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GROUND STATE SOLUTIONS FOR A CLASS OF HALF-WAVE
CHOQUARD EQUATION WITH ASYMMETRIC
PERTURBATION FUNCTION*

Siyuan Liu®', Qihui Zhong' and Feng Deng!

Abstract In this paper, we investigate a class of half-wave Choquard equation with asym-
metric perturbation function. By establishing a generalized Lieb type compactness theorem
and employing the Nehari manifold method, we prove that the aforementioned equation
admits a ground state solution.
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1. Introduction and main result
In this paper, we consider the following half-wave Choquard equation:
V=Au+u=K(z) (I * |ulP) |uP~2u, €)

where N > 3, 0 < a < N and % <p< % Here, v/—A denotes the half-wave operator,
and [, is the Riesz potential defined by

) = — L05%)

T (2)7220[z|N-a

The function K () is an asymmetric perturbation satisfying the following condition:
(K) 1# K(z) € CRN)n L>®(RY) and

lim K(z)= inf K(z)=1.

|z|]—+o00 zeRN

The half-wave operator v/—A holds dual significance in mathematics and physics. On the
physical side, it describes systems with nonlocal interactions or fractional dispersion, with clear
application backgrounds in cutting-edge condensation [10], nonlinear optics [5], and fractional
quantum mechanics [14]. On the mathematical point of view, it can be rigorously defined via the
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Fourier spectral representation or as a singular integral operator [8,10]. For more details of the
operator v/—A, we refer the readers to [16]. Equation (C) describes a nonlocal problem arising
in various research fields, including Bose-Einstein condensation [19], multi-particle systems [21],
and single-component plasmas [30]. In particular, when K(z) =1, N =3, a = 2, p = 2 and the
half-wave operator v/—A is replaced by the classical Laplacian —A, equation (C) reduces to the
well-known Choquard equation, which reads as follows:

—Au+u= <‘31:|* ]u\2> u, x€R3. (1.1)

In [23], Pekar gave an equivalent characterization of equation (1.1), regarding it as a pro-
totype of the steady-state polaron model in quantum theory. Choquard [17] reinterpreted this
equation as a single-electron model and applied it to the theory of single-component plasmas.
Later, Penrose [24] treated equation (1.1) as a model of self-gravitating matter, where quantum
state reduction is interpreted as a gravitational effect. For more physical applications, we refer
to [9,13,20,26,27,31].

Due to its strong physical significance, the existence and properties of solutions to equation
(C) have attracted considerable attention. We briefly review some known results. Lenzmann [14]
considered the Cauchy problem for the following semi-relativistic Hartree equation:

b Ne Mzl
'u—\/T—i—szH-(e *|u|2>u, z e RN,

Yot ~ |
u(0,x) = ug(x), u:[0,T) x R® = C,

(1.2)

where m > 0, A € R and g > 0 are given parameters. By virtue of the Kato’s inequality, the
author established the global well-posedness and higher regularity of solutions to equation (1.2).
Furthermore, Lenzmann [14] further extended his results to a large class of external potentials
and obtained some regularity results in more regular spaces.

In [15], Lenzmann proved the uniqueness of ground state solution for the following pseudo-
relativistic Hartree equation:

VAT m2u— (2] fu?)u = . @€ RS, (1.3)

where m > 0 and p € R stands for certain Lagrange multipliers. Combining the variational
arguments with a nonrelativistic limit, the author investigated the existence and properties of
solutions to equation (1.3).

Recently, Bellazzini et al. [2,3] studied a class of Cauchy problem for a nonlinear half-wave
equation with focusing power-type nonlinearity as follows:

—— =1/ — — |ylP1 N
i Au—|ufP"u, zeRY, (1.4)

u(0,z) = uo(x),
where 1 < p < % The authors proved the non-existence of nontrivial traveling solitary waves
for equation (1.4) with speeds grater than unity (Jv| > 1). Moreover, they also proved that
equation (1.4) with p < % for N > 2 and p = oo for N = 1 admits no small data scattering
in the energy space, using the properties of traveling solitary waves with speeds |v] < 1. In the

energy-critical case p = % with N > 2, Bellazzini et al. [2, 3] established the failure of small
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data scattering in the energy space. For further developments concerning the half-wave equation
and the related nonlocal problems, we refer to [1,5-7,11,12,22,25,29] and the references therein.

Motivated by the above works, it is natural to raise a question. Can we obtain some exis-
tence results of the half-wave Choquard equation with an asymmetric perturbation
function? To the best of our knowledge, there is no result concerning the existence of ground
state solutions of (C). To this end, in this paper, we focus our attention on this problem and
aim to provide an affirmative answer.

Before stating our main result, we first give some notations. Lt(]RN ) denotes the Lebesgue

space for 1 <t < oo, equipped with the norm ||ul|;: = ( Jan lult d:v) The homogeneous Sobolev
space Dz (RY) is defined as the completion of C§°(R™) under the following norm:

: ju(z) — u(y)P
0 gy = [ [ o R dady

The standard Sobolev space H %(RN ) is defined by
H2(RY) :=due L2(RY) : / / Mdmdy<+oo
Ry Jry |z —y[VH
endowed with the norm

vy = [ [ u@) = w()F ) 4 [ as
H2 (RNV) ' RN JRN ‘33— ‘N+1 RN '

It is standard to prove that the weak solutions of equation (C) is the critical points of the
following energy functional:

/ / [ule )‘Qd dy+1/ |u\2daz—1/ (Lo * |u|P)|u|Pdx
RN JRN \»’U* ’NH 2 Jrw 2p Jan " '

The main result of this paper is as follows:

Theorem 1.1. Assume that N > 3, % <p< %fcf and (K), equation (C) possesses a ground
state solution.

Remark 1.1. Compared to [2,3,15], the lack of translation invariance induced by the asym-
metric perturbation K(z) introduces essential difficulties in restoring compactness for the cor-
responding energy functional of equation (C). To address these issues, some are required to
recover compactness in the variational setting and to establish sharper estimates for equation

(©).

We now outline the main ideas of the proof for Theorem 1.1. Our strategy consists of three
key steps. First, we establish a generalized Lieb type compactness theorem utilizing the refined
Sobolev inequality (see Lemma 2.1). Second, we apply this compactness theorem (see Lemma
2.2) to rule out the vanishing of the (PS) sequence for the energy functional I. Finally, we
obtain the existence of ground state solutions to equation (C) via the Nehari manifold method.

The paper is organized as follows. In Section 2, we establish the generalized Lieb type
compactness theorem. In Section 3, we devoted to prove Theorem 1.1.
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2. The generalized Lieb type compactness theorem

In this section, we prove the generalized Lieb type compactness theorem, which plays a key role
in compactness analysis.

Lemma 2.1. Assume that t € (2,2%), where 2% = %, we have that

t—2
/ lu|'dx < C | sup / |ul®dz | wl 4 vy’ Yu € H%(RN).
RN veRN JB1(y) H2 ®Y)

Proof. Let t € (2,2%) and suppose u € D%’Q(RN). From the Sobolev inequality, we have that

t

/ ultde < / / [u(x) —uly)P dy+/ |ul2dx "
Bi(y) Bi(y) /B1(y) |33— [N+ Bi(y)

Then

t—2

2
T t
/ lu|'de = </ \u|td:n> (/ |u]td:x)
Bi(y) Bi(y) Bi(y)
t—2
[u(x) — u(y)P / ’ |
———="dxdy + |u|“dz / |u|*dz .
</Bl /;1 ) |£B— |N+1 Bl(y) Bl(y)

We cover RY with unit-radius balls such that every point in R is contained in at most N + 1
balls. Therefore

t—2

Tt
[utdrc(sw [ jultds)
RN yeRN JB1(y) H2 (RY)

The proof is complete. ]
Next, we present the generalized Lieb type compactness theorem.

Lemma 2.2. (Generalized Lieb type compactness theorem) Suppose that t € (2,2%) and {uy}
is a bounded sequence in H%(RN) such that 111}_1 S~ |unl'da > 0. Then there exists a sequence
n—-+oo

Ty = Up(z 4+ yn) = 0 #0, ac L (RY),
such that if {y,} C RY is bounded, we have that
U, »u#0, uec L (RY).
Proof. Let {u,} be a bounded sequence in H %(RN ). Up to a subsequence, we assume
Up —ue H2(RY) and up —ue Ll (RY), Vte(2,20).

By Lemma 2.1, there exists a constant C7 > 0 such that

sup / lup|*dz > C1.
yERN J B1(y)
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Since {u,} is a bounded sequence in H 2 (RY) and by the Sobolev embedding theorem, we have

sup/ \un]tdxg/ lup|'dz < C.
yERN JB1(y) RN

It follows that Cy,Cy > 0 such that

C1 < sup / [up|'dz < Co.
yeRN J B1(y)

From the above inequality, we know there exists {1, } C RY such that

C
[ ltdez s [ w5z o
Bi(yn) yeRN J By (yn) 2n

Let uy, := up(z + yn). Then
and fBl(O) |tin|'dx > Cy. Thus, up to a subsequence, there exists u € H%(RN) such that 4, — u.

Since the embedding ig (RY) — Lt (RY) is compact, we can conclude that u % 0.
If {y,} is bounded, then there exists C' > 0 such that B;(y,) C Bc(0) and

/ | dx > / |up|*dz > C.
Bc(0) Bi(yn)

This implies u # 0. The proof is complete. O
Lemma 2.3. ( [18], Hardy-Littlewood-Sobolev inequality) Let s, > 1 and 0 < u < N satisfy

1 1 w
-4+ -=14+ —.
s+r +N

Then there exists a sharp constant C(N, p, s,r) > 0 such that

u(z)v(y)
L ] < .l ol
holds for all u € L*(RN) and v € L"(RY). Moreover, when s = r = 22 the optimal constant

. . . . N+'LL ’
is given explicitly by
“w

e T8 (T F
CWop)=m r(@) (F(Jif)> '

Lemma 2.4. ( [4], Brézis-Lieb lemma) Let  be an open subset of RV and {u,,} be a sequence
in LP(Q) with 1 < p < +00. Assume that

(i) {un} is bounded in LP(Q);

(ii) up — w almost everywhere in €.

Then
lim </ | |P dz —/ |up, — ulP dx) :/ |u|P dz.
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3. Proof of Theorem 1.1

In this section, we investigate the existence of ground state solutions to equation (C) and present
the proof of Theorem 1.1. To this end, we first define the following mountain pass level and
path set [28]:

c: —;gtz%pﬂ I(4(t)) and T :={y e C([0,1], H2(R")) : 4(0) = 0, 1(7(1)) < 0}.

We define the Nehari manifold associated with equation (C), the minimum energy level on the
Nehari manifold, and the minimax energy level of the functional I as follows:

N::{UGH%(RN) \{0}:(I'(u),u) = 0}, = inf I(u) and c= inf sup! (tu).
ueN uEH§(]RN)\{0} t>0

Lemma 3.1. Under the assumptions of Theorem 1.1, we have
(1) the functional I satisfies the mountain pass geometry;
(2) for any u € H%(]RN)\{O}, there exists a unique t,, > 0 such that ty,u € N and I(t,u) =
I(ty,);
g i),
(3) ¢ > 0;

(4) c=c=¢;
(5) if u € N, then we have

) =2l

—p/RN K(x)|ulPdz. (3.1)

Moreover, if u € N and I(u) = ¢, then u is a ground state solution of equation (C).

Proof. (1) By condition (K) and the Sobolev embedding theorem, we have that

2 2
I(u) = *II I8 vy CHKHLOO(RN)HUHI;)%(RN)-

To ensure that the energy functional I(u) is well-defined for all u in H %(RN ) and that the
non-local term can be controlled, it is necessary to place the integrability index N]i required by

the Hardy-Littlewood-Sobolev inequality within the allowable range of the Sobolev embedding,

that is:
2Np 2N
2 <

< .
" N+a N-1

Thereby it concludes that
N+« << N+«

N —“PE>=N_71

Since & +a <p< X *a , there exists a sufficiently small constant p > 0 such that
= inf I(u) > 1(0) =0
flell b, "
It follows that 2
I0) = Gllull g = 5 [ K@ ) uPda
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As % <p< %"'?, it is straightforward to verify that I(tu) < 0 for sufficiently large ¢.

Therefore, there exists a constant ¢, > 0 depending on u, such that I(¢t,u) < 0 for ¢ > ¢, and
(2 ) Let
2

£(#) = () = S ull?,

t2p
oy~ 5 o K@)l

for any u € H%(RN) \ {0} and t € (0,00). Then we have

! 2 -1 T * |ulP)|uPdz.
PO =tlully =7 [ K@ )l

H? (RN)

From the above equation, we know that f/(t) = 0 if and only if

2 __ 42p—2 p p
1R, gy = 772 [ K@) ¢

h(t) = t?P~2 /]RN K(z)(1q * |ulP)|u|Pdz.

Then lim h(t) = +oo and lim h(t) = 0. By the intermediate value theorem and the mono-
t——+o00 t—0

tonicity of h(t), there exists a unique ¢, € (0,+00) such that

_ 2
(k) = [l

Thus, t,u € N.
Next, we show the uniqueness of ¢. By contradiction, we suppose there exists 0 < t1 < to
such that

Pt = (10w, tre) = Bllully =7 [ K@ )lulPde = 0

and
f(ta)ta = (I'(tou), tou) = t%HUHZ% ey t2p/ K(z)(Ia * [ulP)|ulPdz = 0.

This implies

ft) — ft2) (1272 _ 202 /RN K (2) (I * [ulP)|uPdz > 0,

which contradicts with ¢; < to. Thus, we have that ¢, is unique.
(3) By (I'(u),u) = 0, according to condition (K) and the Sobolev embedding theorem, we
can get

0= (I'(u),u) > *HUHQ bany ~ Ol HUH;’Q YY)’

It follows that C||K|| e (gx) \|u\|2p 2

We have

> 1 and Hqu 1
(RY) HZ(RN)

) = 10 = oot = (5= 0 ) Il 2 ©

2p 2p HZ(RN)
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From the above relations, we know that I has a lower bound on V.

(4) From (2), we have ¢ = ¢. For any u € H? (RV)\ {0}, choosing > 0 sufficiently large such
that I(tu) < 0. We can construct a path ~ : [0,1] — H%(RN), which satisfies v(¢t) = ttu. Then,
it is not difficult to see that v € T and ¢ > ¢. For any v € T', we define h(t) := (I'(y(¢)),v(t)).
When ¢ > 0 small enough, we have h(t) > 0 and

WA > (5 - 5 ) bR,

1 >
2p H2(RN) —

I6(0) - 5

This implies
B(1) = (I'(v(1)), /(1)) < 2pI(+(1)) = 2pI (Fu) < 0.

It follows that there exists ¢ € (0,1) such that h(f) = 0 as v(f) € A" and ¢ > & In conclusion,
we can get ¢ =¢ = c.
(5) From (3.1), for any u € N/, we know that

_ 2
o) = [l o

/ K(z) (I * |ulP) ulPdx
RN

and
(' (), u) = (¢'(u), u) — 2pp(u) = (2 - QP)HUHZ%(RN)

Therefore, we have that ¢'(u) # 0. For any v € N, suppose that v € N and I(u) = ¢, we
know that exists a A € R such that I'(u) = A\¢/(u). From the Lagrangian multiplier principle, it
follows that

M (u), u) = (I'(u), u) = 0.
This shows the A =0 and I'(u) = 0. The proof is complete. O

Lemma 3.2. Assume that {u,} C H%(RN) is a (PS). sequence of I, then {uy,} is bounded on
H3(RY).
Proof. Clearly, we have that

1, 1 1 9
412 In) = (i) 2 (5= 5 ) Tl
which gets our desired result. The proof is complete. O

Lemma 3.3. Assume that {u,} C H%(RN) is a (PS). sequence of I, then I satisfies the (PS),
condition.

Proof. We divide the proof into four steps.
Step 1. We will prove that

lim K(x)(Iy * [ulP)|ulPdx > 0.

n—-+oo RN

In fact, if it is not true, then we have

lim K(z)(Iy * |u|P)|u|Pdz = 0.

n—-+oo RN
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It follows that

— i
T S plltn H3 (RN)
and
0= ngr-ir—loo”unHHZ (RNY*

So, it is easy to obtain that ¢ = 0. This leads to a contradiction with Lemma 3.1. Hence,

lim K(z)(1y * |u|P)|u|Pdz > 0.

n—-+oo RN

Moreover, from condition (K), one can deduce

0< lim K(z)(Iy * |un|?)|up|Pdz

n—-+oo RN

IR ey [ (o ) P

. 2Np
< IRl Jim ([ o

N+a
N

Thus, one sees that
2Np
lim |t | NFadx > 0.
n—+00 JpN
Step 2. From Lemma 2.2, we can find a sequence {y,} C R" such that
Uy = un(z+yn) » £ 0,7 € Li (RY), Vte (2,25),

and

2Np 2Np
/ |ﬂn|N+adx:/ | ¥ dz > C > 0.
B1(0) Bi(yn)

The presence of K(x) implies that the functional I is not translation-invariant. We proceed to
prove that -
lim I(@,)= lim I(u,)=c¢c, lim I'(u,) =0,

n—-4o00 n—-4o0o n—>+oo
where

I(tty) 1= *II inl? )

1
- - 7 1P\ P
H2 (RN) D /I:QN K(x + yn)(IOC * |un| )‘un‘ dx > 0.

Then, for any H? (RM), we have
). 0] = [0 o] < 1) 5 ey 19 gy = om0,

where ¢, = ¢(x—y;,) and ngnHH2 @) HSDHH%(RN)' This implies that I’ (u,) — 0, as n — +o0.
From this fact, we obtain that {u,} is a (PS). sequence of I.
Step 3. We claim that {y,} is a bounded sequence in RY. Otherwise, then as n — +oo, we

have |y,| — +oo. Taking n — +o00, one has

(@t yn) (Lo [t |P) [t [P~ i ple = /N(Ia # [ [7)|@n [P anpdz. (3.2)
R R
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It follows from condition (K'), the Holder inequality, Lemma 2.3 and |y,| — +oc, we have that

lim (K(z+yn) —1)(Ia * |ﬂn]p)|ﬂn|p_1<pdx

n—-4o0o RN

< lim (HK||L00(RN) — 1)/RN(IO‘ 5 |t |P) [ Tn|P~ L pd

~ n—+o0
Nta N+a
2Np 2N 2N (p—1) 2N 2N
< i (1Kl =) [ ol #5ae) ([ a5 )
n—-+o0o RN RN
. 2Np 1\;?-\]& (2_%) 2Np 1;1]-\‘]-;
< dim (1Kl = 1) [ foal Fdo [ 1o®ds
n—+oo RN RN
N+ao
C lim (K] D ([ lelear)
< o — —a
= n_lﬁloo( Lo (RN) o ¥ z
=0.
Arguing as above, we can conclude that
lim K(z 4+ yn) (I * n|P)|tUn [P~ 2tpedr = lim (I * |tn|P)| i |P 2 tnpdee.
n—-+00 RN n—-+oo RN

Then we can conclude from (3.2) and @, — u € H %(RN ) that

lim (I'(un), ) = (Ii (1), ) =0,

n—-+o0o
which implies that @ is a weak solution of equation
V=Au+u= (I *|ul)|uP?u, zecRV, (Co)

The corresponding energy functional for the equation (C) is

1 1
Io(u) = Slull® y == [ (I x|ul?)|ulPda.
2 HZ@®RN) p JpN

Let ¢ be the ground state energy of the functional I,,. Then, following the similar proof of
Lemma 3.1, we can deduce that ¢ < cxo.
According to condition (K), Lemma 2.4 and (I. (u),¢) = 0, we have that

Coo > C

1 1
> (D - i 7 |PY|a7. |P
B <2 2p> ngl—}—loo /RN(IOC * |un‘ )‘Un’ de

lim / (L % [i6n|?) [P
]RN

n—-+4o00
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which leads to a contradiction. Thus, {y,} is a bounded sequence in R". By Lemma 2.2, we
obtain that
U, = u#0,ue Ll (RY), Vte (22

loc

At this point, we have demonstrated the boundedness of {y,}, and thereby obtained that
the original sequence {u,} converges to a non-zero function u. Next, in order to prove that w is
the desired ground state solution, we need to verify I(u) = c.

Step 4. We demonstrate that I(u) = ¢. For u, — u € H%(]RN), we have that

lim (I’ (un) , ) = (I' (u) ,¢) =0, Vi€ H (RY).

n—-+o0o

Moreover, u € N. By Lemma 2.4, it is not difficult to show that

c<1I(u)
1
= I(u) - %U'(u%w
— (LY
27 2 HZ(RN)
1 1 . 2
< (37 3p) ool
) 1
= 67

which implies that I(u) = ¢ and

2

. 2 o

iy =Tl
This completes the proof. O
Proof of Theorem 1.1. From Lemmas 3.1-3.3, we can obtain our desired result in Theorem
1.1. The proof is complete. O
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