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AN ALTERNATIVE RIEMANN-HILBERT APPROACH AND ITS
APPLICATION TO THE GLOBAL ASYMPTOTICS OF
ORTHOGONAL POLYNOMIALS
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Abstract This work develops a direct solution method for a class of matrix Riemann-
Hilbert (MRH) problems, avoiding the conventional reduction to scalar formulations. By
leveraging the nonlinear steepest descent framework introduced by Deift and Zhou, we con-
struct three invertible transformations that systematically reduce the MRH problem for or-
thogonal polynomials to an explicitly solvable model. Through analytic continuation and a
rigorous treatment of boundary conditions, we obtain precise asymptotic expansions in both
oscillatory and exponentially decaying regimes. Furthermore, our approach yields global
asymptotics for orthogonal polynomials on extended complex domains, surpassing existing
results confined to the unit circle or the real axis. These findings demonstrate the efficiency
of our alternative Riemann-Hilbert approach and significantly broaden the utility of such
techniques in the asymptotic analysis of orthogonal polynomials.
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1. Introduction

Orthogonal polynomials have been extensively studied with respect to their classical properties,
such as recurrence relations, zero distributions, and asymptotic behavior [6,24]. Nevertheless,
high-precision asymptotic analysis, particularly for polynomials of large degree as n — oo, re-
mains a significant challenge in mathematical research [3]. The asymptotic theory of orthogonal
polynomials has traditionally focused on two principal limiting regimes: The large-degree limit
n — oo, and the behavior of the variable z within specific regions (such as inside or outside
the oscillatory domain) [1,4,12,17,25,28]. Although these methods are effective within certain
parameter ranges, they often fail to yield uniform asymptotic approximations over the entire
domain. More importantly, deriving globally valid asymptotic expressions remains a substantial
theoretical challenge within classical analytical frameworks [5].
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A transformative breakthrough occurred in the 1990s with the development of the Riemann-
Hilbert approach, pioneered by Deift, Zhou, and their collaborators [8]. In 1992, Fokas, Its,
and Kitaev [13] first applied this approach to orthogonal polynomials, establishing a powerful
framework for deriving strong asymptotic behavior. Their foundational work spurred numer-
ous subsequent advances [7,8, 10, 15,20, 27]. The Riemann-Hilbert approach reformulates the
asymptotic analysis of orthogonal polynomials as a matrix Riemann-Hilbert (MRH) problem in
the complex plane, as described below

Problem 1.1. Let T' C C be a contour such that 0 is contained in the bounded domain, denoted
by QF, which is enclosed by T'. Define Q= = C\ Qt. Given an m x m matriz function J(t)
defined on T that is Hélder continuous, we determine matriz functions W*(2) satisfying

(1) ®*(z) is analytic in QT and continuous up to T'.
(2) W~ (z) is analytic in Q= and continuous up to T, with ¥~ (00) = Lyxm-
(8) For allt € T, the boundary condition holds

Ut(t) =0 (t)J(t). (1.1)

When m = 1, Problem 1.1 reduces to the scalar case, for which the solvability conditions
and solution structures are well-established [21,23]. However, for m > 1, Problem 1.1 becomes
a challenging matrix boundary value problem for general J(¢). The main difficulty, compared
to the scalar case, arises because the involved matrix functions do not commute. Consequently,
the order of operations becomes crucial, and explicit solutions are exceedingly rare [18]. The
MRH problem typically requires reformulation into an m x m system of scalar Riemann-Hilbert
problems [9, 10, 15, 16, 27]. Although this approach yields solvability conditions and solution
constructions [26], it involves intricate mathematical manipulations, especially as m increases.
Given these challenges, developing a direct solution method for a class of MRH problems, without
reduction to scalar form, is theoretically and practically significant.

In this paper, we propose a direct solution method for the MRH Problem 2.1 that preserves
the matrix structure, circumventing the limitations of scalar-based approaches especially as the
dimensionality increases. Our approach offers an explicit solution representation, supported by
rigorous theoretical foundations developed in Section 2.1. Several illustrative examples in Section
2.2 demonstrate the computational efficiency and practical utility of the method. In Section 3, we
characterize Problem 2.1 through the distinctive properties of orthogonal polynomials. Building
upon this theoretical framework, Section 4 employs the Deift-Zhou nonlinear steepest descent
method to construct three invertible transformations. These transformations systematically re-
duce Problem 2.1 to an explicitly solvable model, thereby establishing a complete analytical
framework for its solution. In Section 5, we rigorously characterize the asymptotic behavior
of orthogonal polynomials in both oscillatory and exponentially decaying regimes through an-
alytic continuation and a detailed analysis of boundary conditions derived from an alternative
Riemann-Hilbert approach. Finally, in Section 6, we establish strong asymptotic results for
orthogonal polynomials on extended complex domains. These results not only generalize exist-
ing theory but also validate the efficacy of our alternative Riemann-Hilbert approach. Unlike
classical Riemann-Hilbert approach, which often restrict asymptotic analysis to the unit circle
or the real axis, our framework provides complete global asymptotic behavior, encompassing
interior, exterior, and their boundaries, along with a full characterization of zero distributions.
This significantly broadens the scope of applicability and resolves key limitations in prior work.
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2. Direct solution to the MRH problem

With 0 < p < 1, we consider the strictly positive weights w on the unit circle T; that can be
extended to an open set A, = {p < |z| < %} containing T; as a non-vanishing holomorphic
function, which can be expressed as a Laurent series with the following representation

o0
w(z) = Z ej’, 2 € A, (2.1)
j=—o00
The coefficients e; are given by
1 dt
;= — it — 2.2
= gr [ w0 (22)

and they satisfy the symmetry condition e_; = €; for all j € Z. To decompose w(z), we need
setting

oS -1

wh(z) = Zejzj, w(z)=— Z ej2’, (2.3)
7=0 j=—00

where w*(2) and w™(z) are holomorphic in D} = {|z| < %} and D, = {|z| > p}, respectively,

with the equality w(z) = wt(2) —w™(2). Additionally, the symmetry property is clear that
w(z) =w(l/z), z € A, (2.4)

where @(z) = w(Z) denotes the complex conjugate of w(z).

In reference [10], a 2 x 2 MRH problem emerges from the investigation of orthogonal
polynomials defined on the unit circle Ty with respect to a weight function w(¢). The prob-
lem formulation requires the construction of a sectionally holomorphic matrix function ¥ :
C\ T1 — C?*2 that satisfies

Problem 2.1.
(1) ¥ is analytic in C\ Ty.
(2) For |t| = 1, the boundary values satisfy

TH(t) = T (1) , (2.5)

where n is a positive integer, and the weight function w(t) € L'(T1), such that a key constant

1 dt
= — t)— . 2.
€ =5 le()it>0 (2.6)
(3) ¥1+(0) =0.
(4) As z — oo in C, the asymptotic behavior
2zl 10
T (2) — : (2.7)
0 2t 01

where T (2) and ®~(z) are unknown analytic 2 x 2 matriz functions defined on DT = {|z| < 1}
and D™ = {|z| > 1}, respectively.
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Set

R(z) = 1@ 2 (2.8)
R271 (Z) RQ’Q(Z)

where each entry R;(2), j,k = 1,2 is defined on an open domain €2 C C and shares the same
analytic or continuous properties as R(z). The max norm of R(z) is defined by

IR(2)|| = max {[R11(2)[, [R12(2)]; [R21(2)], |Ro2(2)]}, 2 €€, (2.9)
and its supremum norm over {2 is given by

IR(2)[le = ilelgllR(Z)ll- (2.10)

If R(z) is continuous on the closure Q = Q U dQ, then by the maximum principle for norms,
|R(z)|| attains its supremum on the boundary 0.

Subsequently, we present a direct solution method for solving the MRH problem 2.1. Our
approach yields an explicit solution, which we rigorously derive and analyze.

2.1. Direct solution method to the MRH Problem 2.1
Let

T(z)=| - ’ ; ,z€C\T. (2.11)

Firstly, we say that w*(z) and w™(z) be analytic functions defined on the domains D* and
D~, respectively. These functions satisfy the boundary condition

w(t) =wt(t) —w (1), |t|=1. (2.12)

This leads to the MRH Problem 2.1, which admits the equivalent formulation

Problem 2.2.
(1) ¥11(2), W12(2), Ua1(2), and ¥22(2) are analytic in C\ Ty.
(2) For |t| = 1, the boundary values satisfy

WL () W) = 7m0 (et (0) ) (Wa(8) Wip(t) — 70y (e (¢) (2.13)
U5 (t) Uyo(t) — "5 (Hw (t) Wy (8) Wo,o(t) — 705 (Hw™ (1)
(3) \I’L(O) =0, \IJIZ(O) =0, \1’;1(0) =0, ‘I’IQ(O) = 0.
(4) As z — oo, we have the following asymptotic expansions
U7 (2) = 2" 400G, U7,(2) =0z,
11(2) ("), ¥io(2) =O0(z"") (2.14)

‘112_1(2) =0(z"), \112_2(2) =" Lo,

where \Iljk(z) and \I/]_k(z) for i,k = 1,2 are analytic functions on DT and D™, respectively.
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From the (1, 1) entry of the MRH Problem 2.2, we obtain the boundary condition
() = Tp(t), Jt]=1. (2.15)

The functions \Ilfl(z) are analytic in D* and continuous up to Ty, respectively. By the Painlevé
theorem, Wq (%) admits an analytic continuation to an entire function. From the growth con-
dition

Uiq(2) = 2T 02", 2 — oo, (2.16)

and ‘1’1+,1(0) =0, we get

Uyq(z) = 2" b a2+ 4 anz = 2" 4+ A(2), 2 € C, (2.17)

a;jz" 7+ Similarly, U5 (z) has the form

-

where A(z) =
1

J

Uyi(2) =c12"+---+cpz, z€ C. (2.18)
Given a formal Laurent series
OO .
flz)y= > i, fj€C, (2.19)
Jj=—0
we define the extraction operator U,, as

0
Ua(f(z) = > fi#, (2.20)

j=—-n+1

—n—+1

which selects the part of f(z) with terms ranging from z to 2°, while the complementary

operator GG, removes these terms, given by
Gn(f(2)) = f(z) = On(f(2))- (2.21)
Moreover, by the (1,2) entry of the MRH Problem 2.2, we know
Ui (t) =t 7" (w ™t (8) = W ,(t) — 7"y i (Hw™ (1), [t = 1. (2.22)

It is noted that \I/fz(z) — 27"V 1 (2)w*(2) admits an analytic continuation to an entire function,
denoted by W (z). As z — oo, then using the asymptotic behavior

W(z) = ‘Ill_Q(z) — 2" (2w (2) =0(z"") — 27" L0, (2.23)

where O(27") — 0 as z — oo, and the term z - O(z~!) remains bounded. Hence, W(z) is
bounded and entire, and by Liouville’s theorem, it must be

W(z)=0C, (2.24)
for some constant C. Consequently, we have

Uy(2) = 27 "0y (2)wt(2) + C, z € D*. (2.25)
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Since the Laurent series of both \IfliQ(z) contain no terms of the form 277 for 0 < j <n —1, we

then obtain
Un (\IIIFQ(Z)) =Un(27"¥11(2)wt(2) + C) =0,

O, (\111_72(2)) =Up (2 "V11(2)w (2) + C) =0,

combining these two conditions, we deduce that
On (27011 (2)w(2)) =0, z € A,
Therefore, the action of G, on ¥y 3(z) simplifies to
27U (2)w(z) = Gu (27701 (2)w(z)), 2 € A,
substituting (2.28) into (2.25), one can immediately have

Uiy(2) = Gu(z27 "1 (2)w " (2)), 2z € DT,
Uio(2) =Gy (27" 1(2)w (2)), z€D.

Following a similar argument as in the derivation of (2.25), we obtain
\IIQEQ(z) = 27"y (2)wE(2), 2 € DE.

Applying the extraction operator U,, to the power series expansions of \Iifz (z) yields

On (\1132(2)) =0, (z_”\IIQ’l(z)er(z)) =0,

() (\112_2(2)) =Up (2 "Vs1(2)w (2)) = 27",
combining these results gives

Un(27"Us1(2)w(2)) = —2 ", 2 € A,

Consequently, we obtain the following expressions

‘1’32(3) =G (2 "Vs1(2)w™(2)), z € DY,
U5o(2) = Gu(z"Wai(2)w (2)) + 2", ze D™,

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

To summarize the foregoing discussion, the solution to the MRH Problem 2.2 takes the form

g = (V) GETIMERTE) ) e
Uy 1(2) Gy (z‘”\Ing(z)wi(z)) +7%(2)

n

where v (2) = 0, v~ (2) = 27", which serves as a boundary value representation.

From (2.32) we obtain
2o (2)w(z) = Gn(27"W24(2)) — 7
multiplying both sides by 2”2 gives

2720 1 (2)w(2) = 2" 2G (2T W (2)w(z)) — 27
=2""2@G, (z_"@271(2)w+(z)) — (z"_QGn (z_"@271(2)w_(z)) + z_l)
= Al(z) - AZ(Z)v z € ]D):ta

(2.34)

(2.35)

(2.36)
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here, A1(z) consists of terms with non-negative powers of z (i.e., terms 27 for j > 0), while Ay(2)
contains the negative powers of z (i.e., terms 2/ for j < 0). To decompose the left hand side of
(2.36) into these two parts, we apply the Cauchy integral formula yields

1 \Ifgjl(t)w(t) de

n—2 -n + n—2_ =+ +
— = Gn Y , D=, 2.37
2mi Jp,  t3(t—z) ‘ (2721 (2)w™(2)) + 2" (2), 2 € (2.37)
or equivalently,
7 =G, (2" D, 2.
o /Tl 202 G (27"WUs 1 (2)w™(2)) + 75 (2), 2 € (2.38)

Similarly, (2.28) can be expressed as

2L U (Hw(t)dE .
o /Tl ;(t_z) = Gy (27" 1 (2)w™(2)), 2 € DE. (2.39)

Substituting the left sides of the last two equations into (2.34), it is readily seen the integral
representation as

4 (2) 2; / %,1(<t>w<t> t

U(2) = n , 2 € C\ Ty. (2.40)
Uy 1(2) 2 /T a1 (t)w(t)dt

21

Now, (2.34) or (2.40) provides the solution to the MRH problem 2.2, provided that the
functions W1 1(z) and W ;(2) can be determined. From (2.17) and (2.27), we observe that

Un (27" A(2)w(2)) = —Up (2w(2)), (2.41)
which is
n—1
On(z7"A(R)w(2)) = = ) €127, (2.42)
j=0
we calculate the left side to be
n 00 . n—1 n ‘
O, (zZakz_k Z ejz]) = Z (Z akek_j_1>z_J, (2.43)
k=1 j=—o00 7=0 k=1
by equating the last two expressions, we obtain
n
Zakek—j—l =—€j+1,7=0,1,--- ,;n—1 (2.44)
k=1
Therefore,
al €1
a2 €2
E.| |=—-1 1, (2.45)

Gn €n
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where E,, is an n x n Toeplitz matrix whose elements

are Laurent coefficients of w, given by

€0 €1 *En—1
e_1 e C en—2
E, = 1, (2.46)
€-ntl€nt2 " €0
since e_; = €;, E,, is Hermitian. Note that (2.32) is equivalent to
C1 0
C2
E, - (2.47)
0
Cn -1

Consequently, we have the following result.

Theorem 2.1. Let w € LY(Ty) be a real valued function. If w > 0 almost everywhere on Ty
and eq, defined by (2.6), is the main diagonal elements of the matriz E, given in (2.46), then
E,, is positive definite for every positive integer n.

Proof. For any non-zero column vector (ug,--- ,un_1)", the quadratic form
"o n—1
(fLo cee ﬁn_l)En = Ujer— Uk
J,k=0
Up—1
n—1 (248)
= - — [ twt)t = uy
‘ 27 T,
7,k=0
1 _ _ _ _1,0dt
=— | wt)|go+art+- + wpat" | =
27 it

Ty

Obviously, the last expression must be positive, because a non-zero polynomial cannot be
identically zero on the set {t € Ty | w(¢t) > 0}, which has positive (one-dimensional Lebesgue)

measure. Thus, E,, is positive definite. The proof is complete. ]
The matrix E,, is positive definite and hence non-singular. We therefore obtain
n n
Uia(z) = 2" 4y az I Wy (2) = ) eI, (2.49)
j=1 j=1
with
ai el c1 0
as | e 2 _
=-E;! : =E,' : (2.50)
0
an en Cn -1
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and E,, is defined in (2.46).
To summarize the foregoing discussion, we now state the main theorem.

Theorem 2.2. Let n be a positive integer, and let w be a weight function satisfying (2.6). Then,
the MRH Problem 2.1 admits a unique solution, explicitly expressed by the formulas (2.49) and
(2.34), or equivalent, by (2.49) and (2.40).

2.2. Examples

For an m X p matrix Q = (gji), define the m x p flipped conjugate matrix Q* by

QS = (qjk‘)v QJSk = Qm—j—i-l, p—k+1, j = 17 s, M, k= 1) D (251)

this operation reverses both rows and columns. It is straightforward to verify that Q°R® =
(QR)%, if QR is well-defined. Let Q® denote the complex conjugate of Qf, and then (QR)* =
Q°R”.

We demonstrate the result through the following examples.

Example 2.1. For the case n = 2 with the weight function w(t) =1+ %t + %t_l, we consider
the MRH Problem 2.1.

A key observation now is that

1 1
wh(t) =1+ St w(t) = —gt_l. (2.52)
By (2.45) and (2.47), we have, for (2.46) with (2.2),
1 1 1
1 - _ = 1-
S1(") =1 3 () =" (2.53)
1 1 as 0 1 1 C2 -1
3 3
solving for ay,ag, c1, co, in terms of (2.49), we obtain
3 1 3 9
Uy () =2° - §Z2 + 3% Uy1(2) = gzz — g (2.54)
Thus,
3 1 1 7 3 1 1
23 — §z2 + g §z2 + g% z3 — ézz + g —ﬂz*Q
T (z) = (s = (@)
5. 9. 1 5. 9 4 3,
8 8 8 8 8 8

constitutes the unique solution satisfying all boundary conditions and analyticity requirements
of the MRH problem in Example 2.1.

Example 2.2. Let n be a positive integer, and let b be a fixed complex number with [b] < 3
and w(t) = 1 + bt + bt~!, where b denotes the complex conjugate of b. Provide a direct solution
to the MRH Problem 2.1.
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By straightforward calculations, we have eg = 1,e; = b, &, = b, and ej=¢ej=0for2 <j<n

The n x n matrix E,, is defined by

from (2.51), E;, can be represented as

1b---

E =|00---
00---
00---

000

10| =
b1b
0b1

-00
-00

'00 )

150
blb---
Obl...

00
00
00

b1

(2.56)

: (2.57)

one easily gets ES = E,. Let E;! = (Ly,---,Ly), and Ly = (71,--- ,7,)7 be the first column

of E; 1. To see that

(E,En')s =Es(E,Y)s =1, (2.58)
with I being the n dimensional identity matrix, from which we deduce
(Ep) ' =(Ey) =Ly, Ly = (L5, L), (2.59)
and
E,!'=(E,")s = (Ly, -~ ,Ly), (2.60)
which implies that Lij = Lp_j+1 for j =1,--+ ,n. In particular, L, = L§ = (7, -+ ,71)7 is the
last column of E;!.
By setting
XO = 1, X]’ = det E]’, ] > 1, (261)
consequently, the sequence {X;} satisfies the recurrence relation
Xo=X1=1,
oo , , (2.62)
Xj=Xj1—|bI" X2, j 2 2,
for all j =0,1,2,---, we immediately obtain
X DYARINTAR 1—A4p2 11— /1—4[p (2.63)
T TP 2 ' '
Through straightforward calculations, we derive the following result
1 _ - _
L = — (Xpo1, —bXp—0, 0 X5, -+, (—1)" 10" 1), (2.64)

Xn
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which yields, for each j =1,2,--- ,n, the relation

(5 X
_ , 9.
Tj XTL ( 65)
From (2.50), it follows that
ay 1
T1 Tn
a _ c
2 =) 5 '2 = - ) (266)
Tn T1
an Cn
and a; = —b7j,¢j = —Tn_jt+1, we combine (2.49), (2.63) and (2.65) to derive the expression
b A[(A2)" — (=B " (e
B(e) A~ (0] pel(ua) — (5]
) An+1l /J,"'H Az +b uz + b (2 67)
Gor(o) L [AN = ()]l = (b |
21 Antl . yntl A+ bz [+ bz ’
Furthermore, from (2.34), we obtain
ot b O Ol O] RO
\Il+(z): A+l Mn—&-l Mz +0b puz + b Ant+l Nn+1
[l b el - (b Cord-pz |
A+l Mn+1 X+ bz 1+ bz A+l Mn+1
bl _ b Az[(A2)" = (=0)"]  pel(u2)" = (=B)"]]  (=B)" TN — )"
\Il_(z)— A+l 'un+1 Az+b puz +b A+l MnJrl
1 Az[A" = (=b2)"]  pz[p” — (=b2)"] O — ")z |
An+l Mn+1 M+ bz i+ bz A+l Mn+1
(2.68)

where the parameters A and p are given in (2.63). This result indicates that the MRH problem,
as described in Example 2.2, admits only this distinct solution.
The foregoing derivations naturally lead us to establish the subsequent principal finding.

Theorem 2.3. Let n be a positive integer and b € C satisfy b] < % Then the MRH Problem
2.1 with weight function w(t) = 1+ bt + bt~ admits a unique solution, which can be explicitly
represented by (2.68).

In the special case n = 2, (2.68) is reduced to clearer and more explicit expressions.

Theorem 2.4. Forn =2, b€ C with |b| < %, and w(t) =1+ bt + bt™", the unique solution to
the MRH Problem 2.1 simplifies to the following explicit form

5 b2 -tz |b|?2 5 b2 =0z b3272
22— ——b - ——— 25 — -
\Il+(z) — 1- |b|2 1— |b|2 \Il_(z) — 1 - |b|2 _ 1— |b‘2
bz2 — 2 b2z ’ bz2 — 2 bz2 Lol
1—[bf? 1—[bf? L—[p)> 1—1b?

(2.69)
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When b = 1, (2.69) and (2.55) become identical.

Example 2.3. Let n be a positive integer, and define the weight function w(t) =1+0bt + bt~
where b € C satisfies |b] = % and b denotes its complex conjugate. We consider the MRH
Problem 2.1.

Consistent with the discussion in Example 2.2, the same methodology can be employed to
derive the expression for E, presented in (2.56). Furthermore, for j > 0, X; is defined as in
(2.61). Under these conditions, it suffices to show

Xo=X; =1,
i (2.70)
Xj=Xj1— ZXJ—% J =2,
we derive X; = %1 for j =1,2,---. By direct computation, the coefficient
2(=2b) " t(n—j+1) .
Tj = 1 ,j=1,2,--- n, (2.71)
we thus establish the following expressions
¥y 1(2) = (n+1)2"3 4 2(n + 2)b2" 2 + (—2b)" 22
R (n+1)(z + 2b)2 ’
n+2pn+1 _n+2 2 (2'72)
Uy (2) = (=2)mrepntiznte — 4(n + 1)bz* — 2nz
>l (n+ 1)(1 + 2bz)2 '
Substituting ¥y 1(z) and Vg 1(2) into (2.34) yields the desired result
(n 4+ 1)2"F3 4 2(n + 2)b2" T2 + (—2b)" 22 2 (n+2)z
T () = (n+1)(z + 2b)2 2(n+1)
(=2)nF2pntlnt2 _ 4(n 4 1)b2? — 2n2 (—2b)"z ’
(n+1)(1 + 2bz2)? n+1 (2.73)
(n4+1)2"% +2(n 4 2)b2" 2 + (=2b)"22 b(—2b)"2"" '
T () = (n+1)(z + 2b)2 n+1
(=2)nF2pntlnt2 _ 4(n 4 1)b2? — 2nz J— 2nbz "
(n+1)(1 4+ 2bz)? n+1

which represents a uniquely determined solution to the MRH problem as formulated in Example
2.3.
To conclude, the preceding analysis leads to the fundamental theorem below.

Theorem 2.5. Let n be a positive integer, b € C with |b| = & and w(t) = 1+ bt + bt~ 1. Then
the MRH Problem 2.1 is shown to possess a unique solution, which is provided in (2.73).

In particular, if b = %, the MRH problem in Example 2.3 admits a uniquely determined
solution

(n+ 12" 4+ (n42)2"2 + (=1)"2 1, N (n+ 2)2)
o e (n+1)(z+1)2 2 Tomt1)
= 2(—2)"2 —2(n+1)2% — 2nz (-1)"z ’

(n+1)(z+1)2 n+1
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(n+ 12" 4 (n+2)2"2 + (=1)"z  (=1)"Flzn

_ (n+1)(z+1)2 2(n+1)
)= 2(—2)"*2 —2(n+1)2% — 2nz g1, MET" 2.74)
(n+1)(z+1)2 : n+l

3. Characterization of the MRH problem for orthogonal polyno-
mials

Let p(t),q(t) € span{--- ,t72,t71 1,¢,¢2,---}, the vector space of Laurent polynomials. We
consider a weight function w(t) on T satisfying (2.6). The matrices E,, are defined as in (2.46).
We define an inner product by

1 dt

.0 =5 [ comtany. (31)

Beginning with the standard monomial basis {1,¢,2,---}, we construct a sequence of monic
orthogonal polynomials through the Gram-Schmidt orthogonalization procedure. The recursive
construction yields

po(t) =1,
p == - 7]) , = 1,2,---,
" 2 T, (0. (1)

the generated polynomial sequence {py(t)}°°, maintains the fundamental property that

Spa’n{pO(t)7pl (t)v e apn(t)} = Span{l) ta e )tn}7 (33)
and each polynomial p,(t) has the specific form

n .
) =t" 4+ an ", (3.4)
j=1

where it is monic (i.e., the leading coefficient is 1) and the remaining coefficients a,, ; are deter-
mined by the orthogonalization process described in (3.2). The polynomials satisfy the orthog-
onality condition

(pj(t),p(t)) = hxdjg, for k=0,1,2,--- ,n, (3.5)

where d;, denotes the Kronecker delta, and the normalization constants hj are given by
dt
= 5 | w0l >0 (3.

1
In consequence, the normalized polynomials {h; 2 pn(t)} _, constitute a complete orthonormal
system in the polynomial space span{1,t,¢2,---}. This ensures that each p,(t) is perpendicular
to all lower degree polynomials.
For a positive integer n, we could rewrite the monic orthogonal polynomials as

n
= Zamjtnfj, Ap,o = 1, (37)
Jj=0
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an (n + 1)-dimensional square matrix S,11 is constructed to be upper triangular, taking the
form

lajjrasp -+ anp

01 a1+ ann-1

Sn+1 =100 1 .- Gnn—2 | - (38)
00 O 1
From its expression, we obtain
ho O -+ 0
T = 0hy--- 0
Sn+1En+1Sn+1: L. . ’ (39)
00 h,

where E,, 11 is the conjugate of matrix E, ;| defined as (2.46), and Sg-ﬂ denotes the transpose
of S, 1. This, together with the multiplicative property of the determinant and (2.61), implies

det (ST, E,41S,41) = det ST, det E 1 det Syt = Xip1 = hohi -+ - ha, (3.10)
we note that . Yo o
=X .
Let Hyq = gZHEnHSnH, and then
E;1Sni1 = (Sip1) ' Hap, (3.12)

where the right hand side is a lower triangular matrix with h, as its lower right corner. Con-
sidering the (n 4 1)-th column of both sides of (3.12), we get

Ann 0

E.a| |=1| 1, (3.13)
aml 0
1 han

taking the complex conjugate of both sides and replacing n with n — 1 yields
C_Lnfl,nfl 0

~h 1B, : - 1. (3.14)

n—1
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Combining the above formula with (2.50), we deduce the relation ¢; = —h;ildn,lm,j for
j=1,---,n. It is readily seen from (2.49) that

Uy 1(2) hlz Zan 1zt = —h 2 1(2), (3.15)

where

ﬁnfl(z) = 2" pn 1 Z Ap— 1,]2 (316)
=0

is the reversed monic orthogonal polynomial of degree n — 1. Following the definition of the
flipped conjugate operator in (2.51), we apply it to both sides of (3.12) and utilizing the identity
E® = E, we derive the matrix relation

En+1SfL+1 = ((S£+1)_1Hn+1)sa (3.17)

considering the (n + 1)-th column of both sides in the above expression, we have

1 han
Gn,1 0

E..o| |=1| | (3.18)
Qn.n 0

Qan,1 €1

E,| : [==-1]:1]. (3.19)

A combination of the above formula with (2.50), we establish the relationship a; = a,; for
j=1,---,n. We know the function ¥, ;(z) in (2.49), that then

V(2 (= +Zanjz j ) = zpn(2). (3.20)

Moreover, we have the subsequent theorem.

Theorem 3.1. For the weight function w on Ty satisfying (2.6), {pn(2)}7>, denote the sequence
of monic orthogonal polynomials. Then, the MRH Problem 2.1 admits a unique solution, which
can be expressed in either of the following forms.

(1) Sectional representation

2pn(2) G (2" "pn(2)w™(2))

\Ili(z) = L . i
~hp Ly 2Pn-1(2) =L G (2 Bt (2)w™(2)) + 7 (2)
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where Gy, is the complementary operator defined in (2.21), hy, is the constant from (3.6), v*(z) =
0 and v~ (z) = 217"
(2) Integral representation

) z7ntl / pn(t)w(t) dt
Pl omi J,  t—z
P(z) = o . , z€ C\ Ty, (3.22)
A (2) — 27 / Pr—1(t)w(t) dt
n—1%Pn-1 2nhp—1i Jy,  t(t —2)

where py(z) denotes the reversed monic orthogonal polynomial of p,(z).

Proof. By substituting the expressions for Wy ;(z) and Wg;(2) from (3.20) and (3.15) into

(2.34) and (2.40), respectively, we systematically derive the solutions given in (3.21) and (3.22).
U
Let E,,41 be an (n + 1)-th dimensional square matrix constructed according to (2.46), and

Eoo Eo1 -+ - Eon
Eio Ery -+ B
1= s (3.23)

EnO Enl te Enn

is the adjoint matrix of E,, ;1. Then, the inverse matrix E;}rl = Xr:ilE:z—H’ where X, is given
in (2.61). From (3.18), a simple calculation leads to

P, Eoyo
0 h E
pn(2) = (Zn7zn71" T vl)Er_LJlrl . - X 711 (Zn’znilﬂ” 1) .10 ) (3.24)
. n .
0 EnO

inserting (3.11) into the right hand side of the preceding formula, we can deduce that

1
pn(2) = Xi(ZnEoo + ZnilEl() +---+ Epn), (3.25)
n
or equivalently,
2 1 1
1 |e-1 e - ep-1
(=) =5 ! (3.26)
€_pe_ptl - €0

Thereby, the result for the reversed orthogonal polynomial is

Pn(z) = Z"ﬁn(z_l) =14+ani1z+ - +appz", (3.27)
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similarly, one can check that the above expression can be reformulated as

1 Z e Zn
- 1 |1 €0 - - €—_ntl
Pn(z) = X (3-28)
n
€n n—1-""" €0

In summary, the above discussion leads to the following conclusion.

Theorem 3.2. Suppose w(t) = 1+ bt + bt~ be defined on Ty, where b € C, b denotes the
complex conjugate of b, and |b| < % Let {pn(2)}52 represent the sequence of monic orthogonal
polynomials. Then, the solution to the MRH Problem 2.1 is uniquely determined by either (3.21)
or (3.22), with

n

(Bt it
Pn(2) = Z A+ ot 2 hn =

)\n+2 _ Iun+2

A+l Mn+1’ (3'29)

5=0
where X\ and p are given in (2.63).

Proof. The matrix E,4; is given as (2.56). For each j = 0,1,--- ,n, the entry Ejy in (3.23)
equals (—1)/ multiplied by the determinant of the submatrix resulting from deleting 0-th row
and j-th column of E, 11, we note that it is straightforward to obtain

Ejo=(=b)X,_j, j=0,1,--- ,n. (3.30)
Hence, inserting the above formula into (3.25), we also write

1 < _ . .
pn(2) = i (=b)! Xy 2", (3.31)
" j=0

J

Using mathematical induction, we can prove (2.63). Substituting this result into (3.31) and
(3.11), we conclude that (3.29) holds. O

Theorem 3.3. For w(t) = 1+ bt + bt~!, where b € C and |b| = 5. Let {pn(t)}32, be the
sequence of monic orthogonal polynomials. Then (3.21) or (3.22) provide the unique solution to
the MRH Problem 2.1, with

n

(=20 (n—j+1) ,; n+ 2
= h = . 3.32
Po(2) jz:% n+1 T T o2 (8:32)
Proof. Following the methodology of Theorem 3.2, we observe that X; = j2ij1, substituting
this result into (3.31) and (3.11), it is readily seen (3.32). O

4. Steepest descent analysis of the MRH problem

For a weight function w(t) defined on T, satisfying (2.6), the Szeg6 constant 7 is define as

1 = exp <217T /T logw(t)(iif> . (4.1)
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If logw € L'(Ty), then n > 0. If logw ¢ L'(Ty), then = 0. A fundamental result in spectral
theory, Szegd’s theorem, states that
n= lim h,, (4.2)
n—oo

where h,, is defined in (3.6). This theorem was first proved in 1914 by Gébor Szegd, while he
was still a 19-year-old undergraduate.

We start with strictly positive analytic weight functions. Suppose w is such a function, there
exists a number p with 0 < p < 1 such that w(z) is holomorphic and non-zero on the annulus
domain A, = {p < |z| < 1/p}. Given that w is strictly positive on Ty, its index with respect to
T, vanishes, i.e., I(w,T1) = 0. Consequently, I(w,x) = 0 for each closed continuous curve y in
the annulus A,. It follows that a holomorphic logarithm logw(z) can be defined on A, so that
it takes real values on T;.

Let 7 € (0,1) be a fixed positive constant with p < r, we define holomorphic functions ®*(z)
on the regions {|z| < %} and {|z| > p}, respectively, as follows

1 1 t)dt 1 1
O P N
Ty rop

2mi t—=z (4.3)
_ 1 logw(t) dt
@(z)zexp(m/ﬂ‘ 15_(2>,p<'r<]z\.

Cauchy’s theorem tells us that the above two integrals are independent of r as long as |z| < % < %
for the first integral, or p < r < |z| for the second. Then Cauchy’s integral formula provides

ot (2) — exp 1/ logw(t)dt 1/ logw(t) dt
271 T, t—z 21t Jr t—z (4.4)

= exp(logw(z)) = w(2),
where p < r < |z| < 1/r < 1/p. This shows that the pair (®7(z), ™ (z)) uniquely solves the
scalar Riemann-Hilbert problem below.
Problem 4.1.

(1) ®*(z) is holomorphic and nonzero in {|z| < 1/p}.

(2) ®~(2) is holomorphic and nonzero in {|z| > p}.

(8) For p < |z| < %, we have ®1(z) = &~ (2)w(2).

(4) ®T(0) = n, where n is the Szego constant given in (4.1).

(5) As z — oo, we have ®~(z) — 1.

From (2.4), we deduce the following symmetry relations

wh(z) = —w=(z7Y) 4 ep, w (2) = —wt(z71) + ep. (4.5)

Through examination of the scalar Riemann-Hilbert Problem 4.1, we note that the pair
(@T (Z*l)’ = (271)) similarly satisfies the problem conditions, so the uniqueness implies that

Or()=—"1 P (2)=—" (4.6)

o (1) )
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We analyze the characterization using the steepest descent method introduced by Deift-Zhou
in [8] which typically involves a series of explicit transformations, structured as follows

W (z) — T(z) — S(z) = U(z),

where W(z) is the same as that in (3.22). Each transformation step brings us closer to our claim.

First transformation ¥(z) — T(z). The purpose is explicit, that is, to normalize the new
MRH problem at co. Let

2=l
.zl > 1,
H(z) = 0 Ln—1 (4.7)

I, |z| <1,

where I denote the identity matrix, the first transformation is established by introducing
T(z) = ¥(2)H(2), z € C\ T;. (4.8)

Therefore, it is straightforward to check that T(z) satisfies the MRH problem stated below.
Problem 4.2.

(1) T(z) is analytic in C\ T;.

(2) Fort e Ty, we get

" tw(t
T (t) =T (¢) Q . (4.9)
0 t—n—i—l
(3) T+(0) = 0.
(4) As z — oo, we have T (z) — L

Remark 4.1. The solution to the MRH Problem 4.2 exists uniquely, since it being equivalent
to the MRH Problem 2.1 through the transform (4.8).

Second transformation T(z) — S(z). This crucial step is derived by factorizing the jump
matrix in the boundary condition (4.9). In fact, the matrix decomposition takes the form

Lt (t) 1 0 0 tw(t) 10
=1 1 ¢ N (4.10)
0 ¢t 1] {—— o 1
tnw(t) w(t) w(t)

With a fixed r € (0,1), we introduce the contours T, = {z € C||z| =7} ,T1 = {2z € C||z| =
%}, and I' = T, UTy U T:1, where T, and T:1 are oriented counterclockwise. The second

transformation is defined as
S(z) =T(2)K(z), z€ C\ T, (4.11)
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where
I, |z| <,
—1
1 0
Zn 1 ’ r < ‘Z| < 17
K(z) =4\ (4.12)
1 0
1 , 1<z] < =,
1
2"w(z)
I, |z| > =,

Obviously, the asymptotic behavior of S(z) at both infinity and the origin aligns with that of
T(z). It can be easily verified that S(z) satisfy the subsequent MRH problem.

Problem 4.3.
(1) S(z) is analytic in C\ T.
(2) Fort eI, we have
ST(t) =S~ (t)Is(t), (4.13)

where

Js(t) = ; ) , te Ty, (4.14)

(3) ST(0) = 0.
(4) As z — oo, we have S™(z) — L.

Remark 4.2. The uniqueness of the solution to the MRH Problem 4.3 follows from its equiv-
alence to the MRH Problem 4.2 under transformation (4.11).

Third transformation S(z) — U(z). To guarantee the analyticity of U(z) on Ty, it is neces-
sary to take out the discontinuity on T;. Now, setting

®(z) O
1] >
M(z) = *(2) (4.15)
0 20%(z2)
z , 2l <1,
KGO
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here, the functions ®1(z) and @~ (2) are given in (4.3), one easily gets

0 tw(t)
¢ =M~ ()] *M*(¢), t eT. (4.16)

()
Building upon the matrix decomposition in (4.16), we establish the third transformation, which
is formulated as
U(z) =S(z)MY(z2), € C\T,, (4.17)
where M ~!(z) denotes the matrix inverse of M(z) defined in (4.15), with T’y = T,,UT1. Notably,
this transformation (4.17) does not change the asymptotic behavior both at infinity and in the

neighborhood of the origin. These considerations motivate the analysis of the subsequent MRH
problem.

Problem 4.4.
(1) U(z) is analytic in C\ T.
(2) Fort ey, we have
Ut () =U ()Jy(t), (4.18)

where the factor matriz

1 —t"®t(t)® (1) CteT.
0 1
Ju(t) =M~ (6)Is(H)[M* ()] = , . (4.19)
1 , teTi.
e D () | '

(3) UT(0) = 0.
(4) As z — oo, we have U™ (z) — L.

Remark 4.3. The MRH Problem 4.4 can be converted to the MRH Problem 4.3 through the
transform (4.17). Thus, it also admits a unique solution.

Remark 4.4. From expression (4.19), it can be observed that uniformly for all n — oo,
Jut)=1I4+0(0("), teTl,. (4.20)

This indicates that as n — oo, the jump matrix Jy uniformly approaches the identity matrix

5. Asymptotic expressions of orthogonal polynomials

Tracing back the steps ¥(z) — T(z) — S(z) — U(z) given in (4.8), (4.11), and (4.17), unrav-
elling these transformations we have the essential technical theorem.
Theorem 5.1. The solution to the MRH Problem 4.4 is uniquely determined as

U(z) = ¥(2)H(2)K(z) M 1(2), 2 € C\ T\, (5.1)

where the matriz functions H(z),K(z), and M(z) defined respectively by (4.7), (4.12), and
(4.15). Here, W (z) being the preconstructed solution to the MRH problem 2.1 given in (3.22).
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Proof. Since each transformation in (4.8), (4.11) and (4.17) is reversible. O
The desired expression (4.20) can be obtained as discussion above.

Theorem 5.2. The solution U(z) to the MRH Problem 4.4 is controlled by the jump matrix
Ju(t). More precisely, there exist positive constants n and § satisfying the following norm esti-

mates
U1, <nllFo — 1. white |y — 1], <6 (5.2)

where Jy(t) is holomorphic in an open neighborhood Q2 of the contour 'y, and det Iy (t) # 0 for
any t € T'y.

Proof. These results were established in [2,19], and their proofs remain directly applicable.
O
In order to discuss the asymptotic behavior for ¥(z), it necessitates separate consideration

of all regions.

Case 1. If || > 1. Considering (4.7), (4.12) and (4.15) together with Theorem 5.1, we can
directly obtain

Ulz) = Uy 1(2) ¥i2(2) S—n—1 : (I)_l(z)
Uy 1(2) Uao(2) 0 L1 0 o
;‘lf (Z) Zn—lq)_(z)\ll (Z) (53)
_ | e (2) bt 1,2
= X |

m‘l’ll(z) AR (Z)\IIQ,Q(Z)

by combining Theorem 5.2 and Remark 4.4 with (5.3), one gets
Ui1(2) = z"+1<I>_(z)(1 + O(z_l)), Uy9(2) = (’)(z_"[CD_ (z)]_l),

Us1(2) = O(2"®@ (2)), Yaa(z) = (1+0(z1). (5.4)

21— (2)
As seen from (3.22), it is evident that
pn(z) =2"07 (2)(1 + O(z™)), Pn-1(z) = —hn_lo(z”_lq)_(z)). (5.5)

Case 2. If 1 < |z| < 1. Similarly, a combination of (4.7), (4.12) and (4.15) with Theorem 5.1,
we derive

1
O e I S |  EE
\11271(2) \11272(2) 0 2" 1 m 1 0 (I)_(Z)
1 1 I (5.6)
_ mqjl’l(z) + W\I}LZ(Z) z P (Z)\IILQ(Z)
1 1 ’
m%’l(@ + W‘I’Q,Q(Z) 2O (2) Wy 9(2)

one needs the asymptotic formula
Vii(z) =2"07 () (1+ O(=71)), Wia(2) = O(=7"[@ (2)]71),

Uao1(2) = — (14+0(z71), Waa(z) = ,27”_1}{3_(,2)(1 +0(z7h).

z (5.7)
O~ (2)w(z)
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An immediate consequence of (3.22) is that

pu(2) = 20 () (1 + OGY)), Puor(z) = q%(l o). (5.8)

Case 3. If r < |z| < 1. In view of (4.7), (4.12), (4.15) and Theorem 5.1, it can be inferred that

7 U 10 0o 20
U(z) = ( 11(2) 1’2(2)) L 2 1 1 g
Y@@ \"ulm ) \ @ 5.9
T(z Lot (2 :
z(;(z) a(e) =Ty ) + wi)( T 5(2)
- (2 2ot (2 ’
Z(}i(z)‘l’z,z(z) _27() 2.1(2) + W((I)Z)( )\1’272(2)

the asymptotic expansions of ¥ take the form

U (14 0(:)), Wia) = 20°(2)(1+ O(),
o0 (5.10)
W(l +0(2)), Pap(z) = O(@*(2)).

\11171(2’) =
\1’271(2) = —

As shown in (3.22),

2" (2) 3 Dy
pn(2) = o02) (1+0(2)), pn-1(2) = q)+(zl) (1+0(2)). (5.11)

Case 4. If |z| < r. From (4.7), (4.12), (4.15) and Theorem 5.1, we obtain

o N N AC)
U31(2) W22(2) o
(5.12)
) - D)
e - )
substituting Theorem 5.2 and Remark 4.4 into (5.12), then find
U11(2) = O(2[@1(2)]71), Uia(2) = 287 (2) (1 + O(2)),
Uy1(z) = _<I>+Z(z) (14 0(z2)), Uaa(2) = O(2*@7(2)). (5.13)
(3.22) leads to the result that
pn(2) = O(2[@T(2)] 1), Pro1(z) = fin—1 (1+0(z)). (5.14)

dt(2)
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To sum up the discussion above, we have

201+ 06), > 1
palz) = zf(zgz)a +0()). <o <1,
O(z[@T(2)]7h), 2| <7,
—hp 10210 (2)), 2] > % (5.15)
Pn-1(2) = q)]zz)(;(z)(l +0(z7), L<|zf < -,
F55 1+ 0(), 2 <1

6. Asymptotic analysis for orthogonal polynomials on extended
domains

For a function g € L?(Ty), define its norm by

lal = ( / 1o( r?‘” | (6.1)

The asymptotic zero set Za{fyll}l associated with a sequence of orthogonal polynomials

{pn(2)}52, is characterized as the collection of all points z € C for which there exist a sub-
sequence {pn,; (2 )}JOO 1 and a corresponding sequence of zeros {z; }3”;1 (with pp;(z;) = 0 for all j

) such that lim z; = 2.
j—00

We introduce the functions

u(2) = 27 "pa(2)[@7(2)] 7 — 1, (6.2)

where ®7(z) is defined in (4.3), n is the constant given in (4.1), and p,(z) represents the monic
reversal of p,(z). As a consequence, we establish the following technical lemma.

Lemma 6.1. The following limits hold
Tim [Jg(2)] = 0. (63

Proof. Define the auxiliary function g,(z) = ¢,(z)+ 1, by Parseval’s identity, we immediately
obtain

lgal® = llenl® + 1. (6.4)

For t € Ty, using (4.6), the following equalities hold

2 ln@®P @R _ pa(t)Pw(?)
9" = e = - = ; (6.5)
([£2)» @~ (2)] n®=(t) U
from which it is readily seen that

hy

||gn||2 = . (6.6)

K

Substituting Szegd’s theorem (4.2) and (6.6) into (6.4), a straightforward computation shows

that lim |[¢,(2)| = 0. O
n—oo
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Lemma 6.2. Consider a strictly positive analytic weight function w defined on T1. Suppose w
is holomorphic and non vanishing in an annulus region p < |z| < % for some p € (0,1). Then,
the functions p,(z) defined in (6.2) satisfy the asymptotic estimate
. 1
lim sup lgnll® < p. (6.7
n—oo

Proof. By Theorem 1 in [22], the asymptotic bound lim sup |pn(0)|% < p holds as n — oc.
Furthermore, Formula (8.6) in [14, p. 156] yields the recurrence relation

ho=ho [T (1= 1p;(O)F), n>1, (6.8)
Jj=1

which establishes a connection between the constants h, given in (3.6) and the values of the
orthogonal polynomials p,(z) at z = 0. By combining these findings, we derive

h O 1
n
— = —_— (6.9)
" jLLlwm@P
implies that the desired conclusion as
. he 1
limsup (— — 1) < p*. (6.10)
n—00 n
Consequently, (6.7) is established, and the proof is concluded. ]

In general, we have successfully obtained the key conclusions.

Theorem 6.1. Under the same assumptions as in Lemma 6.2, and let 0 < p < r < 1. Suppose
pn(2) represent the sequence of orthogonal polynomials. Then the following results hold

(1)

lim 2z "pp(2) = ® (2), |2| > p, (6.11)
n—o0
uniformly on |z| > r.
(2) ,
. N FH— —_ =
nh_}rr;o (pn(z) —2"®(2)) =0, p< |2 < > (6.12)

uniformly on r < |z| < %
(8) The asymptotic zero set satisfies Zi?;% C A{lz] < p} for sufficiently large n, or equivalently,
Z&) {2 <1}

Proof. From (6.2), we obtain the norm estimate

[£7"pn(t) = (@) = 127 ()] < Cillpn(®)], ¢ € T, (6.13)

where Cy = ﬁax |®(t)]. According to Lemma 6.2, choose o € (p, r) such that ||¢,| < Cy0™ for
t/=1
all n, where Cy > 0. Consider the expansion

Zpn(2) — 7 (2) = Y Bz (6.14)
j=1
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For 1 < j < n, we have |3;| < C1Cy0", while for j > n, it follows from the expansion of ®~(z)
that |B;] < C307 for some C5 > 0. On t € T;, the bound

n _ n "1 > o\J
() = 9T < 100" Y- 4Gy Y- (T)
7j=1 Jj=n+1
o\n o\n+1

_OG(9) N Cs(%) (6.15)

- 1-r 1-2

§C’4(g)n, 04:2max{clc2, Cso }

r l—r' r—o

Applying the maximum principle for |z| > r combined with the boundary estimate (6.15), we
deduce that on
2 n(z) — =) < Cu(2)", ol = (6.16)
r

since o < r, the bound decays exponentially as n — oo, which establishes (6.11).
To verify (6.12), consider t € T1, then

> . o\"n T o\
_ P~ — | 177 < _ . < _ .
palt) =@ (8)] = [t j}_ljﬁjt <a6(2) = =os(2) (6.17)
with C5 = % Additionally, from (6.15) we conclude
|pn(t) —t"® 7 (t)] < Cyo™, t € T,. (6.18)

Applying the maximum principle over the annular r < |2| <  and combining (6.17) and (6.18),
we get

pulz) = 2@ (2)| < Cao" + C5(2)", 7 < |l <

S|

, (6.19)

given o < r < 1, both terms vanish exponentially as n — oo, thereby proving (6.12).
Conclusion (3) is a consequence of (6.11) and Rouché’s Theorem. This completes the proof
of Theorem 6.1. O
Analogously to Theorem 6.1, the following result holds. The proof follows a similar argument,
and we omit the details here.

Theorem 6.2. Let w, p and r be defined as in Theorem 6.1, and let p,—1(z) denote the reversed
polynomial of p,—1(z). Then, we have
(1)

. __n 1
nh_)rgopn_l(z) =3 () 2| < > (6.20)

with uniform convergence on |z| < 1.
(2) The asymptotic zero distribution satisfies Zi@;l} - {|z| > %} for all sufficiently large n,
or Zihm't < {121 = 1.
Section 6 extends the asymptotic properties of orthogonal polynomials to a broader domain,

while also verifying the scientific validity and effectiveness of our alternative Riemann-Hilbert
approach for solving asymptotic analysis problems in orthogonal polynomials.
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