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Abstract In the present work, we investigate the existence and uniqueness of φ-fixed points
and common φ-fixed points for a class of nonlinear mappings defined on metric spaces.
The results are obtained under a unified admissibility framework that encompasses several
generalized admissibility notions. The contractive conditions are formulated by employing
C-class functions together with altering distance functions. The established theorems extend
and improve various existing results in the literature. To illustrate the applicability of the
theoretical findings, appropriate examples are provided. Furthermore, as an application of
the main results, the existence of solutions for a class of fractional differential equations is
discussed.
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1. Introduction

Fixed point (FP) theory has wide applications in various fields,including biology, physics,
economics, engineering, and game theory. FP results are applied to solve various problems like
functional equations [19], integral equations [17]. The Banach contraction principle [4] plays a
fundamental role in this area and has been extended in several directions by many authors. In this
context, Samet et al. [24] introduced α-ψ-contractive mappings and developed corresponding FP
results, which motivated further studies based on α-admissible (α-adm) mappings. Subsequently,
Salimi et al. [23] modified these notions, while Hussain et al. [8] obtained FP results for
single and multivalued α-η-ψ contractions. More recently, Ansari and Kaewcharoen [2] proposed
contractions involving α-admissibility with respect to another function η (α, η adm).

Another important contribution was made by Jleli et al. [11], who introduced the concept of
φ-fixed points (φ-FP) by incorporating lower semi-continuous (LSC) auxiliary functions, along
with (F,φ)-contractions. After this, a considerable amount of work has been carried out on
φ-FP [3,9,14] and [15]. Moreover this approach was later extended to φ-coincidence points and
common φ-FP in metric and partial metric spaces by [22] and [21].

Motivated by the above developments, in this paper we employ the concepts of α, η-
admissibility, triangular α-admissibility, and C-class functions to establish φ-fixed point results
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for self-mappings in the setting of complete metric spaces. The aim is to provide a unified and
flexible framework that accommodates these notions simultaneously, leading to a broader class
of admissible mappings. The obtained results not only generalize and unify several known fixed
point theorems, but also offer a systematic approach that enhances their applicability. The
theoretical findings are supported by illustrative and nontrivial examples. Furthermore, as an
application, the developed results are employed to investigate the existence of solutions for a
class of fractional differential equations.

2. Preliminaries

In this section, some important definitions and results are provided for further explanation of
the main results.

Definition 2.1 ([24]). Let T : X → X and a : X ×X → [0,∞). Then T is called a-admissible
(a-adm) if for all x, y ∈ X,

a(x, y) ≥ 1

implies

a(Tx, Ty) ≥ 1.

Definition 2.2 ([12]). Let T : X → X and a : X ×X → [0,∞). Then T is called a triangular
a-admissible mapping if:

(i) T is a-admissible;

(ii) a(x, z) ≥ 1 and a(z, y) ≥ 1 imply a(x, y) ≥ 1.

Definition 2.3 ([23]). Let T be a self-mapping on X, and let a, n : X ×X → [0,+∞) be two
functions. We say that T is an a-admissible mapping with respect to n if for all x, y ∈ X,

a(x, y) ≥ n(x, y)

implies

a(Tx, Ty) ≥ n(Tx, Ty).

Note that if n(x, y) = 1, then this definition reduces to Definition 2.2. Also, if we take a(x, y) = 1,
then T is called an n-sub admissible mapping.

Definition 2.4 ([7]). Let (X, d) be a metric space and let a, n : X × X → [0,∞) be two
functions. Then X is said to be an a, n-complete metric space (CMS) if every Cauchy sequence
{xn} in X with

a(xn, xn+1) ≥ n(xn, xn+1) for all n ∈ N
converges in X.

Definition 2.5 ([7]). Let (X, d) be a metric space and let a, n : X × X → [0,∞) be two
functions. A mapping T : X → X is said to be an a, n-continuous mapping if for any sequence
{xn} in X such that xn → x as n→ ∞ and

a(xn, xn+1) ≥ n(xn, xn+1) for all n ∈ N,

we have
Txn → Tx as n→ ∞.
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Lemma 2.1 ([5]). Suppose that (X, d) is a metric space and {xn} is a sequence in X such that

d(xn, xn+1) → 0 as n→ ∞.

If {xn} is not a Cauchy sequence, then there exist ε > 0 and sequences of positive integers
{n′(k)} and {n(k)} with n(k) > n′(k) > k such that

d(xn′(k), xn(k)) ≥ ε, d(xn′(k)−1, xn(k)) < ε,

and

(i) lim
k→∞

d(xn′(k), xn(k)) = 0;

(ii) lim
k→∞

d(xn′(k)−1, xn(k)) = 0;

(iii) lim
k→∞

d(xn′(k), xn(k)−1) = 0.

Khan et al. [13] introduced the notion of an altering distance function as follows.

Definition 2.6 ([13]). A mapping D : [0,+∞) → [0,+∞) is called an altering distance function
if the following conditions are satisfied:

(i) D is monotone and non-decreasing;

(ii) D(τ) = 0 if and only if τ = 0.

Definition 2.7 ([20]). The set of all altering distance functions is denoted by D and set

Θ∗ = {Θ : [0,+∞) → [0,+∞) | Θ is continuous and Θ(τ) = 0 ⇐⇒ τ = 0}.

Definition 2.8 ([20]). Let S, T : X → X be two mappings and let a : X ×X → [0,+∞) be a
function such that the following conditions hold:

(i) If a(x, y) ≥ 1, then a(Sx, Ty) ≥ 1 and a(TSx, STy) ≥ 1;

(ii) if a(x, z) ≥ 1 and a(z, y) ≥ 1, then a(x, y) ≥ 1.

Then the pair (S, T ) is said to be triangular a-admissible.

Definition 2.9 ([20]). Let S, T : X → X be two mappings and let a, n : X ×X → [0,+∞) be
two functions such that the following conditions hold:

(i) If a(x, y) ≥ n(x, y), then

a(Sx, Ty) ≥ n(Sx, Ty) and a(TSx, STy) ≥ n(TSx, STy);

(ii) if a(x, z) ≥ n(x, z) and a(z, y) ≥ n(z, y), then

a(x, y) ≥ n(x, y).

Then the pair (S, T ) is said to be triangular a-admissible with respect to n.

Lemma 2.2 ([20]). Let S, T : X → X be two mappings and let a, n : X × X → [0,+∞) be
two functions such that the pair (S, T ) is triangular a-admissible with respect to n. Assume that
there exists x0 ∈ X such that

a(x0, Sx0) ≥ n(x0, Sx0).

Define a sequence {xn} in X by

Sx2n = x2n+1 and Tx2n+1 = x2n+2, n ∈ N.

Then
a(xn, x

′
n) ≥ n(xn, x

′
n) for all n′, n ∈ N with n < n′.
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Definition 2.10 ([1]). A mapping F ∗ : [0,+∞) × [0,+∞) → R is called a C-class function if
it is continuous and for all ω, τ ∈ [0,+∞), F ∗ satisfies the following conditions:

(i) F ∗(ω, τ) ≤ ω;

(ii) F ∗(ω, τ) = ω implies that either ω = 0 or τ = 0.

The family of all C-class functions is denoted by C.

Example 2.1 ([1]). The following functions F ∗ : [0,+∞)× [0,+∞) → R belong to the class C:

(i) F ∗(ω, τ) = ω − τ , for all ω, τ ∈ [0,+∞);

(ii) F ∗(ω, τ) = kω, for all ω, τ ∈ [0,+∞), where 0 < k < 1;

(iii) F ∗(ω, τ) = ω
(1+τ)k

, for all ω, τ ∈ [0,+∞), where k ∈ [0,+∞);

(iv) F ∗(ω, τ) = (ω + l)(1+τ)−k − l, for all ω, τ ∈ [0,+∞), where k ∈ (0,+∞) and l > 1.

Definition 2.11 ([11]). Let φ : E → [0,∞) be a lower semi continuous function and T : E → E.
A point x ∈ E is called a φ-fixed point of T if x = Tx and φ(x) = 0.

Definition 2.12 ([11]). Let φ : E → [0,∞). A mapping T : E → E is called a φ-Picard
mapping if the following conditions hold:

(i) F (T ) ∩ Zφ = {x};
(ii) lim

n→∞
Tnx0 = x for all x0 ∈ E.

Clearly, if T is a φ-Picard mapping, then it has a unique φ-fixed point.

Definition 2.13 ([11]). A function ϱ : [0,∞)3 → [0,∞) is said to be a control function if for
θ1, θ2, θ3 ∈ [0,∞), it satisfies the following conditions:

(ϱ1) max{θ1, θ2} ≤ ϱ(θ1, θ2, θ3);

(ϱ2) ϱ(0, 0, 0) = 0;

(ϱ3) ϱ is continuous.

3. Main results

Theorem 3.1. Let T : X → X be an a-admissible (a-adm) mapping with respect to n defined
on (X, d), a CMS. Assume that there exists a function B : [0,∞) → [0, 1) such that for any
sequence {t̆n} ∈ R+, B(t̆n) → 1 implies that t̆n → 0 for n ∈ N and for all x, y ∈ X, we have

a(x, Tx)a(y, Ty) ≥ n(x, Tx)n(y, Ty)

implies

ϱ(d(Tx, Ty), φ(Tx), φ(Ty)) ≤ B(ϱ(d(x, y), φ(x), φ(y)))℧(x, y), (3.1)

where

℧(x, y) = max{ϱ(d(x, y), φ(x), φ(y))),min{ϱ(d(x, Tx), φ(x), φ(Tx)), ϱ(d(y, Ty), φ(y), φ(Ty))}},

where ϱ is a control function and φ : X → [0,∞) is a LSC function. Then, T : X → X has a
unique φ-FP is it satisfies:
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(i) There exists x0 ∈ X such that a(x0, Tx0) ≥ n(x0, Tx0)

(ii) T is continuous (CTS) or

(iii) if {xn} is a sequence in X such that {xn} → x, a(xn, xn+1) ≥ n(xn, xn+1) for all n ∈ N,
then a(x, Tx) ≥ n(x, Tx).

Proof. Let x0 ∈ X such that a(x0, Tx0) ≥ n(x0, Tx0) and let the sequence xn be defined by
xn = T (xn−1) = Tn(x0) for all n ∈ N. If for any n′ ∈ N, xn′ = xn′−1, then, Txn′ = Txn′−1, that
is xn′+1 = xn′ and xn′ is FP of T . Hence, we consider d(xn, xn+1) > 0 for all n ∈ N. As T is
a, n-adm and a(x0, Tx0) ≥ n(x0, Tx0), we get a(x1, x2) = a(Tx0, T

2x0) = n(x1, x2). Continuing
like this, we have a(xn, Txn) ≥ n(xn, Txn). Then,

a(xn−1, Txn−1)a(xn, Txn) ≥ n(xn−1, Txn−1)n(xn, Txn).

Now, for x = xn−1 and = yn−1 by given contractive condition, we get

ϱ(d(xn, xn+1), φ(xn), φ(xn+1)) ≤ B(ϱ(d(xn−1, xn), φ(xn−1), φ(xn)))℧(xn−1, xn).

Throughout the paper, for the sake of simplicity and to avoid repetition, we shall use the
notations ∆n−1,n = ϱ(d(xn−1, xn), φ(xn−1), φ(xn)) and ∆n,n+1 = ϱ(d(xn, xn+1), φ(xn), φ(xn+1)).
Then

℧(xn−1, xn) = max{∆n−1,n,min{∆n−1,n,∆n,n+1}}
= ∆n−1,n

= ϱ(d(xn−1, xn), φ(xn−1), φ(xn)).

Consequently

∆n,n+1 ≤ B(∆n−1,n)∆n−1,n,

which follows that

∆n,n+1

∆n−1,n
≤ B(∆n−1,n).

Hence

ϱ(d(xn, xn+1), φ(xn), φ(xn+1))

ϱ(d(xn−1, xn), φ(xn−1), φ(xn)))
≤ B(ϱ(d(xn−1, xn), φ(xn−1), φ(xn))),

implies

ϱ(d(xn, xn+1), φ(xn), φ(xn+1))

ϱ(d(xn−1, xn), φ(xn−1), φ(xn)))
< 1.

Therefore

ϱ(d(xn, xn+1), φ(xn), φ(xn+1)) < ϱ(d(xn−1, xn), φ(xn−1), φ(xn))).

This yields ∆n−1,n ≥ ∆n,n+1 that is ∆n−1,n is a decreasing sequence and as it is bounded, hence
converges to some d∗. Now we will prove that d∗=0. Therefore for this, we see

lim
n→∞

ϱ(d(xn, xn+1), φ(xn), φ(xn+1))

ϱ(d(xn−1, xn), φ(xn−1), φ(xn)))
≤ lim

n→∞
B(ϱ(d(xn−1, xn), φ(xn−1), φ(xn))).
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From this, we get

1 ≤ lim
n→∞

B(ϱ(d(xn−1, xn), φ(xn−1), φ(xn))) < 1,

accordingly

lim
n→∞

B(ϱ(d(xn−1, xn), φ(xn−1), φ(xn))) = 1.

Therefore

lim
n→∞

ϱ(d(xn−1, xn), φ(xn−1), φ(xn))) = 0,

which implies

lim
n→∞

d(xn−1, xn) = 0, lim
n→∞

φ(xn−1) = 0 (by (ϱ1)).

Now, we will prove that xn is a Cauchy sequence. Let xn is not Cauchy. That means there exists
some ϵ > 0 and sequences {n′(k)} and {n(k)} such that ∀ k ∈ Z+, we have {n(k)} > {n′(k)} > k,
d(xn(k), xn′(k)) ≥ ϵ and d(xn(k), xn′(k)−1) < ϵ. Then by triangle inequality, we get

ϵ ≤ d(xn(k), xn′(k))

≤ d(xn(k), xn′(k)−1)) + d(xn′(k)−1, xn′(k))

< ϵ+ d(xn′(k)−1, xn′(k)),

implies

lim
k→∞

d(xn(k), xn′(k)) = ϵ.

Now

d(xn(k), xn′(k)) ≤ d(xn′(k), xn′(k)+1) + d(xn′(k)+1, xn(k)+1) + d(xn(k)+1, xn(k))

and

d(xn′(k)+1, xn(k)+1) ≤ d(xn(k)+1, xn(k)) + d(xn(k), xn′(k)) + d(xn′(k), xn′(k)+1).

Taking limit k → ∞, we have

lim
k→∞

d(xn′(k)+1, xn(k)+1) = ϵ.

Here by using

a(xn(k), Txn(k))a(xn′(k), Txn′(k)) ≥ n(xn(k), Txn(k))n(xn′(k), Txn′(k)),

we obtain

ϱ(d(xn(k)+1, xn′(k)+1), φ(xn(k)+1), φ(xn′(k)+1))

≤B(ϱ(d(xn(k), xn′(k)), φ(xn(k)), φ(xn′(k)))℧(xn(k), xn′(k)),

where
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℧(xn(k), xn′(k))

=max{ϱ(d(xn(k), xn′(k)), φ(xn(k)), φ(xn′(k))), ϱ(d(xn(k)+1, xn′(k)+1), φ(xn(k)+1), ϱ(xn′(k)+1))}.

Taking k → ∞, we get

ϱ(ϵ, 0, 0) ≤ B(ϱ(d(xn(k), xn′(k)), φ(xn(k)))× ϱ(ϵ, 0, 0),

which gives

lim
k→∞

B(ϱ(d(xn(k), xn′(k)), φ(xn(k)), φ(xn′(k))) = 1,

consequently

ϱ(d(xn(k), xn′(k)), φ(xn(k), φ(xn′(k))) = 0.

Hence

lim
k→∞

d(xn(k), xn′(k)) = 0, lim
k→∞

φ(xn(k)) = 0,

which is a contradiction. Therefore our assumption is wrong and sequence xn is Cauchy.
Now by completeness of space there exists some z ∈ X to which sequence xn converges. As
mapping T is CTS, so Tz = lim

n→∞
Txn = lim

n→∞
xn+1 = z. Also as function φ is LSC, then

lim
n→∞

φ(xn+1) = φ(z) = 0. Therefore by uniqueness of limit z is unique φ-FP of T .

If we assume there is no condition of continuity over T but condition 3. holds, then

a(z, Tz) ≥ n(z, Tz),

which implies

a(xn, Txn)a(z, Tz) ≥ n(xn, Txn)n(z, Tz).

Now by given condition of contraction, we get

ϱ(d(Tz, xn+1), φ(Tz), φ(xn+1)) ≤ B(ϱ(d(z, xn), φ(z), φ(xn)))℧(z, xn),

where

℧(z, xn) = max{ϱ(d(z, xn), φ(z), φ(xn)), ϱ(d(xn, xn+1), φ(xn), φ(xn+1))}.

Letting n→ ∞, we have

ϱ(d(Tz, z), φ(Tz), φ(z)) ≤ B(ϱ(d(z, xn), φ(z), φ(xn)))×max{ϱ(0, 0, 0), ϱ(0, 0, 0)}.

This gives

ϱ(d(Tz, z), φ(Tz), φ(z)) ≤ 0,

thus

d(Tz, z) = 0,
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which implies

Tz = z, φ(Tz) = φ(z) = 0.

We will prove now that z is unique φ-FP of T . For this, consider z and z′ be two φ-FP of T .
Then by given condition

a(z, z)a(z′, z′) ≥ n(z, z)n(z′, z′).

Therefore

ϱ(d(z, z′), φ(z), φ(z′)) ≤ B(ϱ(d(z, z′), φ(z), φ(z′)))℧(z, z′),

which implies that

ϱ(d(z, z′), 0, 0) ≤ B(ϱ(d(z, z′), 0, 0))℧(z, z′)

where

℧(z, z′) = {ϱ(d(z, z′), 0, 0),min{ϱ(d(z, Tz), 0, 0), ϱ(d(z′, T z′), 0, 0)}}
= {ϱ(d(z, z′), 0, 0),min{ϱ(d(z, z), 0, 0), ϱ(d(z′, z′), 0, 0)}}
= {ϱ(d(z, z′), 0, 0), ϱ(0, 0, 0)},

which follows that

ϱ(d(z, z′), 0, 0) ≤ B(ϱ(d(z, z′), 0, 0)ϱ(d(z, z′), 0, 0).

This shows that

B(ϱ(d(z, z′), 0, 0)) = 1,

implies

ϱ(d(z, z′), 0, 0) = 0.

So, we have

d(z, z′) = 0,

which gives

z = z′.

Hence z is unique φ-FP of T .
In all the examples we will consider ϱ(θ1, θ2, θ3) = θ1 + θ2 + θ3 and φ(x) = x.

Example 3.1. Let X = [0,∞) and d(x, y) = |x − y| for all x, y ∈ X. Consider T : X → X be
defined by

Tx =


x

4
, if x ∈ [0, 1],

ln(x2 + x+ 3), if x ∈ (1,∞).
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Also let a, n : X → X be defined as

a(x, y) =

{
6, if x, y ∈ [0, 1],

1, if x, y ∈ (1,∞),

n(x, y) =

{
1, if x, y ∈ [0, 1],

2, if x, y ∈ (1,∞).

Now we will show that for B(θ) = 1
2 , all the conditions of Theorem (3.1) are satisfied.

If x, y ∈ [0, 1], then

a(x, y) ≥ n(x, y) and a(Tx, Ty) = a
(x
4
,
y

4

)
= 6 ≥ 1 = n

(x
4
,
y

4

)
= n(Tx, Ty).

Therefore T is a, n-adm mapping for x, y ∈ [0, 1]. Now we show that T is satisfying contractive
condition (3.1). For this let x, y ∈ [0, 1], then

a(x, Tx)a(y, Ty) = a
(
x,
x

4

)
a
(
y,
y

4

)
= 36 and n(x, Tx)n(y, Ty) = a

(
x,
x

4

)
a
(
y,
y

4

)
= 1.

Hence we get

a(x, Tx)a(y, Ty) ≥ n(x, Tx)n(y, Ty).

Now for x, y ∈ [0, 1], we have

ϱ(d(Tx, Ty), φ(Tx), φ(Ty)) =

∣∣∣∣x− y

4

∣∣∣∣+ x

4
+
y

4
,

ϱ(d(x, Tx), φ(x), φ(Tx)) =
3x

4
+ x+

x

4
= 2x,

ϱ(d(y, Ty), φ(y), φ(Ty)) =
3y

4
+ y +

y

4
= 2y,

ϱ(d(x, y), φ(x), φ(Ty)) = |x− y|+ x+ y.

Then clearly

min{ϱ(d(x, Tx), φ(x), φ(Tx)), ϱ(d(y, Ty), φ(y), φ(Ty))} = min{2x, 2y}

and

max{ϱ(d(x, y), φ(x), φ(y))),min{2x, 2y}} = max{|x− y|+ x+ y,min{2x, 2y}}
= 2max{x, y}.

Now, we have

1

2
max{x, y} ≤ max{x, y}

implies ∣∣∣∣x− y

4

∣∣∣∣+ x

4
+
y

4
≤ max{x, y}.
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Hence

ϱ(d(Tx, Ty), φ(Tx), φ(Ty))

≤B(ϱ(d(x, y), φ(x), φ(y)))max{ϱ(d(x, y), φ(x), φ(y))),min{2x, 2y}}.

Therefore condition (3.1) is satisfied. Moreover condition (i) of Theorem (3.1) is satisfied for
x0 = 0 and if a(xn, xn+1) ≥ n(xn, xn+1) it implies that xn ∈ [0, 1] for all n ∈ N. Now
due to completeness of [0, 1] there exists x ∈ [0, 1], such that xn converges to x. Hence
a(x, Tx) ≥ n(x, Tx). Then the above Theorem is true here and z′ = 0 is the unique φ-FP
of mapping T .

Now we consider two different choices of B in the same example, where function B is not
CTS.

1: If we consider

B(θ) =

{
e−θ, if θ > 0,

0, if θ = 0

and modify mapping T as follows:

Tx =


x

16
, if x ∈ [0, 1],

ln(x2 + x+ 3), if x ∈ (1,∞).

Then, clearly the result holds trivially if both x and y are zero. But if anyone of them is non-zero
then for contractive condition (3.1) to be satisfied, we need to prove

1

8
max{x, y} ≤ 2e−max{2x,2y}max{x, y}

implies

e−max{2x,2y} ≥ 1

16
.

Here it can be seen easily that minimum value of e−max{2x,2y} = e−2 in [0, 1] and e−2 > 1
16 .

Hence Theorem (3.1) is true here.

2: If we consider

B(θ) =


1

1 + θ
, if θ > 0,

0, if θ = 0

and do not change mapping T , then again for contractive condition (3.1) to be satisfied, we have
to prove

1

2
max{x, y} ≤ 2

1 + max{2x, 2y}
max{x, y}

implies

1

1 + max{2x, 2y}
≥ 1

4
.

Now minimum value of 1
1+max{2x,2y} = 1

3 in [0, 1] and 1
3 >

1
4 . Therefore Theorem (3.1) is true in

this case also.
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Definition 3.2. Let (X, d) be a metric space, T, S : X → X be two mappings and a, n :
X ×X → [0,∞) are two functions. Then the pair (T, S) is called generalized F ∗-φ-Contraction
if a(x, y) ≥ n(x, y), then

D(ϱ(d(Tx, Sy), φ(Tx), φ(Sy))) ≤ F ∗(D(M∗(x, y)),Θ(M∗(x, y))),

where

M∗(x, y) = max{ϱ(d(x, y), φ(x), φ(y)), ϱ(d(x, Tx), φ(x), φ(Tx)), ϱ(d(y, Sy), φ(y), φ(Sy))}.

Theorem 3.3. Let (X, d) be a metric space and T, S be two self-mappings on X. Assume that
the following conditions are satisfied:

(i) (X, d) is an a, n-CMS;

(ii) (T, S) is generalized F ∗-φ-Contraction;

(iii) (T, S) is triangular a, n-adm.

(iv) There exists x0 ∈ X such that a(x0, Tx0) ≥ n(x0, Tx0);

(v) (T, S) is a, n-CTS mappings or

(vi) If {xn} is a sequence in X such that a(xn, xn+1) ≥ n(xn, xn+1) for all n ∈ N and
xn → z ∈ X as n → ∞, then there exist a subsequence {xn(k)} of {xn} such that
a(xn(k), z) ≥ n(xn(k), z) for all k ∈ N.

Then (T, S) have a common φ-FP.

Proof. Let x0 ∈ X be such that a(x0, Tx0) ≥ n(x0, Tx0). Define a sequence {xn} in X such
that x2n+1 = T2n and x2n+2 = Sx2n+1 for all n ∈ N. If xn0 = xn0+1 for some n0 ∈ N, then
clearly xn0 is the required common φ-FP of (T, S). As (T, S) is a, n-adm, hence

a(x1, x2) = a(Tx0, Sx1) ≥ n(Tx0, Sx1) = n(x1, x2)

and

a(x2, x1) = a(Sx1, Tx0) ≥ n(Sx1, Tx0) = n(x2, x1).

If we use a, n-adm property again, we get

a(x3, x2) = a(Tx2, Sx1) ≥ n(Tx2, Sx1) = n(x3, x2)

and

a(x2, x3) = a(Sx1, Tx2) ≥ n(Sx1, Tx2) = n(x2, x3).

By repetition of this process n-times, we get a(xn, xn+1) ≥ n(xn, xn+1) and similarly we have
a(xn+1, xn) ≥ n(xn+1, xn). Now as (T, S) is triangular a, n-adm, therefore we can deduce that
a(xn, xn′) ≥ n(xn, xn′) and a(xn′ , xn) ≥ n(xn′ , xn) for any n, n

′ ∈ N with n′ > n.
Let x2n ̸= x2n+1 and x2n+1 ̸= x2n+2 for all n ∈ N, then by Lemma (2.2), we get

a(x2n, x2n+1) ≥ n(x2n, x2n+1) for all n ∈ N. Then as (T, S) is generalized F ∗-φ-Contraction
mapping, we have

D(ϱ(d(x2n+1, x2n+2), φ(x2n+1), φ(x2n+1))) = D(ϱ(d(Tx2n, Sx2n+1), φ(Tx2n), φ(Sx2n+1)))
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≤ F ∗(D(M∗(x2n, x2n+1)),Θ(M∗(x2n, x2n+1))),

where

M∗(x2n, x2n+1)

= max{ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1)), ϱ(d(x2n, Tx2n), φ(x2n), φ(Tx2n)),

ϱ(d(x2n+1, Sx2n+1), φ(x2n+1), φ(Sx2n+1))}
= max{ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1)), ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1)),

ϱ(d(x2n+1, x2n+2), φ(x2n+1), φ(x2n+2))}
max{ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1)), ϱ(d(x2n+1, x2n+2), φ(x2n+1), φ(x2n+2))},

which clearly gives a contradiction to our assumption. Hence we obtain

M∗(x2n, x2n+1) = max{ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1))}.

Therefore, we have

D(ϱ(d(x2n+1, x2n+2), φ(x2n+1), φ(x2n+2))) ≤ F ∗(D(M∗(x2n, x2n+1)),Θ(M∗(x2n, x2n+1)))

≤ D(M∗(x2n, x2n+1))

≤ D(ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1))).

Here, as D is non-decreasing, hence

ϱ(d(x2n+1, x2n+2), φ(x2n+1), φ(x2n+2)) ≤ ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1)).

Now, if we consider

dn = ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1)),

dn+1 = ϱ(d(x2n+1, x2n+2), φ(x2n+1), φ(x2n+2)),

then dn ≥ dn+1, that is dn is a decreasing sequence. There must exists some k such that

lim
n→∞

ϱ(d(xn, xn+1), φ(xn), φ(xn+1)) = k.

Now, we have

D(ϱ(d(xn+1, xn+2), φ(xn+1), φ(xn+2)))

≤F ∗(D(ϱ(d(xn, xn+1), φ(xn), φ(xn+1))),Θ(ϱ(d(xn, xn+1), φ(xn), φ(xn+1)))).

Letting n→ ∞, we obtain that

D(k) ≤ F ∗(D(k),Θ(k)),

which yields

D(k) = 0orΘ(k) = 0.

Hence

lim
n→∞

ϱ(d(xn, xn+1), φ(xn), φ(xn+1)) = 0
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implies

lim
n→∞

d(xn, xn+1) = 0, lim
n→∞

φ(xn) = 0 (by (ϱ1)). (3.2)

Now, the next step is to prove that sequence {xn} is Cauchy. For this, we use Lemma 2.1 by
which there exists ϵ > 0 and two subsequences {xn′(k)} and {xn(k)} of {xn} with n(k) > n(k) > k
such that:

d(xn(k), xn′(k)) ≥ ϵ, d(xn(k), xn′(k)−1) < ϵ.

By using triangular inequality here, we have

ϵ ≤ d(xn(k), xn′(k))

≤ d(xn(k), xn′(k)−1) + d(xn′(k)−1, xn′(k))

< ϵ+ d(xn′(k)−1, xn′(k)).

Now if we take k → ∞ and use (3.2) in the above inequality, we get

lim
k→∞

d(xn(k), xn′(k)) = ϵ.

Since

|d(xn(k), xn′(k)−1)− d(xn(k), xn′(k))| ≤ d(xn′(k), xn′(k)−1).

We obtain lim
k→∞

d(xn(k), xn′(k)−1) = ϵ. Similarly, we have

lim
k→∞

d(xn(k), xn′(k)−1) = lim
k→∞

d(xn(k)−1, xn′(k)−1) = ϵ.

For n′(k), n(k) ∈ N with n(k) > n(k), we discuss four cases.

Case 1. Consider n(k) = 2k+1 and n′(k) = 2k+ s+1 that is n(k) is odd and n′(k) is even for
some k, s ∈ N, where s is odd. As a(x2k+1, x2k+1+s) ≥ n(x2k+1, x2k+1+s), therefore we conclude
that

D(ϱ(d(xn(k), xn′(k)), φ(xn(k)), φ(xn′(k))

= D(ϱ(d(Txn(k)−1, Sxn′(k)−1), φ(Txn(k)−1), φ(Sxn′(k)−1)))

= D(ϱ(d(Tx2k, Sx2k+s), φ(Tx2k), φ(Sx2k+s)))

≤ F ∗(D(M∗(x2k, x2k+s),Θ(M∗(x2k, x2k+s))), (3.3)

where

M∗(x2k, x2k+s) = max{ϱ(d(x2k, x2k+s), φ(x2k), φ(x2k+s)), ϱ(d(x2k, Tx2k), φ(x2k), φ(Tx2k)),

ϱ(d(x2k+s, Sx2k+s), φ(x2k+s), φ(Sx2k+s))}
= max{ϱ(d(x2k, x2k+s), φ(x2k), φ(x2k+s)), ϱ(d(x2k, x2k+1), φ(x2k), φ(x2k+1)),

ϱ(d(x2k+s, x2k+s+1), φ(x2k+s), φ(x2k+s+1))}.

Hence

lim
k→∞

M∗(x2k, x2k+s) = max{ϱ(ϵ, 0, 0), ϱ(0, 0, 0), ϱ(0, 0, 0)} = ϱ(ϵ, 0, 0). (3.4)
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Now, by (3.3) and (3.4), we get

D(ϱ(ϵ, 0, 0)) ≤ F ∗(D(ϱ(ϵ, 0, 0)),Θ(ϱ(ϵ, 0, 0))).

Here, by Property (ii) of F ∗, we conclude that ϱ(ϵ, 0, 0) = 0, hence ϵ = 0, which gives
contradiction to the condition ϵ > 0. Therefore our assumption is wrong and sequence {xn}
is Cauchy sequence in this case.

Case 2. Consider n(k) and n′(k) both are odd. Then by triangle inequality and Case 1, we have

d(xn(k), xn′(k)) ≤ d(xn(k), xn′(k)−1) + d(xn′(k)−1, xn′(k))

implies

lim
k→∞

d(xn(k), xn′(k)) ≤ lim
k→∞

d(xn(k), xn′(k)−1) + lim
k→∞

d(xn′(k)−1, xn′(k)) ≤ 0.

Consequently

lim
k→∞

d(xn(k), xn′(k)) = 0.

Case 3. Now, let n and n′ both are even, then again by triangular inequality, we get

d(xn(k), xn′(k)) ≤ d(xn(k), xn(k)+1) + d(xn(k)+1, xn′(k)).

Here again by (3.2) and Case 1, we have

lim
k→∞

d(xn(k), xn′(k)) = 0.

Case 4. In the last case, suppose that n is even and n′ is odd. Using triangular inequality, we
have

d(xn(k), xn′(k)) ≤ d(xn(k), xn(k)+1) + d(xn(k)+1, xn′(k)−1) + d(xn′(k)−1, xn′(k)),

which clearly gives lim
k→∞

d(xn(k), xn′(k)) = 0. Now by combining all these cases together, it is

concluded that sequence xn is a Cauchy sequence in X. Then by completeness of space X, there
exists z ∈ X such that sequence xn converges to z. Since T, S are CTS mappings, therefore we
have Tx2n → Tz and Sx2n+1 → Sz. This implies x2n+1 = Tx2n → z. By uniqueness of limit,
we get

Tz = z.

Similarly, we have

Sz = z.

Hence z is the common FP of mappings T and S. Moreover as φ is lower semi CTS, hence
lim
n→∞

φ(xn) = φ(z) = 0. Hence z is common φ-FP of mappings T and S.

If we assume there is no condition of continuity over T but condition 6. holds, then by using
above proof, a sequence {xn} ∈ X can be constructed which is defined as x2n+1 = Tx2n and
x2n+2 = Sx2n+1 for all n ∈ N, such that the sequence converges to z ∈ X. Then by condition
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6, there exists a subsequence {xn(k)} of {xn} such that a(xn(k), z) ≥ n(xn(k), z) for all k ∈ N.
Hence, we get

D(ϱ(d(x2n(k)+1, Sz), φ(x2n(k)+1), φ(Sz))) = D(ϱ(d(Tx2n(k), Sz), φ(Tx2n(k)), φ(Sz)))

≤ F ∗(D(M∗(x2n(k), z)),Θ(M∗(x2n(k), z))),

where

M∗(x2n(k), z) = max{ϱ(d(x2n(k), z), φ(x2n(k)), φ(z)),
ϱ(d(x2n(k), Tx2n(k)), φ(x2n(k)), φ(Tx2n(k))), ϱ(d(z, Sz), φ(z), φ(Sz))}

= max{ϱ(d(x2n(k), z), φ(x2n(k)), φ(z)),
ϱ(d(x2n(k), x2n(k)+1), φ(x2n(k)), φ(x2n(k)+1)), ϱ(d(z, Sz), φ(z), φ(Sz))}

implies

lim
k→∞

M∗(x2n(k), z) = max{ϱ(0, 0, 0), ϱ(0, 0, 0), ϱ(d(z, Sz), φ(z), φ(Sz))}

= max{ϱ(0, 0, 0), ϱ(d(z, Sz), φ(z), φ(Sz))}
= ϱ(d(z, Sz), φ(z), φ(Sz)).

Consequently

D(ϱ(d(z, Sz), φ(z), φ(Sz))) = D(ϱ(d(Tx2n(k), Sz), φ(Tx2n(k)), φ(Sz)))

≤ F ∗(D(ϱ(d(z, Sz), φ(z), φ(Sz)),Θ(ϱ(d(z, Sz), φ(z), φ(Sz)))).

Hence

ϱ(d(z, Sz), φ(z), φ(Sz)) = 0,

which follows

Sz = z.

In the same way we can obtain Tz = z.

Example 3.2. Let X = (−1, 1] and d : X×X → R defined by d(x, y) = |x−y| for all x, y ∈ X.
Define D,Θ : [0,∞) → [0,∞) by D(x) = x

3 and Θ(x) = x
3 . Define the mappings T, S : X → X

by

Tx =


x

3
, if x ∈ (−1, 0),

x

9
, if x ∈ [0, 1]

and

Sx =


x

2
, if x ∈ (−1, 0),

x

3
, if x ∈ [0, 1].
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Also let a, n : X → X be defined as

a(x, y) =

2, if x, y ∈ [0, 1],

1

5
, otherwise,

n(x, y) =

1, if x, y ∈ [0, 1],

1

3
, otherwise.

Now for F ∗(s, t) = s− t, first of all we prove that (T, S) is generalized F ∗-φ contraction.
If a(x, y) ≥ n(x, y), then x, y ∈ [0, 1]. Therefore

D(ϱ(d(Tx, Sy), φ(Tx), φ(Sy)) =
∣∣∣x
9
− y

3

∣∣∣+ x

9
+
y

3

and

M∗(x, y) = max
{
|x− y|+ x+ y,

∣∣∣x− x

9

∣∣∣+ x+
x

9
,
∣∣∣y − y

9

∣∣∣+ y +
y

9

}
= max{|x− y|+ x+ y, 2x, 2y}
= max{2x, 2y}.

Hence

F ∗(D(M∗(x, y)),Θ(M∗(x, y))) = max{2x, 2y} − max{2x, 2y}
3

=
max{4x, 4y}

3
.

Clearly max
{

2x
9 ,

2y
3

}
≤ max{4x,4y}

3 . Therefore the pair (T, S) is a generalized F ∗-φ contraction

type mapping. Moreover condition (iv) of Theorem 3.3 is satisfied for x0 = 0 and if a(xn, xn+1) ≥
n(xn, xn+1) it implies that xn ∈ [0, 1] for all n ∈ N. Now due to completeness of [0, 1] there exists
x ∈ [0, 1], such that xn converges to x and Tx, Sy, STx, TSx ∈ [0, 1]. Then it can be observed
that (T, S) is a, n-adm. Now if {xn} ⊆ [0, 1] for all n ∈ N, then we have

lim
n→∞

Txn = lim
n→∞

xn
9

=
x

9
= Tx,

and

lim
n→∞

Sxn = lim
n→∞

xn
3

=
x

3
= Sx.

This implies (T, S) is an a, n-CTS. Hence all assumptions of above theorem are true and z′ = 0
is the unique Common φ-FP of mapping T and S.

Definition 3.4. Let (X, d) be a metric space, T, S : X → X be two mappings and a, n :
X × X → [0,∞) are two functions. Let B : [0,∞) → [0, 1) is a function such that for any
bounded sequence {t̆n} of positive reals, B(t̆n) → 1 implies that {t̆n} → 0. Then the pair (T, S)
is called ϱ− B − φ-Contraction if

a(x, y) ≥ n(x, y)

implies

ϱ(d(Tx, Sy), φ(Tx), φ(Sy)) ≤ B(ϱ(d(x, y), φ(x), φ(y)))℧(x, y), (3.5)

where

℧(x, y) = max{ϱ(d(x, y), φ(x), φ(y))),min{ϱ(d(x, Tx), φ(x), φ(Tx)), ϱ(d(y, Sy), φ(y), φ(Sy))}}.
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Theorem 3.5. Let (X, d) be a metric space and T, S be two self-mappings on X. Assume that
a, n : X ×X → [0,∞) are two functions and B : [0,∞) → [0, 1) is a function such that for any
bounded sequence {t̆n} of positive reals, B(t̆n) → 1 implies that {t̆n} → 0. Then (T, S) have a
common φ-FP if it satisfies the following conditions:

(i) (X, d) is a, n-CMS;

(ii) (T, S) is ϱ− B − φ-Contraction;

(iii) (T, S) is triangular a, n-adm.

(iv) There exists x0 ∈ X such that a(x0, Tx0) ≥ n(x0, Tx0);

(v) (T, S) is a, n-CTS mappings or

(vi) If {xn} is a sequence in X such that a(xn, xn+1) ≥ n(xn, xn+1) for all n ∈ N and
xn → z ∈ X as n → ∞, then there exist a subsequence {xn(k)} of {xn} such that
a(xn(k), z) ≥ n(xn(k), z) for all k ∈ N.

Then (T, S) have a common φ-FP.

Proof. Let x0 ∈ X be such that a(x0, Tx0) ≥ n(x0, Tx0). Define a sequence {xn} in X such
that x2n+1 = T2n and x2n+2 = Sx2n+1 for all n ∈ N. If xn0 = xn0+1 for some n0 ∈ N, then
clearly xn0 is the required common φ-FP of (T, S). As (T, S) is a, n-adm, hence

a(x1, x2) = a(Tx0, Sx1) ≥ n(Tx0, Sx1) = n(x1, x2)

and

a(x2, x1) = a(Sx1, Tx0) ≥ n(Sx1, Tx0) = n(x2, x1).

If we use a-adm property with respect to n again, we get

a(x3, x2) = a(Tx2, Sx1) ≥ n(Tx2, Sx1) = n(x3, x2)

and

a(x2, x3) = a(Sx1, Tx2) ≥ n(Sx1, Tx2) = n(x2, x3).

By repetition of this process n-times, we get a(xn, xn+1) ≥ n(xn, xn+1) and a(xn+1, xn) ≥
n(xn+1, xn). Now as (T, S) is triangular a, n-adm, therefore we can deduce that a(xn, xn′) ≥
n(xn, xn′) and a(xn′ , xn) ≥ n(xn′ , xn) for any n, n

′ ∈ N with n′ > n.
Let x2n ̸= x2n+1 and x2n+1 ̸= x2n+2 for all n ∈ N, then by lemma (2.2), we get

a(x2n, x2n+1) ≥ n(x2n, x2n+1) for all n ∈ N. Then as (T, S) is generalized F ∗-φ-Contraction
mapping, we have

ϱ(d(Tx2n, Sx2n+1), φ(Tx2n), φ(Sx2n+1)) ≤ B(ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1)))℧(x2n, x2n+1)

implies

ϱ(d(x2n+1, x2n+2), φ(x2n+1), φ(x2n+2)) ≤ B(ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1)))℧(x2n, x2n+1),

where

℧(x2n, x2n+1) = max{ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1))),
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min{ϱ(d(x2n, Tx2n), φ(x2n), φ(Tx2n)),
ϱ(d(x2n+1, Sx2n+1), φ(x2n+1), φ(Sx2n+1))}}

= max{∆2n,2n+1,min{∆2n,2n+1,∆2n+1,2n+2}}

implies

∆2n+1,2n+2 ≤ B(∆2n,2n+1)∆2n,2n+1.

Now if we consider

dn = ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1))), dn+1 = ϱ(d(x2n+1, x2n+2), φ(x2n+1), φ(x2n+2)),

then sequence dn is monotonically decreasing in [0,∞), hence converges to some k ∈ [0,∞).
Then by letting n→ ∞ in above inequality, we have

lim
n→∞

ϱ(d(x2n+1, x2n+2), φ(x2n+1), φ(x2n+2))

ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1))
≤ lim

n→∞
B(ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1))),

which implies

lim
n→∞

B(ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1))) ≥ 1.

Therefore

lim
n→∞

B(ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1))) = 1.

This yields

lim
n→∞

ϱ(d(x2n, x2n+1), φ(x2n), φ(x2n+1)) = 0.

Accordingly

lim
n→∞

d(x2n, x2n+1) = 0, lim
n→∞

φ(x2n) = 0.

Now assume that lim
n→∞

d(xn, xn′) = ϵ, where ϵ > 0. Then depending on n and n′, four cases arise:

Case 1. Consider n(k) = 2k + 1 and n(k) = 2k + s + 1 that is n(k) is odd and n(k) is even
for some k, s ∈ N, where s is odd. As a(x2k+1, x2k+1+s) ≥ n(x2k+1, x2k+1+s), hence we conclude
that

ϱ(d(xn(k), xn′(k)), φ(xn(k)), φ(xn′(k))) = ϱ(d(Txn(k)−1, Sxn′(k)−1), φ(Txn(k)−1), φ(Sxn′(k)−1))

= ϱ(d(Tx2k, Sx2k+s), φ(Tx2k), φ(Sx2k+s))

≤ B(ϱ(d(x2k, x2k+s), φ(Tx2k), φ(x2k+s)))℧(x2k, x2k+s),
(3.6)

where

℧(x2k, x2k+s) = max{ϱ(d(x2k, x2k+s), φ(x2k), φ(x2k+s)),min{ϱ(d(x2k, Tx2k), φ(x2k), φ(Tx2k)),
ϱ(d(x2k+s, Sx2k+s), φ(x2k+s), φ(Sx2k+s))}}

= max{ϱ(d(x2k, x2k+s), φ(x2k), φ(x2k+s)),min{ϱ(d(x2k, x2k+1), φ(x2k), φ(x2k+1)),
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ϱ(d(x2k+s, x2k+s+1), φ(x2k+s), φ(x2k+s+1))}},

which follows that

lim
k→∞

℧(x2k, x2k+s) = lim
k→∞

max{ϱ(d(x2k, x2k+s), φ(x2k), φ(x2k+s)),

min{ϱ(d(x2k, x2k+1), φ(x2k), φ(x2k+1)),

ϱ(d(x2k+s, x2k+s+1), φ(x2k+s), φ(x2k+s+1))}}
= max{ϱ(ϵ, 0, 0),min{ϱ(0, 0, 0), ϱ(0, 0, 0)}}.

Hence

lim
k→∞

℧(x2k, x2k+s) =ϱ(ϵ, 0, 0). (3.7)

Now, by (3.6) and (3.7), we get

ϱ(ϵ, 0, 0) ≤ B(ϱ(d(x2k, x2k+s), φ(Tx2k), φ(x2k+s)))ϱ(ϵ, 0, 0)

implies

1 ≤ B(ϱ(d(x2k, x2k+s), φ(Tx2k), φ(x2k+s))) < 1.

Therefore

lim
k→∞

B(ϱ(d(x2k, x2k+s), φ(Tx2k), φ(x2k+s))) = 1,

which gives

lim
k→∞

ϱ(d(x2k, x2k+s), φ(Tx2k), φ(x2k+s)) = 0.

Consequently

lim
k→∞

d(x2k, x2k+s) = 0,

and

lim
k→∞

d(x2k+s, x2k) = 0.

From here, we conclude that ϵ = 0, which gives contradiction to the condition ϵ > 0. Therefore
our assumption is wrong and sequence {xn} is Cauchy sequence in this case.

Case 2. Consider n(k) and n(k) both are odd. Then by triangle inequality and Case 1, we have

d(xn(k), xn′(k)) ≤ d(xn(k), xn′(k)−1) + d(xn′(k)−1, xn′(k))

implies

lim
k→∞

d(xn(k), xn′(k)) ≤ lim
k→∞

d(xn(k), xn′(k)−1) + lim
k→∞

d(xn′(k)−1, xn′(k))

≤ 0,



3164 S. Rathee, D. Kaushik & R. Gupta

hence

lim
k→∞

d(xn(k), xn′(k)) = 0.

Case 3. Now, let n and n′ both are even, then again by triangular inequality, we get

d(xn(k), xn′(k)) ≤ d(xn(k), xn(k)+1) + d(xn(k)+1, xn′(k)).

Here again by (3.2) and Case 1, we have lim
k→∞

d(xn(k), xn′(k)) = 0.

Case 4. In the last case, suppose that n is even and n′ is odd. Using triangular inequality, we
have

d(xn(k), xn′(k)) ≤ d(xn(k), xn(k)+1) + d(xn(k)+1, xn′(k)−1) + d(xn′(k)−1, xn′(k)),

which clearly gives lim
k→∞

d(xn(k), xn′(k)) = 0. Now by combining all these cases together, it is

concluded that sequence xn is a Cauchy sequence in X. Then by completeness of space X, there
exists z ∈ X, such that sequence xn converges to z. Since T, S are CTS mappings, therefore we
have Tx2n → Tz and Sx2n+1 → Sz. This implies x2n+1 = Tx2n → z. By uniqueness of limit,
we get

Tz = z.

Similarly, we have

Sz = z.

Hence z is the common FP of mappings T and S. Moreover as φ is lower semi CTS, hence
lim
n→∞

φ(xn) = φ(z) = 0. Hence z is common φ-FP of mappings T and S. If we assume there is

no condition of continuity over T but condition 6. holds, then by using above proof, a sequence
{xn} ∈ X can be constructed which is defined as x2n+1 = Tx2n and x2n+2 = Sx2n+1 for
all n ∈ N, such that the sequence converges to z ∈ X. Then by condition 6, there exists a
subsequence {xn(k)} of {xn} such that a(xn(k), z) ≥ n(xn(k), z) for all k ∈ N. Hence, we get

ϱ(d(x2n(k)+1, Sz), φ(x2n(k)+1), φ(Sz)) = ϱ(d(Tx2n(k), Sz), φ(Tx2n(k)), φ(Sz))

≤ B(ϱ(d(x2n(k), z), φ(x2n(k)), φ(z)))℧(x2n(k), z),

where

℧(x2n(k), z)
= max{ϱ(d(x2n(k), z), φ(x2n(k)), φ(z)),

min{ϱ(d(x2n(k), Tx2n(k)), φ(x2n(k)), φ(Tx2n(k))), ϱ(d(z, Sz), φ(z), φ(Sz))}}
= max{ϱ(d(x2n(k), z), φ(x2n(k)), φ(z)),

min{ϱ(d(x2n(k), x2n(k)+1), φ(x2n(k)), φ(x2n(k)+1)), ϱ(d(z, Sz), φ(z), φ(Sz))}},

implies

lim
k→∞

x(x2n(k), z) = max{ϱ(0, 0, 0),min{ϱ(0, 0, 0), ϱ(d(z, Sz), φ(z), φ(Sz))}}
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= ϱ(0, 0, 0)

= 0.

Therefore

ϱ(d(z, Sz), φ(z), φ(Sz))) = ϱ(d(Tx2n(k), Sz), φ(Tx2n(k)), φ(Sz))

≤ B(ϱ(d(x2n(k), z), φ(x2n(k)), φ(z)))× 0,

which yields

ϱ(d(z, Sz), φ(z), φ(Sz)) = 0.

Hence

Sz = z.

In the same way we can obtain Tz = z. By uniqueness of limit z is unique common φ-FP of
mappings Γ and S.

Example 3.3. Let X = (−1, 1] and d(x, y) = |x − y| for all x, y ∈ X. Consider T, S : X → X
be two mappings defined by

Tx =


x

3
, if x ∈ (−1, 0),

x

4
, if x ∈ [0, 1]

and

Sx =


x

2
, if x ∈ (−1, 0),

x

8
, if x ∈ [0, 1].

Also let a, n : X → X be defined as same as in Example (3.1). Now we will show that for
B(θ) = 1

2 , all the conditions of Theorem (3.5) are satisfied.
If x, y ∈ [0, 1], then

a(x, y) ≥ n(x, y)

Now we show that T is satisfying contractive condition (3.5), for this take x, y ∈ [0, 1], we have

ϱ(d(Tx, Sy), φ(Tx), φ(Sy)) =
∣∣∣x
4
− y

8

∣∣∣+ x

4
+
y

8
,

ϱ(d(x, Tx), φ(x), φ(Tx)) =
3x

4
+ x+

x

4
= 2x,

ϱ(d(y, Sy), φ(y), φ(Sy)) =
7y

8
+ y +

y

8
= 2y,

ϱ(d(x, y), φ(x), φ(Ty)) = |x− y|+ x+ y.

Then, clearly

min{ϱ(d(x, Tx), φ(x), φ(Tx)), ϱ(d(y, Ty), φ(y), φ(Ty))} = min{2x, 2y}
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and

max{ϱ(d(x, y), φ(x), φ(y))),min{2x, 2y}} = max{|x− y|+ x+ y,min{2x, 2y}}
= 2max{x, y}

implies

B(ϱ(d(x, y), φ(x), φ(y)))max{ϱ(d(x, y), φ(x), φ(y))),min{2x, 2y}} = max{x, y}.

Now, we have ∣∣∣x
4
− y

8

∣∣∣+ x

4
+
y

8
=
x

2
or

y

4
.

Clearly, max{x
2 ,

y
4} ≤ max{x, y}. Therefore inequality (3.5) is satisfied. Moreover condition (iv)

of Theorem (3.5) is satisfied for x0 = 0 and if a(xn, xn+1) ≥ n(xn, xn+1) it implies that xn ∈ [0, 1]
for all n ∈ N. Now due to completeness of [0, 1], there exists x ∈ [0, 1], such that xn converges
to x and Tx, Sy, STx, TSx ∈ [0, 1]. Then it can be observed that (T, S) is a, n-adm. Therefore
above Theorem is true here and z′ = 0 is the unique Common φ-FP of mapping T and S.

Proceeding as in Example (3.1), we consider the same two choices of the function B and
discuss the result in two cases.

1: Let

B(θ) =

{
e−θ, if θ > 0,

0, if θ = 0

and refine T and S as follows:

Tx =


x

15
, if x ∈ (−1, 0),

x

16
, if x ∈ [0, 1],

Sx =


x

14
, if x ∈ (−1, 0),

x

32
, if x ∈ [0, 1].

Then as in Example (3.1), we will prove∣∣∣ x
16

− y

32

∣∣∣+ x

16
+

y

32
=
x

8
or

y

16
≤ 2e−max{2x,2y}max{x, y}

implies

max
{x
8
,
y

16

}
≤ 2e−max{2x,2y}max{x, y}.

Now, max
{
x
8 ,

y
16

}
≤ max

{
x
8 ,

y
8

}
and max

{
x
8 ,

y
8

}
≤ 2e−max{2x,2y}max{x, y} because

e−max{2x,2y} ≥ 1
16 for each x, y ∈ [0, 1].Therefore given example supports Theorem (3.5).

2: Let

B(θ) =


1

1 + θ
, if θ > 0,

0, if θ = 0
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and consider T and S in the same way as in Case 1. Then similar to Case 1, we aim to prove
that ∣∣∣ x

16
− y

32

∣∣∣+ x

16
+

y

32
=
x

8
or

y

16
≤ 2

1 + max{2x, 2y}
max{x, y}

implies

max
{x
8
,
y

16

}
≤ 2

1 + max{2x, 2y}
max{x, y}.

Proceeding in the same manner as in the above calculations, we obtain 2
1+max{2x,2y} max{x, y} ≥

max
{
x
8 ,

y
8

}
as 1

1+max{2x,2y} ≥ 1
16 for each x, y ∈ [0, 1]. Hence, Theorem (3.5) is satisfied in this

case as well.

Theorem 3.6. Let (X, d) be a CMS and T : X → X be an a-adm mapping. Suppose that the
following condition is satisfied:

(D(ϱ(d(Tx, Ty), φ(Tx), φ(Ty))) + l)a(x,Tx)a(y,Ty)

≤F ∗(D(ϱ(d(x, y), φ(x), (y))),Θ(ϱ(d(x, y), φ(x), (y)))) + l (3.8)

for all x, y ∈ X and l ≥ 1. Suppose that either,

(i) T is CTS;

(ii) if {xn} is a sequence in X such that xn → x, a(xn, xn+1) ≥ 1 for all n ∈ N, then
a(x, Tx) ≥ 1.
If there exists x0 ∈ X such that a(x0, Tx0) ≥ 1.

Then T has a φ-FP.

Proof. Following the same approach as in Theorem 3.1, we consider a sequence {xn} ∈ X and
using the a-admissibility condition, we can prove that a(xn, Txn) ≥ 1 for all n ∈ N ∪ {0}. Then
by inequality (3.8), we have

D(ϱ(d(Txn−1, Txn), φ(Txn−1), φ(Txn))) + l

≤ D(ϱ(d(xn, xn+1), φ(xn), φ(xn+1)) + l)a(xn−1,xn)a(xn,xn+1)

≤ F ∗(D(∆n−1,n),Θ(∆n−1,n)) + l

implies

D(∆n,n+1) ≤ F ∗(D(∆n−1,n),Θ(∆n−1,n)) ≤ D(∆n−1,n).

Using properties of D, we have

∆n,n+1 ≤ ∆n−1,n

implies

ϱ(d(xn, xn+1), φ(xn), φ(xn+1)) ≤ ϱ(d(xn−1, xn), φ(xn−1), (xn)).
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Using the same arguments as employed in the earlier theorems, we obtain that the sequence
∆n,n+1 is monotonically decreasing and converges to a limit k ∈ R+. Now we will prove that
k = 0. For this we consider

lim
n→∞

D(∆n,n+1) ≤ lim
n→∞

≤ F ∗(D(∆n−1,n),Θ(∆n−1,n))

implies

D(k) ≤ F ∗(D(k),Θ(k)) ≤ D(k),

which gives

F ∗(D(k),Θ(k)) = D(k).

Therefore

D(k) = 0

implies

k = 0.

Hence

lim
n→∞

ϱ(d(xn, xn+1), φ(xn), φ(xn+1)) = 0

implies

lim
n→∞

d(xn, xn+1) = lim
n→∞

φ(xn) = 0. (By property (ϱ1)).

Now we will prove that the sequence xn is Cauchy. Before this proceeding similarly to the above
theorem, we can easily prove that

lim
n,n′→∞

d(xn′+1, xn+1) = lim
n,n′→∞

d(xn′ , xn) = ϵ.

We also have

D(ϱ(d(xn′+1, xn+1), φ(xn′+1), φ(xn+1)))

≤ F ∗(D(ϱ(d(xn′ , xn), φ(xn′), (xn)),Θ(ϱ(d(xn′ , xn), φ(xn′), (xn)))

≤ D(ϱ(d(xn′ , xn), φ(xn′), (xn))).

Taking limits on n′ and n, we have

D(ϱ(ϵ, 0, 0)) ≤ F ∗(D(ϱ(ϵ, 0, 0)),Θ(ϱ(ϵ, 0, 0)) ≤ D(ϱ(ϵ, 0, 0)).

This shows that

F ∗(D(ϱ(ϵ, 0, 0)),Θ(ϱ(ϵ, 0, 0)) = D(ϵ),

which gives

D(ϱ(ϵ, 0, 0)) = 0.
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Hence, we get

ϵ = 0.

Hence {xn} is a Cauchy sequence and by completeness of X, there exits z ∈ X such that
d(xn, z) = 0 and by continuity of T , we get Tz = z. Moreover by LSC property of φ function
we get

lim
n→∞

φ(xn) = φ(z) = 0.

But if we suppose that we have only condition (2), then we get

D(ϱ(d(Txn, T z), φ(Txn), (Tz))) + l

≤ D(ϱ(d(xn+1, z), φ(xn+1), (z)) + l)a(xn,xn+1)a(z,z)

≤ F ∗(D(ϱ(d(xn, φ(z)), φ(xn), (z))),Θ(ϱ(d(xn, z), φ(xn), φ(z)))) + l

≤ D(ϱ(d(xn, z), φ(xn), φ(z))) + l.

Letting n→ ∞ in above expression and using uniqueness of limits, we have

lim
n→∞

D(ϱ(d(Txn, T z), φ(Txn), (Tz))) ≤ F ∗(D(0),Θ(0)) ≤ D(0) = 0,

that implies

lim
n→∞

ϱ(d(Txn, T z), φ(Txn), (Tz)) = 0,

hence

d(Txn, T z) = 0.

Therefore, we obtain

Tz = z.

Hence z is a φ-FP of mapping T .

Theorem 3.7. Let all the assumptions of the preceding theorem hold, except that the contraction
condition is replaced by the following:

(a(x, Tx)a(y, Ty) + 1)D(ϱ(d(Tx,Ty),φ(Tx),(Ty))) ≤ 2F
∗(D(ϱ(d(x,y),φ(x),(y))),Θ(ϱ(d(x,y),φ(x),(y)))) (3.9)

Then the mapping admits a FP.

Proof. Following the same step as in above theorem, be inequality (3.9), we have

2D(ϱ(d(Txn−1,Txn),φ(Txn−1),φ(Txn)))

≤ (a(xn−1, Txn−1)a(xn, Txn) + 1)D(ϱ(d(Txn−1,Txn),φ(Txn−1),φ(Txn)))

≤ 2F
∗(D(ϱ(d(xn−1,xn),φ(xn−1),(xn))),Θ(ϱ(d(xn−1,xn),φ(xn−1),(xn)))

implies

2D(∆n,n+1) ≤ 2F
∗(D(∆n−1,n,Θ(∆n−1,n))),
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which follows that

D(∆n,n+1) ≤ F ∗(D(∆n−1,n,Θ(∆n−1,n))) ≤ D(∆n−1,n).

Now, following the same arguments as in the above theorems, we can easily prove that

lim
n→∞

d(xn, xn+1) = 0, lim
n→∞

φ(xn) = 0

and for m,n ∈ N

lim
n,n′→∞

d(xn′ , xn) = ϵ, lim
n,n′→∞

d(xn′+1, xn+1) = ϵ.

Now using these results in inequality (3.9), we get

2D(ϱ(d(xn′+1,xn+1),φ(xn′+1),φ(xn+1))) ≤ (a(xn′ , Txn′)a(xn, Txn) + 1)D(ϱ(d(xn′+1,xn+1),φ(xn′+1),φ(xn+1)))

≤ 2F
∗(D(ϱ(d(xn′ ,xn),φ(xn′ ),φ(xn))),Θ(ϱ(d(xn′ ,xn),φ(xn′ ),φ(xn)))

implies

2D(∆n′+1,n+1) ≤ 2F
∗(D(∆n′,n),Θ(∆n′,n)).

Hence

D(∆n′+1,n+1) ≤ F ∗(D(∆n′,n),Θ(∆n′,n)) ≤ D(∆n′,n).

It follows that

lim
n,n′→∞

D(∆n′+1,n+1) ≤ lim
n,n′→∞

F ∗(D(∆n′,n),Θ(∆n′,n)).

Therefore

D(ϱ(ϵ, 0, 0)) ≤ F ∗(D(ϱ(ϵ, 0, 0)),Θ(ϱ(ϵ, 0, 0))) ≤ D(ϱ(ϵ, 0, 0)).

Accordingly

D(ϱ(ϵ, 0, 0))orΘ(ϱ(ϵ, 0, 0)) = 0,

which follows that

ϱ(ϵ, 0, 0) = 0.

Hence,

ϵ = 0.

Now proceeding similarly and using continuity of T , we can prove that the mapping T admits
a φ-FP z ∈ X.

If instead of continuity, we assume only Condition (2), then as z is limit of sequence {xn},
we have φ(z) = 0 by LSC property of function φ. Hence using all these condition we get

2D(ϱ(d(Txn,T z),φ(Txn),φ(Tz))) ≤ (a(xn, Txn)a(z, Tz) + 1)D(ϱ(d(Txn,T z),φ(Txn),φ(Tz)))
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≤ 2F
∗(D(ϱ(d(xn,z),φ(xn),φ(z))),

implies

lim
n→∞

2D(ϱ(d(Txn,T z),φ(Txn),φ(Tz))) ≤ lim
n→∞

2F
∗(D(ϱ(d(xn,z),φ(xn),φ(z))),

hence

lim
n→∞

D(ϱ(d(Txn, T z), φ(Txn), φ(Tz))) ≤ F ∗(D(0),Θ(0)) ≤ D(0) = 0

implies

lim
n→∞

D(ϱ(d(Txn, T z), φ(Txn), φ(Tz))) ≤ 0.

Clearly it gives

lim
n→∞

d(Txn, T z) = 0,

consequently

lim
n→∞

Txn = Txn+1 = Tz = z.

By uniqueness of limit of sequence {xn}, we have Tz = z. Hence z is unique φ-FP of mapping
T .

Theorem 3.8. Let all the assumptions of the preceding Theorem 3.6 hold, except that the
contraction condition is replaced by the following:

a(x, Tx)a(y, Ty)D(ϱ(d(Tx, Ty), φ(Tx), (Ty)))

≤F ∗(D(ϱ(d(x, y), φ(x), (y))),Θ(ϱ(d(x, y), φ(x), (y)))). (3.10)

Then the mapping admits a FP.

Proof. Following the same step as in above theorem, be inequality (3.9), we have

D(ϱ(d(Txn−1, Txn), φ(Txn−1), φ(Txn)))

≤ a(xn−1, Txn−1)a(xn, Txn)D(ϱ(d(Txn−1, Txn), φ(Txn−1), φ(Txn)))

≤ F ∗(D(ϱ(d(xn−1, xn), φ(xn−1), (xn))),Θ(ϱ(d(xn−1, xn), φ(xn−1), (xn)))

implies

D(∆n,n+1) ≤ F ∗(D(∆n−1,n),Θ(∆n−1,n)).

Therefore

D(∆n,n+1) ≤ F ∗(D(∆n−1,n,Θ(∆n−1,n)) ≤ D(∆n−1,n).

Now, following the same arguments as in the above theorems, we can easily prove that

lim
n→∞

d(xn, xn+1) = 0, lim
n→∞

φ(xn) = 0



3172 S. Rathee, D. Kaushik & R. Gupta

and for m,n ∈ N

lim
n,n′→∞

d(xn′ , xn) = ϵ, lim
n,n′→∞

d(xn′+1, xn+1) = ϵ.

Now using these results in inequality (3.10), we get

D(ϱ(d(xn′+1, xn+1), φ(xn′+1), φ(xn+1)))

≤ a(xn′ , Txn′)a(xn, Txn)D(ϱ(d(xn′+1, xn+1), φ(xn′+1), φ(xn+1)))

≤ F ∗(D(ϱ(d(xn′ , xn), φ(xn′), φ(xn))),Θ(ϱ(d(xn′ , xn), φ(xn′), φ(xn)))

implies

D(∆n′+1,n+1) ≤ F ∗(D(∆n′,n),Θ(∆n′,n)).

Hence

D(∆n′+1,n+1) ≤ F ∗(D(∆n′,n),Θ(∆n′,n)) ≤ D(∆n′,n)

implies

lim
n′,n→∞

D(∆n′+1,n+1) ≤ lim
n,n′→∞

F ∗(D(∆n′,n),Θ(∆n′,n)).

Clearly it follows that

D(ϱ(ϵ, 0, 0)) ≤ F ∗(D(ϱ(ϵ, 0, 0)),Θ(ϱ(ϵ, 0, 0))) ≤ D(ϱ(ϵ, 0, 0)).

Therefore

D(ϱ(ϵ, 0, 0))orΘ(ϱ(ϵ, 0, 0)) = 0,

which yields

ϱ(ϵ, 0, 0) = 0.

Hence

ϵ = 0.

Now proceeding similarly and using continuity of T , we can prove that the mapping T admits
a φ-FP z ∈ X.

If instead of continuity, we assume only Condition (2), then as z is limit of sequence {xn},
we have φ(z) = 0 by LSC property of function φ. Hence using all these condition we get

D(ϱ(d(Txn, T z), φ(Txn), φ(Tz))) ≤ a(xn, Txn)a(z, Tz)D(ϱ(d(Txn, T z), φ(Txn), φ(Tz)))

≤ F ∗(D(ϱ(d(xn, z), φ(xn), φ(z))),Θ(ϱ(d(xn, z), φ(xn), φ(z)))

implies

lim
n→∞

D(ϱ(d(Txn, T z), φ(Txn), φ(Tz)))

≤ lim
n→∞

F ∗(D(ϱ(d(xn, z), φ(xn), φ(z))),Θ(ϱ(d(xn, z), φ(xn), φ(z))).
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Therefore

lim
n→∞

D(ϱ(d(Txn, T z), φ(Txn), φ(Tz))) ≤ F ∗(D(0),Θ(0)) ≤ D(0) = 0.

This yields

lim
n→∞

D(ϱ(d(Txn, T z), φ(Txn), φ(Tz))) ≤ 0.

Then clearly

lim
n→∞

d(Txn, T z) = 0.

Hence

lim
n→∞

Txn = Txn+1 = Tz = z.

By uniqueness of limit of sequence {xn}, we have Tz = z. Hence z is unique φ-FP of mapping
T .

Theorem 3.9. Under the assumption that the conditions of Theorems 3.6, 3.7, and 3.8 hold,
we introduce the following additional constraint:

(iii) If Tx = x, then a(x, Tx) ≥ 1,

then φ-FP of T is unique.

Proof. Let z and z′ be two φ-FPs of mapping T that is Tz = z, φ(z) = 0 and Tz′ = z′, φ(z′) =
0.

Then by Theorem 3.6, we have

D(ϱ(d(Tz, Tz′), φ(Tz), φ(Tz′))) + l ≤ (D(ϱ(d(Tz, Tz′), φ(Tz), (Tz′)) + l)a(z,Tz)a(z′,T z′)

≤ F ∗(D(∆z,z′),Θ(∆z,z′)) + l

where ∆z,z′ = ϱ(d(z, z′), φ(z), φ(z′)). Then we get

D(ϱ(d(z, z′), 0, 0)) + l ≤ (D(ϱ(d(z, z′), 0, 0) + l)a(z,z)a(z
′,z′)

≤ F ∗(D(ϱ(d(z, z′), 0, 0)),Θ(ϱ(d(z, z′), 0, 0))) + l

≤ D(ϱ(d(z, z′), 0, 0)) + l,

which follows that

F ∗(D(ϱ(d(z, z′), 0, 0)),Θ(ϱ(d(z, z′), 0, 0))) = D(ϱ(d(z, z′), 0, 0)

implies

D(ϱ(d(z, z′), 0, 0))orΘ(ϱ(d(z, z′), 0, 0)) = 0,

therefore

ϱ(d(z, z′), 0, 0) = 0.



3174 S. Rathee, D. Kaushik & R. Gupta

This shows that

d(z, z′) = 0,

hence

z = z′.

For Theorem 3.7, we have

2D(ϱ(d(Tz,Tz′),φ(Tz),φ(Tz′))) ≤ (a(z, Tz)a(z′, T z′) + 1)D(ϱ(d(Tz,Tz′),φ(Tz),φ(Tz′)))

≤ 2F
∗(D(ϱ(d(z,z′),φ(z),φ(z′))),Θ(ϱ(d(z,z′),φ(z),φ(z′)))),

implies

D(ϱ(d(z, z′), 0, 0)) ≤ F ∗(D(ϱ(d(z, z′), 0, 0)),Θ(ϱ(d(z, z′), 0, 0))) ≤ D(ϱ(d(z, z′), 0, 0)).

In a similar manner to the proof above, we can demonstrate that

z = z′.

By Theorem 3.8, we have

D(ϱ(d(Tz, Tz′), φ(Tz), φ(Tz′))) ≤ a(z, Tz)a(z′, T z′)D(ϱ(d(Tz, Tz′), φ(Tz), φ(Tz′)))

≤ F ∗(∆z,z′ ,∆z,z′)

≤ D(ϱ(d(z, z′), φ(z), φ(z′)))

implies

F ∗(D(ϱ(d(z, z′), 0, 0)),Θ(ϱ(d(z, z′), 0, 0))) = D(ϱ(d(z, z′), 0, 0)).

Applying the same logic as the preceding proof, we can establish that

z = z′.

Example 3.4. Let X = [1, 5] and d : X ×X → R defined by d(x, y) = |x− y| for all x, y ∈ X.
Define D,Θ : [0,∞) → [0,∞) by D(x) = x and Θ(x) = x

3 . Define the mappings T : X → X by

Tx =


x+ 2

2
, if x ∈ [1, 3],

1, if x ∈ (3, 5]

and

a(x, y) =


1, if x, y ∈ [1, 3],

1

5
, otherwise.

Here, instead of assuming the function φ to be CTS, we consider φ to be a LSC defined as
follows:
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φ(x) =

{
|x− 2|, if x ∈ [1, 3],

x+ 1, if x ∈ (3, 5].

Now for F ∗(s, t) = s− t, and l = 1, we prove that (T, S) supports Theorems 3.6, 3.7 and 3.8.
Clearly here three cases arise.

Case 1. x, y ∈ [1, 2)

D(ϱ(d(Tx, Ty), φ(Tx), φ(Ty))) =

∣∣∣∣x+ 2

2
− y + 2

2

∣∣∣∣+ ∣∣∣∣x+ 2

2
− 2

∣∣∣∣+ ∣∣∣∣y + 2

2
− 2

∣∣∣∣
=

∣∣∣∣x− y

2

∣∣∣∣+ ∣∣∣∣x− 2

2

∣∣∣∣+ ∣∣∣∣y − 2

2

∣∣∣∣
=

∣∣∣∣x− y

2

∣∣∣∣− (
x− 2

2

)
−
(
y − 2

2

)
=

∣∣∣∣x− y

2

∣∣∣∣+ 4− x− y

2
(3.11)

and

ϱ(d(x, y), φ(x), (y))) = |x− y|+ |x− 2|+ |y − 2|
= |x− y| − (x− 2)− (y − 2)

= |x− y|+ (4− x− y)

implies

F ∗(D(ϱ(d(x, y), φ(x), (y))),Θ(ϱ(d(x, y), φ(x), (y)))) =
2(|x− y|+ (4− x− y))

3
. (3.12)

Here a(x, Tx) = a(y, Ty) = 1. Therefore it can be verified easily that inequality (3.8) is satisfied
in this case.

Now using (3.11), (3.12), we get

(a(x, Tx)a(y, Ty) + 1)D(ϱ(d(Tx,Ty),φ(Tx),(Ty))) = 2|
x−y
2 |+ 4−x−y

2

and

2F
∗(D(ϱ(d(x,y),φ(x),(y))),Θ(ϱ(d(x,y),φ(x),(y)))) = 2

2(|x−y|+(4−x−y))
3 .

Hence inequality (3.9) will also be satisfied here. In view of the above two inequalities, the third
inequality (3.10) holds immediately.

Case 2. x, y ∈ [2, 3]

D(ϱ(d(Tx, Ty), φ(Tx), φ(Ty))) =

∣∣∣∣x+ 2

2
− y + 2

2

∣∣∣∣+ ∣∣∣∣x+ 2

2
− 2

∣∣∣∣+ ∣∣∣∣y + 2

2
− 2

∣∣∣∣
=

∣∣∣∣x− y

2

∣∣∣∣+ ∣∣∣∣x− 2

2

∣∣∣∣+ ∣∣∣∣y − 2

2

∣∣∣∣
=

∣∣∣∣x− y

2

∣∣∣∣+ x+ y − 4

2
(3.13)
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and

ϱ(d(x, y), φ(x), (y))) = |x− y|+ |x− 2|+ |y − 2|
= |x− y|+ (x+ y − 4)

implies

F ∗(D(ϱ(d(x, y), φ(x), (y))),Θ(ϱ(d(x, y), φ(x), (y)))) =
2(|x− y|+ (x+ y − 4))

3
. (3.14)

Now using (3.13), (3.14), we get

(a(x, Tx)a(y, Ty) + 1)D(ϱ(d(Tx,Ty),φ(Tx),(Ty))) = 2|
x−y
2 |+x+y−4

2

and

2F
∗(D(ϱ(d(x,y),φ(x),(y))),Θ(ϱ(d(x,y),φ(x),(y)))) = 2

2(|x−y|+(x+y−4))
3 .

Thus inequalities (3.8), (3.9) and (3.10) hold here.

Case 3. x ∈ [1, 2), y ∈ [2, 3]

D(ϱ(d(Tx, Ty), φ(Tx), φ(Ty))) =

∣∣∣∣x+ 2

2
− y + 2

2

∣∣∣∣+ ∣∣∣∣x+ 2

2
− 2

∣∣∣∣+ ∣∣∣∣y + 2

2
− 2

∣∣∣∣
=

∣∣∣∣x− y

2

∣∣∣∣+ ∣∣∣∣x− 2

2

∣∣∣∣+ ∣∣∣∣y − 2

2

∣∣∣∣
=

∣∣∣∣x− y

2

∣∣∣∣+ y − x

2
(3.15)

and

ϱ(d(x, y), φ(x), (y))) = |x− y|+ |x− 2|+ |y − 2|
= |x− y|+ (y − x)

implies

F ∗(D(ϱ(d(x, y), φ(x), (y))),Θ(ϱ(d(x, y), φ(x), (y)))) =
2(|x− y|+ (y − x))

3
. (3.16)

By (3.15), (3.16), we get

(a(x, Tx)a(y, Ty) + 1)D(ϱ(d(Tx,Ty),φ(Tx),(Ty))) = 2|
x−y
2 |+ y−x

2

and

2F
∗(D(ϱ(d(x,y),φ(x),(y))),Θ(ϱ(d(x,y),φ(x),(y)))) = 2

2(|x−y|+(y−x))
3 .

This completes the verification of all three inequalities in the last case as well. With all three
inequalities holding, the example falls within the scope of all three Theorems 3.6, 3.7 and 3.8
and clearly x = 2 is unique φ-FP of mapping T .

In this example, the mapping is discontinuous and the function φ is assumed to be LSC
rather than CTS, showing that the results hold under weaker assumptions.
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4. An application to fractional differential equations

Preliminaries

In this section, we present some fundamental concepts and definitions from fractional calculus
which are essential for the analysis of the proposed problem.

Definition 4.1 ([16]). Let f ∈ C([0,∞),R) and n > 0. The Riemann-Liouville fractional
integral of order n is defined as

(Inf)(τ) =
1

Γ(n)

∫ t

0
(τ − ω)n−1f(ω) dω, τ > 0, (4.1)

provided the integral exists.

Definition 4.2 ([6]). Let j−1 < n < j, where j ∈ N. The Caputo fractional derivative of order
n of a function γ : [0, 1]× R → [0,∞) is given by

(CDnγ)(τ) =
1

Γ(j − n)

∫ t

0
(τ − ω)j−n−1γ(j)(ω) dω, τ > 0. (4.2)

Fractional derivatives play a significant role in modeling real-world phenomena where
memory and hereditary properties are present. Unlike classical integer-order derivatives,
fractional derivatives allow the current state of a system to depend on its entire history. Due
to this nonlocal property, fractional operators have been widely employed in various theoretical
frameworks.

In physics, fractional derivatives are used to describe anomalous diffusion and viscoelastic
materials, where the stress–strain relationship depends on past deformations. In control theory,
fractional-order systems provide better stability and robustness compared to integer-order
models. In biology, they are applied to population dynamics and biological tissues exhibiting
memory effects.

From a mathematical viewpoint, FDE offer a generalized setting for classical differential
equations and allow the development of more flexible analytical techniques. In economics and
finance, fractional derivatives are utilized to capture long-term dependence and persistent
memory effects in economic growth models, financial markets, and investment dynamics.

Definition 4.3. Let X = {x : x ∈ C([0, 1],R)} be endowed with the supremum norm

∥x∥∞ = sup
τ∈[0,1]

|x(τ)|. (4.3)

Then (X, ∥ · ∥∞) is a Banach space with metric d given by

d(x, y) = ∥x− y∥∞ = sup
τ∈[0,1]

|x(τ)− y(τ)| ∀ x, y ∈ X. (4.4)

Theorem 4.4. Consider the nonlinear FDE

CDnx(τ) = γ(τ, x(τ)), 0 < τ < 1, 1 < n ≤ 2, (4.5)

subject to the integral boundary conditions

x(0) = 0, Ix(1) = x′(0).

Let d : R× R → R be a given function. Let the following conditions be fulfilled:
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(i) The function γ : [0, 1]× R → R is CTS.

(ii) Suppose that mapping γ satisfies

|γ(τ, x)− γ(τ, y)| ≤ Γ(n+ 1)

8
|x− y|,

for all x, y ∈ X and for all τ ∈ [0, 1] with d(x, y) > 0.

(iii) There exists x0 ∈ X such that d(x0(τ), Tx0(τ)) > 0 for all t ∈ [0, 1], where operator
T : X → X is defined by

(Tx)(τ) =
1

Γ(n)

∫ t

0
(τ − ω)n−1γ(ω, x(ω)) dω +

2τ

Γ(n)

∫ 1

0

(∫ ω

0
(ω − υ)n−1γ(υ, x(υ))dυ

)
dω,

for all x, y ∈ X.

(iv) For each τ ∈ [0, 1] and x, y ∈ X, d(x(τ), Tx(τ)) > 0 implies that d(Tx(τ), T y(τ)) > 0.

(v) For {xn} ⊆ X such that xn → x ∈ X and d(xn, xn+1) > 0 for all n ∈ N implies that
d(xn, x) > 0 for all n ∈ N.

(vi) Suppose γ is considered in such a way that T satisfies ∥T (x)−T (T (x))∥∞ ≤ 3
4∥(x)−T (x)∥∞

for all x ∈ X;
then (4.5) has at least one solution.

Then problem admits at least one solution.

Proof. Now by condition (ii), for x, y ∈ X, we obtain

|Tx(τ)− Ty(τ)| ≤
∣∣∣∣ 1

Γ(n)

∫ τ

0
(τ − ω)n−1(γ(ω, x(ω))− γ(ω, y(ω)))dω

∣∣∣∣
+

∣∣∣∣ 2τ

Γ(n)

∫ 1

0

(∫ ω

0
(ω − υ)n−1(γ(υ, x(υ))− γ(υ, y(υ)))dυ

)
dω

∣∣∣∣
≤ 1

Γ(n)

∫ τ

0
|(τ − ω)n−1∥(γ(ω, x(ω))− γ(ω, y(ω)))|dω

+
2τ

Γ(n)

∫ 1

0

(∫ ω

0
(ω − υ)n−1|γ(υ, x(υ))− γ(υ, y(υ))|dυ

)
dω

implies

|Tx(τ)− Ty(τ)| ≤ 1

Γ(n)

∫ τ

0
|(τ − ω)n−1|Γ(n+ 1)

8
|x(ω)− y(ω)|dω

+
2ω

Γ(n)

∫ 1

0

(∫ ω

0
(ω − υ)n−1Γ(n+ 1)

8
|x(υ)− y(υ)|dυ

)
ds

≤ Γ(n)Γ(n+ 1)

8Γ(n)Γ(n+ 1)
d(x, y) +

Γ(n)Γ(n+ 1)

4Γ(n)Γ(n+ 1)
d(x, y)

≤ 3

8
d(x, y)

≤ 3

4
d(x, y).
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Clearly, by choosing

ϱ(θ1, θ2, θ3) = θ1 + θ2 + θ3, φ(x) = ∥x− T (x)∥∞ for all x ∈ X,

F ∗(ω − τ) = ω − τ, D(τ) = τ, Θ(τ) =
τ

4
,

and

a(x, y) =

{
1, if X(x(τ), y(τ)) ∈ X, t ∈ [0, 1],

0, otherwise.

Then clearly T is an a-adm and all the assumptions of Theorem (3.8) are satisfied. Hence,
the mapping T admits a unique φ-FP, and consequently, the given problem has a solution.
Consequently, problem (4.5) has a solution.

5. Conclusion

The results obtained in this work offer a flexible and effective framework for the study of φ-
FP and common φ-FP problems beyond classical settings. By relaxing the usual continuity
requirements and employing generalized admissibility conditions, the proposed approach
considerably broadens the applicability of FP techniques. The examples clearly demonstrate
that the developed results are valid for both CTS and discontinuous mappings. Furthermore, the
application to FDE confirms that the theoretical findings are not only mathematically consistent
but also relevant to practical models.

6. Future scope

The established results can be effectively applied to study the existence of solutions for various
classes of nonlinear integral and FDE. The proposed framework is particularly useful for models
involving non-smooth or discontinuous phenomena arising in applied sciences. Moreover, the
present approach can be adapted to investigate solution existence for coupled and system-type
problems occurring in mathematical physics and engineering.
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