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Abstract This work investigates a new subclass SMn
b,β,τ,p(µ) of multivalent analytic func-

tions with negative coefficients, characterized by a generalized multiplier transformation
operator Mn

β,τ,p. Various properties of this subclass are investigated, including coefficient
bounds, extreme points of extremal functions, distortion bounds, radii of convexity and star-
likeness, and sharp lower bounds for partial sums. Additionally, graphical representations of
extremal functions are provided to visually illustrate the theoretical results. These findings
contribute to the ongoing development of geometric function theory.
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1. Introduction

In complex analysis, the terms univalent and multivalent refer to functions that are investigated
in the complex plane [41–43]. These functions are especially appealing due to their distinct
geometric characteristics and their significance in complex analysis and conformal mapping.
Univalent and multivalent functions are important for a variety of reasons, serving as a foun-
dational idea in many fields of mathematics, including differential equation analysis, complex
analysis, and geometric function theory. Investigating univalent and multivalent functions pro-
vide important insights into the behavior of analytic functions in geometric situations.

Consider that an open unit disc U : |ξ| < 1 which is, connected and open nonempty subset
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of C and the analytical function R(ξ), which is provided by the series expansion

R(ξ) =
∞∑
k=0

bnξ
n = b0 + b1ξ + b2ξ

2 + .... (1.1)

The sequence {bn} of coefficients in equation (1.1) acts as a crucial part of the function f,
which transforms a Riemann surfaces universal cover U into its corresponding co-domain S. The
statement that a geometric property of S is characterized by the univalent function f in U.

A function f : D → C is called univalent in U if it is one-to-one (injective). That is, f does
not map two different points to the same value. Mathematically, this means:

f(ξ1) ̸= f(ξ2) for all ξ1, ξ2 ∈ U, such that ξ1 ̸= ξ2.

This property ensures that f does not fold or overlap different parts of D onto the same region
in C. Instead, f preserves distinctness, which is crucial in conformal mappings. To simplify the
study of analytic univalent functions on any simply connected domain, it is common to restrict
attention to functions defined in the open unit disk U. For this purpose, the class of functions
S was introduced, consisting of univalent functions that satisfy the normalization conditions:
f(0) = 0, f ′(0)− 1 = 0.

The Riemann mapping theorem has had a significant impact on the development of this
concept.

In the open unit disk U = {ξ ∈ C : |ξ| < 1}, A often denotes the class of normalized and
analytic functions f (ξ) of the form

f (ξ) = ξ +
∞∑

k=2

akξ
k (1.2)

and S act as a subclass of all functions in A.
The multivalent function follows logically from the idea of a univalent function. If the number

of roots of the equation R(ξ) = w in U, for any w, does not exceed p, then it can accept each of its
values at most p times. Understanding the characteristics and behavior of multivalent functions
in greater detail and refinement requires an understanding of their subclasses. The multivalent
function class has subclasses that are defined by additional requirements or standards. Let Ap

described as a class of multivalent functions of the form

f(ξ) = ξp +

∞∑
k=p+1

akξ
k , (1.3)

which is lies in U = {ξ : |ξ| < 1}.
Univalent functions are generally thought to have originated in 1907 with the work of Koebe

[24]. The Koebe coefficient, k, was established in 1907 by Koebe. This coefficient ensures that
the boundary of the image of U, under any function R(ξ) ∈ S, is always at least k away from
w = 0.

The study of analytic univalent functions was greatly influenced by the famous Bieberbach [9]
hypothesis from 1916. According to this conjecture, for each function f ∈ S, we have |an| ≤ n
for each n. Given that f is normalized by f(0) = 0 and f ′(0) = 1, the second coefficient |a2| ≤ 2
if and only if the Koebe function’s rotation is R(ξ). In addition, he made the generally true
hypothesis that |an| ≤ n, (n = 2, 3, ...). For many years, this conjecture has remained challenge
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for Mathematicians. This condition |an| ≤ n, (n = 2, 3, ...) was positively settled by Louis de
Branges [11] in 1984.

Biernacki [10] and Montel [28] conducted a comprehensive analysis of univalent and multi-
valent functions in 1938. However, the field has since grown significantly, making it difficult for
researchers to evaluate the present state of specific topics. However, recently, this projected direc-
tion of events has erratically reversed. Books by Jenkins [21], Schaeffer, and Spencer [35], among
others, go into extensive detail on particular aspects of the subject. The works of Goluzin [17]
and Hayman [19] provide an extensive overview, and they provide sufficient unsolved problems.
However, the idea of univalent as well as multivalent functions remains fascinated. The studies
by Bernardi [7] and Hayman [20] provide further guidance in the domain.

In the study of complex functions, various types of operators have been employed from the
beginning. Using operators can facilitate the creation of fresh, original research while also making
it possible to provide easier proofs of conclusions that are previously known. Operators that are
most well-known are differential and integral operators. In 1915, Alexander [2] presented the
first integral operator. Libera [25] introduced an integral operator that is widely recognised, and
Bernardi [8] generalised it in 1969. This paper’s original results were obtained using some of the
most well-known differential operators. It has been quite fashionable lately to use the integral
and differential operators of normalised analytic functions. A large number of articles discuss
operators and new generalisations proposed by different writers. To the best of our knowledge,
Salagean [33] introduced the differential operator in 1985 after Ruscheweyh [32] introduced it
in 1975. The two above operators were employed for a very long period to look into different
subclasses of univalent function characteristics and problems.Following the expansion of the
Salagean operator by Al-Oboudi [30] in 2004, Shaqsi and Darus in [37,38] redefined the Salagean
and Ruscheweyh operations in 2008.

In their own unique ways, a number of writers started to create new subclasses for univalent
and multivalent functions associated with Ruscheweyh and Salagean operators. For example,
see ([3, 4, 12,14,18,22,23,29,31,34,36,37,40] and [44]).

For f(ξ) ∈ Ap,the following multiplier transformation operator was examined by R. Aghalary
et al. [1].

Ip(n, β) = ξp +

∞∑
k=p+1

(
k + β

p+ β

)n

akξ
k , (β ≥ 0). (1.4)

For f(ξ) ∈ Ap, the operator Mn
β,τ,p(R(ξ)) = Ip(n, β) ∗ f(ξ) is defined as

M0
β,τ,p = ξp +

∞∑
k=p+1

akξ
k ,

M1
β,τ,p = (1− τ) Ip(1, β) +

τξ

p
(Ip(1, β))′ = ξp +

∞∑
k=p+1

[
p+ (k − p) τ

p

] [
k + β

p+ β

]
akξ

k ,

M2
β,τ,p = Mβ,τ,p

(
M1

β,τ,p

)
.

Similarly,

Mn
β,τ,p = Mβ,τ,p

(
Mn−1

β,τ,p

)
= ξp +

∞∑
k=p+1

[
p+ (k − p) τ

p

]n [k + β

p+ β

]n
akξ

k , (β, τ ≥ 0, n ∈ N0).

(1.5)
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We further let SMn
β,τ,p = Mn

β,τ,p ∩ T , where T = f ∈ A : f(ξ) = ξ −
∑∞

k=p+1 akξ
k , which is lies

in U = {ξ : |ξ| < 1} is asubclass of A introduced and studied by Silverman [39].

SMn
β,τ,p = ξp −

∞∑
k=p+1

[
p+ (k − p) τ

p

]n [k + β

p+ β

]n
akξ

k , (β, τ ≥ 0, n ∈ N0). (1.6)

Remark 1.1. The multiplier transformation operator Mn
β,τ,p is obtained for positive coefficient

of multivalent function class Sn
b,λ,δ,p(ϕ(ζ)); Byeon et al. [13] explored this transformation (1.6).

The operator In
β was explored by Cho and Srivastava [15] for τ = 0, and p = 1 in (1.6).

According to Uralegaddi et al. [45], the differential operator for τ = 0, p = 1, and β = 1 in
(1.6) is In.

The operator Dn, which was stated by Salagean [33], is found for β = 0, τ = 0, and p = 1 in
(1.6).

I−n, which was suggested by Flett [16], is obtained for β = 0, τ = 0, p = 1, n = −n in (1.6).

Definition 1.1. Let T n
b,β,τ,p(µ) represents the subclass of Ap, which consists of the functions

f(ξ) satisfying the condition

Re

(
1 +

1

b

(
ξ
p(SM

n
β,τ,p)

′

SMn
β,τ,p

− 1

))
> µ, (1.7)

where n ∈ N0, 0 ≤ µ < 1,∀ξ ∈ U and β, τ ≥ 0, b ∈ C − {0}.

The motivation behind this study stems from the ongoing interest in characterizing multiva-
lent analytic functions with negative coefficients, particularly those governed by transformation
operators that generalize classical forms. While various subclasses have been introduced through
differential and integral operators, the incorporation of the generalized multiplier transforma-
tion operator Mn

β,τ,p provides a novel analytical pathway. This operator introduces additional
flexibility through its parameters, allowing for a more refined control over function behavior.
The novelty of this work lies in the definition and systematic investigation of the subclass
SMn

b,β,τ,p(µ), which has not been previously studied in the literature. By deriving sharp co-
efficient estimates, distortion theorems, geometric radii, and partial sum bounds, this research
fills a gap in geometric function theory and establishes a foundation for further analytical and
graphical explorations in complex analysis.

2. Estimation of coefficients

The concept of multivalent functions is crucial for complex analysis, which is usually defined on
a complex plane. It has certain characteristics that make it intriguing for a variety of reasons.
In this case, estimating the coefficients of such functions is traditional, or more precisely, their
inequalities. This can be crucial when working with functions such as the Riemann surface. It
is also useful in deciphering how branch points behave.

Theorem 2.1. Let f(ξ) ∈ T n
b,β,τ,p(µ), then

∞∑
k=p+1

∣∣∣∣((1− µ)pb+ (k − p)

p

)∣∣∣∣Ck |ak | ≤ (1− µ) |b| ,where Ck =

[
p+ (k − p) τ

p

]n [k + β

p+ β

]n
.

(2.1)
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Proof. Let

R(ξ) = 1 +
1

b

(
ξ
p(SM

n
β,τ,p)

′

SMn
β,τ,p

− 1

)
− µ

= 1 +

ξ
p(SM

n
β,τ,p)

′ − (1 + µb)SMn
β,τ,p

bSMn
β,τ,p

.

By the well known condition of the class,

R(ξ) ≺ 1 + ξ

1− ξ
. (2.2)

There exists a Schwarz function w(ξ) satisfying w(0) = 0. Specifically, |w(ξ)| < 1, ensuring that

R(ξ) =
1 + w(ξ)

1− w(ξ)
.

This states that

w(ξ) =
R(ξ)− 1

R(ξ) + 1
.

Then

|w(ξ)| =
∣∣∣∣R(ξ)− 1

R(ξ) + 1

∣∣∣∣ < 1. (2.3)

Substitute (2.2) in (2.3), we get∣∣∣∣R(ξ)− 1

R(ξ) + 1

∣∣∣∣ =
∣∣∣∣∣

ξ
p(SM

n
β,τ,p)

′ − (1 + µb)SMn
β,τ,p

ξ
p(SM

n
β,τ,p)

′ − (1 + µb− 2b)SMn
β,τ,p

∣∣∣∣∣
=

∣∣∣∣∣ ξp −
∑∞

k=p+1
k
pCkakξ

k − (1 + µb)ξp +
∑∞

k=p+1(1 + µb)Ckakξ
k

ξp −
∑∞

k=p+1
k
pCkakξk − (1 + µb− 2b)ξp +

∑∞
k=p+1(1 + µb− 2b)Ckakξk

∣∣∣∣∣
=

∣∣∣∣∣ −µb+
∑∞

k=p+1(1 + µb− k
p )Ckakξ

k−p

(2− µ)b+
∑∞

k=p+1(1 + µb− 2b− k
p )Ckakξk−p

∣∣∣∣∣
≤

µ |b|+
∑∞

k=p+1

∣∣∣(1 + µb− k
p )
∣∣∣Ck |ak|

∣∣ξk−p
∣∣

(2− µ) |b| −
∑∞

k=p+1

∣∣∣(1 + µb− 2b− k
p )
∣∣∣Ck |ak| |ξk−p|

.

The expression is bounded by 1, provided that

µ |b|+
∞∑

k=p+1

∣∣∣∣(1 + µb− k

p
)

∣∣∣∣Ck |ak| ≤ (2− µ) |b| −
∞∑

k=p+1

∣∣∣∣(1 + µb− 2b− k

p
)

∣∣∣∣Ck |ak| .

Then,
∞∑

k=p+1

∣∣∣∣((1− µ)pb+ (k − p)

p

)∣∣∣∣Ck |ak| ≤ (1− µ) |b| .

Hence, equation (2.1) holds.
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Corollary 2.1. Let f ∈ T n
b,β,τ,p(µ), then

|ak | ≤
(1− µ) |b|∣∣∣( (1−µ)pb+(k−p)

p

)∣∣∣Ck

,

and the equality is estimated for the function f(ξ), which is given by

f(ζ) = ζp − (1− µ)b(
(1−µ)bp+(k−p)

p

)(
p+(k−p)τ

p

)n (
β+k
p+β

)n · ζk, k ≥ p+ 1. (2.4)

3. Extreme points

The extreme points of the class T n
b,β,τ,p(µ) are determined.

Theorem 3.1. Let

fp(ξ) = ξp, fk (ξ) = ξp − (1− µ) |b|
Cβ

ξk , k = p+ 1, p+ 2, ...,

where

Cβ =
∞∑

k=p+1

∣∣∣∣((1− µ)pb+ (k − p)

p

)∣∣∣∣Ck.

Then, f ∈ T n
b,β,τ,p(µ) only when it is in the form

f(ξ) = ρpfp(ξ) +

∞∑
k=p+1

ρkfk (ξ),

where ρk ≥ 0 and ρp = 1−
∑∞

k=p+1 ρk .

Proof. Assume that

f(ξ) = ρpfp(ξ)−
∞∑

k=p+1

ρkfk (ξ).

Then

f(ξ) =

1−
∞∑

k=p+1

ρk

 ξp +

∞∑
k=p+1

ρk

(
ξp − (1− µ) |b|

Cβ
ξk
)

= ξp −
∞∑

k=p+1

ρk
(1− µ) |b|

Cβ
ξk

=

∞∑
k=p+1

ρk
(1− µ) |b|

Cβ
Cβ

= (1− µ) |b|
∞∑

k=p+1

ρk

= (1− µ) |b| (1− ap)

< (1− µ) |b| ,
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which implies that

f ∈ T n
b,β,τ,p(µ).

Conversely, consider this

f ∈ T n
b,β,τ,p(µ),

while

|ak | ≤
(1− µ) |b|

Cβ
, k = p+ 1, p+ 2, ....

Let

ρk ≤
Cβ

(1− µ) |b|
ak , ρp = 1−

∞∑
k=p+1

ρk .

Then

f(ξ) = ξp −
∞∑

k=p+1

akξ
k ,

f(ξ) = (ρp +

∞∑
k=p+1

ρk )ξ
p −

∞∑
k=p+1

ρk
(1− µ) |b|

Cβ
ξk

= ρpfp(ξ) +
∞∑

k=p+1

ρk{ξk −
(1− µ) |b|

Cβ
ξk}

= ρpfp(ξ) +
∞∑

k=p+1

ρkfk (ξ).

Hence the result is sharp.

Corollary 3.1. The extremal points of T n
b,β,τ,p(µ) correspond to the functions fp(ξ) = ξp and

f(ξ) = ξp − (1− µ)|b|∣∣∣ (1−µ)pb+(k−p)
p

∣∣∣Ck

ξk, k ≥ p+ 1.

4. Growth and distortion theorems

Both growth and distortion theorems are fundamental in analyzing, describing, and connect-
ing the behavior of multivalent functions to the geometric properties of the complex plane.
These theorems provide valuable insights for mathematicians and researchers exploring complex
analytic functions, particularly in understanding their effects on the size and shape of curves
and regions within the complex plane. In this section, the growth and distortion bounds for
f ∈ T n

b,β,τ,p(µ) has been obtained.

Theorem 4.1. If f ∈ T n
b,β,τ,p(µ),then

ρp − (1− µ) |b|∣∣∣1+µbp−bp
p

∣∣∣ [p+τ
p

]n [
p+1+β
p+β

]n ρp+1 ≤ |f(ξ)| ≤ ρp +
(1− µ) |b|∣∣∣1+µbp−bp

p

∣∣∣ [p+τ
p

]n [
p+1+β
p+β

]n ρp+1 (4.1)
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|z| = ρ < 1, provided k ≥ p+ 1. The result becomes sharp for

R(ξ) = ξp − (1− µ) |b|∣∣∣1+µbp−bp
p

∣∣∣ [p+τ
p

]n [
p+1+β
p+β

]n ξp+1.

Proof. By exploiting inequalities (2.1) for f ∈ T n
b,β,τ,p(µ) together with∣∣∣∣1 + µbp− bp

p

∣∣∣∣ [p+ τ

p

]n [p+ 1 + β

p+ β

]n
≤
∣∣∣∣((1− µ)pb+ (k − p)

p

)∣∣∣∣ (p(β + k) + (k − p)(β + k)τ

p(p+ β)

)n

,

equation (4.2) is obtained∣∣∣∣1 + µbp− bp

p

∣∣∣∣ [p+ τ

p

]n [p+ 1 + β

p+ β

]n ∞∑
k=p+1

ak

≤
∣∣∣∣((1− µ)pb+ (k − p)

p

)∣∣∣∣ (p(β + k) + (k − p)(β + k)τ

p(p+ β)

)n ∞∑
k=p+1

ak

≤ (1− µ) |b| ,
∞∑

k=p+1

ak ≤ (1− µ) |b|∣∣∣1+µbp−bp
p

∣∣∣ [p+τ
p

]n [
p+1+β
p+β

]n . (4.2)

By employing (4.2) for the function R(ξ) = ξp−
∑∞

k=p+1 akξ
k ∈ T n

b,β,τ,p(µ), with |ξ| = ρ, implies

|R(ξ)| = ρp +
∞∑

k=p+1

akρ
k

≤ ρp + ρp+1
∞∑

k=p+1

ak

≤ ρp +
(1− µ) |b|∣∣∣1+µbp−bp

p

∣∣∣ [p+τ
p

]n [
p+1+β
p+β

]n ρp+1,

and similarly,

|R(ξ)| ≥ ρp − (1− µ) |b|∣∣∣1+µbp−bp
p

∣∣∣ [p+τ
p

]n [
p+1+β
p+β

]n ρp+1,

which proves assertion (4.1) of theorem (4.1).

Hence, the bound in theorem (4.1) is attained for the extremal function given by

f(ξ) = ξp − (1− µ) |b|∣∣∣( (1−µ)pb+(k−p)
p

)∣∣∣Ck

ξk , k ≥ p+ 1.
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Theorem 4.2. If f ∈ T n
b,β,τ,p(µ),then

pρp−1− (p+ 1)(1− µ) |b|∣∣∣1+µbp−bp
p

∣∣∣ [p+τ
p

]n [
p+1+β
p+β

]n ρp ≤ ∣∣f ′(ξ)
∣∣ ≤ pρp−1+

(p+ 1)(1− µ) |b|∣∣∣1+µbp−bp
p

∣∣∣ [p+τ
p

]n [
p+1+β
p+β

]n ρp, (4.3)

|z| = ρ < 1, provided k ≥ p+ 1. It is obvious that the final result becomes sharp for

R(ξ) = ξp − (1− µ) |b|∣∣∣1+µbp−bp
p

∣∣∣ [p+τ
p

]n [
p+1+β
p+β

]n ξp+1.

Proof. From employing an inequality (2.1) for f ∈ T n
b,β,τ,p(µ), the following relation has been

obtained
∞∑

k=p+1

ak ≤ (1− µ) |b|∣∣∣1+µbp−bp
p

∣∣∣ [p+τ
p

]n [
p+1+β
p+β

]n .
Equation (4.2), gives

∞∑
k=p+1

kak ≤ (p+ 1)(1− µ) |b|∣∣∣1+µbp−bp
p

∣∣∣ [p+τ
p

]n [
p+1+β
p+β

]n .
For the function R(ξ) = ξp −

∑∞
k=p+1 akξ

k ∈ T n
b,β,τ,p(µ), then

|f ′(ξ)| = pρp−1 +

∞∑
k=p+1

kakρ
k−1

≤ pρp−1 + ρp
∞∑

k=p+1

kak

≤ pρp−1 +
(p+ 1)(1− µ) |b|∣∣∣1+µbp−bp
p

∣∣∣ [p+τ
p

]n [
p+1+β
p+β

]n ρp,
and similarly,

|f ′(ξ)| ≥ pρp−1 − (p+ 1)(1− µ) |b|∣∣∣1+µbp−bp
p

∣∣∣ [p+τ
p

]n [
p+1+β
p+β

]n ρp.
which proves that the assertion (4.3) of theorem (4.2).

Thus, for the extremal function provided by, the bound in theorem (4.2) is reached

f(ξ) = ξp − (1− µ) |b|∣∣∣( (1−µ)pb+(k−p)
p

)∣∣∣Ck

ξk , k ≥ p+ 1.

5. Convexity and starlikeness

A function is considered convex if it maps the unit disk onto a convex domain [5, 6, 26, 27]. A
function is considered starlike when all line segments traced from the origin to any point in the
image remain completely inside the image. This property is crucial for a number of complex
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analysis and conformal mapping applications. Convexity is important for multivalent functions
because it guarantees some geometric aspects of the image domain that can be used to generalize
the behavior of these functions. In terms of growth, distortion, and covering theorems, these
stronger conditions frequently produce higher estimates and crisper results.

Theorem 5.1. Let f ∈ T n
b,β,τ,p(µ), then the class consists of convex functions.

Proof. Assume that

fj(ξ) = ξp −
∞∑

k=p+1

ak ,jξ
k , ak ,j ≥ 0, j = 1, 2,

with f ∈ T n
b,β,τ,p(µ).

It must be demonstrated that

h(ξ) = (β + 1)f1(ξ)− βf2(ξ), 0 ≤ β ≤ 1,

while

h(ξ) = ξp −
∞∑

k=p+1

[(1 + β)ak ,1 − βak ,2] ξ
k ,

this leads to

∞∑
k=p+1

∣∣∣∣((1− µ)pb+ (k − p)

p

)∣∣∣∣Ck(1 + β)ak ,1

−
∣∣∣∣((1− µ)pb+ (k − p)

p

)∣∣∣∣Ckβak ,2

≤ (1 + β)(1− µ) |b| − β(1− µ) |b|
≤ (1− µ) |b| .

Thus
h ∈ T n

b,β,τ,p(µ).

Hence T n
b,β,τ,p(µ) is called convex.

Theorem 5.2. If f ∈ T n
b,β,τ,p(µ), then f is p-valently convex of order γ in the disk. |ξ| < ρ2,

where

ρ2 := inf

p(p− γ)
∣∣∣( (1−µ)pb+(k−p)

p

)∣∣∣Ck

k(k − γ)(1− µ) |b|


1

k−p

, (k ≥ p+ 1).

For every k, the maximum value for |z| is sharp, and the extreme function is of the form (2.4).

Proof. Assuming f is an orderly convex of γ and that f ∈ T n
b,β,τ,p(µ), proof of this is needed.∣∣∣∣1 + ξf ′′(ξ)

f ′(ξ)
− p

∣∣∣∣ < p− γ |ξ| < ρ2. (5.1)

Now, the equation (5.1) gives∣∣∣∣1 + ξf ′′(ξ)

f ′(ξ)
− p

∣∣∣∣ = ∣∣∣∣f ′(ξ) + ξf ′′(ξ)− pf ′(ξ)

f ′(ξ)

∣∣∣∣ ≤
∑∞

k=p+1 k(k − p)ak |ξ|k−p

p−
∑∞

k=p+1 kak |ξ|
k−p

. (5.2)
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From (5.1) and (5.2), then

∞∑
k=p+1

k(k − γ)

p(p− γ)
ak |ξ|k−p ≤ 1. (5.3)

Hence, (5.1) implies that (5.3) is true if

|z| ≤

p(p− γ)
∣∣∣( (1−µ)pb+(k−p)

p

)∣∣∣Ck

k(k − γ)(1− µ) |b|


1

k−p

, (k ≥ p+ 1). (5.4)

Setting |ξ| = ρ2 in (5.4), the result follows. The sharpness can be verified.

Theorem 5.3. If f ∈ T n
b,β,τ,p(µ), then the extremal function f said to be p-valently starlike of

order γ (0 ≤ γ < p) in the disc |ξ| < ρ3, where

ρ3 := inf

(p− γ)
∣∣∣( (1−µ)pb+(k−p)

p

)∣∣∣Ck

(k − γ)(1− µ) |b|


1

k−p

, (k ≥ p+ 1).

For every k, the bound for |z| is sharp, and the extreme function is of the type (2.4).

Proof. It is required to demonstrate that f is described as an organized starlike structure of
γ if f ∈ T n

b,β,τ,p(µ), ∣∣∣∣ξf ′(ξ)

R(ξ)
− p

∣∣∣∣ < p− γ ; |ξ| < ρ3. (5.5)

Now, the LHS of the equation (5.5) derived as

∣∣∣∣ξf ′(ξ)

R(ξ)
− p

∣∣∣∣ = ∣∣∣∣ξf ′(ξ)− pR(ξ)

R(ξ)

∣∣∣∣ ≤
∑∞

k=p+1(k − p)ak |ξ|k−p

1−
∑∞

k=p+1 ak |ξ|
k−p

. (5.6)

From (5.5) and (5.6), the equation becomes

∞∑
k=p+1

(k − γ)

(p− γ)
ak |ξ|k−p ≤ 1. (5.7)

According to (5.5), it follows that (5.7) is true if

|z| ≤

(p− γ)
∣∣∣( (1−µ)pb+(k−p)

p

)∣∣∣Ck

(k − γ)(1− µ) |b|


1

k−p

, (k ≥ p+ 1). (5.8)

The outcome is as follows when |ξ| = ρ3 in (5.8) is defined. It provides an evidence of the
sharpness.
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6. Partial sums

For estimating, examining, and analysing multivalent functions, partial sums are a helpful tool.
They shed light on boundary behaviour, convergence, and coefficient estimations, particularly
in the vicinity of the unit disc or other domains. These sums aid in the identification of extreme
circumstances and the approximation of boundary behaviour, such as the argument’s and mod-
ulus’ expansion. Partial sums aid in demonstrating uniform convergence on certain domains by
examining the rate of convergence of series for multivalent functions, guaranteeing that charac-
teristics such as analyticity are maintained in the limit. The connection between the form (1.3)
and its sequence of partial sums is examined in this section.

f(ξ) = ξp (6.1)

and

fk (ξ) = ξp −
n∑

k=p+1

akξ
k , k = p+ 1, p+ 2, p+ 3, ..., (6.2)

when the coefficients meet the corresponding criteria by being sufficiently small.

∞∑
k=p+1

∣∣∣∣((1− µ)pb+ (k − p)

p

)∣∣∣∣Ck |ak | ≤ (1− µ) |b| . (6.3)

It can be written as
∞∑

k=p+1

Υk |ak | ≤ 1, (6.4)

where

Υk =

(∣∣∣( (1−µ)pb+(k−p)
p

)∣∣∣Ck

)
(1− µ) |b|

. (6.5)

Then f ∈ T n
b,β,τ,p(µ).

Theorem 6.1. If f ∈ T n
b,β,τ,p(µ), satisfying (6.4), then

Re

(
f(ξ)

fk (ξ)

)
≥ 1− 1

Υn+1
.

Proof. Evidently, Υk+1 > Υk > 1, k = p+ 1, p+ 2, p+ 3, ...,

By using (1.3),
n∑

k=p+1

|ak |+Υn+1

∞∑
k=n+1

|ak | ≤
∞∑

k=p+1

Υk |ak | ≤ 1.

Let

Ω1 (ξ) = Υn+1

[
f(ξ)

fk (ξ)
−
(
1− 1

Υn+1

)]
.

Through straightforward calculation,∣∣∣∣Ω1 (ξ)− 1

Ω1 (ξ) + 1

∣∣∣∣ ≤ Υn+1
∑∞

k=n+1 |ak |
2− 2

∑n
k=p+1 |ak | −Υn+1

∑∞
k=n+1 |ak |

≤ 1, (6.6)
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which gives,

Re

(
f(ξ)

fk (ξ)

)
≥ 1− 1

Υn+1
.

Theorem 6.2. If f ∈ T n
b,β,τ,p(µ) and satisfies (6.4). Then

Re

(
fk (ξ)

f(ξ)

)
≥ Υn+1

1 + Υn+1
.

Proof. It is obvious that Υk+1 > Υk > 1, k = p+ 1, p+ 2, p+ 3, ....

Let

Ω2 (ξ) = (1 + Υn+1)

[
fk (ξ)

f(ξ)
−
(

Υn+1

1 + Υn+1

)]
.

By using simple calculations,∣∣∣∣Ω2 (ξ)− 1

Ω2 (ξ) + 1

∣∣∣∣ ≤ (1 + Υn+1)
∑∞

k=n+1 |ak |
2− 2

∑n
k=p+1 |ak | − (1 + Υn+1)

∑∞
k=n+1 |ak |

≤ 1. (6.7)

Hence, the result

Re

(
fk (ξ)

f(ξ)

)
≥ Υn+1

1 + Υn+1
.

Theorem 6.3. If f ∈ T n
b,β,τ,p(µ), satisfying (6.4),then

Re

(
f ′(ξ)

f ′
k (ξ)

)
≥ 1− n+ 1

Υn+1
.

Proof. Certainly, Υk+1 > Υk > 1, k = p+ 1, p+ 2, p+ 3, ....

Let

Ω3 (ξ) = Υn+1

[
f ′(ξ)

f ′
k (ξ)

−
(
1− n+ 1

Υn+1

)]
.

By using simple calculation, we obtain∣∣∣∣Ω3 (ξ)− 1

Ω3 (ξ) + 1

∣∣∣∣ ≤ Υn+1

n+1

∑∞
k=n+1 k |ak |

2− 2
∑n

k=p+1 k |ak | −
Υn+1

n+1

∑∞
k=n+1 k |ak |

≤ 1, (6.8)

which gives,

Re

(
f ′(ξ)

f ′
k (ξ)

)
≥ 1− n+ 1

Υn+1
.

Theorem 6.4. If f ∈ T n
b,β,τ,p(µ), satisfying (6.4), then

Re

(
f ′
k (ξ)

f ′(ξ)

)
≥ Υn+1

n+ 1 + Υn+1
.
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Proof. Certainly, Υk+1 > Υk > 1, k = p+ 1, p+ 2, p+ 3, .... Let

Ω4 (ξ) = ((n+ 1) + Υk )

[
f ′
k (ξ)

f ′(ξ)
−
(

Υn+1

n+ 1 + Υn+1

)]
.

By using simple calculation, is obtained

∣∣∣∣Ω4 (ξ)− 1

Ω4 (ξ) + 1

∣∣∣∣ ≤
(
1 + Υn+1

n+1

)∑∞
k=n+1 k |ak |

2− 2
∑n

k=p+1 k |ak | −
(
1 + Υn+1

n+1

)∑∞
k=n+1 k |ak |

≤ 1, (6.9)

which gives,

Re

(
f ′
k (ξ)

f ′(ξ)

)
≥ Υn+1

n+ 1 + Υn+1
.

7. The geometrical projection and discussion

7.1. Geometric interpretation of modulus and phase

Complex functions are mathematical functions that operate on complex numbers, which consist
of both a real and an imaginary part. When we input a complex number into such a function,
it returns another complex number. These functions are difficult to graph because they involve
two input and two output dimensions.

One important application of complex functions is conformal mapping, which preserves an-
gles while possibly changing other properties like distances. This is often illustrated with phase
(angle) and absolute value (distance) diagrams. The absolute value of a complex number shows
its distance from the origin in the complex plane, while the phase indicates the angle it makes
with the positive real axis. In various fields like signal processing, control theory, wave propa-
gation, and fluid dynamics, the magnitude (absolute value) and phase of complex functions are
important. The magnitude tells us about signal strength or field strength, and the phase tells
us about timing or position in a wave cycle. For multivalent functions, the phase and absolute
value help understand geometric properties, such as convexity and branching. These diagrams
are useful for visualizing the function’s behavior, especially for identifying key characteristics,
singularities, and transformations. In the context of the equation (2.4), the phase and absolute
value of the function are shown in diagrams (Figures 1-3), which help better understand its
behavior when different parameters are applied.

7.2. Discussion results

The behavior of the extremal function

f(ζ) = ζp − (1− µ)b(
(1−µ)bp+(k−p)

p

)(
p+(k−p)τ

p

)n (
β+k
p+β

)n · ζk, k ≥ p+ 1,

is illustrated for three representative parameter sets.
In the first case, depicted in Figure 1, we consider relatively small parameter values: µ = 0.1,

τ = 1, β = 1, with degrees p = 1 and k = 2. Under this configuration, the function retains a



3196 S. Thangamani, D. Baleanu, M. A. Yousif, P. O. Mohammed & M. Arab

predominantly quadratic profile. The correction term involving ζk contributes moderately, and
the corresponding denominator factor remains small. As a result, the higher-order correction
is perceptible but not dominant, yielding a smooth surface where the underlying monomial
structure is only slightly modified.

In the second case, illustrated in Figure 2, the parameters are increased to µ = 0.5, τ = 3,
β = 5, p = 3, and k = 4, introducing greater complexity. The larger values of τ and β amplify the
denominator, thereby diminishing the coefficient of the ζk term. Consequently, the correction
term exerts a weaker influence, and the function exhibits a more pronounced cubic shape with
only mild curvature contributed by the quartic component.

The third scenario, shown in Figure 3, explores a high-degree case with p = 10, k = 11,
µ = 0.5, τ = 3, β = 2, and b = 5. Here, the dominant behavior is governed by the base
term ζ10, while the correction term ζ11 introduces noticeable variations, particularly near the
complex boundary values of ζ. The increased degrees and intricate coefficient interplay lead to
pronounced oscillations or ripples in both the real and imaginary components of the function,
underscoring the sensitivity of its structure to parameter choices in high-degree settings.

Overall, the evolution of the function’s shape with respect to the parameters µ, τ, β, k, n, b,
and p confirms the theoretical expectation that the extremal function’s complexity and curvature
grow as the relative difference between k and p increases, and as the weighting structure becomes
more intricate.
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Figure 1. For µ = 0.1; τ = 1;β = 1; k = 2;n = 1; b = 1; p = 1.

8. Conclusions

In conclusion, this study introduces the subclass SMn
b,β,τ,p(µ) of multivalent analytic func-

tions with negative coefficients, defined via the generalized multiplier transformation operator
SMn

β,τ,p. The obtained results, including coefficient bounds, extreme points, distortion bounds,
radii of convexity and starlikeness, and sharp lower bounds on partial sums, provide a compre-
hensive mathematical framework for this subclass. The integration of graphical methods further
enhances the understanding of extremal functions by offering visual insights into the theoretical
constructs. These findings contribute to the broader field of geometric function theory and open
avenues for future exploration, such as extending the analysis to other transformation operators
or applying these results to problems in mathematical modeling and complex analysis.

Author contributions. Conceptualization, D.B., M.A., and M.A.Y.; Funding acquisition,
D.B. and M.A.; Investigation, M.A.Y. and P.O.M.; Methodology, S.T.; Project administration,



Multivalent functions with negative coefficients 3197

0

1

200

400

0.5 1

600

0.5

800

0

1000

0
-0.5

-0.5

-1 -1

-4

1 1

-2

0.5 0.5

0

0 0

2

-0.5 -0.5

4

-1 -1

Figure 2. For µ = 0.5; τ = 3;β = 5; k = 4;n = 4; b = 2; p = 3.

0

1

2

0.5 1

4

10
12

0.5

6

0

8

0
-0.5

-0.5

-1 -1

-2

1

-1

1

0

0.5
0.5

1

0

2

0

3

-0.5 -0.5

-1 -1

Figure 3. For µ = 0.5; τ = 3;β = 2; k = 11;n = 4; b = 5; p = 10.

P.O.M.; Software, M.A.Y.; Supervision, D.B., M.A., and S.T.; Writing – original draft, S.T.,
D.B. and M.A.Y.; Writing – review & editing, M.A. and P.O.M. All of the authors read and
approved the final manuscript.

Funding. This work was supported by the Deanship of Scientific Research, Vice Presidency
for Graduate Studies and Scientific Research, King Faisal University, Saudi Arabia [Grant No.
KFU262058].

Data availability statement. Data is contained within the article or supplementary material.

Acknowledgements. The authors would like to thanks the academic editor and the anonymous
referees.

Conflicts of interest. The authors declare no conflict of interest.

References

[1] R. Aghalary, R. M. Ali, S. B. Joshi and V. Ravichandran, Inequalities for analytic functions
defined by certain linear operators, Int. J. Math. Sci., 2005, 4(2), 267–274.

[2] J. W. Alexander, Functions which map the interior of the unit circle upon simple regions,
Ann. Math., 1915, 17, 12–22.



3198 S. Thangamani, D. Baleanu, M. A. Yousif, P. O. Mohammed & M. Arab

[3] E. E. Ali, R. M. El-Ashwah and R. Sidaoui, Application of subordination and superordina-
tion for multivalent analytic functions associated with differintegral operator, AIMS Math.,
2023, 8(5), 11440–11459.

[4] A. A. Amourah and F. Yousef, Some properties of a class of analytic functions involving a
new generalized differential operator, Bol. Soc. Paran. Mat., 2020, 38(6), 33–42.

[5] F. Azhar, M. I. Asjad, M. A. Yousif, I. A. Baloch, D. Baleanu and P. O. Mohammed,
Extensions and improvements of Jensen’s and majorization type inequalities for p-harmonic
convex functions, Contemp. Math., 2026, 7(2), 1915–1944.

[6] F. Azhar, M. I. Asjad, M. A. Yousif, A. A. Lupas, I. A. Baloch and P. O. Mohammed, A
novel family of discrete variant inequality for Jensen and Hermite–Hadamard types in the
p-harmonic convex function setting, Contemp. Math., 2026, 7(1), 940–964.

[7] S. D. Bernardi, A survey of the development of the theory of schlicht functions, 1952, 263–
287.

[8] S. D. Bernardi, Convex and starlike univalent functions, Trans. Amer. Math. Soc., 1969,
135, 429–446.

[9] L. Bieberbach, Uber einige extremal problem in gebiete der konformen abbildung, Math.
Ann., 1916, 77, 153–172.

[10] M. Biernacki, Les fonctions multivalentes, Bull. Amer. Math. Soc., 1942, 48, 640–641.

[11] L. de Branges, A proof of the Bieberbach conjecture, Acta Math., 1984, 154, 137–152.

[12] S. Bulut, Coefficient bounds for p-valently close-to-convex functions associated with vertical
strip domain, Korean J. Math., 2021, 29(2), 395–407.

[13] H. Byeon, M. Balamurugan, T. Stalin, V. Govindan, J. Ahmad and W. Emam, Some prop-
erties of subclass of multivalent functions associated with a generalized differential operator,
Sci. Rep., 2024, 14(1), 8760.

[14] N. E. Cho, J. Patel and G. P. Mohapatra, Argument estimates of certain multivalent func-
tions involving a linear operator, Int. J. Math. Math. Sci., 2002, 31, 659–673.

[15] N. E. Cho and H. M. Srivastava, Argument estimates of certain analytic functions defined
by a class of multiplier transformations, Math. Comput. Model., 2003, 37(1–2), 39–49.

[16] T. M. Flett, The dual of an inequality of Hardy and Littlewood and some related inequalities,
J. Math. Anal. Appl., 1972, 38(3), 746–765.

[17] G. M. Goluzin, Geometric theory of functions of a complex variable, American Mathematical
Society, 1969, 26.

[18] S. H. Hadi, M. Darus and J. R. Lee, Some geometric properties of multivalent functions
associated with a new generalized q-Mittag-Leffler function, AIMS Math., 2022, 7(7), 11772–
11783.

[19] W. K. Hayman, Multivalent Functions, Cambridge University Press, Cambridge, 1958.

[20] W. K. Hayman, Survey article–coefficient problems for univalent functions and related func-
tion classes, J. London Math. Soc., 1966, 1(1), 550–550.

[21] J. A. Jenkins, Univalent Functions and Conformal Mapping, Springer-Verlag, Berlin, 1958;
Russian Translation, IL, Moscow, 1962.



Multivalent functions with negative coefficients 3199

[22] N. Khan, B. Khan, Q. Z. Ahmad and S. Ahmad, Some convolution properties of multivalent
analytic functions, AIMS Math., 2017, 2(2), 260–268.

[23] Q. Khan, M. Arif, B. Ahmad and H. Tang, On analytic multivalent functions associated
with lemniscate of Bernoulli, AIMS Math., 2020, 5(3), 2261–2271.

[24] P. Koebe, Uber die Uniformisierung beliebiger analytischer Kurven, Nachrichten von der
Gesellschaft der Wissenschaften zu Gottingen, Mathematisch-Physikalische Klasse, 1907,
191–210.

[25] R. J. Libera, Some classes of regular univalent functions, Proc. Math. Soc., 1965, 16, 755–
758.

[26] S. Mehmood, D. Baleanu, M. A. Yousif, P. O. Mohammed, A. Abbas and N. Chorfi, Some
new inequalities involving generalized convex functions in the Katugampola fractional set-
ting, Contemp. Math., 2025, 6(4), 4483–4500.

[27] S. Mehmood, P. O. Mohammed, A. Kashuri, N. Chorfi, S. A. Mahmood and M. A. Yousif,
Some new fractional inequalities defined using cr-log-h-convex functions and applications,
Symmetry, 2024, 16(4), 407.
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