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EXTENSIONS OF FRACTIONAL INTEGRAL INEQUALITIES VIA

KATUGAMPOLA FRACTIONAL INTEGRALS
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Abstract The paper introduces new generalizations of well-known inequalities for con-
vex functions using the Katugampola fractional integral, a powerful extension of the Rie-
mann–Liouville fractional integral. Based on basic inequalities, we establish new estimates
within the context of Katugampola fractional operators. The results are proven for convex
and symmetric convex functions, with proofs that make use of integral representations, ker-
nel properties, and estimations based on convexity. In addition, we have improved estimates
for differentiable functions with convex-in-modulus derivatives. These findings offer a uni-
fying and broad framework for fractional integral inequalities, complementing the current
literature and paving the way for potential applications in fractional differential equations
and functional analysis.
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1. Introduction

Fractional calculus has profoundly impacted nearly every discipline of modern engineering and
science. In recent years, numerous researchers have contributed novel findings to this rapidly
evolving field. The applications of fractional calculus are now vast and encompass areas such as
viscoelasticity, control theory, signal processing, and complex systems modeling. At the same
time, convex analysis and optimization have emerged as essential tools across a wide range of
disciplines, including control systems, estimation theory, and signal processing. The role of con-
vex functions is particularly critical in formulating and proving many foundational inequalities,
especially in the domain of mathematical optimization. The theory of inequalities is deeply
influenced by the properties of convex functions, which provide structure and tractability to
otherwise complex mathematical problems. Notably, the concept of convex functions was intro-
duced over a century ago by Johan Jensen, whose celebrated inequality remains a cornerstone
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in convex analysis [3, 5, 9, 11].
A real-valued function ξ with domain A ⊆ Rn being a convex set, such that

ξ(wp+ (1− w)q) ≤ wξ(p) + (1− w)ξ(q) (1.1)

is called a convex function where p, q ∈ A and 0 ≤ ω ≤ 1. Convex functions are a crucial tool
in a broad spectrum of pure and applied mathematical issues. Convex functions are often used
to establish and generalize results, methods, and algorithms. Specifically, convex functions are
at the core of the mathematical inequalities theory, where they give the structural basis of gen-
eralizations of classical outcomes [1]. Conversely, fractional calculus is an extension of standard
calculus emphasizing the differentiation and integration of non-integer (fractional) orders. His-
torically, the differentiation and integration are considered to be discrete processes—executed
once, twice, or any integer number of times. However, fractional calculus provides a contin-
uum of orders, significantly expanding the analytical scheme [10]. The present contribution uses
some well-known classes of convex functions in relation with classical definitions of fractional
integrals, specially, Riemann–Liouville fractional integral (RLFI), which is a basic operator in
the theory of fractional integration [8]. The RLFI is initial expression for a non-integral order
integral operator. We define RLFI of order α > 0 with v ≥ 0 in the following

Iαa+f(x) =
1

Γ(α)

∫ x

a
(x− t)α−1f(t)dt, x > a (1.2)

and

Iαb−f(x) =
1

Γ(α)

∫ b

x
(t− x)α−1f(t)dt, x < b. (1.3)

Another generalization of RLFI is Katugampola fractional integral, which is defined as follows:
Consider the finite interval [a, b], then for real value function f , the Katugampola fractional

integrals of order α > 0 are defined by

ρIαa+f(x) =
ρ1−α

Γ(α)

∫ x

a
tρ−1(xρ − tρ)α−1f(t)dt (1.4)

and

ρIαb−f(x) =
ρ1−α

Γ(α)

∫ b

b
tρ−1(tρ − xρ)α−1f(t)dt. (1.5)

Well known inequalities were obtained by Chen and Katugampola in [2], for example convex
functions satisfy the following Hermite-Hadamard inequality:

f

(
aρ + bρ

2

)
≤ ραΓ(α+ 1)

2(bρ − aρ)α
(
ρIαa+f(b

ρ) + ρIαb−f(a
ρ)
)
≤ f(aρ) + f(bρ)

2
.

Also, a similar inequality was proved in [2, Theorem 3.1]. They also proved Hermite-Hadamard-
Fejér inequality in [2, Theorem 3.8]. Similar inequalities for Katugampola fractional integrals
were studied in [6]. Convexity has emerged as a key principle in contemporary mathematical
analysis, especially because of its usefulness for developing inequalities and minimizing functions
under disciplined conditions. Generalization of convex functions like (h, g;m)-convex, s-convex,
and (α,m)-convex classes has helped to establish sharper inequalities, generalizing classical ones
such as the Hermite–Hadamard, Ostrowski, and Grüss inequalities. Recent studies of Fahad
et al. [3] and Özcan et al. [9] demonstrate the strong use of such generalized convexity in
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fractional contexts, where both operator bounds and numerical approximations are enhanced.
Such advances are imperative in fields where stability, boundedness, and convergence of integral
operators are key concerns, particularly when tied with fractional differential models.

Meanwhile, the development of fractional calculus remains to enrich theoretical and applied
mathematics. Among the impressive generalizations of traditional fractional operators is the
Katugampola fractional integral, which encompasses and generalizes various integral operators,
such as Riemann–Liouville and Hadamard types. Its versatile form, controlled by the order
parameter α and the scale index ρ, enables it to describe systems with variable scaling and non-
local memory effects. Researchers such as Jarad et al. [7] and Chen and Katugampola [2] have
illustrated the utility of Katugampola integrals for improving inequality structures and enrich-
ing analytic techniques in functional analysis. Inspired by these developments, our manuscript
targets the extension of RLFI-type inequalities by means of Katugampola-type operators and
convexity conditions, thus enriching the current body of literature on fractional integral inequal-
ities with generalized convex frameworks.

2. Main results

This section introduces the main contributions of the paper, which involve new inequalities ob-
tained through Katugampola fractional integrals for convex functions and their counterparts.
These results generalize classical inequalities such as Ostrowski, Hadamard, and Grüss to frac-
tional orders, presenting bounds that can be used to analyze fractional differential equations
and optimization problems.

First theorem gives a basic inequality for the total of normalized left as well as right Katugam-
pola integral operators of a positive convex function. It makes use of the convexity condition in
order to obtain upper bounds in terms of simple algebraic expressions, giving a generalization of
Riemann-Liouville-type estimates within a more flexible framework determined by parameters
ρ, α, and β.

Theorem 2.1. Let f : I → R be a positive convex function. Then, for a, b ∈ I, with a < b and
ρ > 0, α, β ≥ 1, we have the inequality for Katugampola fractional integrals as follows:

Γ(α) ρIαa+f(x)

ρ1−α(xρ − aρ)α−2
+

Γ(β)ρIβb−f(x)

ρ1−β(bρ − xρ)β−2
(2.1)

≤
(xρ − aρ)(xρf(aρ)− aρf(xρ)) + (bρ − xρ)

(
bρf(xρ)− xρf(bρ)

)
ρ

+
(xρ+1 − aρ+1)(f(xρ)− f(aρ)) + (bρ+1 − xρ+1)

(
f(bρ)− f(xρ)

)
ρ+ 1

.

Proof. Since f is convex on [a, b], if we consider f on the interval [a, x], x ∈ (a, b], then, for
t ∈ [a, x] and ρ > 0, α ≥ 1, the following two inequalities hold:

tρ−1(xρ − tρ)α−1 ≤ (xρ − aρ)α−1tρ−1, (2.2)

ρ1−α

Γ(α)
f(t) ≤ ρ1−α

Γ(α)

(
xρ − t

xρ − aρ
f(aρ) +

t− aρ

xρ − aρ
f(xρ)

)
. (2.3)

Multiplying inequalities (2.2) and (2.3), and integrating on [a, x], one has:

ρ1−α

Γ(α)

∫ x

a
tρ−1(xρ − tρ)α−1f(t) dt (2.4)
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≤ρ1−α(xρ − aρ)α−1

Γ(α)(xρ − aρ)

(
f(aρ)

∫ x

a
tρ−1(xρ − t) dt+ f(xρ)

∫ x

a
tρ−1(t− aρ) dt

)
.

By computing integrals on the right hand side we have

ρ1−α

Γ(α)

∫ x

a
tρ−1(xρ − tρ)α−1f(t)dt

≤ρ1−α(xρ − aρ)α−2

Γ(α)

(
f(aρ)

(
xρ(xρ − aρ)

ρ
− xρ+1 − aρ+1

ρ+ 1

)
(2.5)

+f(xρ)

(
xρ+1 − aρ+1

ρ+ 1
− aρ(xρ − aρ)

ρ

))
.

This further takes the following form

Γ(α) ρIαa+f(x)

ρ1−α(xρ − aρ)α−2
≤ (xρ − aρ)(xρf(aρ)− aρf(xρ))

ρ
+

(xρ+1 − aρ+1)(f(xρ)− f(aρ))

ρ+ 1
. (2.6)

On the other hand, since f is convex on [a, b], if we consider f on the interval [x, b], x ∈ [a, b),
then, for t ∈ [x, b] and ρ > 0, β ≥ 1, the following two inequalities hold:

tρ−1(tρ − xρ)β−1 ≤ (bρ − xρ)β−1tρ−1 (2.7)

and
ρ1−β

Γ(β)
f(t) ≤ ρ1−β

Γ(β)

(
t− xρ

bρ − xρ
f(bρ) +

bρ − t

bρ − xρ
f(xρ)

)
. (2.8)

Multiplying inequalities (2.7) and (2.8), and integrating on [x, b], one has:

ρ1−β

Γ(β)

∫ b

x
tρ−1(tρ − xρ)β−1f(t)dt

≤ρ1−β(bρ − xρ)β−1

Γ(β)(bρ − xρ)

(
f(bρ)

∫ b

x
(t− xρ)tρ−1dt+ f(xρ)

∫ b

x
(bρ − t)tρ−1dt

)
. (2.9)

By computing integrals on the right hand side we have

ρ1−β

Γ(β)

∫ b

x
tρ−1(tρ − xρ)β−1f(t)dt

≤ρ1−β(bρ − xρ)β−2

Γ(β)

(
f(bρ)

(
bρ+1 − xρ+1

ρ+ 1
− bρ(bρ − xρ)

ρ

)
+f(xρ)

(
bρ(bρ − xρ)

ρ
− bρ+1 − xρ+1

ρ+ 1

))
, (2.10)

then it takes the following form

Γ(β)ρIβb−f(x)

ρ1−β(bρ − xρ)β−2
≤

(bρ+1 − xρ+1)
(
f(bρ)− f(xρ)

)
ρ+ 1

+
(bρ − xρ)

(
bρf(xρ)− xρf(bρ)

)
ρ

. (2.11)

Adding (2.6) and (2.11), we get inequality (2.1).
The above result reproduces [4, Theorem 1], if we set ρ = 1 and rearrange some terms in

the proof. Building on Theorem 2.1, the forthcoming result offers a refined bound by taking
the minimum of two expressions. This refinement sharpens the estimate, making it tighter in
certain cases and more applicable for numerical approximations or when comparing different
fractional orders.
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Theorem 2.2. Let all conditions imposed on functions and parameters are same as in Theorem
2.1. Then we have:

Γ(α) ρIαa+f(x)

ρ1−α(xρ − aρ)α−2
+

Γ(β)ρIβb−f(x)

ρ1−β(bρ − xρ)β−2
(2.12)

≤min

{
(xρ − aρ)(xρf(aρ)− aρf(xρ)) + (bρ − xρ)

(
bρf(xρ)− xρf(bρ)

)
ρ

+
(xρ+1 − aρ+1)(f(xρ)− f(aρ)) + (bρ+1 − xρ+1)

(
f(bρ)− f(xρ)

)
ρ+ 1

,

xρ − aρ

bρ − xρ

(
(xρ+1 − aρ+1)

(
f(bρ)− f(xρ)

)
ρ+ 1

+
(xρ − aρ)

(
bρf(xρ)− xρf(bρ)

)
ρ

)

+
bρ − xρ

xρ − aρ

(
(bρ+1 − xρ+1)

(
f(xρ)− f(aρ)

)
ρ+ 1

+
(bρ − xρ)

(
xρf(aρ)− aρf(xρ)

)
ρ

)}
.

Proof. By using the following inequality along with (2.2), the integral inequality (2.14) can
be constituted:

ρ1−α

Γ(α)
f(t) ≤ ρ1−α

Γ(α)

(
t− xρ

bρ − xρ
f(bρ) +

bρ − t

bρ − xρ
f(xρ)

)
, (2.13)

Γ(α) ρIαa+f(x)

ρ1−α(xρ − aρ)α−2

≤ xρ − aρ

bρ − xρ

{
f(bρ)

∫ x

a
tρ−1(t− xρ) dt+ f(xρ)

∫ x

a
tρ−1(bρ − t) dt

}
(2.14)

=
xρ − aρ

bρ − xρ

{
(xρ+1 − aρ+1)

(
f(bρ)− f(xρ)

)
ρ+ 1

+
(xρ − aρ)

(
bρf(xρ)− xρf(bρ)

)
ρ

}
.

Moreover, analyzing the forthcoming inequality along with (2.7), the integral inequality
(2.33) can be constituted:

ρ1−β

Γ(β)
f(t) ≤ ρ1−β

Γ(β)

(
xρ − t

xρ − aρ
f(aρ) +

t− aρ

xρ − aρ
f(xρ)

)
,

Γ(β)ρIβb−f(x)

ρ1−β(bρ − xρ)β−2

≤ bρ − xρ

xρ − aρ

{
f(aρ)

∫ b

x
tρ−1(xρ − t) dt+ f(xρ)

∫ b

x
tρ−1(t− aρ) dt

}
(2.15)

=
bρ − xρ

xρ − aρ

{
(bρ+1 − xρ+1)

(
f(xρ)− f(aρ)

)
ρ+ 1

+
(bρ − xρ)

(
xρf(aρ)− aρf(xρ)

)
ρ

}
.

Inequality (2.34) is constituted from above inequalities (2.14) and (2.33).

Γ(α) ρIαa+f(x)

ρ1−α(xρ − aρ)α−2
+

Γ(β)ρIβb−f(x)

ρ1−β(bρ − xρ)β−2
(2.16)

≤xρ − aρ

bρ − xρ

{
(xρ+1 − aρ+1)

(
f(bρ)− f(xρ)

)
ρ+ 1

+
(xρ − aρ)

(
bρf(xρ)− xρf(bρ)

)
ρ

}
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+
bρ − xρ

xρ − aρ

{
(bρ+1 − xρ+1)

(
f(xρ)− f(aρ)

)
ρ+ 1

+
(bρ − xρ)

(
xρf(aρ)− aρf(xρ)

)
ρ

}
.

The required inequality is obtained from (2.34) and (2.1).

The above result provides refinement of [4, Theorem 1], if we set ρ = 1 and rearrange some
terms in the proof. The next theorem generalizes the inequalities to differentiable functions
whose absolute value of the derivative is convex. It gives bounds on the absolute difference
between normalized Katugampola fractional integrals and function values at endpoints, which
is especially helpful for error estimates in fractional approximation theory.

Theorem 2.3. Let f : I → R be a differentiable function. If |f ′| is convex, then for a, b ∈ I,
with 0 ≤ a < b, we have the inequality for Katugampola fractional integrals as follows:∣∣∣∣∣ραΓ(α+ 1)ρIαa+f(x)

(xρ − aρ)α
+

ρβΓ(β + 1) ρIβb−f(x)

(bρ − xρ)β

∣∣∣∣∣ (2.17)

≤ f(a) + f(x) +
x− a

xρ − aρ

(
|f ′(aρ)

(
xρ − a+ x

2

)
+ |f ′(xρ)

(
a+ x

2
− xρ

))
+

b− x

bρ − xρ

(
|f ′(xρ)

(
bρ − x+ b

2

)
+ |f ′(bρ)

(
x+ b

2
− xρ

))
.

Proof. Since |f ′| is convex, therefore for t ∈ [a, x], we can consider the inequality as follows:

f ′(t) ≤ xρ − t

xρ − aρ
|f ′(aρ)|+ t− aρ

xρ − aρ
|f ′(xρ)|. (2.18)

Now, for α > 0 we have the following inequality

ρ1−α

Γ(α)
(xρ − tρ)α ≤ ρ1−α

Γ(α)
(xρ − aρ)α, t ∈ [a, x]. (2.19)

The product of above two inequalities yields the following integral inequality

ρ1−α

Γ(α)

∫ x

a
(xρ − tρ)αf ′(t)dt (2.20)

≤ ρ1−α(xρ − aρ)α−1

Γ(α)

(
|f ′(aρ)|

∫ x

a
(xρ − t) dt+ |f ′(xρ)|

∫ x

a
(t− aρ) dt

)
.

From the above inequality (2.20), after using integration by parts on the left hand side and
computing integrals on the right hand side one can obtain the following inequality:

ραΓ(α+ 1)ρIαa+f(x)

(xρ − aρ)α
(2.21)

≤f(a) +
x− a

xρ − aρ

(
|f ′(aρ)

(
xρ − a+ x

2

)
+ |f ′(xρ)

(
a+ x

2
− xρ

))
.

Convexity of |f ′| also provides the following inequality:

−f ′(t) ≤ xρ − t

xρ − aρ
|f ′(aρ)|+ t− aρ

xρ − aρ
|f ′(xρ)| (2.22)
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Repeating all steps of above scheme performed to obtain the inequality (2.21) from inequalities
(2.18) and (2.19), one can obtain the inequality (2.23) from (2.19) and (2.22) as follows:

ραΓ(α+ 1)ρIαa+f(x)

(xρ − aρ)α
(2.23)

≥− f(a)− x− a

xρ − aρ

(
|f ′(aρ)

(
xρ − a+ x

2

)
+ |f ′(xρ)

(
a+ x

2
− xρ

))
.

Hence from inequalities (2.21) and (2.23), we get the bounding inequality (2.24) for left fractional
integral operator:∣∣∣∣ραΓ(α+ 1) ρIαa+f(x)

(xρ − aρ)α

∣∣∣∣ (2.24)

≤ f(a) +
x− a

xρ − aρ

(
|f ′(aρ)

(
xρ − a+ x

2

)
+ |f ′(xρ)

(
a+ x

2
− xρ

))
.

On the other hand for t ∈ [x, b] using convexity of |f ′| and for β > 0, we have the following
two inequalities (2.25) and (2.26). These inequalities can be used very likely as we have utilized
(2.18), (2.19) and (2.22), the reader can develop the following bounding inequality (2.27) for
right left fractional integral operator:

|f ′(t)| ≤ t− xρ

bρ − xρ
(|f ′(bρ)|) + bρ − t

bρ − xρ
(|f ′(xρ)|), (2.25)

ρ1−β

Γ(β)
(tρ − xρ)β ≤ ρ1−β

Γ(β)
(bρ − xρ)β, (2.26)∣∣∣∣∣ρβΓ(β + 1) ρIβb−f(x)

(bρ − xρ)β

∣∣∣∣∣ (2.27)

≤ f(x) +
b− x

bρ − xρ

(
|f ′(xρ)

(
bρ − x+ b

2

)
+ |f ′(bρ)

(
x+ b

2
− xρ

))
.

By combining the inequalities (2.24) and (2.27) via triangular inequality, the inequality (2.17)
is obtained.

The above result reproduces [4, Theorem 2], if we set ρ = 1 and rearrange some terms in the
proof. As a refinement of Theorem 2.3, this result introduces a minimum operator to provide a
sharper bound on the absolute value of the sum of normalized integrals. This allows for better
control in applications involving convex-modulus derivatives, such as in stability analysis of
fractional systems.

Theorem 2.4. Let all conditions imposed on functions and parameters are same as in Theorem
2.3. Then we have:∣∣∣∣∣ραΓ(α+ 1) ρIαa+f(x)

(xρ − aρ)α
+

ρβΓ(β + 1)ρIβb−f(x)

(bρ − xρ)β

∣∣∣∣∣ (2.28)

≤min

{
(xρ − aρ)(xρf(aρ)− aρf(xρ)) + (bρ − xρ)

(
bρf(xρ)− xρf(bρ)

)
ρ

+
(xρ+1 − aρ+1)(f(xρ)− f(aρ)) + (bρ+1 − xρ+1)

(
f(bρ)− f(xρ)

)
ρ+ 1

,
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xρ − aρ

bρ − xρ

(
(xρ+1 − aρ+1)

(
f(bρ)− f(xρ)

)
ρ+ 1

+
(xρ − aρ)

(
bρf(xρ)− xρf(bρ)

)
ρ

)

+
bρ − xρ

xρ − aρ

(
(bρ+1 − xρ+1)

(
f(xρ)− f(aρ)

)
ρ+ 1

+
(bρ − xρ)

(
xρf(aρ)− aρf(xρ)

)
ρ

)}
.

Proof. By using the following inequality along with (2.19), the integral inequality (2.30) can
be constituted:

f ′(t) ≤ t− xρ

bρ − xρ
f(bρ) +

bρ − t

bρ − xρ
f(xρ), (2.29)

ρ1−α

Γ(α)

∫ x

a
(xρ − tρ)αf ′(t)dt (2.30)

≤ ρ1−α(xρ − aρ)α

Γ(α)(bρ − xρ)

(
|f ′(bρ)|

∫ x

a
(t− xρ) dt+ |f ′(xρ)|

∫ x

a
(bρ − t) dt

)
,

ραΓ(α+ 1) ρIαa+f(x)

(xρ − aρ)α

≤ xρ − aρ

bρ − xρ

{
f(bρ)

∫ x

a
tρ−1(t− xρ) dt+ f(xρ)

∫ x

a
tρ−1(bρ − t) dt

}
(2.31)

=
xρ − aρ

bρ − xρ

{
(xρ+1 − aρ+1)

(
f(bρ)− f(xρ)

)
ρ+ 1

+
(xρ − aρ)

(
bρf(xρ)− xρf(bρ)

)
ρ

}
.

Moreover, analyzing the forthcoming inequality (2.32) along with (2.7), the integral inequality
(2.33) can be constituted:

ρ1−β

Γ(β)
f(t) ≤ ρ1−β

Γ(β)

(
xρ − t

xρ − aρ
f(aρ) +

t− aρ

xρ − aρ
f(xρ)

)
, (2.32)

Γ(β)ρIβb−f(x)

ρ1−β(bρ − xρ)β−2

≤ bρ − xρ

xρ − aρ

{
f(aρ)

∫ b

x
tρ−1(xρ − t) dt+ f(xρ)

∫ b

x
tρ−1(t− aρ) dt

}
(2.33)

=
bρ − xρ

xρ − aρ

{
(bρ+1 − xρ+1)

(
f(xρ)− f(aρ)

)
ρ+ 1

+
(bρ − xρ)

(
xρf(aρ)− aρf(xρ)

)
ρ

}
.

Inequality (2.34) is constituted from above inequalities (2.14) and (2.33).

Γ(α) ρIαa+f(x)

ρ1−α(xρ − aρ)α−2
+

Γ(β)ρIβb−f(x)

ρ1−β(bρ − xρ)β−2
(2.34)

≤xρ − aρ

bρ − xρ

{
(xρ+1 − aρ+1)

(
f(bρ)− f(xρ)

)
ρ+ 1

+
(xρ − aρ)

(
bρf(xρ)− xρf(bρ)

)
ρ

}

+
bρ − xρ

xρ − aρ

{
(bρ+1 − xρ+1)

(
f(xρ)− f(aρ)

)
ρ+ 1

+
(bρ − xρ)

(
xρf(aρ)− aρf(xρ)

)
ρ

}
.

The required inequality is obtained from (2.34) and (2.1).
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The above result provides refinement of [4, Theorem 2], if we set ρ = 1 and rearrange some
terms in the proof. Upcoming lemma, cited from existing literature, establishes a basic property
for symmetric convex functions around the midpoint of an interval. It serves as a foundational
tool for deriving inequalities in symmetric settings, ensuring that the function value at the center
is the minimum.

Lemma 2.1. [4] Let f : [a; b] → R be a convex function. If f is symmetric about a+b
2 ,then the

following inequality holds

f

(
a+ b

2

)
≤ f(x), x ∈ [a, b]. (2.35)

Utilizing the symmetry from Lemma 2.1, this theorem derives a double-sided inequality for
symmetric convex functions, bounding the fractional integrals between the midpoint function
value and an upper expression involving endpoint values. This is especially relevant for appli-
cations where symmetry simplifies fractional models, such as in physics or signal processing.

Theorem 2.5. Let f : I → R be a positive convex function. If f is symmetric about a+b
2 , then

for a, b ∈ I, 0 < a < b, α, β > 0, ρ > 1, the following inequality holds:

f

(
a+ b

2

)
(bρ − aρ)2(α+ β + 2)

2ρ(α+ 1)(β + 1)

≤
Γ(β + 1) ρIβ+1

b− f(a)

2ρβ(bρ − aρ)β−1
+

Γ(α+ 1) ρIα+1
a+ f(b)

2ρα(bρ − aρ)α−1

≤ f(bρ)

(
bρ+1 − aρ+1

ρ+ 1
− aρ(bρ − aρ)

ρ

)
+ f(aρ)

(
bρ(bρ − aρ)

ρ
− bρ+1 − aρ+1

ρ+ 1

)
.

Proof. Following inequalities hold for x ∈ [a, b], by utilizing given conditions in the statement:

xρ−1(xρ − aρ)β ≤ xρ−1(bρ − aρ)β, β > 0, (2.36)

f(x) ≤ x− aρ

bρ − aρ
f(bρ) +

bρ − x

bρ − aρ
f(aρ). (2.37)

Consequently, the forthcoming integral inequality is obtained from above inequalities∫ b

a
(xρ − aρ)βxρ−1f(x)dx

≤(bρ − aρ)β−1

(
f(bρ)

∫ b

a
(x− aρ)xρ−1dx+ f(aρ)

∫ b

a
(bρ − x)xρ−1dx

)
.

This takes the following form after applying definition of fractional integral and calculating the
integrals on the right hand side

Γ(β + 1)ρIβ+1
b− f(a)

ρβ(bρ − aρ)β−1
(2.38)

≤f(bρ)

(
bρ+1 − aρ+1

ρ+ 1
− aρ(bρ − aρ)

ρ

)
+ f(aρ)

(
bρ(bρ − aρ)

ρ
− bρ+1 − aρ+1

ρ+ 1

)
.

On the other hand, we also have the following inequality holds for x ∈ [a, b], under given
conditions in the statement:

(bρ − xρ)α ≤ (bρ − aρ)α. (2.39)
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The integral integral inequality (2.40) is obtained from above inequalities (2.37) and (2.39):

Γ(α+ 1)ρIα+1
a+ f(b)

ρα(bρ − aρ)α−1
(2.40)

≤f(bρ)

(
bρ+1 − aρ+1

ρ+ 1
− aρ(bρ − aρ)

ρ

)
+ f(aρ)

(
bρ(bρ − aρ)

ρ
− bρ+1 − aρ+1

ρ+ 1

)
.

Adding the inequalities (2.38) and (2.40), we ge the forthcoming inequality

Γ(β + 1) ρIβ+1
b− f(a)

2ρβ(bρ − aρ)β−1
+

Γ(α+ 1) ρIα+1
a+ f(b)

2ρα(bρ − aρ)α−1

≤f(bρ)

(
bρ+1 − aρ+1

ρ+ 1
− aρ(bρ − aρ)

ρ

)
+ f(aρ)

(
bρ(bρ − aρ)

ρ
− bρ+1 − aρ+1

ρ+ 1

)
.

Using Lemma 2.1 and multiplying (2.35) with xρ−1(xρ − aρ)β, then integrating over [a, b], one
can have

f

(
a+ b

2

)∫ b

a
xρ−1(xρ − aρ)βdx ≤

∫ b

a
xρ−1(xρ − aρ)βf(x)dx, (2.41)

f

(
a+ b

2

)
(bρ − aρ)β+1

2ρ(β + 1)(bρ − aρ)β−1
≤

Γ(β + 1)ρIβ+1
b− f(a)

2ρβ(bρ − aρ)β−1
, (2.42)

f

(
a+ b

2

)
(bρ − aρ)2

2ρ(β + 1)
≤

Γ(β + 1)ρIβ+1
b− f(a)

2ρβ(bρ − aρ)β−1
. (2.43)

Again using Lemma 2.1 and multiplying (2.35) with xρ−1(bρ − xρ)α, then integrating over [a, b],
one can have

f

(
a+ b

2

)
(bρ − aρ)2

2ρ(α+ 1)
≤

Γ(α+ 1)ρIα+1
a+ f(b)

2ρα(bρ − aρ)α−1
. (2.44)

Add inequalities (2.43) and (2.44) to get the next inequality

f

(
a+ b

2

)
(bρ − aρ)2(α+ β + 2)

2ρ(α+ 1)(β + 1)
≤

Γ(α+ 1)ρIα+1
a+ f(b)

2ρα(bρ − aρ)α−1
+

Γ(β + 1)ρIβ+1
b− f(a)

2ρβ(bρ − aρ)β−1
. (2.45)

By combining inequalities (2.38) and (2.45), one can have the resulting inequality.

The above result reproduces [4, Theorem 3], if we set ρ = 1 and rearrange some terms in the
proof.

3. Conclusion

The present paper has extended a number of traditional inequalities, such as Ostrowski,
Hadamard, and Grüss type, to the context of Katugampola fractional integrals, which are gener-
alizations of the Riemann-Liouville operators. Using rigorous arguments that involve convexity
properties, integral representations, and kernel estimations, we derived new estimates for con-
vex and symmetric convex functions and improvements for differentiable functions where the
derivative is convex in modulus.
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These findings present a more general and cohesive way of fractional integral inequalities,
allowing variable scaling through the parameter ρ and fractional orders α, β. By including classi-
cal cases as special limits, our results enhance the analytical arsenal at the disposal of fractional
calculus. The obtained inequalities have remarkable implications for use in fractional differential
equations, where better bounds can improve solution stability and convergence analysis, and in
functional analysis and optimization problems with the need for accurate estimations.

Potential future research avenues might be numerical simulations to confirm these inequali-
ties, extensions to other classes of generalized convexity (for instance, quasi-convex or log-convex
functions), or applications in real-world physics, engineering, and signal processing models. Fur-
ther breakthroughs could also come from investigating the inequalities on the time scales or other
fractional operators.
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