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NUMERICAL SOLUTIONS OF MULTI-TERM VARIABLE ORDER
FRACTIONAL DIFFERENTIAL EQUATION BASED ON
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Abstract This paper proposes a novel framework for the numerical solution of multi-term
variable-order fractional differential equations. By leveraging the properties of Legendre
polynomials, we construct an orthonormal basis within a reproducing kernel space, which
facilitates the formulation of an efficient e—approximate solution. The algorithm’s robustness
is underpinned by a rigorous convergence analysis, and its computational efficiency and high
accuracy are further substantiated through three illustrative numerical examples.
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1. Introduction

Fractional differential equations (FDEs) are well-suited for simulating physical phenomena and
dynamic processes due to their inherent characteristics of memory, heredity, and non-locality,
which are particularly relevant in complex environments [7,31,33]. In general, it is very te-
dious to find the exact solutions to fractional differential equations. Therefore, numerical and
approximate methods must be employed to approximate the solutions of such equations. In [8],
Mehdi proposed approximating the Caputo fractional derivative using sine and cosine functions.
Pradip Roul et al. [21-23] developed a high-order numerical technique for the two-dimensional
time-fractional equation. A robust adaptive moving mesh technique for a time-fractional re-
action?diffusion model was proposed in [20]. Other methods for solving numerical solutions of
partial differential equations were proposed in [3,17,24,25].

Fractional linear control systems, often modeled as multi-term constant-order FDEs, can
more effectively reveal a system’s essential characteristics and achieve enhanced control per-
formance. Moreover, multi-term variable-order FDEs offer even greater modeling potential,
enabling more accurate representation of complex dynamic behaviors, especially those involv-
ing transient states. To capture such time-varying dynamics, fractional derivatives with time-
dependent orders have been introduced, leading to the development of variable-order differential
equations [2]. However, similar to their constant-order counterparts, variable-order fractional
differential equations often involve multiple terms of variable fractional derivatives, which com-
plicates the derivation of analytical solutions. Therefore, investigating numerical methods for
solving multi-term variable-order FDEs is of significant importance. A variety of numerical
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approaches have been proposed to address this challenge, including polynomial methods [5], col-
location methods [6], Galerkin finite element methods [12], Lagrange multiplier techniques [18],
iterative methods [9], and wavelet methods [26], among others.
In this paper, we consider the multi-term variable-order fractional differential equation
(FDEs):
m
> (@D Ou(®) + q(tu(r(1) = f(1), € (0.0), -
k=0 .

u(0) = 0, Bu(b) = 5,

where DM y(t) (k= 0,1,2,--- ,m) is the fractional derivatives in the Caputo sense and ay(t) €
[0,2]. ag(t), ¢(t) and 7(t) are all continuous function on [0,b]. B : W5[0,b] — R is a linear
functional.

In recent years, reproducing kernel methods have been widely adopted by researchers for
obtaining numerical solutions to both classical differential equations [28,29] and fractional dif-
ferential equations [34]. For instance, Zhang, Zheng et al. constructed sets of orthogonal bases in
reproducing kernel spaces and developed corresponding numerical schemes for boundary value
problems of differential equations [36-38]. They also provided theoretical analyses regarding
the feasibility, convergence order, and stability of these methods. Inspired by the least squares
method, Xu et al. proposed effective algorithms for solving fractional integro-differential equa-
tions [11] and interface problems [30]. Since multi-term fractional differential equations involve
multiple fractional-order derivative terms, their numerical solution is generally more challenging.
Notably, orthogonal bases constructed in reproducing kernel spaces based on Legendre polyno-
mials have demonstrated promising performance in addressing such equations [32,35]. Lotfi [16]
presented the numerical solution of a class of fractional optimal control problems using Leg-
endre polynomials. Building on these developments, this paper employs Legendre polynomials
to construct a basis within the reproducing kernel space and incorporates ideas derived from
the least squares method to numerically solve multi-term fractional differential equations. The
proposed method offers several distinct advantages. The use of an orthonormal basis ensures nu-
merical stability and leads to well-conditioned discrete systems. It achieves spectral accuracy for
smooth solutions, exhibiting exponential convergence as the number of basis functions increases.
The approach directly handles multi-term and variable-order fractional derivatives without the
need for special treatment. Additionally, the least squares framework naturally incorporates
boundary conditions, resulting in high-precision approximate solutions.

The remainder of this paper is organized as follows. Section 2 begins by reviewing the def-
inition of the Caputo fractional derivative and then presents Legendre polynomials and their
relevant function spaces. The notion of an e-approximate solution is defined in Section 3. Sub-
sequently, a rigorous convergence analysis for the proposed method is established in Section 4.
To validate the method’s efficacy, Section 5 provides three illustrative numerical examples. The
paper concludes with a summary of findings in the final section.

2. Preliminaries

2.1. Caputo fractional calculus

In this section, we first introduce the definitions of Caputo fractional derivatives and the prop-
erties to be used in this paper.
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Definition 2.1 ( [15]). The « order Caputo derivatives of the function u(t) on [0,b] is defined
by
L[ ey )
D%u(t) = t—x)" % (z)d
) = g [ =) @,
where n = [a] + 1.

Definition 2.2 ( [13]). The a(t) order Caputo derivatives of the function u(t) on [0,b] is defined
by
1 t
DO y(t) = / (t — )" 17Oy (1) da,
I(n —a(t) Jo
where n = [ max a(t)] + 1.
te(0,b)
Also, when «(t) is an integer, the Caputo derivative is defined the same as the integral deriva-
tive of the function wu(t). According to Definition 2.2, we can deduce the following properties.

Property 2.1.

I'lp+1) _
7=, p#0,
DOy ={ T(p+1—at)) (2.1)
0, p=0.

Property 2.2 ( [13]). The dissipative properties of variable-order fractional derivatives:
b
/ DOty (t))dt > v/ |72 = Cullull 2 ||| 2
0
Where (] is a constant.

2.2. Legendre polynomials and related space

This section introduces Legendre polynomials and reproducing kernel spaces. According to
Legendre polynomials, a set of orthonormal bases is constructed in this section.

Definition 2.3 ( [27,38]). Wa[0,b] = {u(t) | u(0) = «/(0) = 0, w is absolutely continuous, u” €
L?[0,b]}, and
b
(u, v)w, = / uv"dt, u,v € W3[0, b].
0
It is well known that Legendre polynomials are orthogonal on L?[—1,1]. To facilitate the

study of the problem, we extend them to the interval [a, b] via an appropriate change of variables.
The resulting shifted Legendre polynomials on [a, b] are defined as follows.

2 _
bt =1 nw =220y
' _2j—|—1 Q(t—a) ' j ' .
Liv1(t) = j+1[ s 15(t) ji_i_ll]fl(t)a J=12--.

The orthogonality of {I;(t)}52, on L?[a, b] is obvious, and
b—a

b _
/ L0 dt = 27+ 1
a 0, i+

i =,
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Let a = 0 and a set of orthonormal basis p;(t) = \/Lb“lj (t) on L?[0,b] is obtained. Next, we
use pj(t) to construct the basis functions on W>]0, b].
Note p;(t) = > 5_ cktt, then

tk+2
Jgp] / / pj da:ds ch k+ 1 k+2)

Theorem 2.1. {JZp;(t) 320 18 a set of orthonormal basis on W>[0,b].

Proof. Only need to prove completeness and orthogonality. Because

L, 1=,
0, ij.

<‘]ng( ) J()p]( )> <p1(t)7pj(t)>L2 =

Orthogonality is obviously.
Completeness. For u € W50, b], if

<u7 Jgpj>W2 =0,

it can deduce u = 0, then {Jgpj(t)};";o are complete. In fact,

(u, Jipidwy = (u”,pj)1z = 0.
Because p;(t) = #lj(t) is a set of orthonormal basis on L2[0,b], v” = 0. Due to u €
W3[0, ], u(0) = «/(0) = 0, then u = 0. O

3. e—approximate solution

Let L : W5[0,b]) — L?[0,],

m

Lu = (ar()D**Du(t)) + q(t)u(r(t)).

k=0

Then Eq. (1.1) is
Lu = f. (3.1)

3.1. The reversibility of L
Theorem 3.1. L : W5[0,b]) — L%[0,b] is a bounded and linear operator.

Proof. The linearity is obvious, so one only needs to prove boundedness. We know

1Zullz2 < 1Y (ar@) D*Du(t) ] g2 + la(t)ulr ()] 2
k=0

<D llax®) D Du(t)|| 2 + lg(8)ulr ()] 2.
k=0
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Let K;(x) be the reproducing kernel in W5[0,b]. From Ref. [27], by the reproducing property,
we obtain

'K 'K,
t)|: }< u, atzt WQ’ — H atlt

Then there exist positive constant My such that

s, lullwss &= 0,1,2. (3.2)

b 1
lg(t)ulr(t)llrz = (/0 (q(t)u(r(t)))dt)>

IN

b 1
max |q ()!(/0 (U(T(t)))th)a

t€[0,b]

IN

1
b2 | K
mmacc [a()1b2[1Kllw [ullw,

= Mol|ullw,- (3.3)

By the definition of Caputo derivatives, there exist positive constant My (k = 0,1,2,---)
such that

1 t
ag(t) S _ o= 1—ag(t), (nk)
|D u(t)] ‘F(nk—ak /(t x) u (a:)da:|
nk—l—ak(t) (nk) d
<ot [ e " )
"k K
‘ 3t"ktHW2HuHW2/| nkflfak(t)|dx
[(ng — ax(t

1% s, el gre—en®

L(ng — ag(t)) nk — ag(t)
|25 |y el s =)

F(nk — ak(t)) ne — Oék(t)

= MkHu”Wz’
where nj = [H%Eg);) ai(t)] + 1. Due to ag(t) € CI0,b], then
t€(0,
; }
@D Ou(t)lz = ([ (asop*Outear)
0
’ (*) 2 :
< D\ (t))=dt
< max a0l [ (0 Outtpar)
< 0% m 0y (0] M. (3.4)
Let My = > ( rr%gng) lag ()| My). From Eq. (3.3) and Eq. (3.4), we can get
k=0 t€

SN
[Luf 2 < 2(62 s |a ()| Mg |ullw,) + Mo|lullw,

< bMol|ullw, + Mollullw, < Mslullw,,

where M3 = bMs + M. ]
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Theorem 3.2. L is invertible, and its inverse operator L™ is bounded.

Proof. According to Eq. (1.1), ar(t),q(t) € C[0,b], then ax(t), ¢(t) is bounded on [0, b]. That
is, there exists a constant v > 0,d > 0, such that ax(t) > v and |¢(t)]| < 0.
From Theorem 3.1, L is bounded. By the inverse operator theorem, to prove that L is
invertible, it suffices to show that L is one-to-one mapping. That is, if Lu = 0, then u = 0.
According to Definition 2.2,

1 ¢ Nne—1—o n
|D04k(t)u(t)‘ :‘ @) /0 (t — z)™ 1—ag(t),,( k)(x)dx‘_

F(nk — O

Due to oy, € [0,2], ng, = 1,2. For simplicity, let ng, = 1. Then

ar(t) g, ()] = v ' — )"y (2)dx].
D) = |y [, (¢ = o) O @)

1—Oék

Multiplying both sides of Lu = 0 by «' and integrating over [0, b] yields

m b b
> / (a () D Ou(t)d (t))dt + / q(t)u(r(t)u (t)dt.
k=070 0

For the first term, using the Property 2.2, there exists a constant C such that

b
/0 (ak () DOty (£))dt > |22 — Culfull 2 2.

For the second term, using the Cauchy-Schwarz inequality and 7(t) € C[0,b], there exists a
constant § > 0 such that

b
I/O q(t)u(r(®)u (t)dt| < ofullpz|lu] 2.

Therefore,
Y172 < (Cr + 0)full g2 l|w'|| 2. (3.5)

In Eq. (3.5), if ||«/||z2 = 0, it follows from the boundary condition v = 0, that u = 0. Otherwise,
if ||u/||z2 # 0, the Poincare inequality gives |ul/z2 < Crl||/| 72, and Eq. (3.5) implied

Y llze < (Cr+ 9)lullzz < (C1 + 6)Crllu'|| 2.

Since C4, 4,y and C are all constants, if the above expression holds identically, then ||u/|| ;2 = 0,
and consequently u = 0.
In summary, L is one-to-one mapping. The theorem is proved. ]

3.2. c—approximate solution
Definition 3.1. For any € > 0, if
ILus(t) = fF(O)I72 + [Bus(t) — B* < €.

Then u®(t) is called e—approximate solution to Eq. (3.1).
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The existence of u®(t) for the boundary value problems of integer-order differential equations
has been established in Refs. [34,36-38]. By extending the methods from these references, we
now present the following theorem concerning the existence of the e-approximate solution for
Eq. (3.1).

Theorem 3.3. Ve>0,3d N >0, whenn >N,

ui, = di Jgpi(t)
i=0

is the e—approzimate solution of Eq. (3.1), where d} satisfies
n n
| Z dfL(J3pi) = fl72 + 1) d;B(Jgpi) — B
] =0

= min{] Zd L(J3pi) = fll32 + 1> diB(J3p:) — B’}

1=0 =0

Because L(JZp;) contains Caputo differential Do‘k(t)Jgpi, by Eq. (2.1), you can get

L(J3pi) = Y ax(t) DD Tgpi(t) + (1) Jgpi(7(t))
k=0

i cti+2

ak(t)Dock(t)(]Z::O m) + q(t)Jgpi(T(t))

k=0

)

Cj D%k (t)tj+2

ax(t) ;) ERES) + q(t) J3pi(T(t))

i

()T + 3 2-0n() N
- ;0 G+ 10 121G +3—apqey T 1Ooplr ().

m
m
From Theorem 3.3, note

G(do,di,da, -+ dy) = || > diL(Jgpi) = fll72 +|D_ diB(Jgpi) — BI%,
i 1=0

G is quadratic form with respect to d = (dp,d1,- -+ ,d,). Only need to find the minimum value
d* = (d§,ds,--- ,d}), that is, just need g—g = 0. We know

=2 Z di(L(J3pi), L(J3p))) 2 — 2di{ L(J5pi), f) 12 — 2 Z d; B(J3pi) B(Jgp;) — 2B(J5pi)B-
i=0

So

n

> diL(J3pi), L(J3p))ez + > diB(Jgpi) B(J3p;) = (L(Jgpi), f)i2 + B(Jgpi)B.  (3.6)
j=0 Jj=0
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Put
A= (<L(Jgpi)? L(J02pj»L2 + B(Jgpi)B(Jgpj))(n+1)x(n+1) >

b = ((L(Jgpi)7 [hoe + B(Jgpi)ﬁ)(,H_l) .
Clearly, both matrix A and vector b are of order n + 1. So Eq. (3.6) is
Ad=b. (3.7)

By Theorem 3.2, L is an invertible operator. According to the method introduced in Ref. [34],
it can be inferred that Eq. (3.7) has a unique solution.

4. Convergence

4.1. Analysis of convergence

Theorem 4.1. Assume u(t) is the exact solution of Eq. (3.1), uS(¢) is the e—approximate
solution of Eq. (3.1). Then 5 (¢) uniformly converges to u(t).

Proof. According to Definition 3.1
lu(t) = us, )i, < IZ7HPIL(w = ug)|17:
< ILTHPUL(u = up) |72 + 18 — Bug?)
< ILTHPUL(w = )72 + [Bu — Bug|?)
< L7

Suppose K;(y) is the reproducing kernel of W50, b]. From Eq. (3.2), for Yu(t) € W3[0, b],

u(t) = un (D)) = [{u(y) = un (), Ke(w))wa| < llult) — ug (0w, [ Kellw, < Me,

where M = || K¢||w,||L71|%.
So |u(t) — us(t)| — 0. -
If

u(t) =Y diJlpi(t),
=0

is the exact solution of Eq. (3.1), and w,(¢) is Fourier truncation of u(t), then

un(t) =) didipi(t) =Y (u, Jopi(t) 2 Jomi(t).
1=0 =0
From Ref. [1], if u(™(t) € L?[0,b], then
m 3
[u(t) = un(t)l|l L2 < Cn™™ DR (O] (4.1)

k=min{m,n+1}

To discuss the convergence order, the linear functional B needs to be bounded. Since the
linear functionals in this paper consist of function values or derivative values, they are clearly
bounded according to Eq. (3.2). That is, |Bu| < ||B||||u|lw,-
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Theorem 4.2. Suppose u(t) is the exact solution of Eq. (3.1), u5,(t) is the e—approzimate
solution of Eq. (3.1). If ul™ (t) € W3[0, b], then

m

[u(t) = up ()|, < Mn™™ Yo k@)
k=min{m,n+1}

Proof. According to Theorem 3.1 and Eq. (4.1)

lu() = un (O, < IL7HPIL( = up)l7e + [Bu = Bug?)
< NZTHPAL(u = un)llZ> + [ Bu — Buy|?
< NZTHPALIP e = w22 + 1Bl = wnllfy,)
< (LML + IBIA)ID e = wallfy, -

Obviously, [Ju(t) — u;, () [w, < Mollu(t) — un ()|,
Since u(™ (t) € W5[0,b], in other words, u(™*2)(t) € L?[0,b], that is,

n

lu(t) = wa(®)lw = l[a"(t) =i (Ol g2 = lu"(6) = Y (" (t), pilt)) 2pi(#)] 2-

i=0
According to Eq. (4.1),

N

m

[u(t) = unO)llw, < Mollu(t) — un(t)llw, < Mn™™ > W@ |
k=min{m,n+1}

where M is a constant. O

4.2. Analysis of stability

Analysis of stability is conducted below. According to the third section, the stability of the
algorithm is related to the stability of Eq. (3.7). Therefore, the stability of the algorithm can
be discussed by the eigenvalues of the matrix A. In this paper,

A= (aij) = (<L(J§pi)7L(J3pj)>L2 + B(Jgpi)B(Jgpj))(n+1)><(n+1) .

Theorem 4.3. Assume u € W5[0,0] and ||ul|lw, = 1. Then ||Lul|;2 > HLLH'

Proof. From Theorem 3.2, L is an invertible operator. Its inverse operator is L~=!. We have
1= |lullw, = IL7 Lullwy < |27 Ll 2

Moreover,

1
| Lullp2 > ——-
(P2

O
Theorem 4.4. Let \ be the eigenvalue of matriz A of Eq. (3.7). There exists a constant C' > 0
satisfy A > C > 0. Therefore, Eq. (3.7) is stable. That is,
1

168]12 < [[L[]16bl2-
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Proof. Because A be the eigenvalue of matrix A, let z = (x1,--- ,2,41)7 is related eigenvector
of A and ||z|| = 1. Then Az=M\z,

n+1
)\xi = E aijxj
7j=1

n+1
= Z Jopz JOp])>L2 + B(Jopz) (Jgpj)) z

n+1 n+1
=(L(J5pi), Z% JOPJ))+B(J0pZ)ZB(Jgpj))xJ
7j=1 j=1

Let x; multiply to bothsides of equation, then add the equations from 7 = 1 to n + 1 so that

A= \z?

%
n+1 n+1 n+1

— <inL(J§p¢),Z$jL(J§pJ > (ZB (Jops)) xj)
pt =

n+1 n+1 2
= [ S it + (B e)
j=1
n+1

> Hzxz ']Opz

From Theorems 2.1 and 4.3, we can get

n+1 n+1

A > H Zml Jopl = HL(Z:EZJOpz

1
=

Assume d and d satisfy
Ad =b, Ad = b+ db.

Subtracting, we get A(d — d) = &b,

ld — dll2 = [|A718bl2 < [| A7 |2|d0]l2 = 16bll2 < (L [|3]]2.

Amin (A)

where [|(A) 72 = ¢ 'I(A) is spectral norm. O

5. Numerical examples

This section presents numerical examples to illustrate the effectiveness and convergence of the
proposed method. The number of basis functions used is denoted by n. We define the absolute
error as ey (t) = |u(t) — u,(t)| and the maximum absolute error as M E,,. The numerical results,
compared with those from Refs. [4,10,14,19], are summarized in 8 tables and 8 figures. These
results demonstrate that the method presented in this paper is highly effective.
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Example 5.1. Consider the first test problem suggested in Refs. [10, 14]

DOy (t) 4 costu! (t) + du(t) + 5u(t?) = f(t), te(0,1),

u(0) =0,u(l) =1,
where the exact solution is u(t) = t2, f(t) = %+5t4+4t2+2t cost, and a(t) = >H2L. The
numerical results are summarized in Tables 1 and 2. Table 1 demonstrates that the solutions
generated by the presented method converge at various points, highlighting its superiority over
the method in Refs. [10, 14]. Furthermore, Table 2 lists the corresponding maximum absolute
errors and CPU for Example 5.1 when «(t) is a constant.

Table 1. e,(t) of Example 5.1.

t [14] [10] our method
0.1 1.43e6 1.17e-8 8.73e-18
0.2 228e6 1.77e-8  T7.67e-17
0.3 2.84e6 2.17¢-8 2.24e-16
0.4 3.1le6 2.39e-8 4.31e-16
0.5 3.13e6 2.45e-8 6.55e-16
0.6 2.94e6 2.34e-8 8.53e-16
0.7 2.53e6 2.07e-8 1.00e-15
0.8 1.88¢6 1.59¢-8 1.10e-15
0.9 997e-7 1.11e-8 1.25e-15

Table 2. M E,4 of Example 5.1.

t alt)=12 a(t)=15 «at)=19
MEs  3.28e-15 1.72e-15 1.25e-16
CPU 0.25 0.25 0.25

Example 5.2. Consider the second test problem which models the general damped mechanical
oscillator in Refs. [4,19]:

DOu(t) + gD Du(t) + rut) = f(t), te(0,1),
u(a) = 0,u(b) = Po.

Case 1. Assume that «a(t) = 2t, f(x) = 1+ij q =21 =4, By =1, when u(t) = t3

(3)t2—t) (32—
f(t) = 1“((3)—oz(t)) ta F((ig—ﬁ(t)) + 4%,

Case 2. (Constant-fractional-order example): Suppose that a(t) = 2, B(t) =

1.5
when u(t) = £2, f(t) = 2 + 2 4 2006000067112,

The maximum absolute errors for Case 1 and Case 2 under different values of n are presented
in Tables 3 and 4, respectively, along with comparisons to existing results from Refs. [4, 19].

,qzl,T‘:l,

N[ =
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Table 3 also discusses the CPU for different n. In Table 4, e denotes the absolute error reported
in Ref. [19], while ey and es correspond to the errors of Method 2 and Method 3 in Ref. [4],
respectively. Additionally, Table 5 lists the pointwise errors for both cases with varying n. The
absolute error distributions for Case 1 and Case 2 are further illustrated in Figures 1 and 2,
respectively. These two figures illustrate that the proposed method can yield excellent results for
a variety of fractional differential equations with multiple variables.

Table 3. The maximum absolute errors of Example 5.2, Case 1.

n 2 3 4 )
ME, in [19] 5.7506e-16 8.88178e-16 5.66214e-15 9.82547e-15
ME, our method 2.1403e-16 3.90304e-16 2.9530e-16 2.32358e-16
CPU 0.0468 0.125 0.2187 0.3593

Table 4. The maximum absolute errors of Example 5.2, Case 2.

n e in [19] ez in [4] ez in [38] our method n =3 our method n =4
ME, 5.22515e-11 4.30e-05  7.00e-5 1.58e-11 1.58e-11

Table 5. The absolute errors of Example 5.2.

x Casel (n=3) Casel (n=4) Case2(n=3) Case2(n=4)

0.1 8.968e-19 4.259e-18 4.341e-14 4.123e-14
0.2 4.646e-18 1.725e-17 1.136e-13 1.112e-13
0.3 2.406e-17 3.884e-17 9.731e-14 9.798e-14
0.4 5.938e-17 6.833e-17 1.454e-13 1.414e-13
0.5 1.086e-16 1.043e-16 7.740e-13 7.693e-13
0.6 1.671e-16 1.450e-16 1.961e-12 1.958e-12
0.7 2.291e-16 1.879e-16 3.886e-12 3.887e-12
0.8 2.891e-16 2.298e-16 6.730e-12 6.732e-12
0.9 3.431e-16 2.670e-16 1.066e-11 1.066e-11

Example 5.3. Consider the multi-term variable fractional problem:

DEDu(t) + i () DI Du(t) + go(t) DEOu(t) + g5 (1) DEOu(t) + (1) = u(t) = f(t), t € (0,2),

)
u(0) = 0,u(2) = 3.
With p = 1, q1(z) = 2, qo(t) = t3, qs(t) = t1, r(t) = t5. And ot ) = LB =1, B =2,
3 3—a(t) 3-8
Br= 3 Tul) =%, f@) = 5 (sfamamy + 0O iagy + O 6 e + 6O tg) +
r(t)%L.

Figure 3 presents the exact and the approximate solutions for Example 5.3 for n = 4. As
expected, the numerical results are the same as the exact solution. Figure 4 is the absolute error
of Example 5.3 for n = 5.
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511072

Figure 1. The absolute error of Example 5.2 for Case Figure 2. The absolute error of Example 5.2 for Case
1. 2.

— --Exact solution

¢ —-Approxmation

Figure 3. The exact and approximate solutions for Ex- Figure 4. The absolute error of Example 5.3.
ample 5.3.

Example 5.4. Consider the multi-term variable fractional problem with weak singularity at
t=0:
DOy(t) + a(t)DPOu(t) 4+ q(t) xu(t) = f(t), te(0,1),

u(0) =0, u(1) =0.

With a(t) = 2L g(t) = ZH q(t) = 93, g(t) = t%2. Assume u(t) = t*, where the value of
f(t) depends on the choice of p. From Table 6, it can be observed that the absolute error varies
with different values of p and n. It is evident that when p = 2, the solution is non-singular at
t = 0, and the absolute error achieved is the best. According to Figures 5 and 6, it can be seen
that the primary reason for the poor absolute error in the other cases is the singularity at ¢ = 0.

Table 6. The maximum absolute errors of Example 5.4 for different p and n.

W ©=0.8 u=1.3 u=1.5 u=1.8 n=2
MEs 5.82e-02 8.70e-03 3.53e-03 5.80e-04 1.43e-14
MEg 4.74e-02 6.24e-03 2.40e-03 3.65e-04 1.0le-14

Example 5.5. (Transverse vibration of a viscoelastic rod with variable-order damping) Con-
sider the single-mode approximation of a fixed-fixed viscoelastic rod subjected to a harmonic
transverse excitation. This problem models the dynamic behavior of soft materials with time-
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Figure 5. The absolute error of Example 5.4 (1 = 1.3, Figure 6. The absolute error of Example 5.4 (1 = 1.8,
n =>5). n =>5).

dependent viscoelastic properties, which can be described by the following multi-term variable-
order fractional differential equation:

DOy(t) 4+ a(t)DPOu(t) + kyu(t) = F(t), te(0,5),
u(0) = 0,4/(0) = 0.

The variable order is taken as a(t) = 1.2+ 0.1sin(z) and §(¢) = 0.8. The damping coefficient is
a(t) = 0.1, the natural frequency is k; = (m)? and the external forcing is F(t) = sin(27t). This
problem has no known exact solution due to the variable-order term. To validate the proposed
method, we examine the residual convergence and perform a grid refinement analysis. The
numerical results demonstrate the effectiveness of our Legendre polynomial-based approach in
capturing the complex dynamic behavior of viscoelastic structures with time-varying material
properties.

The residual in this paper is defined as follows
Ry (t) = D*Du(t) + a(t)DPDu(t) + kiu(t) — F(t).

The residual norm is Res, = ||R,(t)|/z2. Table 7 shows that Res,, gradually approaches 0 as n
increases. Figures 7 and 8 illustrate u,(¢) when n=4 and n=8, respectively.

Table 7. The residual norm Res, of Example 5.5 for different n.

n 4 ) 6 7 8
MEs 1.50e-01 9.39e-02 7.20e-03 2.35e-03 3.98e-04

In this paper, the grid refinement analysis is employed, taking n = 4,5,6,7,8,9 to calculate
the differences between adjacent similar solutions: E, = |up+1 — up|. Table 8 shows that E,
decreases monotonically as n increases.

Table 8. The network convergence analysis of Example 5.5 for different n.

n 4 5) 6 7 8
MEs 2.25e-02 2.40e-02 5.01e-03 2.72e-03 2.27e-04
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Figure 7. ua(t) of Example 5.5. Figure 8. ug(t) of Example 5.5.

6. Conclusion

This work introduces a high-precision numerical framework for solving multi-term variable-order
fractional differential equations. The core idea is to employ Legendre polynomials to construct
an orthonormal basis within a reproducing kernel Hilbert space, which facilitates the efficient
approximation of solutions with variable fractional orders. Theoretically, we provide a rigor-
ous convergence analysis that guarantees the reliability of the proposed method. Numerically,
extensive experiments are carried out to evaluate its performance. Comparative results with
existing techniques, detailed in the tables, consistently demonstrate the superior accuracy of our
approach. In summary, the proposed algorithm offers a robust and efficient tool for tackling
complex fractional differential problems, with potential extensions to other classes of functional
equations.
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