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BIFURCATION ANALYSIS OF A DELAYED PREDATOR-PREY

MODEL WITH GLOBAL WARMING, WIND FLOW, HUNTING
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Abstract The impacts of abiotic factors on species are of great research significance. With
the intensification of global warming, the interactions among species have become increasing
complex. Meanwhile, species activities can exacerbate global warming, which in turn exerts
multifaceted influences on the environmental carrying capacity of species, the predation
processes, etc. Wind flow is an omnipresent component of the natural environment, and
existing studies have indicated that wind speed exerts a notable influence on the predation
efficiency of predators for their prey. Although abiotic factors are ubiquitous in nature,
studies investigating their impacts on species interactions remain relatively scarce. In this
paper, we propose a delayed predator-prey model that incorporates global warming and wind
flow, as well as other factors including hunting cooperation and fear effect. First, we discuss
the non-delayed model and prove the positivity and boundedness of the solutions. Then,
the analysis of the related characteristic equations enables us to examine the existence and
local stability of four equilibria. We also discuss the existence of bifurcations near different
equilibria. For the model with time delay, the local stability of the positive equilibrium and
the existence of Hopf bifurcation are addressed in our discussion. Furthermore, we analyze
the direction of Hopf bifurcation and the stability of the periodic solutions by the center
manifold theorem and normal form method. Finally, some numerical simulations are given
to support our findings.
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1. Introduction

Interactions between predators and prey are universally existent in nature. Mathematical mod-
eling of such interaction has become a crucial focus in the fields of ecology and biology. The
classical predator-prey model was initially introduced by Lotka and Volterra [19,45]. To enrich
the Lotka-Volterra model, many factors have been incorporated such as functional response,
harvesting, refuge, fear effect, etc. [26, 27,29,33].

In a predator-prey system, the functional response is defined as the per capita feeding rate
of predators on their prey and serves as a crucial driver of population dynamics. Several schol-
ars have conducted research using various types of functional responses, such as Holling types
I-IV [9, 26, 33, 48] where Holling type I and type II functional responses are often used to ana-
lyze invertebrates, Holling type III functional responses are commonly applied to the analysis
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of vertebrates, while Holling type IV functional responses are suitable for situations where prey
density is excessively high, which in turn disrupts the predation process. The Lotka-Volterra
model assumes that the per capita growth rate of predators depends on prey density. For in-
stance, Holling type II functional response p(x) = ex

x+m is widely employed in ecological models,
which is only dependent on prey populations. Here, x denotes the prey density, e represents
the predation efficiency, and m is the half-saturation constant. However, real-world scenar-
ios are considerably more complex. The ratio-dependent theory [1] posits that the per capita
growth rate of predators is related to the ratio of prey density to predator density. Replacing
x with x

y , the ratio-dependent Holling type II functional response p(x, y) = ex
x+my is obtained.

Many scholars have incorporated ratio-dependent functional responses into model construction
to investigate stability and bifurcation phenomena [34,47].

Hunting cooperation means predators capture prey more effectively through cooperation,
which can increase hunting success rates [5, 23, 37, 44]. This behavior is relatively common in
social hunting species. The impacts of predators can be direct or indirect. Predators can exert
direct impacts on prey populations through hunting, and can also cause indirect influence by
inducing fear in prey [24]. Fear effect refers to behavioral and stress-related physiological changes
in prey populations when predators are present. When prey perceive the presence of nearby
predators, they may adopt a series of anti-predator behaviors, such as altering their activity
patterns, shortening the time spent foraging, or moving to habitats with lower suitability to
avoid predation, etc. [4, 21, 36, 46]. This fear can obviously affect the reproduction of the prey
population.

With the deepening of research on population dynamics, abiotic factors such as global warm-
ing have been incorporated into the modeling. Global warming refers to a climatic phenomenon
where greenhouse gas emissions caused by human activities lead to a continuous rise in Earth’s
average temperature [12]. This phenomenon has numerous impacts on the relationships between
species. MacLean and Wilson [20] derived empirical evidence indicating that under the impact
of climate change, the probability of extinction for all species is 14%. Numerous studies have
indicated that global warming has impacts on species’ birth rates, food availability, carrying
capacity or fatality rate. In [40], an eco-epidemiological model was used to study the complex
dynamics of predator-prey system, which considers the impact of global warming on the growth
of both prey and predators. In [41], the researchers argued that the intensification of global
warming would lead to a decrease in the densities of prey and predator species by analyzing
a fractional-order model. Jawad et al. [13] established an ecological model to investigate the
impact of global warming on the mortality rates of bees and plants. The researchers studied an
ecological model in [37] which clarifies the predator-prey relationship and how global warming
affects the carrying capacity of the prey. A three-dimensional model considering global warming,
hunting cooperation, and fear effect was proposed in [39] as follows:

dx

dt
= x

(
r1

1 + ay

(
1− x

k1 − ξ1g

)
− (α+ βy + bg)y

h(α+ βy + bg)x+ 1

)
,

dy

dt
= y

(
r2

(
1− y

k2 − ξ2g

)
+

e (α+ βy + bg)x

h(α+ βy + bg)x+ 1
− µ1

)
,

dg

dt
= a1 + a2x+ a3y − µ2g,

(1.1)

in which x stands for the prey density, y represents the predator density and g is global warming
at time t. r1 and r2 are the logistic growth rate of prey and predator, respectively; a is the fear
effect, k1, k2 represent the carrying capacity of prey and predator, respectively; ξ1 and ξ2 denote
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the global warming effect on carrying capacity of prey and predator, respectively; α represents
the encounter rate and β denotes the intensity of predators’ cooperative hunting behavior, while
h is handling time; b represents the rate at which global warming influences the predation process
and µ1 stands for the mortality rate of predators; a1 is the density of global warming; a2 and
a3 are the contribution to global warming by prey and predator, respectively; µ2 is the global
warming decay rate. They visualized dynamic changes using bifurcation diagrams and observed
that the system undergoes different bifurcations as the value of ξ2, which associated with global
warming, increases. Through these analyses, we find that global warming exerts multifaceted
impacts on ecosystems, and incorporating it into model construction allows for the observation
of more complex dynamical phenomena.

In addition, wind is another persistent abiotic factor that cannot be ignored, as it can
change how predators conduct their predation based on wind speed. Examples can be cited
in different environments. Wind can influence the ability of species to perceive danger signals
from predators [8]. Klimczuk et al. [14] found that reed warblers may exhibit more cautious
behavior to avoid being blown off their nests or exposed to predators, during windy weather. To
a certain extent, wind may affect the capture rate of predators. Cherry and Barton [3] showed
that wind reduces animals’ ability to detect other animals. For predators, this leads to an
increase in the difficulty of detecting prey. Wind can reduce predator predation efficiency, which
means that prey populations are supported with the help of wind [16,43]. Thirthar et al. [38,42]
constructed predator-prey models incorporating wind effects and investigated various bifurcation
phenomena. The researchers in [2] established a system considering wind and herd behavior to
explore the impact of wind on the system and investigate various bifurcation phenomena of the
system. Generally speaking, the impact of wind needs to be considered when conducting an
ecosystem model.

In fact, all biological processes require time to complete. Therefore, it is necessary to consider
time delays when modeling biological processes [18, 28]. Delay differential equations exhibit
greater complexity. Time delays can alter the stability of the equilibria and cause fluctuations in
population sizes. Various types of time delays have been taken into account by some researchers
such as gestation delay [15,28], feedback delay [11,22], or different types of delays together [17,25].
They conducted research on the stability of equilibria, studied the presence of chaos, and explored
bifurcation phenomena such as Hopf bifurcation, sliding bifurcation, etc.

For the ratio-dependent functional response p(x, y) = ex
x+my , we incorporate the following

factors:

• Consider the impact of global warming g on the predation process.

• Incorporate the impacts of cooperative hunting on predation efficiency.

• Consider the impact of wind speed on the system. Use 1 + w to characterize the effect of
wind on the prey’s handling time, where w denotes the wind speed. The corresponding
biological implications are presented by:

(i) Without the existence of wind flow, the predator’s handling time for prey remains
constant.

(ii) In windy conditions, we assume that the predator’s handling time for prey increases
linearly with wind speed.

The functional response becomes:

p(x, y, g) =
e(1 + w)(α+ βy + bg)xy

(1 + w)(α+ βy + bg)x+my
.
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• Consider the fear response delay of prey.

Based on the work of [39] and the above analysis, we propose a mathematical model:

dx

dt
= x

(
r1

1 + ky(t− τ)

(
1− x

k1 − s1g

)
− (1 + w)(α+ βy + dg)y

(1 + w)(α+ βy + dg)x+my

)
,

dy

dt
= y

(
r2

(
1− y

k2 − s2g

)
+

e (1 + w)(α+ βy + dg)x

(1 + w)(α+ βy + dg)x+my
− d1

)
,

dg

dt
= b1 + b2x+ b3y − d2g.

(1.2)

The initial conditions for system (1.2) meet x(0) > 0, y(0) > 0, g(0) > 0, with all parameters
taking positive values. The biological descriptions of all parameters of system (1.2) are given in
Table 1.

The structure of this paper proceeds as follows. In Section 2, we prove that the solutions of
the model without time delay are positive and bounded, and derive the conditions for the exis-
tence and stability of four equilibria of the model. We also analyze the existence of bifurcations
around different equilibria. Next, we discuss the local stability of the interior equilibrium of the
delayed model and the existence of a Hopf bifurcation, followed by an exploration of its prop-
erties in Section 3. Numerical simulations are presented in Section 4 to support the theoretical
results. Finally, we present a conclusion to summarize the paper.

Table 1. The biological descriptions of all parameters of system (1.2).

Parameter Biological description Value

τ Fear response delay

r1 Birth rate of prey 0.7

r2 Birth rate of predator 0.17

k Fear effect 1

k1 Carrying capacity of prey 10

k2 Carrying capacity of predator 10

s1 Global warming effect on carrying capacity of prey 0.8

s2 Global warming effect on carrying capacity of predator 1.3

α The encounter rate 0.4

β Intensity of cooperative hunting among predators 0.1

m Saturation constant of half capture 2

w Wind flow 0.1

e Predation efficiency 0.5

d Global warming rate on predation process 0.1

d1 Death rate of predator 0.2

b1 Density of global warming 0.1

b2 Prey’s contribution to global warming 0.1

b3 Predator’s contribution to global warming 0.3

d2 Decay rate of global warming 0.2
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2. Dynamical analysis of the non-delayed model

Setting τ = 0, we get the non-delayed model:

dx

dt
= x

(
r1

1 + ky

(
1− x

k1 − s1g

)
− (1 + w)(α+ βy + dg)y

(1 + w)(α+ βy + dg)x+my

)
:= xG1(x, y, g),

dy

dt
= y

(
r2

(
1− y

k2 − s2g

)
+

e (1 + w)(α+ βy + dg)x

(1 + w)(α+ βy + dg)x+my
− d1

)
:= y G2(x, y, g),

dg

dt
= b1 + b2x+ b3y − d2g := G3(x, y, g).

(2.1)

Next, we will explore the positivity and boundedness of the solutions of system (2.1). Fol-
lowing this, we discuss the stability of all the equilibriums and the bifurcations around them.

2.1. Positivity and boundedness of the solution

Positivity represents the survival of the population, while boundedness implies that growth is
naturally constrained due to limited resources. So, it is of great importance to show the positivity
and boundedness.

Theorem 2.1. When x(0) = x0 > 0, y(0) = y0 > 0, g(0) = g0 > 0, the solution of system (2.1)
is positive.

Proof. By examining the first two equations in system (2.1), we obtain

x(t) = x(0) exp

(∫ t

0
G1(x(s), y(s), g(s)) ds

)
≥ 0,

y(t) = y(0) exp

(∫ t

0
G2(x(s), y(s), g(s)) ds

)
≥ 0.

For g, we have
dg

dt
+ d2g = b1 + b2x+ b3y.

Obviously, x(t) > 0, y(t) > 0, so dg
dt + d2g > 0. Assuming H(x(t), y(t)) = dg

dt + d2g, we can get

g(t) = e−d2t

∫ t

0
H(x(t), y(t))ed2tdt+ g(0)e−d2t > 0.

This proves that the solution (x(t), y(t), g(t)) remains positive with the initial conditions.
Then, we establish the uniform boundedness of all solutions to system (2.1) through the

theorem below.

Theorem 2.2. Under any conditions, every solution of system (2.1) exhibits uniform bounded-
ness in R3

+.

Proof. Let N = x+ y + g. By calculating its derivative, we have

dN

dt
=

dx

dt
+

dy

dt
+

dg

dt
.

According to system (2.1), we know

dN

dt
≤ x

(
r1

1 + k1y

(
1− x

k1 − s1g

))
+ yr2

(
1− y

k2 − s2g

)
+ b1 + b2x+ b3y − d2g − d1y.
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Because of r1 >
r1

1+k1y
, we can get

dN

dt
≤ r1x

(
1− x

k1

)
+ yr2 + b1 + b2x+ b3y − d2g.

Then, we add cN on both sides of the above inequality, where c ∈ R+. We have

dN

dt
+ cN ≤ r1x

(
1− x

k1

)
+ yr2 + b1 + b2x+ b3y + c (c− d2) g + cx+ cy,

dN

dt
+ cN ≤ (r1 + b2 + c)k1

2

(
1− ck1 + b2 + c

2r1

)
+ (b2 + c)

(
1− ck1 + b2 + c

2r1

)
:= ς.

Defining ς > 0, we have
dN

dt
+ cN ≤ ς.

With the theory of differential inequality [10], there are

0 < N(x, y, g) ≤ ς

c

(
1− e−ct

)
+N(x(0), y(0), g(0))e−ct.

So we obtain 0 < N < ς
c for t → ∞. In conclusion, all the solutions of system (2.1) are bounded

in the positive region

Z̄ =
{
(x, y, g) ∈ R3

+ : N ≤ ς

c

}
.

2.2. Equilibrium analysis

Obviously, system (2.1) possesses four non-negative equilibria.

(i) The extinction equilibrium:

E1 =

(
0, 0,

b1
d2

)
.

(ii) The predator free equilibrium:

E2 =

(
k1d2 − s1b1
d2 + b2s1

, 0,
b1 + b2k1
b2s1 + d2

)
.

E2 exists when k1d2 > s1b1.

(iii) The prey free equilibrium:

E3 =

(
0,

(r2 − d1)(k2 − s2G3)

r2
,
r2b1 + b3k2(r2 − d1)

r2d2 + s2b3(r2 − d1)

)
.

E3 exists if (r2 − d1)(k2 − s2G3) > 0 and G3 > 0, where G3 =
r2b1+b3k2(r2−d1)
r2d2+s2b3(r2−d1)

.

(iv) The interior equilibrium:
E4 = (x∗, y∗, g∗).

Using the second and third equations of system (2.1), we can express x∗ and g∗ in terms
of y. We have

x∗ =
d2g

∗ − b3y − b1
b2

:= M1(y),
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and g∗ is the root of the cubic equation below:

h1h4(g
∗)3 + (h2h4 + h1h5)(g

∗)2 + (h3h4 + h2h5 − h6)g
∗ + h3h5 − h7 = 0,

where
h1 = (1 + w)dd2, h2 = (1 + w)[d2(α+ βy)− d(b3y + b1)],

h3 = −(1 + w)(α+ βy)(b3y + b1), h4 = −s2(ey − d1 + r2y),

h5 = k2(ey − d1 + r2y)− r2y
2, h6 = b2my(r2s2y − d1s2),

h7 = b2my(r2y
2 + d1k2 − r2k2y).

Since g∗ can be expressed by y, we denote g∗ by M2(y). By substituting x∗ and g∗ into
the first equation of system (2.1), we obtain

M∗(y) =
r1

1 + ky

(
1− M1(y)

k1 − s1M2(y)

)
− (1 + w)[α+ βy + dM2(y)]y

(1 + w)[α+ βy + dM2(y)]M1(y) +my
.

Obviously,

M∗(0) = r1

(
1− M1(0)

k1 − s1M2(0)

)
,

M∗(a) =
r1

1 + ky

(
1− M1(a)

k1 − s1M2(a)

)
− (1 + w)[α+ βa+ dM2(a)]a

(1 + w)[α+ βa+ dM2(a)]M1(a) +ma
,

where a = min{k1, k2}.
By the intermediate value theorem, M∗(a) possesses a positive root (denoted y = y∗) in
the interval (0, a) if M∗(0) > 0,M∗(a) < 0 or M∗(0) < 0,M∗(a) > 0 is satisfied.

2.3. Stability analysis

In this part, we explore the local stability of different equilibria, and the corresponding local
stability analyses are as follows:

(i) The extinction equilibrium is E1 =
(
0, 0, b1

d2

)
, and the Jacobian matrix at this point is

JE1 =


r1 0 0

0 r2 − d1 0

b2 b3 −d2

 .

The corresponding characteristic equation is (λ− r1)(λ− r2 + d1)(λ+ d2) = 0. Obviously,
λ1 = r1 > 0, λ2 = r2 − d1, λ3 = −d2 < 0. Therefore E1 is a saddle which is unstable.

(ii) The predator free equilibrium is E2 =
(
k1d2−s1b1
d2+b2s1

, 0, b1+b2k1
b2s1+d2

)
. The corresponding Jacobian

matrix is presented as

JE2 =


−r1 −1 −r1s1

0 r2 + e− d1 0

b2 b3 −d2

 .
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The related characteristic equation at E2 is

(λ− r2 − e+ d1)(λ
2 +B1λ+B2) = 0,

where B1 = r1 + d2, B2 = r1(d2 + s1b2).
Let λ1 = r2 + e− d1. If r2 + e > d1, λ1 is positive and E2 is unstable. If r2 + e < d1, λ1 is
negative and E2 is stable.

(iii) The prey free equilibrium is E3 =
(
0, (r2−d1)(k2−s2G3)

r2
, r2b1+b3k2(r2−d1)
r2d2+s2b3(r2−d1)

)
. Jacobian matrix

can be presented at this equilibrium as:

JE3 =


r1

(kY3 + 1)
− (1 + w)(α+ βY3 + dG3)

m
0 0

e(1 + w)(α+ βY3 + dG3)

m
d1 − r2

−(r2 − d1)
2s2

r2

b2 b3 −d2

 ,

where Y3 =
(r2−d1)(k2−s2G3)

r2
and G3 =

r2b1+b3k2(r2−d1)
r2d2+s2b3(r2−d1)

.
By simple computation, the corresponding characteristic equation is

(λ− r1
(kY3 + 1)

+
(1 + w)(α+ βY3 + dG3)

m
)

× (λ2 + (d2 + r2 − d1)λ+ r2d2 − d1d2 +
(r2 − d1)

2s2b3
r2

) = 0.

The corresponding eigenvalues are λ1 =
r1

(kY3+1) −
(1+w)(α+βY3+dG3)

m , λ2,3 =
−B3±

√
B2

3−4B4

2 ,

where B3 = d2 + r2 − d1, B4 = r2d2 − d1d2 +
(r2−d1)2s2b3

r2
. If d2 + r2 < d1, we have B3 < 0,

which means E3 is unstable. If d2 + r2 > d1, we can get B3 > 0. Therefore, E3 exhibits
local asymptotic stability under the condition that r1

(kY3+1) <
(1+w)(α+βY3+dG3)

m .

(iv) The interior equilibrium is E4 = (x∗, y∗, g∗). For this equilibrium, the Jacobian matrix is
defined as:

JE4 =


t∗11 t

∗
12 t

∗
13

t∗21 t
∗
22 t

∗
23

t∗31 t
∗
32 t

∗
33

 .

where

t∗11 =
r1

1 + ky∗

(
1− 2x∗

k1 − s1g∗

)
− my∗2(1 + w)(α+ βy∗ + dg∗)

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2
,

t∗12 =
−kr1x

∗

(1 + ky∗)2

(
1− x∗

k1 − s1g∗

)
− x∗(1 + w)(α+ 2βy∗ + dg∗)

(1 + w)(α+ βy∗ + dg∗)x∗ +my∗

+
x∗y∗(1 + w)(α+ βy∗ + dg∗)[(1 + w)βx∗ +m]

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2
,

t∗13 = − s1x
∗2

(k1 − s1g∗)2
· r1
1 + ky∗

− (1 + w)dmy∗2x∗

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2
,
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t∗21 =
e(1 + w)(α+ βy∗ + dg∗)my∗2

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2
,

t∗22 = r2

(
1− 2y∗

k2 − s2g∗

)
+

ex∗(1 + w)(α+ 2βy∗ + dg∗)

(1 + w)(α+ βy∗ + dg∗)x∗ +my∗

− ex∗y∗(1 + w)(α+ βy∗ + dg∗)[(1 + w)βx∗ +m]

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2
− d1,

t∗23 =
−r2s2y

∗2

(k2 − s2g∗)2
+

e(1 + w)dmx∗y∗2

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2
,

t∗31 = b2, t∗32 = b3, t∗33 = −d2.

The corresponding characteristic equation is

λ3 + c1λ
2 + c2λ+ c3 = 0, (2.2)

with

c1 = −(t∗11 + t∗22 + t∗33),

c2 = t∗11t
∗
22 − t∗12t

∗
21 + t∗22t

∗
33 − t∗23t

∗
32 + t∗11t

∗
33 − t∗13t

∗
31,

c3 = −(t∗11t
∗
22t

∗
33 − t∗11t

∗
23t

∗
32 − t∗12t

∗
21t

∗
33 + t∗12t

∗
23t

∗
31 + t∗13t

∗
21t

∗
32 − t∗13t

∗
22t

∗
31),

and λ is the eigenvalue. According to the Routh-Hurwitz criterion, the equilibrium will be
locally asymptotically stable when the conditions c1 > 0, c3 > 0, and c1c2 > c3 are meet.

2.4. Transcritical bifurcation

Theorem 2.3. The extinction equilibrium E1 undergoes a transcritical bifurcation around d1 =
d1t = r2.

Proof. If d1 = d1t is chosen as the bifurcation parameter, the Jacobian matrix associated with
E1 will turn into

(JE1)|d1t =


r1 0 0

0 0 0

b2 b3 −d2

 .

It is obvious that the system possesses a zero eigenvalue. The eigenvectors associated with

this zero eigenvalue of (JE1)|d1t and its transpose (JE1)
T
∣∣
d1t

are presented by V =


0

d2

b3

 and

W =


0

1

0

 respectively. Let F (x, y, g) = (dxdt ,
dy
dt ,

dg
dt )

T = (y1, y2, y3)
T , through computation we
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have

Fd1(E1; d1t) =



∂y1
∂d1
∂y2
∂d1
∂y3
∂d1


(E1;d1t)

=


0

0

0

 ,

DFd1(E1; d1t)V =



∂y1d
∂x

∂y1d
∂y

∂y1d
∂g

∂y2d
∂x

∂y2d
∂y

∂y2d
∂g

∂y3d
∂x

∂y3d
∂y

∂y3d
∂g


(E1;d1t)

V =


0

−d2

0

 ,

D2F (E1; d1t)(V, V ) =


0

−2r2d
3
2

k2d2 − s2b1

0

 .

Also

W T [DFd1(E1; d1t)V ] = −d2 ̸= 0,

W T [D2F (E1; d1t)(V, V )] =
−2r2d

3
2

k2d2 − s2b1
̸= 0.

Utilizing the Sotomayor’s Theorem [30], we can prove that system (2.1) experiences a tran-
scritical bifurcation at d1 = d1t.

2.5. Hopf bifurcation

Theorem 2.4. There exists a critical value s∗2 of the effect of global warming on carrying ca-
pacity of predator s2 if

(i) ci(s
∗
2) > 0, i = 1, 2,

(ii) c3(s
∗
2)− c1(s

∗
2)c2(s

∗
2) = 0,

(iii)
(
c2

dc1
ds2

+ c1
dc2
ds2

− dc3
ds2

)∣∣∣
s2=s∗2

̸= 0,

are satisfied. Then the positive equilibrium E4 exhibits local asymptotic stability if s2 > s∗2, while
it is unstable if s2 < s∗2. Moreover, a Hopf bifurcation occurs at E4 if s2 = s∗2.

Proof. The value of the bifurcation parameter can be found if we set c3(s
∗
2)− c1(s

∗
2)c2(s

∗
2) = 0

in Eq. (2.2). Let s2 = s∗2, Eq. (2.2) can be rewritten as

(λ+ c1)(λ
2 + c2) = 0. (2.3)

Obviously, Eq. (2.3) possesses a real root λ1 = −c1 and a pair of conjugate virtual roots λ2,3 =
±i

√
c2. In a neighborhood of s∗2, the roots can be presented by λ1 = −c1, λ2,3 = δ1(s2)± iδ2(s2).

When s2 = s∗2, the positive equilibrium E4 has a pair of conjugate pure imaginary roots.
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Using the method presented in [31], we differentiate both sides of Eq. (2.2) regarding s2.

dλ

ds2
= −

dc1(s2)
ds2

λ2 + dc2(s2)
ds2

λ+ dc3(s2)
ds2

3λ2 + 2c1λ+ c2
,

Re

(
dλ

ds2

∣∣∣∣
λ=i

√
c2,s2=s∗2

)
=

2c2

(
c2

dc1(s2)
ds2

+ c1
dc2(s2)
ds2

− dc3(s2)
ds2

)
(dc3(s2)ds2

− dc1(s2)
ds2

c2)2 + c2(
dc2(s2)
ds2

)2

∣∣∣∣∣∣
s2=s∗2

.

If a critical value s∗2 exists for s2, satisfying(
c2
dc1
ds2

+ c1
dc2
ds2

− dc3
ds2

)∣∣∣∣
s2=s∗2

̸= 0,

we obtain

Re

(
dλ

ds2

∣∣∣∣
λ=i

√
c2,s2=s∗2

)
̸= 0,

which implies that the transversal condition is satisfied. Thus, the proof is concluded.

3. Dynamical analysis of the delayed model

3.1. Local stability and Hopf bifurcation

In this section, we discuss the existence of the Hopf bifurcation of delayed system (1.2). To
linearize the system (1.2) at equilibrium E4, let X̄(t) = x(t) − x∗, Ȳ (t) = y(t) − y∗, Ḡ(t) =
g(t)− g∗. Then we have

X̄(t) = a11X̄(t) + a12Ȳ (t) + a13Ḡ(t) + b12Ȳ (t− τ),

Ȳ (t) = a21X̄(t) + a22Ȳ (t) + a23Ḡ(t),

Ḡ(t) = a31X̄(t) + a32Ȳ (t) + a33Ḡ(t),

where

a11 =
r1

1 + ky∗

(
1− 2x∗

k1 − s1g∗

)
− my∗2(1 + w)(α+ βy∗ + dg∗)

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2
,

a12 = − x∗(1 + w)(α+ 2βy∗ + dg∗)

(1 + w)(α+ βy∗ + dg∗)x∗ +my∗
+

x∗y∗(1 + w)(α+ βy∗ + dg∗)[(1 + w)βx∗ +m]

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2
,

a13 = − s1x
∗2

(k1 − s1g∗)2
· r1
1 + ky∗

− (1 + w)dmy∗2x∗

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2
,

a21 =
e(1 + w)(α+ βy∗ + dg∗)my∗2

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2
,

a22 = r2

(
1− 2y∗

k2 − s2g∗

)
+

ex∗(1 + w)(α+ 2βy∗ + dg∗)

(1 + w)(α+ βy∗ + dg∗)x∗ +my∗

− ex∗y∗(1 + w)(α+ βy∗ + dg∗)[(1 + w)βx∗ +m]

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2
− d1,

a23 =
−r2s2y

∗2

(k2 − s2g∗)2
+

e(1 + w)dmx∗y∗2

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2
,
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a31 = b2, a32 = b3, a33 = −d2, b12 =
−kr1x

∗

(1 + ky∗)2

(
1− x∗

k1 − s1g∗

)
.

So, the characteristic equation is

λ3 + p2λ
2 + p1λ+ p0 + (q1λ+ q0)e

−λτ = 0, (3.1)

where

p0 = a13a31a22 + a32a23a11 + a33a21a12 − a11a22a33 − a21a32a13 − a31a23a12,

p1 = a11a22 + (a11 + a12)a33 − a13a31 − a32a23 − a21a12,

p2 = −(a11 + a22 + a33), q0 = a33a21b12 − a31a23b12, q1 = −a21b12.

In order to investigate the root distribution of Eq. (3.1), we continue the investigation by
discussing the following cases:

Case 1. τ = 0. In this case, Eq. (3.1) is reduced to

λ3 + p12λ
2 + p11λ+ p10 = 0, (3.2)

where

p12 = p2, p11 = p1 + q1, p10 = p0 + q0.

To ensure that all roots of Eq. (3.2) have negative real parts, we improve the condition
p12 > 0, p10 > 0, p12p11 > p10, which are denoted by (H1). Under condition (H1), the equilibrium
E4 is locally asymptotically stable.

Case 2. τ ̸= 0. Let iω(ω > 0) be a root of Eq. (3.1). Under this assumption, we haveq1ω sinωτ + q0 cosωτ = p2ω
2 − p0,

q1ω cosωτ − q0 sinωτ = ω3 − p1ω.
(3.3)

If we square each side of Eq. (3.3) and add the two squared expressions, respectively, we have

ω6 + e12ω
4 + e11ω

2 + e10 = 0, (3.4)

where
e12 = p22 − 2p1, e11 = p21 − 2p0p2 − q21, e10 = p20 − q20.

If we have ω2 = z, Eq. (3.4) becomes

z3 + e12z
2 + e11z + e10 = 0. (3.5)

Denote U(z) = z3 + e12z
2 + e11z + e10, then U(0) = e10, lim

z→+∞
U(z) = +∞, U ′(z) =

3z2 + 2e12z + e11. Using the approach presented in [32], we discuss the roots of Eq. (3.5) and
obtain the conditions below:

(H2) : e10 ≥ 0, ∆ = e212 − 3e11 ≤ 0,

(H3) : e10 ≥ 0, ∆ = e212 − 3e11 > 0, z∗ =
−e12 +

√
∆

3
> 0, U(z∗) ≤ 0,

(H4) : e10 < 0.
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Figure 1. Analysis of the number of solutions to Eq. (3.5) where the blue curve represents the function U(z)
and the red circle denotes its local minimum point z∗. (a) Eq. (3.5) has none positive root under (H2). (b) Eq.
(3.5) has two positive roots under (H3). (c) Eq. (3.5) has one positive root under (H4). (d) Eq. (3.5) has three
positive roots under (H4).

We plot the graphs of U(z) under the above conditions. There is no intersection between U(z)
and the positive half of the x-axis under the condition (H2). In Figure 1(b), since U(z∗) ≤ 0,
Eq. (3.5) may have one or two positive solutions. From Figure 1(c) and (d), Eq. (3.5) has at
least one positive solution if condition (H3) holds.

From the above analysis, the following lemma is obtained.

Lemma 3.1. For Eq. (3.5),

(1) If the condition (H2) is satisfied, there are no positive roots in Eq. (3.5).

(2) If the condition (H3) or the condition (H4) holds, Eq. (3.5) possesses at least one positive
root.

Assume there exist three positive roots for Eq. (3.5), and let these roots be denoted as z1, z2
and z3. So Eq. (3.4) possesses three positive roots ωk =

√
zk, k = 1, 2, 3. Through Eq. (3.3), we
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can express the critical time delay value as

τ
(j)
k =

1

ωk
arccos

(
A40ω

4
k +A20ω

2
k +A10

B20ω2
k +B10

)
+

2πj

ωk
, k = 1, 2, 3; j = 0, 1, 2, . . . , (3.6)

where A40 = q1, A20 = p2q0 − p1q1, A10 = −p0q0, B20 = q21, B10 = q20. Therefore, we regard

λ(τ) = ς(τ) + iω(τ) as a root of Eq. (3.1) with ς(τ
(j)
k ) = 0, ω(τ

(j)
k ) = ωk, and make τ0 =

min
k∈{1,2,3}

{τ (j)k }, ω0 = ωk.

To ensure the transversality condition holds, we require U ′(ω2
0) ̸= 0, which is denoted by

(H5). We subsequently establish the following lemma:

Lemma 3.2. If (H5) holds, then
dRe(λ)
dτ0

∣∣∣
λ=iω0

̸= 0 is obtained.

Proof. Taking derivative of Eq. (3.1) with regard to τ , we derive(
dλ

dτ

)−1

= − 3λ2 + 2p2λ+ p1
λ(λ3 + p2λ2 + p1λ+ p0)

+
q1

λ(q1λ+ q0)
− τ

λ
. (3.7)

Thus, we have

Re

(
dλ

dτ

)−1

= Re

(
− 3λ2 + 2p2λ+ p1
λ(λ3 + p2λ2 + p1λ+ p0)

) ∣∣∣∣
λ=iω0

+Re

(
q1

λ(q1λ+ q0)

) ∣∣∣∣
λ=iω0

(3.8)

=
3ω4

0 + 2(p22 − 2p1)ω
2
0 + p21 − 2p0p2

(ω3
0 − p2ω2

0)
2 + (p0 − p2ω2

0)
2

− q21
q21ω

2
0 + q20

.

From Eq. (3.3) and Eq. (3.8), we can get

sign

{
dRe(λ)

dτ

∣∣∣∣
λ=iω0

}
= sign

{
Re

(
dλ

dτ

)−1
}∣∣∣∣∣

λ=iω0

=
3(ω2

0)
2 + 2e12ω

2
0 + e11

q21ω
2
0 + q20

=
U ′(ω2

0)

q21ω
2
0 + q20

̸= 0.

It follows that dRe(λ)
dτ

∣∣∣
λ=iω0

̸= 0 which marks the completion of the proof.

Combining Lemmas 3.1–3.2 with the Hopf bifurcation theorem presented in [7], the following
results are obtained.

Theorem 3.1. For system (1.2),

1. If (H2) is satisfied, then the positive equilibrium E4 = (x∗, y∗, g∗) maintains local asymp-
totic stability for all values of τ ≥ 0.

2. If (H3) or (H4) and (H5) hold, then the positive equilibrium E4 = (x∗, y∗, g∗) exhibits local
asymptotic stability for any τ ∈ [0, τ0) and is unstable for τ > τ0. Furthermore, a Hopf
bifurcation occurs at the positive equilibrium E4 = (x∗, y∗, g∗) in system (1.2) when τ = τ0.
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3.2. Direction and stability of Hopf bifurcation

In this part, for system (1.2), we focus on determining the direction of Hopf bifurcation as well
as the stability of the bifurcating periodic solutions by using normal form theory and center
manifold theorem [7]. From the preceding analysis, we have already obtained that a Hopf
bifurcation occurs in system (1.2) when τ = τ0.

To transform without losing generality, let ζ = τ − τ0, ζ ∈ R, t = rτ, x(rτ) = x̂(r), y(rτ) =
ŷ(r), g(rτ) = ĝ(r), where x = x̂, y = ŷ, g = ĝ and t = r, then system (1.2) can be expressed in
the form of a functional differential equation in C = C([−1, 0],R3):

Ṙ(t) = Lζ(Rt) + f(ζ,Rt), (3.9)

where R(t) = (x(t), y(t), g(t))T ∈ C, Rt(θ) = R(t+ θ) = (x(t+ θ), y(t+ θ), g(t+ θ))T ∈ C, and
Lζ : C → R3, f : R× C → R3 are expressed as

Lζ(ϕ) = (τ0 + ζ){Āϕ(0) + B̄ϕ(−1)}, (3.10)

and
f(ζ, ϕ) = (τ0 + ζ)(f1, f2, f3)

T ,

where

ϕ(θ) = (ϕ1(θ), ϕ2(θ), ϕ3(θ))
T ∈ C,

Ā =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 , B̄ =


0 b12 0

0 0 0

0 0 0

 ,

f1 = k11ϕ
2
1(0) + k12ϕ1(0)ϕ2(0) + k13ϕ1(0)ϕ2(−1) + k14ϕ

2
2(−1) + k15ϕ

2
2(0) + · · · ,

f2 = k21ϕ
2
1(0) + k22ϕ1(0)ϕ2(0) + k23ϕ

2
2(0) + · · · ,

f3 = 0,

with

k11 = − r1
(k1 − s1g∗)(1 + ky∗)

+
my∗2(1 + w)2(α+ βy∗ + dg∗)2

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]3
,

k12 = − y∗m(1 + w)(2α+ 3βy∗ + 2dg∗)

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2
+

2 [(1 + w)βx∗ +m]my∗(1 + w)(α+ βy∗ + dg∗)

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]3
,

k13 = −
kr1

(
1− 2x∗

k1−s1g∗

)
(1 + ky∗)2

, k14 =
k2r1x

∗
(
1− x∗

k1−s1g∗

)
(1 + ky∗)3

,

k15 =
x∗(1 + w)[(1 + w)β2x∗y∗ +m(α+ βy∗ + dg∗)]

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2

− x∗y∗[(1 + w)βx∗ +m]2(α+ βy∗ + dg∗)(1 + w)

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]3
,

k21 = − e(1 + w)2(α+ βy∗ + dg∗)2my∗2

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]3
,
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k22 =
em(1 + w)

(
2αy∗ + 3βy∗2 + 2dg∗y∗

)
[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2

− 2 [(1 + w)βx∗ +m] (1 + w)(α+ βy∗ + dg∗)mey∗2

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]3
,

k23 = − r2
k2 − s2g∗

−
ex∗(1 + w)

[
(1 + w)β2x∗y∗ +m(α+ βy∗ + dg∗)

]
[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]2

+
ex∗y∗ [(1 + w)βx∗ +m]2 (α+ βy∗ + dg∗)(1 + w)

[(1 + w)(α+ βy∗ + dg∗)x∗ +my∗]3
.

According to the Riesz representation theorem [6], there exists a 3×3 matrix function η(θ, ζ)
when θ ∈ [−1, 0], which is

Lζ(ϕ) =

∫ 0

−1
dη(θ, ζ)ϕ(θ), ϕ ∈ C([−1, 0],R3). (3.11)

In fact, we can take
η(θ, ζ) = (τ0 + ζ)Āδ(θ) + (τ0 + ζ)B̄δ(θ + 1) (3.12)

and

δ(θ) =

{
0, θ ̸= 0,

1, θ = 0.

For ϕ ∈ C([−1, 0],R3), make

A(ζ)ϕ =


dϕ(θ)

dθ
, −1 ≤ θ < 0,∫ 0

−1
dη(θ, ζ)ϕ(θ), θ = 0,

(3.13)

and

Bζ(ϕ) =

{
0, −1 ≤ θ < 0,

f(ζ, ϕ), θ = 0.
(3.14)

Subsequently, Eq. (3.9) is able to be rewritten as

Ṙt = A(ζ)Rt +B(ζ)Rt. (3.15)

Let φ ∈ C([−1, 0], (R3)∗), with (R3)∗ representing the three-dimensional space of row vectors.
The adjoint operator A∗ of A(0) is able to be expressed as

A∗φ(r) =


−dφ(r)

dr
, 0 < r ≤ 1,∫ 0

−1
dηT (1, 0)φ(−r), r = 0.

(3.16)

For ϕ ∈ C([−1, 0],R3) and φ ∈ C([−1, 0], (R3)∗), a bilinear form can be defined by

⟨φ(r), ϕ(r)⟩ = φ̄(0)ϕ(0)−
∫ 0

−1

∫ ζ

ζ=0
φ̄(ζ − θ)dη(θ)ϕ(ζ)dζ, (3.17)

where η(θ) = η(θ, 0), A = A(0). By the discussion before, we can see that ±iω0τ0 are the
eigenvalues of A(0) and A∗.
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Suppose q(θ) = (1, q2, q3)
T eiω0τ0θ is the eigenvector of A(0) associated with the eigenvalue

iω0τ0, and let q∗(r) = Ω(1, q∗2, q
∗
3)e

iω0τ0r be the eigenvector of A∗ related to the eigenvalue
−iω0τ0. Through a careful calculation, we have

q2 =
a23a31 + a21(iω0 − a33)

(iω0 − a22)(iω0 − a33)− a23a32
,

q3 =
a32a21 + a31(iω0 − a22)

(iω0 − a22)(iω0 − a33)− a23a32
,

q∗2 =
(iω0 + a33)(iω0 + a11)− a13a31

a31a23 − (iω0 + a33)a21
,

q∗3 =
a21a13 − a23(iω0 + a11)

a23a31 − a21(iω0 + a33)
.

Then, from Eq. (3.17), we obtain

⟨q∗(r), q(θ)⟩ = Ω̄(1, q∗2, q
∗
3)(1, q2, q3)

T −
∫ 0

−1

∫ θ

ζ=0
q̄∗(ζ − θ)dη(θ)ϕ(ζ)dζ

= Ω̄
(
1 + q̄∗2q2 + q̄∗3q3 + τ0e

−iω0τ0q2b12
)
.

(3.18)

So, we select Ω̄ =
(
1 + q̄∗2q2 + q̄∗3q3 + τ0e

−iω0τ0q2b12
)−1

to satisfy the conditions ⟨q∗(r), q(θ)⟩ = 1
and ⟨q∗(r), q̄(θ)⟩ = 0.

Next, let Rt represent the solution of Eq. (3.15) for ζ = 0. We define

z(t) = ⟨q∗, Rt⟩, W (t, θ) = Rt − zq − z̄q̄ = Rt − 2Re{z(t)q(θ)}. (3.19)

Upon analyzing the center manifold C0, we get

W (t, θ) = W (z(t), z̄(t), θ) = W20(θ)
z2

2
+W11(θ)zz̄ +W02(θ)

z̄2

2
+ · · · , (3.20)

where z and z̄ are local coordinates for C0 in the direction of q∗ and q̄∗. It should be noted
that W takes real values when Rt takes real values, and our consideration is restricted to real
solutions. From Eq. (3.19), we obtain

⟨q∗,W ⟩ = ⟨q∗, Rt − zq − z̄q̄⟩ = ⟨q∗, Rt⟩ − ⟨q∗, q⟩z − ⟨q∗, q̄⟩z̄.

Considering a solution Rt ∈ C0 formed by Eqs (3.11), (3.15), (3.16) and ζ = 0, we get

ż(t) = ⟨q∗, Ṙt⟩ = ⟨q∗, A(0)Rt +B(0)Rt⟩
= ⟨A∗(0)q∗, Rt⟩+ ⟨q̄∗(0)f(0), Rt⟩
:= iω0τ0z(t) + q̄∗(0)f0(z, z̄).

(3.21)

Then, Eq. (3.21) admits the following rewritten form:

ż(t) = iω0τ0z(t) + g(z, z̄), (3.22)

where

g(z, z̄) = g20
z2

2
+ g11zz̄ + g02

z̄2

2
+ g21

z2z̄

2
+ · · · . (3.23)
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Then by a similar computation process in [35], to further explore the direction and stability of
Hopf bifurcation, we obtain the following relevant parameters:

g20 = 2τ0Ω̄
[
k11 + k12q2 + k13q2e

−iω0τ0 + k14q
2
2e

−2iω0τ0 + k15q
2
2 + q̄∗2(k21 + k22q2 + k23q

2
2)
]
,

g11 = τ0Ω̄
{
2k11 + k12(q̄2 + q2) + k13

(
q̄2e

iω0τ0 + q2e
−iω0τ0

)
+ 2k14q2q̄2 + 2k15q2q̄2

+q̄∗2 [2k21 + k22(q̄2 + q2) + 2k23q2q̄2]} ,
g02 = 2τ0Ω̄

[
k11 + k12q̄2 + k13q̄2e

iω0τ0 + k14q̄2
2e2iω0τ0 + k15q̄

2
2 + q̄∗2

(
k21 + k22q̄2 + k23q̄

2
2

)]
,

g21 = 2τ0Ω̄

{
k11

(
2W

(1)
11 (0) +W

(1)
20 (0)

)
+ k12

(
W

(2)
11 (0) +

W
(2)
20 (0)

2
+

q̄2
2
W

(1)
20 (0) + q2W

(1)
11 (0)

)

+ k13

(
W

(2)
11 (−1) +

W
(2)
20 (−1)

2
+

eiω0τ0

2
W

(1)
20 (0)q̄2 +W

(1)
11 (0)e−iω0τ0q2

)
+ k14

(
eiω0τ0W

(2)
20 (−1)q̄2 + 2W

(2)
11 (−1)e−iω0τ0q2

)
+ k15

(
q̄2W

(2)
20 (0) + 2q2W

(2)
11 (0)

)
+ q̄∗2

[
k21

(
2W

(1)
11 (0) +W

(1)
20 (0)

)
+ k22

(
W

(2)
11 (0) +

W
(2)
20 (0)

2
+

q̄2
2
W

(1)
20 (0) + q2W

(1)
11 (0)

)

+ k23

(
q̄2W

(2)
20 (0) + 2q2W

(2)
11 (0)

)]}
.

We can also have

W20(θ) =
ig20
ω0τ0

q(0)eiω0τ0θ +
iḡ02
3ω0τ0

q̄(0)e−iω0τ0θ + F1e
2iω0τ0θ,

W11(θ) = − ig11
ω0τ0

q(0)eiω0τ0θ +
iḡ11
ω0τ0

q̄(0)e−iω0τ0θ + F2,

where F1 = (F
(1)
1 , F

(2)
1 , F

(3)
1 )T ∈ R3 and F2 = (F

(1)
2 , F

(2)
2 , F

(3)
2 )T ∈ R3 are constant vectors and

they can be expressed through the equations below:
2iω0 − a11 −a12 − b12e

−2iω0τ0 −a13

−a21 2iω0 − a22 −a23

−a31 −a32 2iω0 − a33

F1 = 2


H1

H2

H3

 ,


−a11 −a12 − b12 −a13

−a21 −a22 −a23

−a31 −a32 −a33

F2 =


P1

P2

P3

 ,

where

H1 = k11 + k12q2 + k13q2e
−iω0τ0 + k14q

2
2e

−2iω0τ0 + k15q
2
2,

H2 = k21 + k22q2 + k23q
2
2,

H3 = 0,

P1 = 2k11 + k12(q̄2 + q2) + k13
(
q̄2e

iω0τ0 + q2e
−iω0τ0

)
+ 2k14q2q̄2 + 2k15q2q̄2,

P2 = 2k21 + k22(q̄2 + q2) + 2k23q2q̄2,

P3 = 0.
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Therefore, we can determine the coefficient g21. Furthermore, we have the following values:

c1(0) =
i

2ω0τ0

(
g20g11 − 2|g11|2 −

|g02|2

3

)
+

g21
2

,

µ2 = − Re{c1(0)}
Re{λ′(τ0)}

,

β2 = 2Re{c1(0)},

T2 = − Im{c1(0)}+ µ2Im{λ′(τ0)}
ω0τ0

,

which decide the properties of bifurcating periodic solutions when τ = τ0.
We can draw the conclusions below according to the preceding discussion.

Theorem 3.2. For system (1.2),

(1) The direction of Hopf bifurcation is decided by the sign of µ2. Specifically, the Hopf bifur-
cation is supercritical (subcritical) if µ2 > 0 (µ2 < 0).

(2) The stability of bifurcating periodic solutions is decided by the sign of β2. In other words,
the bifurcating periodic solutions are unstable (stable) when β2 > 0(< 0).

(3) The sign of T2 decides the period of bifurcating periodic solutions. When T2 > 0(< 0), the
bifurcating periodic solutions express increase (decrease).

Table 2. The number and stability of positive equilibria under different parameter conditions.

Parameter value Number of positive equilibria Stability of equilibria

d = 0.2, s2 = 2.3, w = 0.5 E∗
1 , E

∗
2 , E

∗
3 E∗

1 is stable and E∗
2 , E

∗
3 are unstable.

s2 = 2.3, w = 1 E∗
1 , E

∗
2 , E

∗
3 E∗

1 is unstable and E∗
2 , E

∗
3 are stable.

s1 = 0.5, s2 = 2.3, w = 1 E∗
1 , E

∗
2 E∗

1 is stable and E∗
2 is unstable.

s1 = 0.1, s2 = 2, w = 1 E∗
1 , E

∗
2 Both are unstable.

s1 = 1, s2 = 2, w = 1 E∗
1 Unstable

Unchanged E∗
1 Stable

4. Numercial simulation

In this section, to support the theoretical results, we will present numerical simulations and give
related biological explanations.

With the parameters taken from Table 1, through calculations, we obtain an unstable ex-
tinction equilibrium E1 = (0, 0, 0.5) and an unstable predator free equilibrium E2 = (6.8571, 0,
3.9286). To ensure the existence of the prey free equilibrium, we set d1 = 0.1, while the val-
ues of other parameters remain unchanged in Table 1. Then, we get the prey free equilibrium
E3 = (0, 2.1354, 3.7031) which is stable. Next, in Table 2, we select some parameter values to
investigate the number and stability of interior equilibria, where the other parameters remain
consistent with Table 1. For convenience, we use E∗

1 , E
∗
2 , and E∗

3 to represent different positive
equilibria. From Table 2, it is obvious that under specific parameter conditions, the system can
converge to different stable states when different initial conditions are adopted.
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Figure 2. Phase portraits and time-series plots for different values of w.
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Figure 3. Bifurcation diagram of system (2.1) with respect to w.

For the non-delayed system (2.1), first, we choose w as a parameter to study the impact of
wind flow. Let k = 0.2, d = 0.2 and other parameters be the same as Table 1. We take different
values of w to observe the stability of the system. Making w = 0.1, we can find that the system
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Figure 4. Bifurcation diagrams of system (2.1). (a) Hopf bifurcation diagram in the α − x plane. (b) Hopf
bifurcation diagram in the β − x plane.

is stable according to the phase portrait (a) in Figure 2. The corresponding time-series plot
in Figure 2(c) further confirms this stability. From the time-series plot, the system exhibits
oscillatory dynamics until t = 1000; beyond t = 1000, the system reverts to a stable state. Then
we let w = 0.4. The simulation shows that the system becomes unstable and shows periodic
cycles, as illustrated in Figure 2(b) and (d). This indicates that with other ecological parameters
taking the aforementioned fixed values, an increase in wind flow can change the stability of the
system (2.1) and lead to the occurrence of a Hopf bifurcation. As the value of w increases and
reaches wH = 0.1680, the system undergoes a Hopf bifurcation and generates limit cycles, as
shown in Figure 3. From an ecological perspective, an increase in wind flow can induce the
emergence of limit cycles in the system, leading to population oscillations. When w < wH , the
species can coexist. In other words, the effect of wind speed on predation efficiency is crucial
for the realization of population coexistence.

Next, we take α as bifurcation parameter to examine the impact of hunting cooperation on
populations, while keeping the other parameters the same as in Table 1, except for d = 0.2. As
shown in Figure 4(a), the system undergoes a Hopf bifurcation at α = 0.5894. Then, select β as
bifurcation parameter under the same parameter conditions. As shown in Figure 4(b), the system
undergoes a Hopf bifurcation at β = 0.2141. For subsequent analysis, we focus on the parameter
β to further investigate the influence of hunting cooperation. As shown in Figure 5, the system
is stable when β = 0.1. When β = 0.8, periodic oscillations occur. Ecologically speaking,
moderate hunting cooperation facilitates the maintenance of a steady state for species, whereas
excessive cooperation can lead to system oscillations. This implies that artificial intervention is
required to ensure the stability of the system when the level of cooperation reaches a critical
value.

To study the impact of the death rate of predators, we keep the other parameters the same
as Table 1 and select the death rate of predator d1 as the bifurcation parameter. According
to Figure 6, the system (2.1) experiences a transcritical bifurcation at d1 = d1t = 0.17, which
is consistent with Theorem 2.3. When d1 > 0.17, the interior equilibrium E4 is stable and the
species coexist. When d1 < 0.17, the extinction equilibrium E1 is unstable and the predator
populations go extinct, which means that the equilibria change stability at d1 = d1t. Obviously,
when the death rate of predators is relatively high, the system can still recover to a coexistence
state even if there are short-term fluctuations in the species population.
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Figure 5. Phase portraits and time-series plots for different values of β.

Then, we investigate the effect of global warming on system (2.1). We choose s2 as the
bifurcation parameter and make s1 = 0.6, d = 0.2, k = 0.2,m = 4, while the other parameters
remain unchanged with Table 1. Figure 7(a) shows that the system (2.1) undergoes a transcritical
bifurcation at s2 = 5.0262, where the system experiences an exchange of stability between
equilibria. When s2 is less than the critical value, E3 is unstable and E4 is stable, allowing
predators and prey to coexist. When s2 > 5.0262, E3 is stable and E4 becomes unstable. Next,
making s1 = 0.6, d = 0.2, k = 0.2, while the other parameters remain unchanged with Table 1,
we take different values of s2 to observe the stability of the system. According to Figure 8, the
system is unstable when s2 = 0.4 and stable when s2 = 1.3. This indicates that, system (2.1)
undergoes a Hopf bifurcation while the value of s2 increases (see Figure 7(b)). By calculation, we
find that a Hopf bifurcation occurs at s2 = 1.0839. Keeping the other parameters the same as in
Table 1, except for s2 = 1, d = 0.2, k = 0.2, we choose s1 as the bifurcation parameter and find
that the system (2.1) undergoes a Hopf bifurcation at s1 = 0.8717. We observe that an increase
in either parameter s1 or s2 drives the system to shift from an unstable oscillatory state to a
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Figure 6. The transcritical bifurcation diagram of system (2.1) for bifurcation parameter d1.
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Figure 7. Bifurcation diagrams of system (2.1). (a) Transcritical bifurcation diagram in the s2 − y plane.
(b) Hopf bifurcation diagram in the s2 − x plane. (c) Hopf bifurcation diagram in the s1 − x plane. (d) Hopf
bifurcation diagram in the d− x plane.

stable coexistence state. Next, d is selected as the bifurcation parameter with s2 = 1, k = 0.2,
while the other parameters remain the same as in Table 1. As shown in Figure 7(d), the system



3224 M. Peng, R. Zhu & Z. Zhang

(a) (b)

0

0.5

1

1.5

x
(t

)

s
2
 = 0.4

1

1.5

2

2.5

3

y
(t

)

0 500 1000 1500 2000 2500 3000

Time t

1

2

3

4

5

g
(t

)

0

0.5

1

x
(t

)

s
2
 = 1.3

1

1.5

2

y
(t

)

0 500 1000 1500 2000 2500 3000

Time t

2

2.5

3

3.5

4

g
(t

)

(c) (d)

Figure 8. Phase portraits and time-series plots for different values of s2.

undergoes a Hopf bifurcation at d = 0.1984, and increasing the parameter d leads the system to
transition from a stable state to an unstable state. From an ecological perspective, the stronger
the impact of global warming on the predation process, the more difficult it is for species to
coexist. In contrast, intensifying global warming reduces the carrying capacity of the population,
thereby limiting the size of the predator population and making oscillations more difficult to
occur.

Finally, we concentrate on investigating the impact of fear on populations. We consider k as
a parameter and maintain the values of the remaining parameters the same as in Table 1. From
Figure 9, a rise in the value of k usually results in lower densities for both the prey and the
predator. Ecologically speaking, as the level of fear intensifies, prey adopt more anti-predator
strategies, which consequently suppresses their own reproductive rate. As a result, the density
of the prey population decreases. Due to the food crisis caused by the prey, the population size
of the predator decreases accordingly.

For the delayed system (1.2), we use the same parameter values in Table 1. Then the unique
interior equilibrium E4(0.2873, 0.9529, 2.0730) can be easily obtained.
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Figure 9. The dependence of populations on k. (a) x(t), (b) y(t).

When τ = 0, we can obtain p12 > 0, p10 > 0, p12p11 > p10. Therefore, condition (H1) is
satisfied, which means that E4 is local asymptotic stability.

When τ ̸= 0, through further calculations, we get ω0 = 0.1111, τ0 = 3.4863. According to
Theorem 3.1, we find that E4 possesses local asymptotic stability in the case of τ = 2 < τ0,
which is evident in Figure 10(a). When the fear response delay exceeds the critical value of τ0,
E4 loses its stability (see Figure 10(b)). Moreover, system (1.2) experiences a Hopf bifurcation
at E4 when the value of τ reaches τ0 = 3.4863 (see Figure 10(c)), which means periodic solutions
bifurcate from E4. From the ecological point of view, if the fear response delay below the critical
value, species can coexist over an extended period. When the delay crosses the critical value,
species still maintain positive population densities but exhibit periodic oscillations.

Assessing the sensitivity of the system with respect to initial conditions holds significant
value. Given the parameter values outlined in Table 1, we select τ = 2 and τ = 4, which are
capable of stabilizing and destabilizing the positive equilibrium of system (1.2). Subsequently,
we introduce minor modifications to the original initial conditions and generate phase diagrams
for distinct initial values (0.1, 1.1, 2.0), (0.1, 1.2, 2.1), (0.1, 1.0, 1.9), as depicted in Figure 11.
It is evident that even though slight variations in initial values induce changes in population
quantities during the early evolution of species, they do not affect the ultimate state of the two
populations.

At last, we discuss the properties of the Hopf bifurcation at E4. Through further calcula-
tions, we get c1(0) = −1.6445− 0.0044i, µ2 = 484.0980, β2 = −3.2889, T2 = 1.6184. According
to the conclusions of Theorem 3.2, the Hopf bifurcation is supercritical, the bifurcating periodic
solutions possess stability, and the period of the bifurcation periodic solutions is increasing. By
studying the changes in the real and imaginary parts of E4, we get E4 is stable if τ < τ0 and
unstable if τ > τ0. The system transitions from a stable equilibrium to an unstable equilibrium
while generating stable bifurcation periodic solutions, which confirms the bifurcation is super-
critical. From a biological perspective, this implies that even as time delays increase, species
can still achieve coexistence through dynamic regulation, thereby preventing the extinction of a
single species. Furthermore, when subjected to short-term external disturbances, the periodic
oscillations of populations can still revert to their original patterns.
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Figure 10. Time-series plots and bifurcation diagrams with respect to fear response delay.

(a) (b)

Figure 11. Sensitivity of solutions of the system (1.2) regarding the initial conditions. Orange, blue, and green
curves represent the initial conditions (0.1, 1.1, 2.0), (0.1, 1.2, 2.1) and (0.1, 1.0, 1.9), respectively. (a) τ = 2, (b)
τ = 4.
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5. Conclusion

In this paper, we investigate a Lotka-Volterra model incorporating global warming, wind, hunting
cooperation, and fear effect. In addition, a time delay is introduced to represent the response
time of the prey upon perceiving the risk of predation.

First, we confirm the well-posedness of the non-delayed system (2.1) by proving the positivity
and boundedness of the solutions. The positivity of solutions ensures that population densities
remain non-negative at all times, while the boundedness reflects the constraint of limited natural
resources, preventing unrealistic infinite growth of populations. Subsequently, we derive the
existence conditions for four equilibria. For system (2.1), we use the Routh-Hurwitz criterion to
discuss the local stability of the four equilibria. Then, we analyze the existence of transcritical
bifurcation and Hopf bifurcation at different equilibria. Furthermore, we examine the existence
and properties of Hopf bifurcation for system (1.2) and carry out the numerical simulations.
Our findings are summarized as follows.

For system (2.1), we first examine the effect of wind, and find that a Hopf bifurcation occurs
in the system at w = 0.1680. Excessive high wind speed induces the emergence of limit cycles in
the system, making it difficult for species to achieve stable coexistence. Next, we examine the
effect of hunting cooperation. When α is chosen as the bifurcation parameter, a Hopf bifurcation
can be observed in the system. Similarly, a Hopf bifurcation also occurs when β is taken as the
bifurcation parameter. We find that moderate cooperation can increase the population size of
predators, yet an excessively high level of cooperation will destabilize the system and render
species coexistence unattainable. In addition, when d1 is selected as the bifurcation parameter,
we find system (2.1) experiencing a transcritical bifurcation, which means an extremely low
predator mortality rate can drive the system to the brink of extinction. We further explore the
impacts of global warming on the environmental carrying capacity and predation process. When
s1 is taken as the bifurcation parameter, a Hopf bifurcation occurs at s1 = 0.8717. Similarly, a
Hopf bifurcation occurs at s2 = 1.0839 when s2 is chosen as the bifurcation parameter. These
two parameters have comparable effects on the system dynamics. Nevertheless, under another
parameter conditions, increasing s2 triggers a stability exchange between E3 and E4, which
means system (2.1) undergoes a transcritical bifurcation. Within a certain range, a small value
of d is more conducive to maintaining system stability. However, when s1 or s2 is small, system
(2.1) shows periodic oscillations. Finally, with respect to the fear effect k, we observe that
an increase in k leads to a decline in the population sizes of both prey and predators. This
indicates that intense fear pressure exerts an adverse impact on the reproduction of both prey
and predator populations, while the steady state of the system remains unchanged.

For system (1.2), we study the Hopf bifurcation by taking the time delay as a bifurcation
parameter. Through numerical simulations, we find that system (1.2) undergoes a Hopf bifurca-
tion at τ0 = 3.4863. When τ = 2 < τ0, system (1.2) is locally asymptotically stable at E4. When
τ = 4 > τ0, system (1.2) becomes unstable. In other words, when τ < τ0, species can maintain
a relatively stable coexistence state. Conversely, when τ > τ0, the originally stable coexistence
state of species is disrupted, which increases the risk of local population decline or even tem-
porary disappearance, thereby threatening the resilience of the entire ecosystem. Additionally,
we explore the properties of the Hopf bifurcation by applying the normal form theory and the
center manifold theorem. Through a series of calculations, we obtain that the Hopf bifurcation
is supercritical and the periodic solutions from the Hopf bifurcation are stable.

Findings indicate that wind, hunting cooperation, global warming and fear response delay
can all induce Hopf bifurcation in the above systems. Among these factors, global warming
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exerts multifaceted effects on the system. Intensifying global warming reduces the environmental
carrying capacity of species. When global warming is mild, species exhibit a high carrying
capacity and the system remains in an oscillatory state. As global warming increases and the
carrying capacity decreases, the population density tends to stability. However, under certain
conditions, the coexist equilibrium switches from stable to unstable when s2 intensifies beyond
the critical value 5.0262. This is consistent with the current ecological reality that global warming
exerts significant impacts on ecosystem stability, as many species depend on specific temperature
thresholds and habitats. The fear effect can directly reduce the density of prey, which causes
a decline in predator populations due to food shortages. This indicates that excessive fear
pressure is detrimental to species. The existence of fear response delay reflects the lag effect
of ecosystem responses to fear. When the delay is within a reasonable range, populations can
remain stable. However, an excessively long lag will trigger periodic fluctuations in population
sizes. Nevertheless, the stable periodic solutions generated by the supercritical Hopf bifurcation
enable species to achieve coexistence, avoiding the extinction of a single species. These findings
provide a theoretical basis for ecological conservation in the context of global warming.
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