. The system(1.2) is termed a permanent system if there exist positive constants
m and M. For all solutions (H(t), D(t)) with initial values H(0) > 0, D(0) > 0, it is required
that m < H(t) < M and m < D(t) < M for all t > 79. Notably, the value of 7y is not contingent
on the initial conditions.

The following lemma will be used in proofs of our main results.

Lemma 2.1. [15,18] Suppose H(t) is a solution of system (1.2) with H(0") > 0, then H(t) > 0
for allt > 0. Also D(t) >0, t >0 4f D(0T) > 0.

3. Global stability analysis of the model

3.1. The positivity and boundedness of system (1.2) solutions

Theorem 3.1. Suppose (H(t), D(t)) is a solution of system (1.2) with H(0") > 0 and D(0") >
0, then H(t) >0, D(t) > 0 for all t > 0.
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Real-valued Branches of Lambert W Function
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Figure 1. The Lambert W function W(z) has two branch Wy : [exp{—1},o0] — [—1,00] and W_; :
[exp{—l},oo} - [007 _1]

Proof. If exists H(t) < 0, then there exists tg such that H(tp) = 0 and H'(tp) < 0. However,

Jim dgt(t) — rH(to)(1 — nH{(to))

aH (to)

_TIZEGS_kD@MH“wzo’

which is a contradiction. Thus H(¢) > 0 with ¢ > 0. If D(¢) <0, then there must exists ¢; such
that D(t1) = 0 and D’(t1) < 0. However
dD(t) BD(t1)

ishdt | K+ D(t)

This constitutes a contradiction, implying that D(¢t) > 0 for ¢ > 0. Consequently, since
(H(t), D(t)) is positive for H(0) > 0, D(0) > 0 with ¢t > 0. O
Next, we prove the boundedness of the system (1.2).

Theorem 3.2. There exists a constant My > 0 such that H(t) < My for all t, where H(t) is
any solution of system (1.2) with all t.

Proof. From the first equation of system (1.2), we obtain

dH(t)
dt

=rH(t)(1 —nH(t)) - ﬁf%
< rH(t) — rpH?(t)

— rH(t) (1—nH(?)).

— kH(t)D(t)

By using the comparison principleon the interval ¢ € (n7, (n + 1)7], we have
1
H(t) <maxq H(0),— ¢ = M.
n

Furthermore
lim sup H(t) < M.
t—o0

The boundedness of D(t) will be rigorously established in subsequent analyses. O
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3.2. Global stability of the tumor free periodic solution

Assume that during the entire treatment process, the number of tumor cells continuously de-
creases and eventually leads to the extinction of tumor cells. The corresponding chemothera-
peutic agent subsystem is (3.1)
BD(t)
D'(t) = — ,t#nT,
K+ D(t) (3.1)
D(t*t)=D(t)+a7, t=nr.

Theorem 3.3. Under the condition 2 < B for t € (nt,(n+ 1)7] and n € Z,, system (3.1)
admits a globally asymptotically stable positive periodic solution given by

D(t) = K Lambert W {l;;exp {II){* - %(t - m')}} ,

here D* = z :
where 1—exp {%(6’—57)}

Proof. From the first equation of system (3.1), we have

K +D(t)

dD(t) = dt,
BD(t) ©)
from which direct integration yields
D(t) 1 4
In D(nr) ?( (t) — D(nt )) = ——(t—nr).

Taking the exponential of both sides gives

D(t) exp{ZP}
D(ntT) exp {L}Tﬂ }

= exp{ - %(t—m’)},

which holds for ¢t € (n7, (n + 1)7]|. Rearranging terms leads to

D(t)
K

D(t) D(nt™) D(ntt) B
exp { e } = % exp { 7 —?(t—nT)}. (3.2)
By Definition 2.1, D(t) remains strictly positive and continuous. Its analytical expression can
be obtained using the principal branch(WWy) of the Lambert W function [2]. Specifically, D(t)
on the interval ¢t € (n7, (n + 1)7] is given by

D(t) = K Lambert W <D(7;{T+)exp { D(;‘gﬂ _ %(t _ m)}> . (3.3)

At the impulse moment ¢ = (n + 1)7, since
D(nt) = D(n1) + &,
it follows that

D«n+Dﬁ7ZKmeHHV{Dgf)mpCXE$y—@)}+5. (3.4)
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Using properties of the Lambert W function [29], equation (3.4) can be rewritten as

_ D(nt™) D(ntt) Br
Rearranging the above expression yields the following identity
<D((n +1)rt) o

. - ;{) eXp{D((n +1)r) G

D(nt™) D(nt™)
— } = ex {
Letting D((n+ 1)

_ B
Pk T K[
) = Dpy1 and D(n7t) = D, we obtain the difference equation
Dn+1 o Dn+1 o Dn Dn ﬁT
_Z o Tregp T 3.6
(K K)eXp{K K} KeX{K K[ (36)
which is equivalent to
g ew{R-F
Dy
K

Therefore, difference equation (3.6) has a unique fixed point, denoted as D*, which satisfies
D*=D(nt") =

D(0T) = 0

g

(3.7)
1—exp{&(G—pB7)}
Note that the concentration of the chemotherapeutic agent cannot be negative, therefore, the
fixed point must satisfy the following conditions

- </B7
T

The principal branch(Wy) of the Lambert W function yields a positive periodic solution (1.2)

D* I5;
D(t) = K Lambert W{ exp {? - ?(t - m‘)}} (3.8)
We now use the approach described in [15] to analyze the stability of positive periodic
solution. Corresponding to difference equation (3.4), we define
D
F(D) = K Lambert W {

D B ta
At e d 0.
Using the properties of the Lambert W function and the chain rule, we obtain

| (K—i—D)Lambert W{ exp{
F' (D) =

- 47)
D (1 + Lambert W { exp { D .

The stability analysis yields

(i)

If |F"(D*)| < 1, the periodic solution D(t) is locally asymptotically stable
(i) if |F'(D*)| > 1, D(t) becomes unstable
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From (3.9), it follows that

=

(K + D*) Lambert W{% Xp{?g -

)
D+ <1+Lambert W{ = exp{;‘ B %T}}> (3.10)

Moreover, since the principal branch of the Lambert W function is strictly increasing and satisfies
W(z) > —1 for all z > —exp{—1}, we have

D* D*
1 4+ Lambert W{Kexp{K — KT}} > 0.

F'(D*) =

The condition |F'(D*)| < 1, is equivalent to

(K + D*) Lambert W{ 7o €XD {D* %7’}} D* D B
14+L Z 2
D+ < 1+ Lambert W{ % exp{ % KT}},

which automatically implies both

(K + D*)Lambert W{ T exp{ - _ %T}} D* D* 8
D+ <1+LambertW{Kexp{KKT}},
(3.12)
and
(K + D*)Lambert W{ e exp{D* - %7‘}} D* D* B
> —1 — Lambert W exp - =T
D+ K K K
(3.13)
From (3.11), we further obtain
K D* D+ B
ELambert W{ 7o 6XP {K - KT}} <1 (3.14)

Under the condition 6/8 < 7, the positive fixed point D* satisfies

D* G D* D* B
? — ? = Lambert W{KGXP{K — KT}}

By algebraic manipulation, this implies

K D* D* D*—¢
— Lambert W{ exp{ — ﬁT}} = 7 < 1.

D+ K D*

Therefore, inequality (3.11) holds whenever 6/ < 7. The second inequality(3.12) is trivially
satisfied due to positivity. We conclude that difference equation (3.4) possesses a unique locally
asymptotically stable positive fixed point provided that /8 < 7. O

Theorem 3.4. (Global attractivity) If D* > 0 is the unique positive fized point of difference
equation (3.4), then every solution D(t) of system (3.1) converges to D(t) ast — oco. This shows
that D(t) is globally asymptotically stable.
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Proof. When F'(D) =0, a critical point is given by D; = —K, and it follows that
D*>0> Ds.
Define the n-th iterate
F"(D) = F(F"Y(D)), n=2.3,..
Case 1. For any D3 € (0, D*], the sequence { F" (D)} is strictly increasing. Since Dy < F(D3) <
D*, the iterates satisfy
F""YDy) < F*(Dy) < --- < D,

which implies
F™(Dy) === D*.
Case 2. For any Dy € [D* +00), the sequence is strictly decreasing. Indeed, since D* <
F(Dg) < D9 and D* < F2<D2> < F(Dg), we obtain
F™(D9) 2222 D*.
Combining both cases, we conclude that

lim F*(Dy) = D*

n—0o0

and hence _
lim D(t) = D(t).

t—o00

Thus, f)(t) is globally attractive, For any 1 > 0, there exists 1" > 0 such that for all ¢ > T, the
inequality } .
D(t) —e1 < D(t) < D(t) + e, (3.15)

holds. Therefore, system (3.1) admits a globally asymptotically stable periodic solution. In
particular, for every solution D(t) of system (3.1), we have

D(t) — D(t)

ast — oo, t € (nr,(n+1)7],n € Z;. Using the method described in [10, 15, 18, 38], when
3 <, system (1.2) exhibits a positive tumor free periodic solution

(0, D(t)) = <O,KLambert W{l;(* exp {l;; - %(t - n7)}}> (3.16)

for t € (n7,(n+1)7 with n € Z,. 3 O
The conditions under which the positive tumor free periodic solution (0, D(t)) is globally
asymptotically stable will now be discussed.

Theorem 3.5. The tumor free periodic solution (0, D(t)) of system (1.2) is locally asymptoti-
cally stable provided that

T D* D* /8
—ar —k K Lambert — — — —t, |dt .
rT — QT /0 amber W(K exp{K % }) <0

Furthermore, (0, D(t)) is globally asymptotically stable if

T D* D*
rT — 1—1—(17]\407 - k:/o K Lambert W<K exp{ 7dn f{t}) dt < 0. (3.17)
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Proof. To analyze the local stability of the tumor-free periodic solution (0, D(t)), we linearize
system (1.2) around this solution. Let H(t) = u(t) and D(t) = v(t) + D(t). Then, the funda-
mental matrix ®(¢) associated with the linearized system satisfies

r—a—kD(t) 0
% _ . Bk e, e0)=1
(K + D(1))?

where [ is the identity matrix. Integrating yields

exp{/ot(r—a—k[?(t))dt} 0

d(t) = 1
@ Dk (319
0 exp -t
o (K +D(t))?
From the impulse conditions of system (1.2), we obtain
10
01)°
so the matrix is
exp{/ (r —a —kD(t)) dt} 0
_ _ 0
M = Bd(r) = . 8K (3.19)
0 exp —————dt
o (K+D(t)?

By Floquet theory, the eigenvalues of M (the Floquet multipliers) determine local stability:

| = eXp{/OT—(KfID((tW dt} <1,

T D* D* 6
= —ar —k [ K Lambert — — —tg|dt 1.
| 112] GXP{T‘T art /0 ambert W < % exp{ 7 }) } <

Clearly, |u1] < 1. Thus, the tumor free periodic solution is locally asymptotically stable if

|p2] < 1, which holds under the stated condition with D* = z . For global stability,
1—exp { e (&—ﬁT)}

we utilize the global attractivity of D(t) (see (3.15)). There exists 1 > 0, such that

D(t) —e, < D(t) < D(t) + €1,

for all t > T. Using the boundedness of H(t), we derive the comparison system

dH o -
o <rH(t) - mH(t) —k(D(t) —e1)H(t), t#n, (3.20)
H(tJr):H(t)’ t =mnT,

which implies that for t € (n7, (n + 1)7],

(n+1)7 @ N
H((n+1)7) SH(nT+)eXp{/ <T_1—FuJM3 — k(D(t) —51)> dt}

= H(nT)p.
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If

rT

T D* D*
T4 ke — k‘/ K Lambert W < exp{ — Bt}) dt <0,
0

(0%
1+ wM, K K K

then H(n7t) < H(0")p", and hence H(n7t) — 0 as t — oo. Since
0< H(t) < H(nt)exp(rr), te€ (nr,(n+1)7],

we conclude H(t) — 0 as t — oo. Therefore, (0, D(t)) is globally asymptotically stable under
condition (3.17). O

Biological interpretation. Theorem 3.5 shows that the tumor-free state (0, D(t)) is stable
when the combined effects of the immune response and chemotherapy dominate the intrinsic
growth of tumor cells. small perturbations in the tumor cell population decay over time, en-
suring tumor elimination. Globally, all solutions of the system converge to the extinction state
if the inhibitory effects of the immune system and treatment are sufficiently strong, thereby
guaranteeing the long-term eradication of the tumor.

4. Permanence

In clinical oncology practice, cancer therapy does not necessarily demand the complete eradi-
cation of tumor cells. From a translational standpoint, it is often more clinically meaningful
to identify the reciprocal regulatory mechanisms that allow tumor cells and the host’s healthy
tissues to coexist. Such a balance emphasizes preserving patient quality of life while maintaining
control over disease progression. Motivated by this perspective, we now turn to investigating
the permanence of the proposed tumor—therapy dynamical system, with the goal of providing
theoretical foundations for designing clinically feasible treatment regimens that support stable
coexistence.

Theorem 4.1. if

—ar—k K Lambert — — —=t, | dt 4.1
T — QT /0 amber W<Kexp{K K}) >0 (4.1)

T system (1.2) is permanent.

where D* =

1—exp{%(&—ﬁ7’)

Proof. Assume that H(t) and D(t) are positive solutions to system (1.2), with H(¢) > 0 and
D(t) > 0 for all t > 0. From the boundedness of solutions, we deduce that H(t) < My, where
My is a constant. By condition (3.12), there exist constants mg, Ma > 0 such that

ma < D(t) < M, (4.2)

where

o D* D+ B
mo = %I;ED(t) — &1 = K Lambert W {K exp {K — KT}} —e1,

~ D* 3
My = sup D(t) + ¢ = K Lambert W{ exp { }} +e1.
t>0 K
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(i) By (4.1), select 1 > 0 and m; > 0 sufficiently small such that

T D* D*
(1 £ exp {7"7' —aT —rygmiT — ket — k/o K Lambert W < % exp< 7 f{t) dt}} > 1.
(4.3)

Suppose, for the sake of contradiction, that H(t) < my for all ¢t > 0. Then, the corresponding
impulsive differential system (1.2) satisfies

% > H(t) (r —rymy — a — k(D(t) +51)> , t#nm, (4.4)
H(t*) _ H(t), t=nT,

for ¢ > 79. Let N € Z, with N7 > 7y. Integrating equation (4.4) over ¢t € (n7,(n + 1)7] for
n > N gives

(n+1)7

H((n+1)7) > H(nt")exp {/ (r—rnmi; —a— k(D(t) + 81))dt} > H(nt)(1.  (4.5)

T

By recursion, we have
H((N +n)T) > HINT)(" = o0

as n — 0o. This leads to a contradicting the boundedness of H(t). Therefore, there exists t; > 0
such that H(t;) > m;.

(ii) We now show that H(t) > my for all ¢ > t;. Assume otherwise, and define =
inf;oy, {H(t) < my}. there exists large enough to, integrating equation (4.4) over t € (£, ]
yields

to N .
H(ty) > H(t") exp {/ (r—rnpmi — a — k(D(t) + 51))dt} > H(t1)(. (4.6)
i

Since (1 > 1, such that H(t2) > m;. Let

t* = tliltfl{H(t) > mq}.

Then, for t € (£,t*), we have H(t) < mj and H(t*) = m;. From equation (4.4), it follows that
~ t* ~
H(t) > H(t") exp / (r—rnmi —a —k(D(t) +e1))dt
i

t*
= my exp {/ (r—rnpmi —a—k(D(t) + 51))dt}
i
=1ms3,
for all t € (£,t*). Hence, H(t) > mj3 in this interval. By applying an analogous argument for
t > t*, we conclude that H(t) > mo = min{my,ms} for all ¢t > ¢;. O

Remark 4.1. The global stability conditions for the tumor-free periodic solution are closely
related to the permanence conditions. To investigate how these conditions shape the dynamical
behavior of system (1.2), we introduce the quantities R; and Ry as follows.

T D* D*
Ri=r7— ﬁT — k/o K Lambert W <K exp{K — f{t}) dt,
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T D* D*
Ro=r7—ar — k/ K Lambert W ( exp{ — ﬂt}) dt.
0

K

From Theorem 3.5 and Theorem 4.1, it follows that Ry < R;. Consequently,

(i) if Ry < Ry < 0, the tumor-free periodic solution of system (1.2) is locally asymptotically
stable;

(ii) if 0 < Rp < Ry, then system (1.2) is permanent.

5. Existence and stability of positive periodic solution

In this section, we carry out a comprehensive analysis of the two critical conditions to clarify how
the interaction between intrinsic system parameters and impulsive effects governs the stability
of system (1.2). We have established that when

T D* D*
—ar — L -z _Z
rT — QT k/o K Lambert W <K exp{ % Kt}) dt > 0,

the tumor-free periodic solution loses stability. To further investigate the dynamical behavior
of the system following this loss of stability, we employ bifurcation theory.

Theorem 5.1. If
TO
d =1—exp {TTQ — Ty — k/ D(t) dt} =0,
0

then system (1.2) admits a positive non-trivial periodic solution. Moreover, if
K _
__PE s 1n(1 + O“"") ,
(K + -Dmax)2 k
this mon-trivial periodic solution is supercritical.

Proof. First, we derive the bifurcation of nontrivial periodic solutions in the neighborhood of
(0, D(t)). For computational convenience, let x(t) = H(t) and ~y(t) = D(t). Then, system (1.2)
is transformed into

dy Bt

dt K+

X _ L ma t oxX(t) it e

= = (@ —nx())—m— Y()x(t) (5.1)
A1) =A(0) + 7 -

X(t) = x(1) -

® is the flow of the equation, and X; = ®(t, Xy), F is the solution of the unperturbed system,
while © represents the mapping at pulse instants [12,14,26]. We use the following expressions
to represent the right-hand side of the system

Ry =~ s
Fa(yx) = r(t) (1 — mx(#)) — — X0

- HTX@) — ky()x(t),
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O1(7,x) =) + o
O2(7, x) = x(1),
((t) = (X4(0),0) = (D(t),0).

The bifurcation theory and related techniques described in [14] are applied to obtain the non-
trivial periodic solutions of the system. The bifurcation phenomena near the boundary periodic
solutions (X;(0),0) of the system are studied. The variational equations for the systems are as

follows
d

dt

where D,(0(t, X)) = I, and variational equation form corresponding to system (5.1) is

(D2(©(t, X0))) = Do F(Do(0(t, X0))) (D= (¢(t, X0))),

021 0%, OF1(C(t) OF1(C(t) [9D1 0%

d | oy ox _ op Ox oy Oy
@i | 00y 00, | X = | omycie) onci) | | o0 0w, | X0

vy 0Ox oy dx oy Ox
BK 0P, 09,
“wepop B o
0 k‘D t @ @
r—a—kD(t) 97 Oy

with %9{’)(0) = 0, integrating the above expression yields
W—Xp{/r—a—kD dt}a(szXO =0,
Y

applying the initial condition Dx (®(0, X)) = E5 for t € (0, 7], the solution is expressed as

8¢zét>,<X0) =p(t),
04 (t, Xo) B t B BK
oy ot / et

where p(t) = exp {fot r—o-— k:f)(u)du}, hence we have

001 09, /
1 L2 1— 7& >0,
= oy 0Oy i xo) = 1= exp{ (K + D(t))? }
001 00, 90, 0%,
! — — =
V= ol o oy oy o) = eXp{/ )th}’

009 0P T
d=(1- 8—; 8X2)(T°’X°) 1 —exp {7”7’0 —ary — k/o D(t)dt} =1-—p(70)-
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Let d be the bifurcation parameter of the dynamical system. When d = 0, the system

possesses a supercritical bifurcation, and the critical parameter value satisfies p(79) = 1. Con-
2 2

sidering the initial condition % =0 and % = 0, solving the integral of the above

equation yields

P?®y(10, Xo) " ™0 9Fy(D(t),0) | 92Fy(D(t),0) . v QFy(D(t),0) y
-/ p{/u dt} p{/o dt}d

OyOx ox Ov0x ox
70 0 ~
:—kz/ exp{/ r—a—KD(u)du}du
0 0

=—k
<0,
8*®2(10, Xo) _dF(D(1),0) exp /m BFQ([)(t),O)dt
0Ty ax 0 dx

—(r — a — kD(t)) exp {/OO r—a— kf)(t)dt}
=r —a — kD(t)p(r)
(1),

=r —a —kD(t)
2 T0 T0 » 2 - u B
0* P4 (10, X0) :/ exp / 8F2(D(t),0)dt 0“F5(D(t),0) exp / OFQ(D(t),O)dt du
ox? 0 u Ix ox? 0 Ix
70 T HF 2 2 > u u D
o [ [ 2RD00,  SBD0.0) [ [ [ ORD0.,,
0 u aX 8X8’Y 0 g 87
Fi(D g D
v 0 1(D(t)’0) exp / aFZ(D(t)vo)dt dg
Ix 0 Ix
T0 70 B
:/ (—2rn 4 2aw) exp {/ r—a— k:D(t)dt} du
0 0
70
= (—2rn + 2aw) p(0)du
0
=2 (aw — 1) T0.
After calculation, we obtain 3@7?(1 = ‘98—62/2 = 0,88—%1 = aa—(?f = 1,gig;< = 0 for 7+ = 1,2 and
% = % = 0. Thus we obtain the expressions for B and C' respectively
2t X

_82@2 (acI>1(7'o,X0) i 8(1)1(70,X0)18@8@1(70,X0)> 8@2(7’0,)(0)

~ Oy0x or oy a’ Oy or ox
00y (9*®y(70, Xo) 1 901 991 (70, Xo) n 8*®s (70, Xo)
195% 0vOx a' Oy or oTdx

—— (~km D) +r—a - kD).

O 9°Os _Q’a@l(To,Xo)+3¢1(ToyXo) 9P2(70, Xo)
N Ox0vy a’ vy ox ox




Analysis of an impulsive tumor-chemotherapy model 3061

0%y (0%y(r0, X0)\? | . d 00, *Dy 903 0*Py
0?2 ox b dx Ox0y  Ox 0Ox2

1-— exp { fOTO 7(I(fﬁdt}

—exp{ [o° —%dt}

= —2k7o(1 — exp{/

= —2/{?7'0

—2(aw —1rn) 10
7t))dt}) —2(aw — 1) 10

Under the permanence condition, we rigorously establish that r —a— k[?(t) > 0. We need to
determine the sign of D'(t). According to the properties of the Lambert W function, we have

D'(t) = _B . (K + D*) Lambert W ( = exp{ - %(t—m’)})
K p« < + Lambert W(K eXP{D* - %(t—rm‘)}))

<0,

hence (—kD'(t)+7r—a— ]fD(t)) > 0, leading to the conclusion that B < 0. The sign of C' is now
determined. Given that D(t) is monotonically decreasing int, according to (3.8), the maximum
value of D(t) is attained as

~ D* D*
Dpax = K Lambert W < % exp{ % + ﬂ;?‘}) .

Considering the expression of C, C' > 0 is equivalent to

exp</OTO(KfID((t))dt> >1n<1+0‘°"k”’>.

If e D 70 > In (1 4+ *-"1) additionally holds, then C' > 0. It is derived from the theorem
that system (1.2) undergoes a supercritical bifurcation at d* = 0. O

6. Numerical simulation

This section aims to validate the effectiveness and rationality of the fixed-time external injection
therapy strategy for chemotherapeutic agents under a nonlinear degradation rate. To improve
the clarity of the numerical part, we first emphasize that the parameter sets used in the sim-
ulations are chosen to represent biologically reasonable treatment scenarios and to display the
typical dynamical regimes predicted by the theoretical analysis, rather than to provide patient-
specific fitted data. The analysis demonstrates that the relationship between the parameters
R, Ro, and 0 directly determines the long-term dynamical state of the system. Numerical
verification results are presented as follows.

Case 1. R; < Ry < 0. Figure 2(a) shows that, under different initial conditions, the tumor cell
concentration converges to the extinction state. Figure 2(b) illustrates that when the param-
eter condition é > ¢ holds, the chemotherapeutic agent concentration converges to a globally
asymptotically stable periodic solution, consistent with the conclusion of Theorem 3 and The-
orem 4. Figure 2(c) further demonstrates the coupled interaction between the two variables:
While tumor cells approach extinction, the chemotherapeutic agent still converges to a globally
asymptotically stable periodic solution. This verifies Theorem 5, which guarantees the existence
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of a periodic solution corresponding to tumor cell eradication in system (1.2). These results
confirm that cancer cure can be achieved provided the dose of chemotherapeutic agent is rea-
sonably controlled. It should be noted, however, that this stage of the analysis considers only
the clearance effect of chemotherapeutic agents on tumor cells and does not account for their
toxicity to normal human tissues.

From a biological perspective, this case represents a successful therapeutic scenario in which
the combined suppressive effects of chemotherapy and baseline immune inhibition dominate the
intrinsic tumor growth over each treatment cycle.
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Figure 2. Periodic solutions for tumor eradication under different initial conditions: (a) Time series of tumor cell
concentration H (t): Both initial conditions (Ho, Do) = (5,0.8) and (Ho, Do) = (2,0.6) converge to 0, indicating
tumor extinction. (b) Time series of drug concentration D(t): The drug variable converges to a stable positive
periodic solution. (c¢) Phase portrait of H(¢) vs. D(t): Tumor cells approach extinction while drug concentration
converges to the periodic solution, indicating convergence of the full system to the tumor-free periodic solution.
Other parameters r = 0.72, « = 0.6, n = 0.05, w = 0.2, k = 0.6, 8 =04, 6 =0.2, K = 1.8, 7 = 3 [33].

Case 2. 0 < R; < Ro. Figure 3 shows that, under different initial conditions, both tumor cell
and chemotherapeutic agent concentrations converge to a stable periodic solution. This aligns
with the conclusion of Theorem 6: Once the tumor-free periodic solution loses stability, the
system enters a permanent state. Thus, cancer progression can still be effectively controlled by
appropriately regulating the chemotherapeutic dose.

Biologically, this regime corresponds to chronic but controlled tumor management: Treat-
ment is sufficient to prevent unbounded growth, but not strong enough to eliminate the tumor
completely.

Case 3. R; < 0 < Rj. Figure 3 demonstrates that small perturbations in initial conditions may
qualitatively change the trajectory of tumor cell concentration—from convergence to extinction
to convergence toward a stable periodic solution. This suggests that the system may exhibit
bistable behavior near the threshold region. Figure 3(a) shows that one initial condition leads
to extinction, whereas another converges to a stable positive periodic solution. Figure 3(b)
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Figure 3. Periodic solutions for tumor eradication under different initial conditions: (a) Time series of tumor cell
concentration H(t): Both initial conditions (Hg, Do) = (5,0.8) and (Ho, Do) = (2,0.6) converge to 0, indicating
tumor extinction. (b) Time series of drug concentration D(¢): The drug variable converges to a stable positive
periodic solution. (c) Phase portrait of H(t) vs. D(t): Tumor cells approach extinction while drug concentration
converges to the periodic solution, indicating convergence of the full system to the tumor-free periodic solution.
Other parameters r = 0.72, « = 0.6, n = 0.05, w = 0.2, k = 0.6, 3 =04, 6 = 0.2, K = 1.8, 7 = 3 [33].

indicates that different initial drug levels produce different coupled system trajectories. Figure
3(c) reveals the coexistence of two distinct attractors in phase space, namely a tumor-free state
and a positive limit cycle. Therefore, near this regime, baseline tumor burden and residual drug
level may influence whether the system approaches eradication or only controlled permanence.

Clinical implications of dosing. In practical clinical applications, it is necessary to deter-
mine an optimal chemotherapeutic dose that suppresses tumor proliferation while minimizing
toxicity to normal tissues. Figure 4(a) shows that when the injection dose is 0.2, the tumor cell
concentration converges to a stable periodic solution. By contrast, when the dose is increased
to 0.4 or 0.6, complete tumor eradication can be achieved. Figure 4(b) indicates that resid-
ual drug concentrations differ substantially across these three dosing levels: Higher doses yield
greater residual concentrations, thereby increasing toxicity to normal tissues. This provides
direct numerical evidence for dose optimization.

Figure 4 can be interpreted more systematically as follows. In Figure 4(a), increasing the
impulsive dose drives the system from tumor permanence to tumor eradication, indicating that
dose intensity is a key control parameter for long-term outcome. Figure 4(b) shows that higher
doses produce larger residual drug concentrations throughout the treatment cycle, which may
imply improved tumor suppression but also a potentially greater toxicity burden. Figure 4(c)
further confirms this transition in phase space: The low-dose case approaches a positive periodic
attractor, whereas the higher-dose cases converge to the tumor-free periodic solution. Thus, the
model provides numerical support for the existence of a therapeutically relevant balance between
efficacy and residual drug burden.
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Figure 4. Dynamics under different injection doses. (a) Time series of tumor cell concentration H(t): Red
line (& = 0.2) converges to a stable periodic solution; green line (6 = 0.4) and blue line (& = 0.6) converge to
extinction. (b) Time series of drug concentration D(¢): Higher doses lead to higher residual concentrations. (c)
Phase portrait of H(t) vs. D(t): Dose-dependent dynamical transitions, providing numerical evidence for dose
optimization. Initial condition: (Ho, Do) = (2,0.4). Other parameters are the same as that in Figure 2.

Parameter sensitivity. The study further reveals that the model exhibits high sensitivity
to parameter values, particularly to the intrinsic tumor growth rate r. As shown in Figure 5,
even small variations in r can induce significant qualitative transitions in system dynamics.
This observation highlights the importance of precise clinical measurement of parameter r and
suggests that future studies should focus on improving the accuracy of its estimation.

More specifically, Figure 5(a) shows that a relatively small change in r can switch the long-
term system behavior from tumor eradication to stable positive persistence. Figure 5(b) indicates
that the influence of r on the drug profile itself is comparatively weak, whereas Figure 5(c)
shows that the coupled phase dynamics still undergo a clear qualitative transition. These results
indicate that tumor aggressiveness is a crucial determinant of whether a given treatment schedule
is sufficient for eradication, even when the drug-related parameters remain unchanged.
Comparison of linear and nonlinear elimination rates. Figure 6 compares the evolution-
ary dynamics of tumor cells and chemotherapeutic agents under linear and nonlinear elimination
rates, with the same initial conditions. Figure 6(a) shows that tumor evolution under the lin-
ear elimination rate is relatively simple. By contrast, under the nonlinear elimination rate, the
chemotherapeutic agent exhibits a two-phase effect: An initial stimulation of tumor prolifera-
tion followed by inhibition under sustained exposure. This pattern more accurately reflects the
pharmacodynamic process of drug action observed in clinical chemotherapy, demonstrating the
superiority of the nonlinear elimination rate model in capturing clinical reality.

7. Conclusion and discussion

The core contribution of this study lies in developing an impulsive tumor chemotherapy model
that explicitly characterizes the in vivo enzymatic degradation of chemotherapeutic agents via
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Figure 5. Sensitivity to parameter r (intrinsic tumor growth rate). (a) Time series of tumor cell concentra-
tion H(t): Red line (r = 0.72) converges to extinction; green line (r = 0.685) converges to a stable positive
periodic solution. (b) Time series of drug concentration D(¢): Parameter r has little effect on drug dynamics. (c)
Phase portrait of H(t) vs. D(t): Small changes in r induce a qualitative transition in system dynamics. Initial
condition: (Ho, Do) = (5,0.2). Other parameters are the same as that in Figure 2.

Michaelis—Menten kinetics, thereby bridging the gap between idealized mathematical models
and clinical practice. By employing the LambertW function, we derived explicit expressions for
tumor-free periodic solutions and rigorously established their existence and boundedness. We
further conducted a global stability analysis of the subsystem’s fixed point and obtained two
key analytical results: The global asymptotic stability condition (R;) for tumor-free periodic
solution (using Floquet theory and comparison principles) and the system’s permanence condi-
tion (Rg). In addition, bifurcation analysis enriched the dynamical understanding of the system
by uncovering stable positive periodic solutions and highlighting the critical role of initial val-
ues—directly linking the mathematics to clinically relevant factors such as residual drug levels
and baseline tumor burden.

Compared with many existing tumor-treatment models based on continuous administra-
tion or linear pharmacokinetic decay, the present framework combines fixed-time impulsive
chemotherapy with Michaelis-Menten nonlinear elimination, and therefore captures both the
cyclic structure of treatment and the saturation effect of enzymatic drug clearance. In con-
trast to simpler linear-decay or purely continuous-treatment formulations, the model is able to
describe threshold behavior between tumor eradication and permanence, as well as richer long-
term dynamics such as stable periodic coexistence and bistability. In this sense, the present
work extends earlier impulsive tumor-treatment models by emphasizing the coupling between
nonlinear drug clearance and periodic treatment scheduling.

Numerical simulations corroborate these theoretical results. Consistent with conventional
tumor models and basic dose-response theory, our simulations confirm that chemotherapeutic
dose intensity is the dominant determinant of long-term therapeutic outcomes: Within safe
ranges, higher doses effectively suppress tumor growth, whereas initial tumor burden exerts
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Figure 6. Comparison of linear and nonlinear drug elimination rates. (a) Time series of tumor cell concentra-
tion H(t): Blue line (linear elimination, D’(t) = —BD(t)) shows simple decay; rad line (nonlinear elimination,

Michaelis-Menten function) exhibits a two-phase effect (initial stimulation followed by inhibition). (b) Time se-
ries of drug concentration D(t): Linear elimination (red) decays exponentially, while nonlinear elimination (blue)
shows saturated decay. (c) Phase portrait of H(t) vs. D(t): Nonlinear elimination captures more complex dy-
namical behaviors consistent with clinical observations. Initial condition: (Ho, Do) = (5,0.2). Other parameters
are the same as that in Figure 2.

minimal influence on the system’s eventual periodic behavior. In contrast to traditional models,
which often assume linear drug decay (neglecting enzymatic degradation kinetics) or overlook
the discrete nature of impulsive treatment schedules and sensitivity to initial conditions, our
framework introduces three innovations:

(i) It couples Michaelis—Menten pharmacokinetics with discrete-time pulse chemotherapy to
mimic clinical administration protocols;

(ii) it identifies the Ry and R thresholds and rigorously proves the existence of stable positive
periodic solutions, providing dynamical insights absent in linear models;

(iii) it formalizes the influence of initial values and residual drug effects, two clinically critical
factors often neglected in prior mathematical modeling of chemotherapy. These innovations
strengthen the model’s translational relevance by reflecting the biological and clinical complexity
of real treatment scenarios.

The numerical simulations further clarify the biological implications of these theoretical
findings. The results indicate that dose intensity and treatment interval are two dominant
determinants of long-term therapeutic outcome. Within the parameter regimes considered here,
increasing the impulsive dose can drive the system from tumor permanence to tumor eradication,
whereas changes in the treatment interval may induce substantial transitions in long-term system
behavior. Moreover, the simulations show that initial conditions can affect the asymptotic state
in the bistable regime, implying that residual drug level and baseline tumor burden may influence
the eventual treatment trajectory. These findings highlight that long-term treatment outcome
cannot always be inferred from dose magnitude alone.
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Despite its analytical rigor, the model necessarily incorporates simplifying assumptions to
maintain tractability, resulting in several limitations. First, it assumes homogeneous tissue
distribution, thereby neglecting spatial heterogeneity in drug penetration, tumor cell diffusion,
and local enzymatic activity. This simplification avoids the complexity of partial differential
equations while enabling explicit derivation of stability conditions for R;, Rs, and fixed points.
Future work will address this by incorporating “spatio-enzymatic integration,” i.e., spatial dif-
fusion terms and region-specific enzymatic activity parameters, to capture heterogeneous drug
degradation and tumor spread. Second, the model employs idealized impulsive inputs, omitting
interpatient variability in enzymatic degradation rates, drug absorption, and injection timing.
This choice simplifies analysis and clarifies the relationships between initial values, residual drug,
and the R;/Ry thresholds. Subsequent extensions will introduce stochastic perturbations to ac-
count for patient-specific pharmacokinetics and to model dynamic feedback between residual
drug levels and treatment response. Third, the model does not yet incorporate dynamic bidi-
rectional feedback loops between residual drug accumulation and tumor progression, focusing
instead on static correlations to prove key stability and bifurcation results. A dedicated feed-
back module will be developed in future work to capture these interactions and further enhance
biological realism.

From both theoretical and translational perspectives, the model provides several useful in-
sights. The thresholds R; and Ry offer transparent analytical criteria for distinguishing tu-
mor eradication from permanence, while the existence of stable positive periodic solutions and
bistable behavior reveals that repeated chemotherapy may generate qualitatively different long-
term outcomes under different dose levels, treatment intervals, and initial conditions. Biomed-
ically, the model suggests that treatment effectiveness depends not only on dose intensity, but
also on whether the dosing interval allows residual drug exposure to remain within a therapeu-
tically effective range. It also highlights that nonlinear elimination may alter both the duration
of effective drug action and the residual concentration before the next treatment cycle, thereby
influencing cumulative efficacy and potential toxicity.

These limitations point to several promising directions for future research, including the in-
corporation of spatial diffusion and heterogeneous enzymatic activity, stochastic perturbations
and patient-specific uncertainty, toxicity-related variables, and feedback mechanisms between
residual drug accumulation and tumor progression. In addition, combining the present frame-
work with optimal control, data-driven parameter estimation, or multiscale modeling may help
bridge the gap between mathematical analysis and personalized treatment design.

In summary, this study establishes a mathematically rigorous and biologically interpretable
framework for analyzing impulsive chemotherapy under Michaelis—-Menten nonlinear drug elim-
ination. By prioritizing residual drug monitoring, identifying critical stability thresholds, and
accounting for both pharmacokinetic complexity and impulsive treatment schedules, it provides
a useful basis for understanding how repeated chemotherapy may generate distinct long-term
outcomes. By identifying explicit periodic drug dynamics, deriving threshold conditions for tu-
mor extinction and permanence, and clarifying the effects of dose, treatment interval, nonlinear
elimination, and initial values, the model offers a meaningful step toward more realistic and
clinically informative mathematical models of chemotherapy scheduling and tumor control.
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