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POSITIVE RADIAL SOLUTIONS OF A FOURTH-ORDER ELLIPTIC
BOUNDARY VALUE PROBLEM ON UNIT BALL WITH NONLINEAR
GRADIENT TERM*

Yongxiang Li>"' and Yang Liu!

Abstract In this paper, we discuss the existence of positive radial solution of the fourth-
order elliptic equation A?u = f(|z|, u, |Vu|, Au) on the unit ball Q of RV with Navier
boundary condition u|gg = 0 and Aulsg =0, where N > 2, f: [0, ] x RT x RT xR~ - R
is a continuous function. Under certain local inequality conditions of f, an existence result
of positive radial solution is obtained. The inequality conditions relate to the principal
eigenvalue of Laplacian —A on u|gg = 0. The discussion is based on the method of lower
and upper solutions and truncating function technique.
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1. Introduction

In this paper, we discuss the existence of positive radial solution for the fourth-order elliptic
boundary value problem (BVP)

A%y = f(|z], u, |Vu|, Au), x €€,
(e, w, 1Val, Au) .
ulpn =0, Aulpn =0,

where Q2 = {z € RV : |z| < 1} is the unit ball in RN, N >2, f:[0, 1] x Rt x R* x R~ —» R is
a continuous function.

The fourth order elliptic equation boundary values arise in the study of traveling waves
in suspension bridges and the study of the static deflection of an elastic plate in a fluid, see
[5,12,17,27]. BVP (1.1) is a general fourth order elliptic boundary value problem with Navier
boundary condition, and some of its special situations have been studied by many researchers,
see [1-3,6-11,13,16,24-26,32]. Many researches are focused on simple fourth-order boundary
value problem

2, _
Au = f(z, u), x €, (1.2)
U,‘BQ = 0, Au‘ag = 0,

see [1,2,6-11,13,16,25,26]. Dalmasso [6] obtained uniqueness and positivity results of radial
solutions when f(z, u) = |ulP on aball. In[1,2,10,11,16,25,26], the authors applied the mountain
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pass lemma and critical point theory to obtain the existence and multiplicity results of solutions
of BVP (1.2). In [7-9], the authors using the fixed point theorem on cones obtained the existence
results of positive solutions of BVP (1.2). Recently, Ghoudi and Lahrach [13] obtained existence
of signchanging solution by finite-dimensional reduction procedure for perturbed variational
functionals.

There are some researchers discussed the case of the right side of BVP (1.2) is added a linear
term of Au

A%y = cAu+ f(x, u), x €9, (1.3)

ulon =0, Aulpg =0,

see [3,4,18,24,28,32]. The authors of these references mainly applied the variational method
and critical theory to discuss the existence of nontrivial solutions of BVP (1.3).
For the case of the nonlinearity f contains Awu,

A?u = f(x, u, Au), x €,
1 ) »

ulpo =0, Aulgg =0,

has also been studied by several researchers, see [20,22,29,31]. In [29], Pao introduced the
concept of a pair of coupled upper and lower solutions, and he showed that if BVP (1.4) has a
pair of coupled upper and lower solutions @ and %, then BVP (1.1) has a solution between @ and
@ under f satisfies proper regularity condition. However, it is not easy to find a pair of coupled
upper and lower solutions in the applications. In [31], Wang used a pair of uncoupled upper
and lower solutions @ and 4 with & > @ and Au < A, to replace the pair of Pao’s coupled
upper and lower solutions, under the nonlinearity f(z, &, 1) satisfies an order condition obtained
the existence of a solution between @ and @ and established a monotonic iterative program for
seeking the solutions. See [31, Theorem 2.1]. In [20], the authors improved Wang’s theorem
of upper and lower solutions and delete wang’s order condition. See [20, Theorem 3.3]. Then
them used the new theorem of lower and upper solutions to obtain existence result. In [22], the
authors obtained existence result of a positive solution by applying fixed point index theory in
cones under f(z, &, n) is nonnegative and satisfies linear growth condition on (£, 1) at infinity.

The purpose of this paper is to study existence of positive radial solution for the general
BVP (1.1) with nonlinear gradient term |Vu|. When Q is an annular domain, the existence
of radial solutions has been discussed in [21,23]. In [21], the authors obtained existence and
uniqueness results of radial symmetric solutions under certain inequality conditions that allow
flr, &, ¢, n) is downward superlinear growth on &, ¢, n as |(§, ¢, n)| — oo by Leary-Schauder
fixed point theorem and technique of prior estimates. In [23], the authors obtained existence
results of positive radial solutions when f is nonnegative and satisfies certain superlinear or
sublinear growth conditions by the fixed point index theory in cones. However, the discussion
methods in [21, 23] depend on some special estimations of the solution of the corresponding
linear elliptic boundary value problem on annular domain, and these estimations do’t hold for
ball. Hence, the discussion methods in [21,23] are not applicable to BVP (1.1) on the unit ball.
In this paper, we use the lower and upper solutions method and truncating function technique
to discussed the existence of positive radial solutions for BVP (1.1) on the unit ball.

Next, we always assume that Q is the unit ball in R, I = [0, 1], and ); is the principal
eigenvalue of the Laplace operator —A on the boundary condition u|sn = 0. Our main result is
as follows:
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Theorem 1.1. Let f : [0, 1] x RT x RT x R~ — R be continuous and satisfy the following
conditions

ere exist constants a, b, ¢ > 0 with restriction 5+ —z ++ <1 an > 0, suc a
F1) th st constants a, b, ¢ > 0 with restriction {* 52t < 1and H >0, such that
1

fry & ¢m) <a+b—en, rel, & (=0, n<0, [(& ¢ n)|>H;

(F2) there exist constants ag, co > 0 with restriction ;—102 + f\—(i >1 and § > 0, such that

f(r7 §7 Ca n) Z a0§_60n7 (S I7 57 CE 07 n S 07 |(57C777)| < 57
(F3) for everyr €I andn <0, f(r, &, ¢, n) is increasing on & and ¢ in RT,
then BVP (1.1) has at least one positive radial solution.

In Theorem 1.1, (F1) and (F2) are local inequality conditions of nonlinearity f(r, &, ¢, n)
on (&, ¢, n) at oo and O respectively, and they allow f(r, £, ¢, ) to be superlinear growth on 7.
Consider the following fourth-order elliptic boundary value problem

A?u = avu+ B+/|Vul +v(Au)?, T €,

(1.5)
ulon =0, Aulpg =0,

where «, 5, v > 0 are constants. It is easy to verify that the corresponding nonlinearity

fr & ¢m) =aVE+rBVC+an®, rel0,1), &¢>, n<0 (1.6)

satisfies the conditions (F1)-(F3) of Theorem 1.1, and it is cubic growth on 7. Obviously, u = 0
is a trivial solution of BVP (1.5). Additionally, by Theorem 1.1, BVP (1.5) has also a nontrivial
positive radial solution. This example shows that Theorem 1.1 has certain applicability.

Taking the proof of Theorem 1.1 is based on the lower and upper solutions method and
truncating function technique, which will be given in Section 3. Some preliminaries to prove
Theorem 1.1 are presented in Section 2.

2. Preliminaries

Let Q = {z € RY| |z| < 1}, I = [0, 1]. Let W™P(Q) be the usual Sobolev space on 2, where 1 <
p<+oo, n €N, and H"(Q) := Wm2(Q). Let C*(Q) be the p-order Holder continuous function

space on  with exponent p € (0, 1), and C"#(Q) := {u € C"(Q) | D € C*(Q), |a| =n}.
We use W;"P(Q), H*(Q), CF(2), LY (Q2) to denote the radially symmetric subspaces of W™P((2),
H™(Q), C*(Q), LP(Q) respectively, etc. Obviously, these subspaces are closed subspaces of their
mother space. A radially symmetric function on 2 is equivalent to a function on I. Let C(I)
be the Banach space of all continuous function u(r) on I with norm |ju||c = max,cs |u(r)].
Generally, we use C"(I) to denote the Banach space of all nth-order continuous differentiable
function on I with the norm |ju||cn = max{ |lullc, [|«/||c, - - , |u™]/c}. Let C*(I) be the cone
of nonnegative functions in C(I).

To discuss BVP (1.1), we review some conclusions on the linear elliptic boundary value
problem (LBVP)

—Au = h(z), x e, 2.1)
ulpo = 0,
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where h € LP(Q)(1 < p < 00). By the LP-theory of the linear elliptic equations [19], for every
h € LP(Q), LBVP (2.1) has a unique LP-solution u := Th € W?2P(Q2) N Wol’p(Q), and the
solution operator T : LP(Q)) — W?2P(Q) is a linear bounded operator. When h € C*(Q), by the
Schauder theory of the linear elliptic equations [19], u = Th € C?*#(Q) is a classical solution of
LBVP (2.1). When p > N/2, by the compactness of the Sobolev embedding W??(2) — C(Q),
T : LP(Q) — C(Q) is a compact linear operator. Especially, the restriction of T on C(Q),
T :C(Q) = C(Q) is compact. When h > 0, by the maximum principle of elliptic operators [15],
uw=Th>0. Hence, T : C(Q) — C(Q) is a positive compact linear operator.

It is well-known that the Laplace operator —A with the boundary condition u|gg = 0 has a
minimum positive real eigenvalue eigenvalue A1, which given by

M= inf{Hvu”Q
[ull2

Moreover, A\; has a positive unit eigenfunction, that is, there exists a function ¢; € C?(Q) N
C*(Q) with [|¢1 o) = 1 satisfies the equation

€ HX(Q) N HYQ), ||ull2 # o} . (2.2)

_A¢1 = )\1 gblv YIS Qa

(2.3)
¢1laq = 0.
Lemma 2.1. For every h € L?(2), the L?-solution u = Th of BVP (2.1) satisfies
1 1
Thllo < — ||k Th)|2 £ —||h]|2- 2.4
ITAll> < SRl IVTR)2 < o 17]l2 (2:4)

Proof. For every h € L*(Q2), since u = Sh € H*(Q) N H () is a L*-solution of LBVP (2.1),
by (2.2) and the Schwartz inequality, we have

Mllulls < [Vulla® = (—Au, w) < || = Aullzlullz = [[R]]ful2.

So we have

1
lellz < 5 11Rl2, IVull2® < [|Al2]lull2 < |All2[[Vulls-

o
Hence, (2.4) holds. O

Let h = h(]z|) be radially symmetric. Consider the radial symmetry of the solution of LBVP
(2.1). Let u(|x|) be a radial solution of LBVP (2.1). Setting r = |z|, we have

ou 1\ Li .

_ i =1.2.....N
oz; ur)r, ’ Y

([ Ou  Ou ouy  , T — 1o
Ve (G oy day) O VU= WO, (25)

N
92w " N-1, 1 N—1 s ’

Ay = 2 37:%2 =u'(r)+ Y (r) = FN—1 (T u (r)) )

Hence, u(r) satisfies the ordinary differential equation

TN (2.6)
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Conversely, if u(r) is a solution of BVP (2.6), by (2.5) u(|z|) is a radially symmetric solution of
BVP (2.1).

Lemma 2.2. When h € L2(Q2), the L?-solution u = Th of LBVP (2.1) is radially symmetric,
and uw=Th € H2(Q) N C*(I). Moreover,

1) when h € C(I), w=Th € C%(I) is a classical radial solution of LBVP (2.1);

2) when h € CT(I), w = Th satisfies: u > 0, v’ <0.

Proof. Let h € L?(Q) and set u = Th. By the transformation of spherical coordinates, we

have [
27
h 2:/h2xdx:/ rNTIR2 () dr.
Il? = | B(edr = i [Vt

Hence, 7V=1h%(r) is Lebesgue integrable on I. By this and the Hélder inequality, we easily
verify that the function

u(r) =

1 1 t
NI /0 sV Lh(s)ds (2.7)

r

belongs to C''(I) and

u'(r) = —TN% /07" sNﬁlh(s)ds, r € (0, 1J; u'(0) = 0. (2.8)

By (2.7), (2.8) and (2.5), we easily verify that u(|x|) belongs to H2(2) N Hg,.(Q) and is L*-
solution of LBVP (2.1). By the uniqueness of the solution of LBVP (2.1), u = T'h. Hence, Th
is radially symmetric, and Th € H2(Q) N C*(I).

When h € C(I), by (2.7) and (2.8), u = Th € C*(I) and it satisfies the quation (2.6). By
(2.5), u = Th is a classical radial solution of LBVP (2.1). Hence, the conclusion 1) holds. When
h e CT(I), by (2.7) u > 0, and by (2.8) u' < 0. Hence, the conclusion 2) holds. O

Lemma 2.3. Let f: I x R? — R be continuous. If there exist constants a, b, ¢ > 0 satisfying
)\LIQ + /\13% + 5, <1 and a constant d > 0 such that

[f(r & Gl < alf +blCf + el +d,  rel, & (¢ neR, (2.9)

then BVP (1.1) has a classical radial solution u € C*(I).

Proof. Let T : L?*(2) — H?(Q) be the solution operator of LBVP (2.1). Then it is a bounded
linear operator. By the compactness of the Sobolev embedding H?(Q2) — L?(Q), T : L?(Q2) —
L?(€2) is a compact linear operator. By Lemma 2.2, T(L2())) C L2(f2). Hence, the restriction
of T on L2(Q), T : L2(2) — L2(f2) is compact linear operator.

For BVP (1.1), set v = —Au, then it becomes second order elliptic boundary value problem

—Av = f(lz|, Tv, [V(Tv)], —v),  z€Q,
v(z) =0, x € 0N

(2.10)

We show that BVP (2.10) has a radial solution vy € C%(I).
Define a mapping F on L2(Q) — L2(Q) by

F(o)(lz]) = f(l2], (Tv)(l2]), [V(To)(|z])], —v(lz])),  ve L}(Q), v €. (2.11)
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By (2.9), F : L2(Q) — L?(Q) is continuous. For F(v) taking the norm of L?(Q2), by (2.9) and
Lemma 2.1, we have

IE(0)]l2 < allTwllz + Bl V(T0)l|z + llollz| + d|2*?

b 1/2 2
< R -

Hence, the composite mapping of F' and T’
A=ToF:L*Q) — L?(Q) (2.13)

is completely continuous. We use the Schauder fixed point theorem to show that A has a fixed
point. Choose
C| 9‘1/2

Ry = - - —, D, ={ve LZ(Q) | |v]2 < Ro}.
Al(l_(TEJFWJ”T))

Then D, is a bounded closed convex set in L2(Q2). For every v € D,, by (2.4) and (2.12), we
have

[Av]ly = [|T(F(v))]]2

A

0‘9’1/2
A1

a b c c|Q1/?
< (— + —7 + —) [v]l2 +
A A1
1

<(y5+ b +/\£1)Ro+

Hence, Av € D,. This means that A(D,) C D,. By the Schauder fixed point theorem, A has
a fixed point vg € D,. Since h := F(vy) € L3(Q), by Lemma 2.2, vy = Th € C'(I). By the
definition (2.11) of F' and the continuity of f, h = F(vg) € C(I). Hence, by Lemma 2.2 1),
vo = Th € C?(I) is a classical radial solution of LBVP (2.1) for h = F(vp). By the definition of
F, vy € C?(I) is a classical radial solution of BVP (2.10). Hence, ug = Tvg € C*(I) is a classical
radial solution of BVP (1.1). O

Lemma 2.4. Let f : I x R = R be continuous. If there exist constant a, b, c > 0 satisfying
)\le+?b/2+)\%<l, such that
£ (r, &2, Coy m2) = f(r, &1, Cus )| <al&e — &l + |2 — Gl + cln2 —ml,

fO?” (S Ia (517 gla 771)7 (525 C2a 772) S R37 (214)

then BVP (1.1) has a unique classical radial solution.

Proof. From (2.14) we easily see that f satisfies the condition (2.9) of Lemma 2.3. By Lemma
2.3, BVP (1.1) has at least one radial solution in C*(I). Let uj, ug € C*(I) be two radial
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solutions of BVP (1.1). Set v; = —Awuy, vo = —Aug. Then vy, vo are the radial solutions of
BVP (2.10). By the definition of 7" and F,

vy = T(F(v1)), ve = T(F(v2)). (2.15)
By (2.11) and (2.14), we have

[F(va)(al) — P(or)(|a)
—| f(lal, Tea(lal), [V(Te)(Jal)l, —e2(lal)
= f(al, Tor(al), [9(To1) (D], ~vr(fa])|
<alTvy(|al) = Ter((al)| + 8 [V (Te)(lal)| = [V (Ton) (Jal)] | + cloa(lz) = vr (2]
<alT vz = vr)(|al)| + BV (T (02 = 00) ()| + cl(w2 = e0)(fal)], @ € O
From this inequality and (2.4) it follows that
IF(e2) = F(on)ll2 < all vz = v1)ll2 + B V(T (02 = 1)z + cllon = vl

< <1+L+c>||v — vy
=N T 2 — U1||2-
Hence, by (2.15) and (2.4), we have

vz = vil2 = |T(F(v2)) — T(F(v1))][2
= [[T(F(v2) — F(v1))ll2

1
< 3 1 (v2) = f(o)ll2
1

< (S + o+ o)l = wal

O VLIRS P /E V! vz ol
Since )\%2 + ﬁb}m + ﬁ < 1, from this inequality it follows that |[ve — vi]|2 = 0. Hence, v = va,
so we have u; = Tv; = Tvg = ug. This means that BVP (1.1) has a unique radial solution. [

Lemma 2.5. Let a, b, ¢ > 0 be constants and /\ng + ﬁfm +5 <1, h € CT(I). Then the fourth
1
order elliptic boundary value problem

A2y = au + b|Vu| — cAu + h(|z|), €,
(2.16)
ulogo =0, Aulpg =0

has a unique classical radial solution i € C*(I), moreover @ > 0, @' < 0 and A% < 0.

Proof. It is easy to verify that corresponding nonlinearity of BVP (2.16)

f(ry & ¢ n) =a&+b[C|—cn+h(r), rel, £ ¢ neR

satisfies the condition (2.14) of Lemma 2.4. By Lemma 2.4, BVP (2.16) has a unique classical
radial solution @ € C*(I).
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On the other hand, consider the fourth order elliptic boundary value

A% = alul +b|Vul +c]Au| + h(ja]), =€,
(2.17)

It is easy to verify that the corresponding nonlinearity of BVP (2.17)

f(ry & ¢on) == al§| +b[C] +cln| + h(r), rel, §& ¢ neR

also satisfies the condition (2.14). By Theorem 2.4, BVP (2.17) has a unique radial solution
ug € C*(I). Set
vg = —Aug, ho = a|(Tvo)| + b|Vvo| + clvo| + h(r). (2.18)

Then by the definition of T, ug = Ty, v9 = Thy. By (2.18), hg > 0. By the positivity of 7" and
Lemma 2.2 2), vg = Thy > 0, up = Tvg > 0 and uy’ < 0. Hence, ug > 0, Aug = —vg < 0. Hence
by the equation (2.17), ug is also a radial solution of BVP (2.16). By the uniqueness of radial
solution of BVP (2.16), @ = ug. Hence, & > 0, @ <0 and Au < 0. O

3. Proof of the main result

In this section, we use the upper and lower solutions method and truncating function technique
to prove Theorem 1.1. If a function w € C*() satisfies

A%w > f(|z], w, |Vwl|, Aw), x € Q,

(3.1)
wlag >0,  Awlgg <0,
we call it an upper solution of BVP (1.1), and if a function v € C*(Q2) satisfies
A%y < f(lz|, v, |V|, Av), x € €,
< f(lzl, v, [Vv], Av) (3.2)

U|BQ S 07 AU‘@Q 2 07

we call it a lower solution of BVP (1.1).

Proof of Theorem 1.1. Let a, b, ¢, H be the constant in Condition (F1). Choose a positive
constant by Co = max{[f(r,§,¢,n) —(al+bC—cn)| |r €1, & (=20, n<0, [(§,¢n)] < H}+1.
Then by Condition (F1), we have

fr & ¢m) <ag+b—en+Co, rel, & ¢=>0, n<0. (3.3)

By Lemma 2.5, the fourth order elliptic boundary value problem

A?u = au + b|Vu| — cAu + Cy, r e,
u=Au=0, x € 09

(3.4)

has a unique radial solution wg € C*(I), and wo > 0, wfy < 0, Awg < 0. By this equation and
inequality (3.3), we have

A2wy(r) = awo(r) 4+ b|Vw(r)| — cAw(r) + Co
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> f(r, wo(r), [Vwo(r)|, Awy(r)), rel.

Hence, wy is a radial upper solution of BVP (1.1).

Let ¢1 be the positive unit eigenfunction of the first eigenvalue A\; of the Laplace operator
—A on the boundary condition u|gq = 0, namely ¢; € C?(Q)NCT(Q), ||¢1]lc = 1 and it satisfies
(2.3). By the well-known symmetry result on the elliptic boundary value problem [14, Theorem
1], ¢1 is radially symmetric. By (2.3) and the definition of 7', —A¢1 = A1¢1, and ¢ = T'(\1¢).
By (2.5) and (2.8), we have

A
IVi(r) r)| = ‘rN 1/ sNLpi(s)ds gﬁl. (3.5)

Let § > 0 be the constant in condition (F1). Set 6o = min{6/(1+A;/N +\1), Co/A1?}. Choose
o € (0, 6p) and vg = og¢1. We show that vy is a lower solution of BVP (1.1). For every r € I,

since & := (vo)(r) = o¢1(r) > 0, ¢ := |[Vug(r)| = o) (r)| > 0, n := Avg(r) = —oAi¢1(r) <0,
and

(& ¢m

| (vo 7") IVvo( )\ Aw(r))|

:U‘( |¢1 Al(br)}
<o(lo ()I+!¢1(T)I+IA1¢T)I)
<o (1+%+)\1)

<9,

by condition (F1) and (2.3), we have
f(vo(r), [Vvo(r)l, Avo(r)) > aguo(r) — coAvo(r)
= (ag + coA1)op1(r)
ap | bo 2
_()\2+)\ ) A d)l(T)
> A2U0( ), rel.
Hence, vy is a radial lower solution of BVP (1.1). We show that
0<wvy<wy, wh<vy<0, Awg< Avg<O0. (3.6)
Consider u := wg — vg. Since wy satisfies (3.4) and A%vyy = )\%Ugbl, it follows that
A%y = A?wy — A2y
= awg + b’vwo‘ — cAwgy + Cy — )\%U¢1

> +Cy —)\%O'
>0, x € Q.

Hence, h = A%y € C*(I), and u is a radial solution of the fourth order elliptic boundary value
problem

A2y = h(|z]), r e,

ulga =0, Aulgg = 0.
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By Lemma 2.5, u > 0 and «' < 0 and Au < 0. Hence (3.6) holds. By (2.5), we have
[Vwo(r)] = [wo(r)] = —wp(r),  [Veo(r)| = [vh(r)| = —vh(r),  rel. (3.7)
Define three functions 64, 02, 03 : I x R — R by
01(r, §) = min{max{uvo(r), &}, wo(r)},
03(r, ) = min{max{—v(r), ¢}, —w(r)}, (3.8)
0s(r, n) = min{max{Awo(r), n}, Avo(r)}.
Then 61, 05, 03 : I x R — R are continuous and satisfy
vo(r) < 01(r, &) <wo(r), (r,&) €l xR,
—vp(r) < 0a(r, ) < —wj(r), (r,¢) el xR, (3.9)
Awg(r) < O3(r, n) < Avo(r), (r,n) € I xR.

Choose a constant ¢ € (0, A1) and make a truncating function f* of f by

f*(7"7 & G 77) - f(ra ‘91(7'7 é)v 92(747 C)? 03(Ta 77)) + 6(77 - 93(7", 77)) (3'10)

Then by the continuity of f, f*: I x R® — R is continuous, and by (3.9),

5 & Gl <cnl+C, rel, & ¢ neR,

where C1 = sup,cy ¢ ¢ per | £ (1, 01(7, §), 02(r, €), 03(r, n))| + c[|Awo||c. Hence, f*: 1 x R — R
satisfies the condition (2.9) of Lemma 2.3. By Lemma 2.9, the fourth order elliptic boundary
value problem

A2y = (x|, u, |Vu|, Au), T € (,

(3.11)
ulon =0, Aulggo =0
has a radial solution ug € C*(I). We show that
Awo < A’u,o < AU(). (3.12)

On the contrary, suppose that Awg £ Aug. We consider the function w(z) = ug(|z|)—wo(|z|).

By the assumption, minw(z) < 0. Since w|pg = 0, by the minimum value theorem of continuous
el

functions, there exists xg € Q such that w(zg) = minw(z) < 0. By the properties of the minimum
z€eS)

point of a C2-function, Vw(zg) = 0 and Aw(z) > 0. Hence, by w(xg) = Aug(|zo]) — Auo(|xo|) <
0 and Aw(zg) = A2ug(|zg|) — A%wo(|zo]) > 0, we have

Aug(lzol) < Awg(|zol),  APug(|zol) > A%wy(|xol)- (3.13)

Hence, by the definitions (3.8), 03(|zo|, Auo(|zo|)) = Awo(|xo|). By the equation (3.11), the
definition of f*, the first inequality of (3.13), (3.7), (3.9), Condition (F3) and the definition of
upper solution wg, we have

A?ug(|zo]) = f*(lzol, uo(|zol), [Vuo(|zo])l, Auo(lzo]))
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= f(lzol, 01(|zol, uo(|xo])), b2(|zol, [Vuo(|zo])]), O3(|zol, Auo(|zol)))
+ c(Aug(|zol) — 3(|wol, Auo(|zol)))

= f(|zol, 01 (|zol, uo(|o])), 2(|zol, | Vuo(|zo] ) ), Awo(|zol))
+ c(Aug(|zo]) — Awo(|zo]))

< f(|zol, 01(Jzol, uo(|zol)), O2(|zol, | Vuo(|zol)|); Awo(|zol))

< f(Jol, wo(|zol), [Vwo(|zol)], Awo(lzol))

< A?w(|zo)),

namely, A2ug(|zg|) < A%wo(|zo|). This contradicts to the second inequality of (3.13). Hence,
Awo S AUO‘
With a similarly method, we can show that Aug < Avg. Hence, (3.12) holds. Set

hy = —Aug — o), hy = —A(wy — ug).

Then by (3.12), hy, he € C*(I). By the definition of T, ug — vg = Thy, wog — ug = The. By
Lemma 2.2 2), ug —vg > 0, (ug — vg)" < 0; wp —ug > 0, (wg — vp)’ < 0. Hence,

v < up < wo, -y < —ufy < —wj. (3.14)
Now, by (3.12), (3.14), (3.7) and the definitions (3.8) of 61, 62 and 3, we have
01(r, up(r)) = up(r), Oa2(r, |[Aug(r)|) = |Aug(r)|, O3(r, Aug(r)) = Aug(r), r € 1.
Hence by the definition (3.10) of f*, we have
Fr (2], wo(l2]), [Vuo(jz])], Auo(l2])) = f(lz], uo(|z]), [Vuo(lz])l, Auo(lz])), € Q.
By the equation (3.11), ug is also a radial solution of BVP (1.1). Since up > vg = o¢1, s0 ug is

a positive radial solution of BVP (1.1). O
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