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GENERALIZED o-FIXED POINT RESULTS FOR NONLINEAR
MAPPINGS WITH AN APPLICATION TO FRACTIONAL
DIFFERENTIAL EQUATIONS

Savita Rathee!, Divya Kaushik®" and Reetu Gupta?

Abstract In the present work, we investigate the existence and uniqueness of @-fixed points
and common @-fixed points for a class of nonlinear mappings defined on metric spaces.
The results are obtained under a unified admissibility framework that encompasses several
generalized admissibility notions. The contractive conditions are formulated by employing
C-class functions together with altering distance functions. The established theorems extend
and improve various existing results in the literature. To illustrate the applicability of the
theoretical findings, appropriate examples are provided. Furthermore, as an application of
the main results, the existence of solutions for a class of fractional differential equations is
discussed.
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1. Introduction

Fixed point (FP) theory has wide applications in various fields,including biology, physics,
economics, engineering, and game theory. FP results are applied to solve various problems like
functional equations [19], integral equations [17]. The Banach contraction principle [4] plays a
fundamental role in this area and has been extended in several directions by many authors. In this
context, Samet et al. [24] introduced a-t)-contractive mappings and developed corresponding FP
results, which motivated further studies based on a-admissible (a-adm) mappings. Subsequently,
Salimi et al. [23] modified these notions, while Hussain et al. [8] obtained FP results for
single and multivalued a-n-1) contractions. More recently, Ansari and Kaewcharoen [2] proposed
contractions involving a-admissibility with respect to another function 7 («,n adm).

Another important contribution was made by Jleli et al. [11], who introduced the concept of
p-fixed points (p-FP) by incorporating lower semi-continuous (LSC) auxiliary functions, along
with (F, ¢)-contractions. After this, a considerable amount of work has been carried out on
©-FP [3,9,14] and [15]. Moreover this approach was later extended to y-coincidence points and
common ¢-FP in metric and partial metric spaces by [22] and [21].

Motivated by the above developments, in this paper we employ the concepts of «,n-
admissibility, triangular a-admissibility, and C-class functions to establish o-fixed point results
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for self-mappings in the setting of complete metric spaces. The aim is to provide a unified and
flexible framework that accommodates these notions simultaneously, leading to a broader class
of admissible mappings. The obtained results not only generalize and unify several known fixed
point theorems, but also offer a systematic approach that enhances their applicability. The
theoretical findings are supported by illustrative and nontrivial examples. Furthermore, as an
application, the developed results are employed to investigate the existence of solutions for a
class of fractional differential equations.

2. Preliminaries

In this section, some important definitions and results are provided for further explanation of
the main results.

Definition 2.1 ([24]). Let T: X — X and a: X x X — [0,00). Then T is called a-admissible
(a-adm) if for all z,y € X,

a(z,y) > 1
implies
a(Tz,Ty) > 1.
Definition 2.2 ([12]). Let T: X — X and a: X x X — [0,00). Then T is called a triangular
a-admissible mapping if:
(i) T is a-admissible;
(ii) a(z,2) > 1 and a(z,y) > 1 imply a(x,y) > 1.
Definition 2.3 ([23]). Let T be a self-mapping on X, and let a,n: X x X — [0,+00) be two
functions. We say that T is an a-admissible mapping with respect to n if for all z,y € X,
a(z,y) = n(z,y)
implies
a(Tz, Ty) > n(Tz,Ty).
Note that if n(x,y) = 1, then this definition reduces to Definition 2.2. Also, if we take a(z,y) = 1,
then T is called an n-sub admissible mapping.

Definition 2.4 ([7]). Let (X,d) be a metric space and let a,n : X x X — [0,00) be two
functions. Then X is said to be an a, n-complete metric space (CMS) if every Cauchy sequence
{z,} in X with

a(zy, Tpt1) > Xy, xpy1) for allm € N

converges in X.

Definition 2.5 ([7]). Let (X,d) be a metric space and let a,n : X x X — [0,00) be two
functions. A mapping T : X — X is said to be an a, n-continuous mapping if for any sequence
{z,} in X such that x,, - x as n — oo and

a(zy, Tni1) > n(zy, xpe1) forallm e N,

we have
Tx, —Tx asn— oco.
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Lemma 2.1 ([5]). Suppose that (X, d) is a metric space and {zy} is a sequence in X such that
d(Tp, Tns1) > 0 asn — oo.

If {z,} is not a Cauchy sequence, then there exist ¢ > 0 and sequences of positive integers
{n'(k)} and {n(k)} with n(k) > n'(k) > k such that
ATt (k) Tr(ky) = €5 AT (k)—15 Tnr)) < &
and
(1) Hm d(@p ), 2n@m) = 0;

(i) lim d(zp (k)15 Tnrk)) = 0;

k—ro00
(iii) klggo d(@p (k) Tr(ky—1) = 0.
Khan et al. [13] introduced the notion of an altering distance function as follows.

Definition 2.6 ([13]). A mapping D : [0,400) — [0, 400) is called an altering distance function
if the following conditions are satisfied:

(i) D is monotone and non-decreasing;
(ii) D(7) =0 if and only if 7 = 0.
Definition 2.7 ([20]). The set of all altering distance functions is denoted by D and set
©* ={0:[0,4+00) — [0, +00) | © is continuous and O(7) =0 <= 7 = 0}.

Definition 2.8 ([20]). Let S,T : X — X be two mappings and let a : X x X — [0, +00) be a
function such that the following conditions hold:

(i) If a(x,y) > 1, then a(Sx,Ty) > 1 and a(T'Sz, STy) > 1;
(ii) if a(z,2z) > 1 and a(z,y) > 1, then a(z,y) > 1.
Then the pair (5,7T) is said to be triangular a-admissible.

Definition 2.9 ([20]). Let S,7: X — X be two mappings and let a,n: X x X — [0, +00) be
two functions such that the following conditions hold:

(i) If a(z,y) > n(x,y), then
a(Sz,Ty) > n(Sx,Ty) and a(TSx,STy) > n(TSx,STy);
(ii) if a(x, z) > n(x, 2z) and a(z,y) > n(z,y), then

a(z,y) > n(z,y).
Then the pair (S,T) is said to be triangular a-admissible with respect to n.

Lemma 2.2 ([20]). Let S,T : X — X be two mappings and let a,n : X x X — [0,+00) be
two functions such that the pair (S,T) is triangular a-admissible with respect to n. Assume that
there exists xg € X such that

Cl(x(), Sxo) > tl(x(), Sxo)

Define a sequence {x,} in X by
Swop = xopy1  and Txoni1 = Top42, n €N,

Then
a(zp, z)) > n(zn,z,) for alln',n € N withn < n'.



3148 S. Rathee, D. Kaushik & R. Gupta

Definition 2.10 ([1]). A mapping F* : [0, +00) x [0, +00) — R is called a C-class function if
it is continuous and for all w, 7 € [0, 4+00), F™* satisfies the following conditions:

(i) F*(w,7) < w;
(ii) F*(w,T) = w implies that either w =0 or 7 = 0.
The family of all C-class functions is denoted by C.
Example 2.1 ([1]). The following functions F* : [0, 400) x [0, +00) — R belong to the class C:

(i) F*(w,7) =w — 7, for all w, 7 € [0, +0);

(ii) F*(w,7) = kw, for all w, 7 € [0, +00), where 0 < k < 1;
(iii) F*(w,T) = m, for all w, 7 € [0,400), where k € [0, +00);
(iv) F*(w,7) = (w+ )™ — 1 for all w, 7 € [0, +00), where k € (0, +00) and I > 1.

Definition 2.11 ([11]). Let ¢ : E — [0, 00) be a lower semi continuous function and 7' : £ — E.
A point z € E is called a p-fixed point of T if x = Tz and ¢(x) = 0.

Definition 2.12 ([11]). Let ¢ : E — [0,00). A mapping T : E — FE is called a ¢-Picard
mapping if the following conditions hold:

(i) F(T)N Z, = {z};
(ii) lm T"zo = x for all 9 € E.
n—oo
Clearly, if T' is a ¢-Picard mapping, then it has a unique ¢-fixed point.

Definition 2.13 ([11]). A function g : [0,00)3 — [0,00) is said to be a control function if for
01,062,605 € [0,00), it satisfies the following conditions:

(91) max{elv 92} < Q(Qla 02) 03)7
(02) 0(0,0,0) = 0;

(03) o is continuous.

3. Main results

Theorem 3.1. Let T : X — X be an a-admissible (a-adm) mapping with respect to n defined
on (X,d), a CMS. Assume that there exists a function B : [0,00) — [0,1) such that for any
sequence {t,} € RY, B(t,) — 1 implies that t, — 0 for n € N and for all x,y € X, we have

a(z, Tx)a(y, Ty) > n(x, Tz)n(y, Ty)
implies
o(d(Tz,Ty), p(Tx), o(Ty)) < Blo(d(z,y), p(x), ¢(y))V(z, y), (3.1)

where

O(z,y) = max{o(d(z,y), ¢(x), ¢(y))), min{o(d(z, Tz), p(x), p(Tx)), o(d(y, Ty), (), o(T'y)) } },

where o is a control function and ¢ : X — [0,00) is a LSC function. Then, T : X — X has a
unique @-FP is it satisfies:
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(i) There exists xg € X such that a(zg,Tzo) > (o, Txo)
(ii) T is continuous (CTS) or

(iii) of {zn} is a sequence in X such that {x,} — x, a(xn, Tpt1) > W(Tn, Tpt1) for allm € N,
then a(xz, Tz) > n(x, Tx).

Proof. Let zyp € X such that a(zg,Tzo) > n(zo,Tzp) and let the sequence x,, be defined by
Xy =T (xp—1) = T"(x0) for all n € N. If for any n’ € N, x,y = a1, then, Tz, = Ta,_q, that
is ¢ 11 = xy and x,y is FP of T. Hence, we consider d(zy,2n1+1) > 0 for all n € N. As T is
a,n-adm and a(zg, Tzo) > n(wg, Txo), we get a(z1,72) = a(Txo, T?x0) = n(x1,z2). Continuing
like this, we have a(x,, Tx,) > n(zy, Txy,). Then,

a(zn—1,TTn_1)0(xn, Txy) > n(zp_1, TTp_1)0(zn, TTy).
Now, for x = z,_1 and = y,,_1 by given contractive condition, we get

o(d(n, Tn+1)s (), o(@nt1)) < Blo(d(@n-1,Tn), P(Tn-1), 9(2n)))O(Tn—1,2n).

Throughout the paper, for the sake of simplicity and to avoid repetition, we shall use the

notations An—l,n = Q(d(xn—lv .%'n), Sp(xn—1>a gD(.’Bn)) and An,n—l—l = Q(d(xTH xn—H): QO(.I'n), So(xn—i-l))'
Then

U(xn—la $n) = maX{An—l,na min{An—l,n’ An,n—i—l}}
= An—l,n
= o(d(zn-1, Zn), p(Tn-1), p(zn)).
Consequently
An,n+1 < B(Anfl,n)Anfl,nv

which follows that

M < B(Anfl,n)-
n—1n
Hence
o(d(xn, Tni1), o(T0), (Tni1))
Q(d(l‘nfl, $n), (P(l’n—l)y @(xn))) < B(Q(d(xnfl, l’n), ‘P(xnfl)a ¢($n))),
implies
o(d(n; Tn+1), p(Tn), 0(Tnt1)) <1
Q(d(xn—hxn)?(p(xn—l)ago(mn))) .
Therefore

o(d(Tn, Tni1), (xn), P(Tns1)) < 0(d(Tn-1,2n), @(Tn-1), 0(Tn))).

This yields A1, > Ay 541 that is Ay, _1, is a decreasing sequence and as it is bounded, hence

converges to some d*. Now we will prove that d*=0. Therefore for this, we see

. Q(d(xn,anrl)a@(xn)790($n+1)) .
"lirgo Q(d(xn—lvxn)v @(xn—l)v W(:En))) = JLHO]O B(g(d(mn_h :En), 90(3371—1)’ w(xn)))
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From this, we get

1 < lim B(o(d(@n—1,2n), p(2n-1), p(22))) < 1,

n—oo
accordingly
Jim Blo(d(wn-1,20), plan-1), plan)) = 1
Therefore

lim Q(d(xn_1,$n), (P(x’ﬂ—l)v (P(xn))) = 07

n—oo

which implies

lim d(zp—1,2,) =0, lim ¢(z,—1) =0 (by (01)).

n—o0 n—o0

Now, we will prove that x,, is a Cauchy sequence. Let x,, is not Cauchy. That means there exists
some € > 0 and sequences {n/(k)} and {n(k)} such that V k € Z*, we have {n(k)} > {n/(k)} > k,
d(Tp (), Trr(y) > € and d(Ty k), Ty (k)—1) < € Then by triangle inequality, we get

€< d(xn(k)v 'rn’(k:))
S d(Tn(k)s Tnt(k)—1)) + A Tpr (k)15 Tnr (k)
<€+ d(‘rn’(kz)—h xn’(k))a

implies
im d / = €.
Jim (Tn(k)s Tnr (k) = €
Now
ATk, Trr (k) < AT (k) Tt (k) +1) + AT (k)41 Trr)+1) + ATnk)+1> Tn(r))
and

(Tt (k)41 Tn(k)+1) < A Tn)+1> Tnk)) T AXni)s Trre)) + AT () Trr (k) 41)-
Taking limit £ — oo, we have
khj;lo d(ffn/(k)ﬂa Tn(k)+1) = €.
Here by using
a(Zn (k) T (k) T (), T (k) = WM Tk T (k) ) M@0 (), T (k)

we obtain

Q(d(xn(k)+1v xn’(k)Jrl)a <P(%(k)+1)a SO(xn'(k)H))
SB(Q(Cl(xrz(lc) ) $n’(k))7 @(xn(k)% SO(ZL‘n’(k)))U(xn(k)? xn’(k)))

where
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U(xn(k:)vxn’(k))
= max{g(d(l‘n(k)? xn’(k))) 90($n(k))7 @(xn’(k))% Q(d($n(k)+1a xn’(k‘)—‘rl)) So(l:n(k)—i-l)a Q(xn’(k)-&-l))}'

Taking k — oo, we get
Q(eu 0, 0) < B(Q(d(xn(k)a wn’(k))u Qp(mn(k))) X Q<€7 0, O)v

which gives

im B(o(d(T k), Tn (k) @(Tn())s 2(Tn k) = 1,

k—o00

consequently

o(d(Tp (ks T (1)) P(Tr(r)> P(Tnr(r))) = 0.

Hence

Jim d(@n k), 2 y) = 0, i p(@n)) =0,

which is a contradiction. Therefore our assumption is wrong and sequence x, is Cauchy.
Now by completeness of space there exists some z € X to which sequence x,, converges. As

mapping T is CTS, so Tz = lim Tz, = lim z,11 = z. Also as function ¢ is LSC, then
n—oo n—o0

lim ¢(zp41) = ¢(z) = 0. Therefore by uniqueness of limit z is unique @-FP of T
n—oo

If we assume there is no condition of continuity over T' but condition 3. holds, then
a(z,Tz) > n(z,Tz),
which implies
A(n, Txp)a(z, Tz) > n(xy, Tey)n(z,Tz).
Now by given condition of contraction, we get

o(d(Tz, wnt1), p(T2), p(xnt1)) < Ble(d(z, 2n), (2), p(2n)))0(2; 2n),

where

U(Z, l'n) = maX{Q(d<z? .%'n), 90(2>7 4,0(1'11))7 Q(d(.ﬁt‘n, l'n—i-l)a (P(xn)7 So(xn-kl))}'
Letting n — 0o, we have
o(d(Tz,2), p(T'2), o(2)) < Blo(d(z, zn), (2), p(zn))) x max{e(0,0,0), 0(0,0,0)}.
This gives
o(d(T'z, 2), 0(Tz), 0(2)) <0,
thus

d(Tz,z) =0,
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which implies
Tz=2z0(Tz) =¢(z) =0.

We will prove now that z is unique @-FP of T. For this, consider z and 2z’ be two ¢-FP of T.
Then by given condition

a(z, z)a(z,2") > n(z, 2)n(2, 2').
Therefore
o(d(z, 2), p(2), (")) < Ble(d(z, 2'), ¢(2), ¢(2")))0(z, 2),
which implies that
o0(d(z,2'),0,0) < B(o(d(z,2"),0,0))0(z, 2)
where

U(z,7") = {o(d(z,2'),0,0),min{ o(d(z,T%2),0,0), o(d(z', TZ"),0,0)} }
={o(d(z,7"),0,0),min{o(d(z, 2),0,0), o(d(z', 2'),0,0)} }
= {Q(d(za Zl)? 0, O)a Q(Ov 0, 0)}a

which follows that
o(d(z,7),0,0) < B(e(d(z,7'),0,0)e(d(z, 2),0,0).
This shows that
B(o(d(z,2'),0,0)) = 1,
implies
o(d(z,2'),0,0) = 0.
So, we have
d(z,2") =0,

which gives

Hence z is unique @-FP of T'. O
In all the examples we will consider g(0;,02,03) = 01 + 02 + 03 and ¢(z) = x.

Example 3.1. Let X = [0,00) and d(z,y) = |x — y| for all z,y € X. Consider T': X — X be
defined by

i
-y if z € [0,1],
Ty =14 4
In(z?2 + 2 +3), ifx e (1,00).
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Also let a,n: X — X be defined as
6, ifz,ye]|0,1],
a(z,y) = :
17 lf ':U7y E (1700)?
1, ifz,ye€l0,1],
n(z,y) = :
2, ifx,ye(1,00).

Now we will show that for B(f) = 1, all the conditions of Theorem (3.1) are satisfied.
If x,y € [0,1], then

a(z,y) > n(z,y) and a(Tz,Ty) :a<§,%) =6>1 :n<§,y) =n(Txz,Ty).

Therefore T is a,n-adm mapping for x,y € [0, 1]. Now we show that T is satisfying contractive
condition (3.1). For this let z,y € [0, 1], then

a(z, Tz)a(y, Ty) = a (m, %) a (y7 %) =36 and n(z,Tz)n(y,Ty) =a (ZE, 2) a (y, %) =1

Hence we get
a(z, Tx)a(y, Ty) > n(z, Tz)n(y, Ty).

Now for z,y € [0, 1], we have

T2, Ty Ta) (1) = (2 4 5 4 2,
oldl, Ta), olw), o(T2) = 5% +0+ 5 =2z,
o(d(y, Ty), ¢ (y), p(Ty)) = % +y+ % =2y,

old(@,y), o(x), p(Ty)) = lz -yl + z +y.
Then clearly

min{o(d(z, Tx), p(z), p(Tx)), o(d(y, Ty), ¢(y), »(Ty))} = min{2z, 2y}

and

max{o(d(z,y), p(z), p(y))), min{2z, 2y} } = max{|z — y| + = + y, min{2x, 2y} }
= 2max{z, y}.

Now, we have

1
5 max{:p, y} < max{x, y}

implies

+ r + Y < max{z,y}.

4 4 4

x—y‘
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Hence

o(d(Tz, Ty), p(Tx), p(Ty))
<B(e(d(z,y), p(z), p(y))) max{o(d(z,y), p(x), ¢(y))), min{2z, 2y} }.

Therefore condition (3.1) is satisfied. Moreover condition (i) of Theorem (3.1) is satisfied for
zo = 0 and if a(zp,xny1) > n(Tp, Tpy1) it implies that z, € [0,1] for all n € N. Now
due to completeness of [0,1] there exists = € [0,1], such that z, converges to x. Hence
a(z,Tx) > n(x,Tz). Then the above Theorem is true here and 2z’ = 0 is the unique p-FP
of mapping T

Now we consider two different choices of B in the same example, where function B is not

CTS.

1: If we consider

and modify mapping T as follows:
x

Tx = 16’
In(z? + 2 +3), ifze(1,00).

if x € [0,1],

Then, clearly the result holds trivially if both x and y are zero. But if anyone of them is non-zero
then for contractive condition (3.1) to be satisfied, we need to prove

1
3 max{z,y} < 2e” M2} max (e y}

implies
e~ max{2z,2y} - i
— 16
Here it can be seen easily that minimum value of e~ ™@{2%.2} — ¢=2in [0,1] and e~ 2 > %.

Hence Theorem (3.1) is true here.

2: If we consider

——, if 08>0,
BO)=1+0
0, ifd=0
and do not change mapping 7', then again for contractive condition (3.1) to be satisfied, we have
to prove
Jmaxtry) < o w9}
— max{x max{x
2 =TT max{2z, 2y} Y
implies

1 1
> —.
1+ max{2z,2y} — 4

Now minimum value of 1 in [0,1] and £ > 1. Therefore Theorem (3.1) is true in

this case also.

1 —
1+max{2z,2y} —
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Definition 3.2. Let (X,d) be a metric space, T,S : X — X be two mappings and a,n :
X x X — [0,00) are two functions. Then the pair (7, 5) is called generalized F*-¢-Contraction

if a(z,y) > n(z,y), then
D(o(d(Tz, Sy), p(Tx), p(Sy))) < F*(D(M*(z,y)), 0(M"(2,y))),
where

M*(z,y) = max{o(d(z,y), o(z), p(y)), o(d(z, Tx), p(z), p(T)), 0(d(y, SY), ¢(y), ¢(SY))}.

Theorem 3.3. Let (X,d) be a metric space and T, S be two self-mappings on X. Assume that
the following conditions are satisfied:

(i) (X,d) is an a,n-CMS;

(i) S) is generalized F*-p-Contraction;
(iii) (T, 95) is triangular a,n-adm.
(iv) There exists xo € X such that a(xg, Tzg) > n(xg, Tzo);
(v) (T,S) is a,n-CTS mappings or
(vi) If {zn} is a sequence in X such that a(zp,xny1) > n(Tp,Tni1) for all n € N and

Tn, — 2z € X as n — o0, then there exist a subsequence {xn(k)} of {xn} such that
(T (ks 2) = W(Tp(ry, 2) for all k € N.
Then (T,S) have a common @-FP.

Proof. Let zp € X be such that a(xg, Txo) > n(xg, Txo). Define a sequence {z,,} in X such
that zo,11 = T, and z9,42 = Szop4y for all n € N. If z,,, = 2p,41 for some ng € N, then
clearly x,, is the required common ¢-FP of (T, S). As (T, S) is a,n-adm, hence

a(zy, z9) = a(Txo, Sx1) > n(Txo, Sx1) = n(x1,22)
and

a(ze,z1) = a(Szy, Txo) > n(Sz1, Txo) = n(x2,271).
If we use a,n-adm property again, we get

a(zs, xe) = a(Txa, Sx1) > n(Txe, Sx1) = n(x3,22)
and

a(ze, z3) = a(Sx1, Txa) > n(Szq, Txe) = n(xa, x3).

By repetition of this process n-times, we get a(xy,, p+1) > n(xy, 2p41) and similarly we have
a(Tnt1,%n) > W(@py1,2n). Now as (T, 5) is triangular a,n-adm, therefore we can deduce that
aA(Tp, Tpr) > (@, Ty) and a(zpr, Tn) > W2y, xy,) for any n,n’ € N with n’ > n.

Let x9, # xony1 and zopt1 # Topyo for all n € N, then by Lemma (2.2), we get
a(zan, Tont1) > n(Tan, Tons1) for all n € N. Then as (7, S5) is generalized F*-p-Contraction
mapping, we have

D(o(d(z2n+1, T2an+2), (Tont1), (T2n+1))) = D(0(d(Tx2pn, Stont1), ¢(Txom), p(ST2n+41)))
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< FH(D(M (220, T2n+1)), O(M* (220, 2n11))),

where

M*(x2p, Ton41)

= max{o(d(zan, Tan+1), P(T2n), P(¥2n+41)), 0(d(T2n, TT2n), p(22n), p(T20)),
o(d(z2n+1, STon+1), p(T2n+1), P(ST2n41))}

= max{o(d(w2n, T2n+1), P(T2n), P(T2n+1)), 0(d(T2n, T2n+1), P(T20), P(T2041)),
o(d(z2n+1, Ton+2), p(T2n+1), P(T2n+2)) }
max{o(d(z2n, Tan+1), p(T2n), P(T2n+1)), 0(d(T2n+1, Tant2), P(Tan+1)s P(T2n+2)) }

which clearly gives a contradiction to our assumption. Hence we obtain

M™ (w2, on+1) = max{o(d(z2n, T2n+1), P(T2n), (T2n+1)) }-
Therefore, we have
< F*(D(M*(x2n, Tont1)), O(M* (221, Tont1)))
< D(M*(x2n, Z2an+1))
< D(o(d(x2n, Tan+1), ¢(T2n), P(T2n4+1)))-

D(o(d(w2n+1, T2n+2), P(T2n+1), P(T2n+2)))

Here, as D is non-decreasing, hence

o(d(x2n41, Tan+t2), ©(2n+1), P(T2n42)) < 0(d(T2n, Tont1), (T2n), P(T2n41))-
Now, if we consider
dyn = o(d(z2n, Ton+1), p(z2n), o(2n41)),
dpt1 = o(d(2n+1, Tan+2), P(T2n+1), P(T2n+2)),

then d,, > d,+1, that is d,, is a decreasing sequence. There must exists some k such that

lim o(d(2n, Tnt1), p(Tn), @(Tni1)) = k.

n—00

Now, we have

D(o(d(znt1, Tnt2), 9(Tn+1), 9(Tn+2)))
<F (D(Q(d($n7 $n+1)7 So(xn)7 Sp(anrl)))’ @(Q(d(l‘n, $n+1)7 90($n)7 c)O(I‘TLJrl))))'

Letting n — 0o, we obtain that
D(k) < F*(D(k), ©(k)),
which yields
D(k) = 0or0(k) = 0.

Hence

lim o(d(2n, Tny1), ¢(Tn), ¢(Tny1)) = 0

n—oo
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implies

lim d(xn,Tp41) =0, lim @(z,) =0 (by (01)). (3.2)

n—oo n—oo

Now, the next step is to prove that sequence {x,} is Cauchy. For this, we use Lemma 2.1 by
which there exists € > 0 and two subsequences {1} and {z,)} of {z,} with n(k) > n(k) > k
such that:

A(Tr(k), Trs (k) = € ATr(ky, Trs(k)—1) < €
By using triangular inequality here, we have
€ < d(Tp()s T (i)

< d(xn(k)a$n’(k)—1) + d($n’(k)—1’ xn’(k))
<e+ d(xn/(k)fla xn’(k))

Now if we take k — oo and use (3.2) in the above inequality, we get
Since

() Tt (k) =1) — A Tn (k) Trr ()| < ATt () T () —1)-

We obtain lim d(zy), Tp(k)—1) = €. Similarly, we have
k—o0

i d(p k), Tnr(ky-1) = Im d(@p k)1, T k) -1) = €.

k—o00 k—o00

For n'(k),n(k) € N with n(k) > n(k), we discuss four cases.

Case 1. Consider n(k) = 2k +1 and n/(k) = 2k + s+ 1 that is n(k) is odd and n/(k) is even for
some k,s € N, where s is odd. As a(xog+1, Tokt+1+s) > N(T2p41, Tokt14s), therefore we conclude
that

>

(Q(d( )s L/ k)) (xn(k))a @(xn’(k))
(Q(d(T Trk)—1> ST (k)—1)s P(T Ty —1), P(STrr(ky-1)))
(0

I
ﬁjb@

(d(T'xak, Swogts), p(Txak), p(STok+s)))
(D(M*(z2k, Tok+s), O(M™ (T2k, T2k+s))), (3.3)

IN

where

M*(zor, 2okt s) = max{o(d(xaok, Tor+s), P(T2r), P(Tarts)), o(d(@ar, Txar), (x2r), o(TTa21)),
o(d(@ap1s, STorts), P(Tarts), ©(STarts))}
= max{o(d(war, Torts), P(T2r), P(Torts)), 0(d(Tar, Tary1), ©(T2r), P(T2r41)),

0(d(T2r s, Taktst1), P(Takts), P(Taryst1))}-

Hence

lim M*(zog, xop+s) = maxq{o(e, 0,0), 0(0,0,0), 0(0,0,0)} = o(¢, 0,0). (3.4)

k—o00
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Now, by (3.3) and (3.4), we get
D(o(e,0,0)) < F*(D(e(€, 0,0)), (o€, 0,0))).

Here, by Property (ii) of F™*, we conclude that p(€,0,0) = 0, hence ¢ = 0, which gives
contradiction to the condition e > 0. Therefore our assumption is wrong and sequence {x,,}
is Cauchy sequence in this case.

Case 2. Consider n(k) and n/(k) both are odd. Then by triangle inequality and Case 1, we have

ATy, Trr (k) < A Zni)s T (k) —1) + ATt (k)—1, Tt (k)

implies
lim d rey) < lim d / lim d(zx,, ) < 0.
i d(@n ), 2nry) < UM d(Zner), T y-1) + M0 (2 () -1, Trr) <0
Consequently

li / = 0.

Case 3. Now, let n and n’ both are even, then again by triangular inequality, we get

ATy Trr (k) < A Znhys Trk)+1) T ATy £1> T (k) )-
Here again by (3.2) and Case 1, we have

lim d(a:n(k),xn/(k)) =0.

k—o00

Case 4. In the last case, suppose that n is even and n’ is odd. Using triangular inequality, we
have

ATn(kys T (k) < ATk Trgky+1) T ATy 15 T k) —1) T AT (k) -1 Trr (),

which clearly gives klim d(Tp k), Tpr(k)) = 0. Now by combining all these cases together, it is
— 00

concluded that sequence z,, is a Cauchy sequence in X. Then by completeness of space X, there
exists z € X such that sequence x, converges to z. Since T, S are CTS mappings, therefore we
have T'xo, — Tz and Sxo,4+1 — Sz. This implies x9,+1 = T2, — 2. By uniqueness of limit,
we get

Tz = z.
Similarly, we have
Sz =z

Hence z is the common FP of mappings T and S. Moreover as ¢ is lower semi CTS, hence
lim ¢(z,) = ¢(z) = 0. Hence z is common ¢-FP of mappings 7" and S.
n—oo

If we assume there is no condition of continuity over T but condition 6. holds, then by using
above proof, a sequence {x,} € X can be constructed which is defined as x9,11 = Tz, and
Topto = STont1 for all n € N, such that the sequence converges to z € X. Then by condition
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6, there exists a subsequence {z,)} of {z,} such that a(z,),2) > n(z,m),2) for all & € N.
Hence, we get

D(Q(d(xQn(k)+1a SZ)? ¢(x2n(k)+1)7 (p(SZ))) = D(Q(d(T$2n(k)7 SZ), @(TxQn(k:))v QO(SZ)))
F*(D(M*(‘T;Qn(k)? Z))? @(M*<$2n(k)7 z))),

IN

where

M* (o), 2) = max{o(d(Tan 1), 2), P(Tank) ), ©(2)),
0(d(@an(r)s TTon(k))s P(Tan(k)), P(TTany)), 0(d(2, S2), p(2), p(52))}
= max{o(d(Tan(r): 2): P(Tan(r)), P(2));
0(d(Tan(k)s Tan(k)+1)s P(Tan(k))s P(T2nr)+1))s 0(d(2, S2), 0(2), ¢(S2))}

implies
klin;o M (xQn(k)v Z) - maX{Q(07 0, 0)7 Q(Oa 0, 0)7 Q(d('z? SZ)? 90(2)7 @(SZ))}
= maX{Q(O’ 0, 0)7 Q(d(z’ SZ)’ cp(z), SO(SZ))}
= Q(d(27 SZ)? (P(Z)’ SD(SZ))
Consequently

D(o(d(z, 52), ¢(2), ¢(52))) = D(e(d(T@an(k), S2); o(TTan(r)): #(52)))
< FH(D(o(d(2, 52), ¢(2), 9(52)), ©(e(d(z, 52), p(2), ¢(52))))-

Hence
o(d(z,52), 9(2), p(52)) = 0,
which follows
Sz = z.

In the same way we can obtain Tz = z. O

Example 3.2. Let X = (—1,1] and d : X x X — R defined by d(z,y) = |z —y| for all z,y € X.
Define D,© : [0,00) — [0,00) by D(x) = § and O(x) = £. Define the mappings 7,5 : X — X
by

L ifze(-1,0),
Ty — 3
=Yz
and
L ifze(-1,0),
Sy — 2
=93z
3 if z € [0,1].
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Also let a,n: X — X be defined as

2, ifz,yel0,1],
a(z,y) = 1 1 ,
—, otherwise,
)
1, ifz,y€l0,1],
n(z,y) = {1 ,
—, otherwise.
3
Now for F*(s,t) = s —t, first of all we prove that (T, S) is generalized F"*-¢ contraction.
If a(xz,y) > n(x,y), then x,y € [0,1]. Therefore
r Yy r Yy
D(old(Tz, Sy), ¢(Tx), (Sy) = | £ — 4| + T+ 2
9 3 9 3
and
x x
M(@,y) = max{lo —yl+ 2z +y o - T o+ 5|y -2 +y+ b}
9 9 9 9
= max{|z — y| + = + y, 2z, 2y}
= max{2x, 2y}.
Hence
¥ % ¥ max{2z,2y} max{4x,4y}
F*(D(M*(z,y)), 0(M*(z,y))) = max{2z, 2y} — 3 = 3 :
Clearly max {%x, %y} < %. Therefore the pair (T, S) is a generalized F*-p contraction

type mapping. Moreover condition (iv) of Theorem 3.3 is satisfied for zg = 0 and if a(xy,, Tp4+1) >
(%, Tpt1) it implies that x,, € [0, 1] for all n € N. Now due to completeness of [0, 1] there exists
x € [0, 1], such that z,, converges to x and T'z, Sy, STz, TSz € [0,1]. Then it can be observed
that (7, S) is a,n-adm. Now if {z,,} C [0, 1] for all n € N, then we have

lim Tz, = lim In _ T _ Tz,
and

lim Sz, = lim In _ T _ St.

n—00 n—oo 3 3

This implies (7, S) is an a,n-CTS. Hence all assumptions of above theorem are true and 2/ = 0
is the unique Common @-FP of mapping T" and S.

Definition 3.4. Let (X,d) be a metric space, 7,5 : X — X be two mappings and a,n :
X x X — [0,00) are two functions. Let B : [0,00) — [0,1) is a function such that for any
bounded sequence {t,,} of positive reals, B(t,) — 1 implies that {t,} — 0. Then the pair (T, S)
is called o — B — ¢-Contraction if
a(z,y) > n(z,y)
implies
o(d(Tz, Sy), p(Tz), p(Sy)) < Blo(d(z,y), ¢(x), v(y)))V(z,y), (3.5)

where

O(x,y) = max{o(d(z,y), p(x), p(y))), minfe(d(z, Tx), p(x), p(T)), e(d(y, Sy), #(y), #(5y))} }-
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Theorem 3.5. Let (X,d) be a metric space and T, S be two self-mappings on X. Assume that
a,n: X x X —[0,00) are two functions and B : [0,00) — [0,1) is a function such that for any
bounded sequence {t,} of positive reals, B(t,) — 1 implies that {t,} — 0. Then (T,S) have a
common p-FP if it satisfies the following conditions:

(i
(ii

(ii

,d) is a,n-CMS;
T, S) is 0 — B — p-Contraction;
T,S) is triangular a,n-adm.
(iv) There exists xo € X such that a(xo, Txo) > n(zg, Txo);
(v) (T,S) is a,n-CTS mappings or

)
)
)
)
)
)

(vi) If {zn} is a sequence in X such that a(zp,Tny1) > nW(Tp,ZTne1) for all n € N and
z, — z € X as n — oo, then there exist a subsequence {x,(k)} of {xn} such that
(Zn(k), 2) = W(Tp), 2) for all k € N,

Then (T,S) have a common @-FP.

Proof. Let xg € X be such that a(xg, Tzg) > n(zg,Txo). Define a sequence {z,} in X such
that zon4+1 = Toy, and zon49 = Swopyy for all n € N. If 2, = xp,4+1 for some ny € N, then
clearly x,, is the required common ¢-FP of (T, S). As (T, S) is a,n-adm, hence

a(z1,x2) = a(Txo, Sz1) > n(Txo, Sx1) = n(x1, 22)
and

a(zo,x1) = a(Sxz1, Txo) > n(Sx1, Txo) = n(xe, 21).
If we use a-adm property with respect to n again, we get

a(zs, x9) = a(Txa, Sx1) > n(Tx2, Sx1) = n(x3,22)
and

a(ze,z3) = a(Szy, Txg) > n(Sz1, Txe) = n(xa, x3).

By repetition of this process n-times, we get a(zp,Tn+1) > W(Tpn, Tny1) and a(Xpi1, Tn)
W(ZTpt1,2n). Now as (T,5) is triangular a,n-adm, therefore we can deduce that a(x,,z,)
W(Zp, Ty) and a(x,, x,) > n(zy, xy,) for any n,n’ € N with n’ > n.

Let x9, # won+1 and zopt1 # Zopto for all m € N, then by lemma (2.2), we get
a(zon, Ton+1) > n(xon, xony1) for all n € N. Then as (T,S) is generalized F*-p-Contraction
mapping, we have

>
>

o(d(Tw2n, St2n11), (Tw20), P(Sw2011)) < Blo(d(w2n, T2n11), 9(T20), P(T2041))) (T2, T2nt1)
implies
o(d(@2n41, Tan+y2), P(Tan+1), P(Tant2)) < Blo(d(xon, T2n+1), ©(22n), ¢(T2n+41)))O(22n, T2n+1),

where

U($2n, $2n+1) = maX{Q(d(@m $2n+1), 80(95271)7 <P(902n+1)));
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min{@(d(xQna TxQn)a ‘;0($2n)a (,D(T.’Egn)),
o(d(r2n+1, ST2n+1), P(T2n+1), P(ST2n+1)) }}
= max{ Aoy, 2n+1, Min{ Aoy 2n41, Aopt1,2n42}}

implies
Aopi1ont2 < B(A2n2n11)A2n,2011-
Now if we consider
dpn = 0(d(z2n, Ton+1), P(T2n), P(T2n+1))), dnt1 = 0(d(@2n+1, Tan+2), P(Ton+1), P(T2n+2)),

then sequence d,, is monotonically decreasing in [0, 00), hence converges to some k € [0, 00).
Then by letting n — oo in above inequality, we have

. o(d(z2n41, Tany2), p(Tant1), p(Tant2)) _ .
lim < lim B(o(d(xon, T2nt1), ©(T2n), ©(x2n ,
P Q(d($2n,x2n+1)y(ﬁ($2n)aSO(xQTLJrl)) = e (Q( ( 2 2 +1) 30( 2 ) SD( 2 +1)))

which implies

lim B(o(d(x2n, T2n+1), p(22n), p(22n11))) = 1.

n—oo

Therefore

lim B(o(d(z2n, Tan+1), p(T2n), p(T2n+1))) = 1.

n—oo

This yields

lim_o(d(z2n, 22n+1), P (220), P(22041)) = 0.

n—oo

Accordingly

nlggo d(xQTM $2n+1) =0, nhar{olo (P(x2n) = 0.

Now assume that lim d(z,,z,) = €, where € > 0. Then depending on n and n/, four cases arise:
n—oo

Case 1. Counsider n(k) = 2k + 1 and n(k) = 2k + s + 1 that is n(k) is odd and n(k) is even
for some k,s € N, where s is odd. As a(xogt1, Tok+1+s) > N(Tok41, Tok+1+s), hence we conclude
that

(AT (k) Tt (k))s P(@Tn()), 2 (X)) = (AT Ty (ry—1, ST (k)—1)s P(TTp(r)-1)s P(STpr (k) -1))
o(d(Txog, Starys), p(Twar), ¢(STarts))

< B(o(d(wak, Takts), e(Txar), p(Tok+s)))O(Tok, Tokts)s
(3.6)

where

U(zok, Topts) = max{o(d(zok, Takts), (T2r), (Ton+s)), min{o(d(zag, Txar), p(xak), p(TT2r)),
0(d(Tops, STokys), O(Torts), P(STorts)) }}
= max{o(d(zak, Tak+s), (T2r), ¢(T2n+s)), min{o(d(zak, Tar+1), ©(z2k), ©(T2k+1)),
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0(d(@2k+s, Tokts+1), P(T2kts)s P(Tok4s41)) }
which follows that
lim O(xak, Tokt+s) = lim max{o(d(wok, Tarts), ©(T2r), (Tor+s)),
k—o00 k—o00

min{ o(d(xak, Tar+1), P(@2k), ©(T2r+1)),

0(d(T 245, Tokts+1)s P(T2kts), O(Toryst1))}}
= max{o(e, 0,0), min{g(0,0,0), 0(0,0,0)} }.

Hence

lim O(zok, zor+s) =0(€,0,0). (3.7)

k—o00

Now, by (3.6) and (3.7), we get
0(€,0,0) < B(o(d(war, Tok+s), o(Tar), p(T2r+s))) (e, 0,0)
implies
1 < B(o(d(x2k, T2k+s), (Tw2k), p(T2r+5))) < 1.

Therefore

lim B(o(d(xak, Torts), o(Txor), p(2on4s))) = 1,
k—o0
which gives
lim o(d(zak, Tor+s), P(Tr2r), o(T2n4s)) = 0.
k—o00
Consequently
lim d(xok, Tok+s) = 0,
k—o0
and

lim d(.’ll‘ngrs, .%'Qk) =0.
k—o0

From here, we conclude that ¢ = 0, which gives contradiction to the condition € > 0. Therefore
our assumption is wrong and sequence {x,} is Cauchy sequence in this case.

Case 2. Consider n(k) and n(k) both are odd. Then by triangle inequality and Case 1, we have
ATy (ks T (k) < ATy, Trr (k) —1) + (@ (k)= 15 T (1))
implies

1. ’ < 1. / 1. / /
111 d(xn(k)vxn (k)) = klﬁIgo d(xn(k)7$n (k)—l) + kggo d(xn (k)—15Tn (k))

k—o0
<0,
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hence

Jm d(Tp(ky, Trt (k) = 0.

Case 3. Now, let n and n’ both are even, then again by triangular inequality, we get

d(xn(k)’ xn’(k)) < d(xn(k) ) xn(k)—l—l) + d(:vn(k)—‘rla xn’(k))‘
Here again by (3.2) and Case 1, we have khm d(Tp(kys Tr(y) = 0.
—00
Case 4. In the last case, suppose that n is even and n’ is odd. Using triangular inequality, we
have

A(Tr(ky T (k) < A @nrys Tngy+1) T ATn) 115 T (k) —1) + ATn/ k) -1, Trr (1))

which clearly gives klim d(xn(k),xn/(k)) = 0. Now by combining all these cases together, it is
—00

concluded that sequence x,, is a Cauchy sequence in X. Then by completeness of space X, there
exists z € X, such that sequence x,, converges to z. Since T, S are CTS mappings, therefore we
have T'xo, — Tz and Sxo,4+1 — Sz. This implies x9,+1 = Tx2, — 2. By uniqueness of limit,
we get

Tz = z.
Similarly, we have
Sz =z

Hence z is the common FP of mappings T" and S. Moreover as ¢ is lower semi CTS, hence
li_>m ©(xy) = ¢(z) = 0. Hence z is common ¢-FP of mappings 7" and S. If we assume there is
n oo

no condition of continuity over T" but condition 6. holds, then by using above proof, a sequence
{z,} € X can be constructed which is defined as x9,+1 = Tz, and wo,+92 = Sz, for
all n € N, such that the sequence converges to z € X. Then by condition 6, there exists a
subsequence {w,,)} of {z,} such that a(x,y),2) > n(w,m), 2) for all k € N. Hence, we get

o(d(Tan(ky+1, S2), (Tank)+1), P(52)) = o(d(TTan(ry, 52), P(TTon(k)), p(5%))
< B(Q(d($2n(k)a )a90(1‘271(16))7@(Z)))U(l?n(k)az)a
where
U('rQn(k)az)
= maX{Q(d(ngn(k)’ Z) QO(Can(k ) (Z))
min{@(d(mén(kﬁTxQn( ) ($2n k))7(p<Tx2n )) (d(Z7SZ)7(p<z)790(SZ))}}
= max{@(d(xQn(kﬁz) (10('7"2n(k ) (Z))a
min{@(d($2n(k)vx2n(k)+l) (fﬂzn(k ),SO(JUzn(k +1)), 0(d(z,52), (), p(S2))}},
implies

m 2 (@on ), 2) = max{e(0, 0,0), min{e(0,0,0), o(d(z, 5z), ¢(2), ¢(52)) }}
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= 0(0,0,0)
= 0.

Therefore

o(d(z,52), ¢(2), p(52))) = o(d(Txan(r), S2), P(TTon(r) ), P(52))

< B(@(d(q}?n(k)? Z)? 90($2n(k))7 90(2))) x 0,

which yields

Q(d(z> S'z)v QD(Z)’ SO(SZ)) = 0.
Hence
Sz =z.

In the same way we can obtain Tz = z. By uniqueness of limit z is unique common @-FP of
mappings ' and S. O

Example 3.3. Let X = (—1,1] and d(z,y) = |z — y| for all z,y € X. Consider T, S : X — X
be two mappings defined by

L ifze(-1,0),
Ty — 3
=93z
and
L ifre(—1,0),
2
Sx = -

Also let a,n : X — X be defined as same as in Example (3.1). Now we will show that for
B(6) = 3, all the conditions of Theorem (3.5) are satisfied.
If x,y € [0,1], then

a(z,y) > n(z,y)
Now we show that T is satisfying contractive condition (3.5), for this take x,y € [0, 1], we have

r Yy r Yy

o(d(Tz, Sy), ¢(Ta),o(5y) = |3 — 2|+ T+,
o(d(z, Tx),p(x),p(Tx)) = % +x+ % =2z,
oy, 89), o), 9(Su) = Ly + L =2y,

o(d(z,y), (), o(Ty)) = |z —y| + = +y.

Then, clearly

min{o(d(z, Tx), p(x), p(Tx)), o(d(y, Ty), ¢(y), »(Ty))} = min{2z, 2y}



3166 S. Rathee, D. Kaushik & R. Gupta

and

max{o(d(z,y), p(z), p(y))), min{2z, 2y} } = max{|zr — y| + = + y, min{2z, 2y} }
= 2max{x,y}

implies

B(o(d(z,y), ¢(x), ¢(y))) max{o(d(x,y), p(z), v(y))), min{2z, 2y} } = max{z,y}.

Now, we have

Clearly, max{%, 4} < max{x,y}. Therefore inequality (3.5) is satisfied. Moreover condition (iv)
of Theorem (3.5) is satisfied for g = 0 and if a(xy,, xp+1) > W(Zp, Tne1) it implies that z, € [0, 1]
for all n € N. Now due to completeness of [0, 1], there exists = € [0, 1], such that z,, converges
to x and Tz, Sy, STx,TSx € [0,1]. Then it can be observed that (7, S5) is a,n-adm. Therefore
above Theorem is true here and 2’ = 0 is the unique Common ¢-FP of mapping 7' and S.

Proceeding as in Example (3.1), we consider the same two choices of the function B and
discuss the result in two cases.

1: Let
=0 ife>0
8(0) — e ) 1 M
0, if0=0
and refine T and S as follows:
L ifae(-1,0),
15
Tx = T
E, lf T € [O, 1],
L ifae(~1,0),
Gp — 14
r= x
3 if x € [0,1].

Then as in Example (3.1), we will prove

Xz T
T _ Y| Ty

— — max{2z,2y}
16 32 16 32

g or 1y—6 < 2e max{z,y}

implies

max {%, 1%} < 2¢~ {2220} max{z, y}.
Now, max{%,%} < max{%, %} and max{%, %4} < 2e max{22.2v} max{x,y} because
e~ max{2z.2y} > 1—16 for each x,y € [0, 1].Therefore given example supports Theorem (3.5).
2: Let
. ife>o0,
BO)y=1+0
0, if9 =0
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and consider T and S in the same way as in Case 1. Then similar to Case 1, we aim to prove
that

T Y T Y 2

x Yy
— — — D — —_— <
632 716 732 8 16 S T3 max2s, 2y ey
implies
x l} < 2
e { §°16J = T4 max{2s, 29} oz vk

Proceeding in the same manner as in the above calculations, we obtain max{z,y} >

2
1+max{2z,2y}
max{%, %} as 1+ma+{2x2y} > 1—16 for each z,y € [0, 1]. Hence, Theorem (3.5) is satisfied in this
case as well.

Theorem 3.6. Let (X,d) be a CMS and T : X — X be an a-adm mapping. Suppose that the
following condition is satisfied:
(D(o(d(Tx, Ty), p(Tx), o(Ty))) + 1)@ T Ty)
<F*(D(e(d(z,y), ¢(x), (), O(e(d(z, y), p(z), (y)))) +1 (3.8)

for all x,y € X and 1 > 1. Suppose that either,

(i) T is CTS:

(ii) if {zn} is a sequence in X such that x, — x,a(xn,Tny1) > 1 for all n € N, then
a(z,Tz) > 1.
If there exists xog € X such that a(xo, Txg) > 1.

Then T has a p-FP.

Proof. Following the same approach as in Theorem 3.1, we consider a sequence {x,} € X and
using the a-admissibility condition, we can prove that a(z,,Tz,) > 1 for all n € NU{0}. Then
by inequality (3.8), we have

D(o

(o
D(o(d(wn, Tn+1), o(Tn), p(Tn41)) +1)°
F*(D(An—l,n)7 @(An—l,n)) + [

d(Tan—1,Tap), p(Tan-1), p(Tan))) +1

(2777,71 ,mn)a(xn 7rn+1)

IAINA

implies
D(Apny1) £ FY(D(An-10), 0(An—10)) < D(An—1n).
Using properties of D, we have
Apnt1 < Apin

implies

o(d(@n, 2ny1), o(xn), P(Tnt1)) < o(d(@n—1,20), $(Tn-1), (Tn)).
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Using the same arguments as employed in the earlier theorems, we obtain that the sequence
Ay, +1 1s monotonically decreasing and converges to a limit k € RT. Now we will prove that
k = 0. For this we consider

lim D(Ap 1) < li_>m < F*(D(Ap—11n),0(An—10))

implies
D(k) < F*(D(k),0(k)) < D(k),

which gives

Therefore
Dk)=0
implies
k=0
Hence
Jim o(d(zn; Tnt1), ¢(2n), p(Tn41)) = 0
implies

lim d(zp,Tpt1) = Jggo o(x,) =0. (By property (o1)).

n—oo

Now we will prove that the sequence x,, is Cauchy. Before this proceeding similarly to the above
theorem, we can easily prove that

hm d(xn/+17$n+1) — hm d(xn/",rn) = €.
n,n’—oco n,n'—o0

We also have

D(o(d(zn+1, Zpt1), (@ 41), 0(Tn+1)))
< F*<D(9(d(xn’7 xn)v (p(.%'m), (l’n)), @<Q(d(xn’v xn)? gO(%‘n/), (xn)))
< D(Q(d(.’L‘n/, l‘n), (,D(ilfn’), (1‘n)))

Taking limits on n’ and n, we have
D(o(€,0,0)) < F*(D(e(€,0,0)), O(a(€,0,0)) < D(e(€, 0,0)).
This shows that
F*(D(o(€,0,0)),0(e(€,0,0)) = D(e),
which gives

D(o(¢,0,0)) = 0.
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Hence, we get
e=0.

Hence {z,} is a Cauchy sequence and by completeness of X, there exits z € X such that
d(xn,z) = 0 and by continuity of T', we get Tz = z. Moreover by LSC property of ¢ function
we get

lim () = ¢(2) = 0.

n—0o0

But if we suppose that we have only condition (2), then we get

D(o(d(Txy,T2), o(Txy,), (Tz))) +

(
< D(e(d(wn+1,2), 9lant1), (2)) + )“W"HW“)
< F*(D(e(d(an, 9(2)), <n>,<>>> O(e(d(xn, =), ¢(xn), ¢(2))) +1
< D(e(d(wn, 2), ¢(an), 0(2))) +

Letting n — oo in above expression and using uniqueness of limits, we have

lim D(o(d(Twn, Tz), p(Tn), (T2))) < F*(D(0),0(0)) < D(0) = 0,

n—o0

that implies

lim o(d(Txzy,Tz),o(Txy,),(Tz)) =0,

n=o0
hence
d(Tzy,Tz) =0
Therefore, we obtain
Tz==z
Hence z is a o-FP of mapping T O

Theorem 3.7. Let all the assumptions of the preceding theorem hold, except that the contraction
condition is replaced by the following:

(a(z, Ta)a(y, Ty) + 1)PEETET0)o(T2).(T0) < 9F* (Dlold(ry).p(@).1)) Ole(dry) £).w)  (3.9)

Then the mapping admits a FP.
Proof. Following the same step as in above theorem, be inequality (3.9), we have
9D(e(d(TTn—1,TTn),0(TTn-1).0(TTn)))

<(a(zp-1, Ttn-1)a(zn, Txy) + 1) D(e(d(Tzn—1,T2n),p(TTn-1),0(TTn)))
< 9F*(D(e(d(zn—1,2n),0(xn-1),(2n))),0(e(d(Tn—1,2n),p(Tn-1),(zn)))

implies

2D(An,n+1) S 2F*(D(An—1,nve(Aﬂ—1yn)))

)
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which follows that
D(An,n—H) < F*(D(An—l,na G(An—l,n))) < D(An—l,n)-
Now, following the same arguments as in the above theorems, we can easily prove that

nh—{go d(:ﬂn, I‘n+1) = Oa nh—>rgo SD(‘TTL) =0

and for m,n € N

im  d(zy,2,) =€, lm d(@yi1,T041) = €.
n,n’—oo n,n'—o0o

Now using these results in inequality (3.9), we get
9P (@12 42) P (@nr 1) 0 @nt 1)) < (s, T )00, T ) + 1) PO 11:T042) 0@ 11) (@ n41))
< 2F(D(e(d(@ s zn),p(@nr) @ (2n))),O((d(@ s 2m) (1) p(2n)))
implies
2D(An/+l,n+1) S 2F*(D(An/,n)7®(An/,n))'
Hence
D(An’+1,n+1) < F*(D(An’,n)a @(An’,n)) < D(An’,n)-
It follows that

lim D(An’+1,n+1>§ lim F*(D<An’,n)7®(An’,n))

n,n/—00 n,n/—00

Therefore

D(e(e,0,0)) < F7(D(e(€,0,0)),0(e(€,0,0))) < D(e(e, 0,0)).
Accordingly

D(0(€,0,0))orO(o(e,0,0)) =0,
which follows that
0(e,0,0) = 0.
Hence,
e=0.

Now proceeding similarly and using continuity of 7', we can prove that the mapping 7" admits
a p-FP z € X.

If instead of continuity, we assume only Condition (2), then as z is limit of sequence {z,},
we have ¢(z) = 0 by LSC property of function ¢. Hence using all these condition we get

9P d(Ten,T2)p(Ten)2(T2)) < (a(zy,, Ty)a(z, Tz) + 1)P@dT20.T2),0(T2n) .0 (1))
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< 9F" (D(e(d(zn,2),p(n).p(2)))

)

implies
lim 2P((d(Ton,T2).0(Ton)p(T2))) < iy 9F" (Ple(d(@n,2)(@n)0(2)))
n—00 n—oo
hence
Tim D(e(d(Tan, T2), o(Tin), 9(T2))) < F*(D(0),6(0)) < D(0) = 0
implies

lim D(o(d(Tn, T2), ¢(Ta), 9(T2))) < 0.

n—oo
Clearly it gives

lim d(Tx,,Tz) =0,

n—oo

consequently

lim Txy, =Txp1 =Tz = 2.
n—oo

By uniqueness of limit of sequence {z,}, we have Tz = z. Hence z is unique ¢-FP of mapping
T. O

Theorem 3.8. Let all the assumptions of the preceding Theorem 3.6 hold, except that the
contraction condition is replaced by the following:

a(z, Tz)a(y, Ty) D(e(d(Tx, Ty), p(Tx), (Ty)))
< F*(D(o(d(z,y), ¢(x), (v))), O(e(d(z,y), p(z), (y))))- (3.10)

Then the mapping admits a FP.

Proof. Following the same step as in above theorem, be inequality (3.9), we have

D(Q(d(Tl’n,h TIL‘n), QD(T$n,1), @(Tmn)))
< a(zp_1,Txn_1)a(xpn, Tey)D(0(d(Txp—1,Txn), p(Tpn-1), p(Txy)))
< F" (D(Q(d(lin—la SUn)a Qp(xn—l)’ (xn)))’ @(Q(d('xn—lv SCn), @(wn—l)v (mn)))

implies
D(Anni1) < F(D(Dn-1,0), O(Dn-1.0)).
Therefore
D(Apps1) S F*(D(Ap—1,0,0(An—10)) < D(Ap—1n)-
Now, following the same arguments as in the above theorems, we can easily prove that

lim d(xnawn-ﬂ) - 07 lim So(xn) =0

n—oo n—oo
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and for m,n € N

lim  d(zy,x,) = e, lim d(zp41,Tnte1) = €.
n,n’—o00 n,n’ —o00

Now using these results in inequality (3.10), we get
D(o(d(zn+1, Tnt1), (@n41), 0(Tn+1)))

< a(@n, Ten )a(en, Ten) D(0(d(@n 11, Znsr), 9(n 1), (En11)))
< FH(D(o(d(@n, 2n), p(2nr), p(2n))), O(e(d(2ns; &), o (), o (2n)))

implies
D(Aysint1) S F (DA 2), O(Anr 1))
Hence
D(Aws1n11) < F' (D), 0B n)) < DDy )
implies

lim D(Anq_l’n_i_l)g lim F*(D<An’,n)7®(An’,n))

n’,n—o0o n,n/—oo

Clearly it follows that
D(o(e,0,0)) < F*(D(e(€, 0,0)),0(e(€, 0,0))) < D(e(e,0,0)).
Therefore
D(0(€,0,0))orO(o(e,0,0)) =0,
which yields
0(¢,0,0) = 0.
Hence
e=0.

Now proceeding similarly and using continuity of 7', we can prove that the mapping 7" admits
a p-FP z € X.

If instead of continuity, we assume only Condition (2), then as z is limit of sequence {z,},
we have ¢(z) = 0 by LSC property of function ¢. Hence using all these condition we get

D((d(Tn, T2), o(T,), (T2))) < alwn, T )a(z, T2) D(o(d(Tn, T2), 9(T), 9(T2)))
< F*(D(o(d(xn, ), 9(2n), 9(2))), O(e(d(@n, 2), 9(e0), 9(2)))

implies
Jim D(o(d(Twn, Tz), p(Tn), ¢(T2)))
< lim F*(D(o(d(za, 2), 9(e0), 9(2))), ©(0(d(tn 2), oln), 0(2))).
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Therefore

lim D(o(d(Txn, Tz), p(Txn), ¢(Tz))) < F*(D(0),6(0)) < D(0) = 0.

n—00 -

This yields

lim D(o(d(Txn,Tz), o(Txy), o(T=2))) <O0.

n—oo

Then clearly

lim d(Tz,,Tz)=0.

n—oo

Hence

lim Tz, =Taxpy1 =Tz = z.
n—oo

By uniqueness of limit of sequence {z,}, we have Tz = z. Hence z is unique ¢-FP of mapping
T. O

Theorem 3.9. Under the assumption that the conditions of Theorems 3.6, 3.7, and 3.8 hold,
we introduce the following additional constraint:

(i) If Tz = x, then a(z,Tx) > 1,

then o-FP of T is unique.

Proof. Let z and 2’ be two ¢-FPs of mapping T that is Tz = z,p(z) = 0 and T2' = 2/, p(2) =
0.
Then by Theorem 3.6, we have

(Q(d(TZ, TZ/), QO(TZ), (TZ/)) + l)a(z,Tz)a(z/7Tz/)

D(o(d(Tz,T7'),(T2), p(T%"))) +1 < (D
< F* (D(Az,z/)v @(Az,z’)) +1

where A, . = o(d(z, 2’), ¢(2), ¢(2")). Then we get

(o(d(z,2'),0,0) + 1)*=DaE2)
(D(o(d(2,2"),0,0)),0(0(d(2,2'),0,0))) + 1
(o(d(z,2"),0,0)) +1,

D(e(d(z,7'),0,0)) +1 < (D
F*
D

IN A I/\

which follows that
F*(D(Q(d(zv Z/)7 0, O))v @(Q(d(zv ZI)) 0, 0))) = D(Q(d(zv Zl)? 0, 0)
implies
D(o(d(2,2"),0,0))or©(o(d(z,2'),0,0)) =0,

therefore

o(d(z,7'),0,0) = 0.
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This shows that
d(z,2") =0,

hence

For Theorem 3.7, we have
2D(e(d(T=T="),p(T2),0(T2") < a(z, Tz)a(2, T7) + 1)D(Q(d(TzaTZ')»GD(TZ)7<P(TZ/)))

(
9" (D(e(d(2,2"),0(2),0(2"))),0(e(d(2,2") 0(2),(2"))))

IN

implies
D(o(d(z,2),0,0)) < F*(D(e(d(2, 2),0,0)), O(e(d(z, 2),0,0))) < D(e(d(z,),0,0)).
In a similar manner to the proof above, we can demonstrate that
z=2z.
By Theorem 3.8, we have
D(o(d(T2T%"), ¢(T2),9(T%")) < a(z, Tz)a(z', T2") D(e(d(Tz, T2'),0(T2), o(T2")))
S FY(ALL AL )
< D(e(d(z,2), o(2), ¢(2)))
implies
F*(D(o(d(z,2),0,0)),0(e(d(z,2),0,0))) = D(e(d(z,%),0,0)).
Applying the same logic as the preceding proof, we can establish that
z=2.

O]

Example 3.4. Let X =[1,5] and d: X x X — R defined by d(z,y) = |z — y| for all z,y € X.
Define D,© : [0,00) — [0,00) by D(z) = z and ©(z) = 5. Define the mappings 7': X — X by

2
T2 e eq),
Txr =
1, if x € (3,5]
and
1, ifz,yell,3)],
a(z,y) =

—, otherwise.
5

Here, instead of assuming the function ¢ to be CTS, we consider ¢ to be a LSC defined as
follows:
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|z —2|, ifxell,3],
p(r) = :
x+1, ifxze(3,5].

Now for F*(s,t) = s —t, and [ = 1, we prove that (7, S) supports Theorems 3.6, 3.7 and 3.8.
Clearly here three cases arise.

Case 1. z,y € [1,2)

r+2 y+2 T+ 2 y+2
DT Ty plT). o)) = | 52 = 132+ |52 =2+ |15 2 =
T —y x—2 y— 2
2T ‘+’ 2
Tyl z—2 _ y—2
2 2 2
_|Eoy) dmroy (3.11)
2 2 ‘
and
od(z,y), o(z), (y)) = |z -yl + [z —2[+ [y — 2|
=lz—yl-(z-2)—(y—2)
=lz—yl+{d-z-y)
implies

(2 =yl + (=2 —y)
3

FH(D(o(d(e,y). ¢(x), (4))). ©(eld(z.y), p(x), (1)) = - (3.12)

Here a(x,Tx) = a(y, Ty) = 1. Therefore it can be verified easily that inequality (3.8) is satisfied
in this case.
Now using (3.11), (3.12), we get

(a(z, Ta)a(y, Ty) + 1)P@ETHTy) @(T2)(Ty) _ of 2% [+457

and

o F*(D(e(d(x,y) 0 (@),(1))),O(e(d(w,y) 0 (2),(y)))) — ot=ultize—ul)

Hence inequality (3.9) will also be satisfied here. In view of the above two inequalities, the third
inequality (3.10) holds immediately.

Case 2. z,y € [2, 3]

r4+2 y+2| |z+2 y+2

_|lT—y T — 2 y—2

T2 ‘+ 2 ‘+‘ 2 ‘
r—y| x+y—4

_ 3.13
2‘ / (3.13)
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and
o(d(z,y), (), (y)) = |z —y| + |z — 2| + |y — 2|
=z —yl+(x+y—4)
implies
F*(D(o(d(x v). (x), (1)) O(e(d(z,y). ola). () = 2E—UFEFTYZD) gy

3
Now using (3.13), (3.14), we get

T—y x4y—4
2 |+ 2

(a(z, Tx)a(y, Ty) + 1)D(@(d(T%T1/),<P(T$)7(Ty))) — 9|

and

9 F* (D(e(d(@,) 0 (x),(1))).0(e(d(w.y) 0 (@),(y)) _ o2Ue=tltztu=a)

Thus inequalities (3.8), (3.9) and (3.10) hold here.
Case 3. z € [1,2),y € [2,3]

DT Ty, plTa). o(To)) = |52 = 152 4 |2 =) |12
- =
2 2 2
_ x;ﬂ‘ﬂ;fﬁ (3.15)
and
o(d(z,y). 0(@), ())) = o — y| + o — 2| + |y — 2
=z —y[+ (y — )
implies
F*(D(o(d(z,y). o(x). (1)), Old(z, ), o). (3)))) = 2E—YTWZT) 54

3
By (3.15), (3.16), we get

(a(z, Ta)a(y, Ty) + 1)P@UETETy).o(T2),(Ty) _ of 552 [+15%

and

9F*(D(e(d(w.) ¢ (),(1))),0(e(d(z,y) 0 (x),(y)))) _ o2UE=tltlu=s)

This completes the verification of all three inequalities in the last case as well. With all three
inequalities holding, the example falls within the scope of all three Theorems 3.6, 3.7 and 3.8
and clearly x = 2 is unique ¢-FP of mapping 7.

In this example, the mapping is discontinuous and the function ¢ is assumed to be LSC
rather than CTS, showing that the results hold under weaker assumptions.
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4. An application to fractional differential equations

Preliminaries

In this section, we present some fundamental concepts and definitions from fractional calculus
which are essential for the analysis of the proposed problem.

Definition 4.1 ([16]). Let f € C([0,00),R) and n > 0. The Riemann-Liouville fractional
integral of order n is defined as

(I"f)(7) = I‘(ln)/o (r— )" (W) dw, >0, (4.1)

provided the integral exists.

Definition 4.2 ([6]). Let j —1 < n < j, where j € N. The Caputo fractional derivative of order
n of a function ~ : [0,1] x R — [0, 00) is given by

(CD“'y)(T) = 1)/0 (r— w)jfnflfy(j)(w) dw, T>0. (4.2)

I'(j—mn

Fractional derivatives play a significant role in modeling real-world phenomena where
memory and hereditary properties are present. Unlike classical integer-order derivatives,
fractional derivatives allow the current state of a system to depend on its entire history. Due
to this nonlocal property, fractional operators have been widely employed in various theoretical
frameworks.

In physics, fractional derivatives are used to describe anomalous diffusion and viscoelastic
materials, where the stress—strain relationship depends on past deformations. In control theory,
fractional-order systems provide better stability and robustness compared to integer-order
models. In biology, they are applied to population dynamics and biological tissues exhibiting
memory effects.

From a mathematical viewpoint, FDE offer a generalized setting for classical differential
equations and allow the development of more flexible analytical techniques. In economics and
finance, fractional derivatives are utilized to capture long-term dependence and persistent
memory effects in economic growth models, financial markets, and investment dynamics.

Definition 4.3. Let X = {z : 2 € C([0,1],R)} be endowed with the supremum norm

[#]loc = sup [z(7)]. (4.3)
T€[0,1]

Then (X, | - |«) is a Banach space with metric d given by

d(z,y) = [z — ylloo = up lz() —y(7)| Vaz,yelX (4.4)
7€|0,

Theorem 4.4. Consider the nonlinear FDE
CDra(r) =y(r,z(r), 0<7<1,1<n<2, (4.5)
subject to the integral boundary conditions
z(0) =0, Iz(1)=4'(0).

Let d: R xR — R be a given function. Let the following conditions be fulfilled:
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(i) The function v:[0,1] x R - R is CTS.
(ii) Suppose that mapping ~y satisfies

'n+1
(ra) ()l < T Dy,
for all x,y € X and for all T € [0,1] with d(x,y) > 0.

(iii) There exists xy € X such that d(xo(T),Txo(7)) > 0 for all t € [0,1], where operator
T:X — X is defined by

To) = T / () (w0 o + fo / 1 ( / - v)”—lwv,x(v))dv) o,

forall x,y € X.

(iv) For each T € [0,1] and x,y € X, d(x(7), Tx(7)) > 0 implies that d(Tx(7), Ty(7)) > 0.

(v) For {x,} C X such that x,, — x € X and d(zy,xnt1) > 0 for all n € N implies that
d(xn,z) >0 for alln € N.

(vi) Supposey is considered in such a way that T satisfies | T(z)—T(T(x))|loc < 3||(2)=T(2)||00
forallz € X;
then (4.5) has at least one solution.

Then problem admits at least one solution.

Proof. Now by condition (ii), for z,y € X, we obtain

[Tx(7) = Ty(7)| < F(ln) /OT(T — W) ((w, 2(@) = Y(w, y(W)))dWI

Hle | 1 ([ =) 2t d

: /IT W)" (v (w, 2(w)) = Y(w, y(w)))]dw

F(n
- /0 ([ = orhtoee) 2wy

implies
Ta(r) - / =~ D) — y(w)la

+@ A ([[w-or 1””8“)|x<v>—y<v>\dv) ds

I'(n)I'(n+1) I'(n)I'(n+1)
S 80+ 1) @Y aynm 1) 1Y)

d(z,y)

d(z,y).

<

<

=] Wwoo|lw
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Clearly, by choosing

0(01,02,03) = 01 + 02 + 03, (x) = ||z — T(z)|s for all z € X,
Frlw—71)=w—-—71, D(1)=71, O(1)= %,
and

a(z,y) 1, if X(z(7),y(r)) € X,t €]0,1],
T,Y) =
Y 0, otherwise.

Then clearly T is an a-adm and all the assumptions of Theorem (3.8) are satisfied. Hence,
the mapping T admits a unique ¢-FP, and consequently, the given problem has a solution.
Consequently, problem (4.5) has a solution. O

5. Conclusion

The results obtained in this work offer a flexible and effective framework for the study of -
FP and common ¢-FP problems beyond classical settings. By relaxing the usual continuity
requirements and employing generalized admissibility conditions, the proposed approach
considerably broadens the applicability of FP techniques. The examples clearly demonstrate
that the developed results are valid for both CTS and discontinuous mappings. Furthermore, the
application to FDE confirms that the theoretical findings are not only mathematically consistent
but also relevant to practical models.

6. Future scope

The established results can be effectively applied to study the existence of solutions for various
classes of nonlinear integral and FDE. The proposed framework is particularly useful for models
involving non-smooth or discontinuous phenomena arising in applied sciences. Moreover, the
present approach can be adapted to investigate solution existence for coupled and system-type
problems occurring in mathematical physics and engineering.
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