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HIGH-ORDER ISOGEOMETRIC ANALYSIS FOR STOKES PROBLEM
WITH NON-CONSTANT VISCOSITY
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Abstract This paper investigates a high-order mixed isogeometric analysis for the Stokes
problem with variable viscosity. We proposed and analyzed a new numerical scheme that
can be viewed as a generalization of the classical Taylor—Hood elements. The numerical
experiments are provided to validate the efficiency of scheme proposed.

Keywords Isogeometric analysis, inf-sup condition, error estimate, Stokes problem.

MSC(2010) 65N30, 65N15, 65G99, 76D07, 76D99.

1. Introduction

Isogeometric Analysis (IGA) has emerged as a powerful numerical methodology for the ap-
proximation of partial differential equations (PDEs), bridging the gap between Computer-
Aided Design (CAD) and numerical simulation. Originally introduced by Hughes, Cottrell,
and Bazilevs [18], IGA relies on spline-based functions, such as B-splines and NURBS, which
allow an exact representation of complex geometries while simultaneously providing a highly
regular approximation space.

The incompressible Stokes equations, wherein the viscosity of the fluid is contingent upon its
spatial distribution, represent a critical framework in numerous scientific investigations, notably
in simulations of phenomena such as the convective mantle dynamics. In these scenarios, the
viscosity of the fluid can vary significantly across different regions, spanning several orders of
magnitude. This variability poses a substantial challenge in accurately capturing the intricate
behavior of the system. For instance, in studies of mantle convection, where the movement
of Earth’s rocky shell plays a crucial role in geological processes, understanding the intricate
interplay between temperature, pressure, and viscosity gradients is paramount. Numerical sim-
ulations employing the incompressible Stokes equations with spatially varying viscosity provide
a means to delve into these complexities and unravel the underlying mechanisms governing man-
tle dynamics. By accounting for the nuanced variations in viscosity, researchers can elucidate
phenomena such as plate tectonics, magma migration, and seismic activity, contributing to ad-
vancements in our understanding of Earth’s evolution and geophysical processes. This approach,
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detailed extensively in literature [11,19,22]. While numerous numerical schemes exist for solv-
ing the Stokes equations, many of them are primarily focused on scenarios where fluid viscosity
remains constant [1,12,16,19,32]. However, in real-world applications such as geophysics and
biomechanics [24,28,29], where viscosity can vary significantly across space, these conventional
approaches may fall short in capturing the intricate dynamics accurately.

In such cases, the utilization of mixed finite element methods based on Non-Uniform Rational
B-Splines (NURBS) emerges as a powerful alternative [3,6-8,10,14,15,18,23,25,27,31]. NURBS-
based methods offer several advantages, notably their ability to represent complex geometries
and adaptively refine the mesh, thereby enhancing the accuracy and efficiency of simulations.
Moreover, NURBS provide a flexible framework for incorporating spatially varying viscosity,
allowing researchers to tackle problems involving non-uniform fluid properties with greater fi-
delity.

The development of the mixed finite element method traditional in the context of Stokes
problems with variable viscosity is introduced in [20, 26], the aim of this research is to expand
upon existing numerical analysis and experimental studies by incorporating a stabilized Isogeo-
metric Analysis (IGA) scheme, utilizing the Taylor-Hood element [2], to tackle the complexities
of the Stokes equation with non-constant viscosity. By integrating IGA with the Taylor-Hood
element, this study seeks to enhance the accuracy and stability of numerical simulations, par-
ticularly in scenarios where viscosity varies across the fluid domain.

The structure of this paper is organized as follows: Section 2 introduces the preliminary
concepts related to NURBS functions. In Section 3, we present the model problem along with
its weak formulation. Section 4 is devoted to the description of our numerical scheme and
the details of the algebraic formulation of the problem. Finally, Section 5 is dedicated to the
presentation of numerical results and the discussion of the convergence behavior.

2. The B-spline and NURBS preliminary

For a given knots set £ ={&1 =0,...,&,...,&n4p+1 = 1}, the B-spline function can be defined
by the Cox-de Boor approach (see [5]) as the following

For p = 0:
NP (¢) = Lo &se<bm, (2.1)
0 otherwise,
and, forp > 1:
=& -1 Sirpt1 — & -1
NP(¢) = =——> NP TP > NP . 2.2
i (5) gi-i-p _ fi i (g) + §i+p+1 _ £i+1 i+1 (5) ( )

A spline curve with order p in one dimension is defined as a linear combination of B-spline basis
and control points P;

C(&) =) _NP(OP;, (2.3)
=1

From the knots vector &, the break knots vector can builds as

E={G=0,....C....Cm =1}, (2.4)

where (1 < ... < < ... < (Gn, B-spline globally «; = p — ri-continuously differentiable at each
knot (;, where the sequence vector {ry,...,r;, ..., 7}, presented the multiplicities of the knots
vector =Z. On the case ry = r,, = p+ 1, = is called open knot.
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Then, on Q= [0, 1] parametric domain, the space generated from the univariate B-spline in
1-dimension is defined as follows

NP := span {NP}7"_ . (2.5)

In the same way, by using the tensor product of two basis N¥ and N ;-1 associated with two break

knots vector n; = {C171 =0,... 7(1,2'7 cey Cl,n-i—p-i—l = 1} and 10 = {CQJ =0,..., CQJ', ce 7(2,m+q+1
= 1}, respectively. R
The 2-dimensional spline space on © = [0,1] x [0,1] can be written
~ p.q m,n
D .= span {NL}' }MZI , (2.6)
here p = (p,q) and a = (a1, as).
Starting from B-spline functions, univariate NURBS functions are defined as follows

NP (§)w
2= 1N”(§)

Here, w; represents the weight assigned to the i-th control point, and it must be nonnegative.
A Non-Uniform Rational B-Spline (NURBS) curve with order p on 2D, denoted as

=Y RP(P;, (2.8)
i=1

R} (§) = (2.7)

where P; control points.
In the Q = [0,1], the univariate NURBS space generated from the NURBS basis R is
referred via:

NP := span {RV}_ . (2.9)
In the same way as B-spline, In the parametric domain Q= [0,1] x [0,1], the multivariate
NURBS space defined as
n,m
NEy, = span {Rf, 3('1}@-,3-:1 : (2.10)

NP (©)M] (n)wi,;
P, q — »J
where 15 = SremNp@ Mgt )
The geometrlc NURBS mappping F : 2 — € is then defined by:

F = Zqu s (2.11)

i,j=1

where Pj; are referred as control points.
The mesh (73), associate with the break knot vectors 7, and 72 is a partition of [0, 1] x [0, 1]
into rectangles

Th = {T = (51,“617“_1) X (52,]'7627]‘_’_1) ,'i = 1, RN 1,] = 1, cee, M — 1} . (212)

The parameter h, representing the global mesh size, is given by:

h := max {hy = Diam(T), T €T}, (2.13)
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the family of mesh (T}) on the physical domain, naturally generated by F such as
K,={K:K=FT),T T}, (2.14)

where T is the pre-image of K by the mapping F, the global mesh size is proven by
h =max{hg,K € K}, (2.15)

with hg = HDFHLOO(Q)hK
The NURBS space over Q is defined as the push-forward of the NURBS space A on the

parametric domain €2 i.e.

RP ::span{jo’Jf?oF—l\z‘:1,...,n—1;j:1,...,m—1}. (2.16)

aq,02

3. Model problem and weak form

Let © be an open domain of R? with Lipchitz boundary T', for a steady flow (G;u = 0), the
viscous effects dominate over the convective term. Hence, when the fluid velocity is sufficiently
small, the convection can be neglected. The momentum balance equation derived from the
general Navier—Stokes system (3.1) then reads

Oru — 2V - (u(x)e(u)) + (u- V)u+ Vp = f, in (0,7] x Q, (3.1)

where the second term denotes the viscous contribution, while the third term represents convec-
tion. Under these assumptions, the problem reduces to the following linear system:

=V - 2u(x)e(w)) + Vp = f, in Q, (3.2)
V-u=0, in Q, (3.3)

which is commonly referred to as the Stokes equations. In this study, this problem is subject to
the non-slip boundary conditions
u=0 on r, (3.4)

where u is the fluid velocity field, p is the pressure, €(u) is the symmetric deformation tensor given
by e(u) = 3 (Vu+ (Vu)'), f represents the external forces and p(z) is the variable dynamic
viscosity verified the inequality
0<pp < plx) < < oo, a.e. in Q. (3.5)
We introduce the following functional spaces:
V:{v|v6 (Hl(Q))2,UZOOHF} (3.6)
Q=130 = {alae 22@). [ qas=o}. (3.7
Q

the Hilbert space @ is endowed with the classical inner product

(q,8) = / gsdwx,
Q
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which induces the norm ||¢|lg = [|q|[z2(q)- For the velocity space V, two different inner products
will be considered. To establish a u-independent formulation, we equip V with the bilinear form

(Vv,Vw):/Vv.dex, (3.8)
Q

which induces the H}-seminorm vl a0y = IVllo.
Alternatively, we may consider the viscosity-dependent inner product

(e(v), e(w)) :/ue(v).e(w) dx, (3.9)

Q

the associated norm is then defined as ||v]|, = ||x"/2¢(v) o

Remark 3.1. Using the Poincaré inequality, it can be shown that both choices (3.8) and (3.9)
indeed generate norms on V.

Lemma 3.1 (Korn inequality). A positive constant Cg, depending solely on the domain 2, can
be found such that

IVollo < Cille@)llo,  forall  veV.

Proof. See [13] theorem 1.1-2. O

Lemma 3.2. The equivalence of the two norms .||, and |'|H8(Q) is valid under the assumption
that the viscosity v is strictly positive

Proof. Let v € V, by definition of the deformation tensor and using the invariance of the
Frobenius norm under transposition, we have

Vo + (Vo)' 1
el = [T < Savel + 1o = 9
for any matrix norm || - ||, and in particular for the L?-norm || - [|o.

Now, let u € L*°(Q) satisfy (3.5), it follows that

ol = [l 2e)llo < mdi [Vollo,  forall  veV.

max

On the other hand, since v € V, Korn’s inequality yields
IVollo < Cklle(@)]lo-

Moreover, from the bounds on pu, we deduce

1/2
taalle@llo < olly < sfZdle@)o-

Combining the two inequalities, we finally obtain

—1/2
IVollo < Crpmt! ([0l

This establishes the equivalence between the norms | Vv||o and ||v]|,,, which completes the proof.
O
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To write a variational formulation for the problem (3.2) - (3.4), we multiply the two equations
(3.2) - (3.3) by the test functions v and ¢, respectively. And integrating over {2 before applying
the integral by parts, we seek to find (u,p) € V x @ such that for all (v, q) € V x Q, the following
equations are satisfied:

/Q2u(x)e(u).Vvdx— /va‘vdac = /Qf-vdx, (3.10)
—/qu-uda::O, (3.11)

from the equality,

/QM(a;)e(u).Vvdx—/2u(aﬁ)e(u).e(v)dx, (3.12)
Q

Q

an equivalent weak formulation becomes

/Q ou()e(w).e(v)dz — /Q PV - vdz = /Q f - vda, (3.13)
—/QqV~uda::O. (3.14)

Thanks to (3.5) and the uniform positivity and boundedness of p(x), the classical theory of
linear saddle point problems [4,9] can be invoked to guarantee the existence and uniqueness of
the solution to the problem.

4. Numerical scheme and algebraic form

The solution is obtained by solving the equations (3.2) - (3.4) discretely. To do this, we approx-
imate the velocity u and pressure p fields by interpolation functions defined on each element
of the mesh, as a way to utilize the isogeometric Galerkin method to the weak problem (3.10)-
(3.11), the NURBS basis functions corresponding to the domain parametrization €2 applied to
build spaces of discrete functions V;, C V and Q) C @. The method belongs to the category
of mixed finite elements since pressure and velocity are represented by different discrete spaces.
For velocity, we use NURBS basis of degree p + 1, and for pressure, we use NURBS basis of
degree p. i.e in the parametric domain the Taylor-Hood velocity and pressure space are defined
respectively by

VhTH := span {ekRﬁfl’pH li=1,....n;5=1,...,m;k = 1,2}, (4.1)
with e, the canonical basis of R2,
TH [ b,p A « 7 —
Qs .—span{Rm\z—l,...,n,j—l,...,m}. (4.2)

The NURBS-based Taylor—Hood finite element spaces defined over the physical domain are given
by:

VhT(IJ{ .= span {¢£€7TH — skaH’pH oF 1]i=1,..., n\T/Ii; k=1, 2} , (43)
QM .= gpan {p{M :=RIPoF~! |i=1,...,n}"}.



3270 L. El Ouadefli, A. El Akkad & A. Elkhalfi

Moreover, the pressure space leg is considered in the form:

Qnp = {p e /pdﬂ = 0}. (4.4)
Q
which allows us to define discrete spaces as follows
Vh - Vh 0 >
Qh = Qh 0>
the approximated problem becomes, find (up,pn) € Vi X Qp, such that
a(up,vp) = b(pp,vn) = U(vy), Vup € Vp, (4.5)
—b(qn,vn) =0, Vai € Qp.
where a : Vj, x Vj, — R is the bilinear form defined by a(up,vp,) fQ p(x ).€(vp,)dS2, for all
(up,vp) € Vi X Vp, b: Qp x Vi — R is the bilinear form defined by b(qh,vh =— fQ qnV - vpdS,

for all (gn,vn) € Qp X Vi, and [ : Vj, — R is the linear form defined by I(vs) = [, fvnd€, for all
v € Vi
The velocity is then approximated by

Ny

up, =y RI(Ew, (4.7)

i=1

where u; = (u;,v;) denotes the velocity control variables, and Ri?? = (R?, R*?) represents
the NURBS basis functions associated with the velocity. Similarly, the pressure are defined as
linear combinations of NURBS basis functions, the pressure is then approximated by:

Ny
ph =Y RP(&)ps, (4.8)
=1

here, p; are the pressure control variable. Since, from the discrete formulation (4.6), we obtain
a large linear system as follows.

A BT u f
=1 |, (4.9)
B 0 P 0

which can be solved numerically to obtain the values of the unknowns u; and p;. Finally, these
values are used to reconstruct the velocity and pressure fields in the domain.

The matrix A of size N, x N, is symmetric positive definite (SPD) under the assumption
that the viscosity coefficient satisfies p(z) > 0 almost everywhere in €. Indeed, the entries of A
are defined by the viscous bilinear form

Aij:/g () e(RPY) : e(REY) dQ, i,j=1,..., Ny, (4.10)

where €(v) = £(Vv 4+ Vv”) denotes the strain-rate tensor. The symmetry of A follows di-
rectly from the symmetry of the inner product, while its positive definiteness is guaranteed by
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Korn’s inequality together with the positivity of the viscosity coefficient. As a consequence,
A is sparse, symmetric, and numerically well-conditioned compared with convection-dominated
discretizations, provided that the viscosity is not extremely small.

The matrix B, of size N, x N, represents the discrete divergence operator and is associated
with the incompressibility constraint. Its entries are given by

Bij:—/ (V-RPORPMNAQ, i=1,...,N,, j=1,...,N, (4.11)
Q

The use of different approximation orders for velocity and pressure spaces is required to
satisfy the inf-sup (Ladyzhenskaya—Babuska—Brezzi) stability condition, which ensures the nu-
merical stability of the mixed formulation.

The right-hand side write as

fi:/f(x)Rf’q(a:)dQ, i=1,..,N,. (4.12)
Q

The integrals appearing in equations (4.10)—(4.12) are numerically evaluated using Gauss quadra-
ture with a 5 point rule on each direction in the forthcoming numerical experiments.

5. Numerical discussion

Numerical validation of the proposed method is presented in this section. As a first step, we
consider a benchmark test with variable viscosity, denoted by j(x,y), on a curved domain. In
Example 2, manufactured solutions are employed to demonstrate the convergence, efficiency,
and accuracy of the proposed scheme in the case of linearly varying viscosity. Subsequently,
the case of exponentially varying viscosity is addressed, along with a comparison to the classical
finite element method. These detailed analyses allow us to assess the performance of our method
in solving practical problems and to highlight its advantages over conventional approaches. All
simulations are carried out using the MATLAB toolbox GeoPDEs [30].

5.1. A wall-driven semi-circular cavity

We conduct a simulation of semi-circular cavity flow driven by a wall. Our focus lies in exam-
ining the characteristics of the numerical method. The computational domain encompasses the
geometric region of the flow.

Q={x=(z,y) € R’ |y<0,2>+y*> < 1/4}.

The computational domain €2 is considered figure (1), it is represented by NURBS functions see
figure (1). In the first direction, we consider the knot =; = (0,0,0,0.5,0.5,1,1,1), and in the
second direction, we consider Z9 = (0,0,1,1). Coordinates and weights for the points considered
can be found in the appendix. We will compute the velocity field and pressure in this case using
NURBS basis functions of degree p = 3 and the regularity & = 2 in each direction, with a
20 x 20 subdivision. Figure (2) depicts the pressure and velocity field, while figures (3) shows
the behavior of the first and second velocity components. Along the straight segment of the
boundary denoted by I'1, we prescribe a velocity condition of w = (1,0). For the curved portion
Iy, we designate it as a slip boundary, as illustrated in Figure (1). The viscosity is defined as
w(x,y) = po(l + (2% + 3?)/10), with ug = 0.1. Since the exact solutions for this problem are
unknown, we consider both the augmented and standard formulations.
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Figure 1. Wall-driven flow in a semi-circular cavity in the left, the semi-circular cavity with the control points
in the right.
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Figure 2. The pressure solution in the left, the vector field of velocity in the right.
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Figure 3. The first component of velocity in the left, the second component of velocity in the right.
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5.2. A linear viscosity

The tested approach focuses on the Stokes problem with variable viscosity. A steady-state case
is considered, where the exact solution is prescribed on the unit square (0,1)2, following the idea
presented in [21]. Homogeneous Dirichlet boundary conditions are applied, and the velocity field
is constructed to be divergence-free by defining it as follows:

- (2)-(%)

where 9 represents the stream function given by

P(z,y) = 10021 — 2)*y*(1 — y)?, (5.2)
this yields ) ,
_ (1 —z)%y(1 —y)(1 - 2y)
) =200( % 0T ) (53)

It is easy to verify that the solution 5.3 satisfies V - u = d,u1 + dyua = 0. The Stokes problem
are supplemented with homogeneous Dirichlet boundary conditions, i.e.,

u=9g=0 on I. (5.4)

To investigate the influence of viscosity on the numerical solution, we consider in this case the
viscosity is defined by a linear expression reaches its minimal value pipin in (0,0) and pipax in
(1,1), such described in the figure (4). Its expression it is expressed as follows

Nl(xa y) = fmin + (Nmax - Mmin) zyY, (5'5)

Figure 5 presents the error norms for the velocity and pressure. The velocity is evaluated using

i,y

) 1
09
0.8
0.7
06
0.5
04
03
02
0.6 0.8 1
¥

0.1

o 0.2 0.4

Figure 4. The linear viscosity.

both the L? and H' — norm, while the pressure is assessed using the L? — norm. In this test,
we consider two cases to examine the convergence behavior of the proposed scheme. In the first
case, the viscosity varies within a narrow range, with pmin = 0.1 and pimax = 1. In the second
case, we consider a much larger variation, with pmin = 107% and pimayx = 1. The results obtained
demonstrate the robustness and effectiveness of the developed scheme, even in the presence of a
significant contrast between the minimum and maximum viscosity values. We notice that when
we increase the gap between the minimum and maximum viscosity, the speed-dependent error
becomes higher, while the pressure-dependent error remains the same.
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Figure 5. The error convergence for pimin = 0.1 and pmax = 1 left, and for pmin = 0.0001 and pmax = 1 right.

5.3. An exponential viscosity

The second case is characterized by a smoothly varying viscosity described by an exponential
function, as illustrated in Figure 6. The viscosity distribution is defined by

M2($a y) = Hmin + (,umax - Mmin) €xp (_1013((37 - 0'5)10 + (y - 05)10)) )

(5.6)

where pmin and pmax represent the minimum and maximum viscosity values, respectively. This
formulation creates a highly localized region of high viscosity centered at the point (0.5,0.5),
with a rapid decay away from the center. Such a profile is often used to model flows with sharp
viscosity contrasts, which are common in heterogeneous materials or multiphase fluid systems.

o 0.2 0.4

(,y)
1
08
08
0.7
06
05
04
043
0.2
0.4

0.6 0.8 1
I3

Figure 6. The exponential viscosity.

Figure 7 presents the convergence behavior of the proposed method for two different viscosity
distributions. The left panel corresponds to a moderate viscosity contrast with pim, = 0.1 and
fmax = 1, while the right panel illustrates a highly heterogeneous case where figmin = 10™% and
Umax = 1. In both cases, the method demonstrates optimal convergence rates for the velocity
and pressure errors. More specifically, the H' and L? norms of the velocity exhibit the expected
theoretical rates, with a clear reduction in the error as the mesh is refined. The pressure L2
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Figure 7. The error convergence for pimin = 0.1 and pmax = 1 in the left, pmin = 0.0001 and pmax = 1 in the
right.

error also decreases consistently, confirming the stability of the mixed formulation. It is worth
noting that, in the highly heterogeneous case, the convergence remains robust despite the strong
viscosity variations, which highlights the capability of the proposed discretization to handle
sharp gradients and localized features in the viscosity field.

5.4. Vortex flow: Comparaison test

In this subsection, we present a numerical comparison between the ST-EG [17] and IGA Tay-
lor-Hood methods based on the vortex flow benchmark problem defined on the computational
domain ©Q = (0,1) x (0,1). The considered test case is constructed using an analytical exact
solution for both the velocity and pressure fields of (3.2)-(3.3),

1022 (z — 1)%y(y — 1)(2y — 1)

p=102x — 1)(2y — 1).
—10x(z — 1)(2z — 1)y (y — 1)?
The corresponding body force and Dirichlet boundary conditions are derived from the governing
equations using the exact solution. To evaluate the performance of both methods, a mesh
refinement study is conducted by progressively decreasing the mesh size h while keeping the
viscosity fixed at p = 1075,

Table 1. Mesh refinement study for ST-EG [17] and IGA Taylor-Hood.

ST-EG IGA Tayloor Hood
h llu —up|| Rate | ||p—pnllrz Rate | |Jlu—up|| Rate| |[p—opnlrz Rate
1/4 | 1.959+5 - 1.166e4-0 - 7.41486e-03 - 1.63671e-09 -
1/8 | 7.140e+4 1.46 5.180e-1 1.17 | 1.07806e-03 2.78 | 3.85710e-11  5.41
1/16 | 2.468e+4 1.53 2.483e-1 1.06 | 1.44820e-04 2.90 | 8.49539e-13 5.50
1/32 | 8.552e+3 1.53 1.223e-1 1.02 | 1.88048e-05 2.95 | 1.79681e-14  5.56
1/64 | 2.987e+3 1.52 6.078e-2 1.01 | 2.39920e-06 2.97 | 4.42254e-15 5.59
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Based on the exact solution presented above, we analyze the numerical accuracy of the two
considered methods. The results in the table 1 clearly show that both the velocity and pressure
errors decrease as the mesh size h is refined, which confirms the numerical convergence of both
methods.

The observed convergence rates for the velocity errors are higher than first order for both
approaches. More precisely, the ST-EG method exhibits a convergence rate of approximately
1.5, which is consistent with the theoretical error estimates.

However, the IGA Taylor—-Hood method yields significantly smaller velocity errors compared
to the ST-EG method. In particular, the velocity errors obtained using the IGA Taylor—Hood
approach are several orders of magnitude smaller, indicating a higher numerical accuracy for
the velocity field. Moreover, this method achieves higher convergence rates, close to order 3,
which reflects the high approximation capability of IGA basis functions in representing smooth
solutions.

Regarding pressure errors, both methods produce very small L?-norm errors. Nevertheless,
the IGA Taylor-Hood method again provides smaller pressure errors, reaching values close to
machine precision, which demonstrates excellent numerical stability for this test case.

Overall, these numerical results indicate that the IGA Taylor-Hood method provides superior
accuracy compared to the ST-EG method for this benchmark problem, while also confirming
the validity of the theoretical convergence estimates.

6. Conclusion

In this paper, we presented a solution for Stokes problems with variable viscosity using mixed
finite elements based on NURBS functions. Two numerical tests are provided: The first is a
simulation of a semi-circular cavity, and the second is a numerical study of the convergence of
our proposed method, considering two types of viscosity.

Future plans include the numerical analysis of coupled problems, specifically those where
viscosity exhibits a dependency on the solution in a nonlinear manner.
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