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Abstract To accurately characterize the nonlinear dynamic behavior of shallow water
waves, this study focuses on the Simplified Modified Camassa-Holm (SMCH) equation with
Conformable Fractional Derivative (CFD), and applies the extended tanh-function method
to the analytical solution of this equation for the first time in our best knowledge. Through
traveling wave transformation and homogeneous balance method, various analytical solutions
are derived, including single-peak solitons, composite double-peak solitons, single-peak with
shoulder solitons, and periodic soliton trains. Using MATLAB, 3D and 2D visualization
models are constructed to systematically analyze the regulatory mechanisms of fractional
order α and free parameter ω on wave field propagation characteristics, energy distribution,
and morphological stability. To verify the effectiveness of the model, this study establishes a
comparative system consisting of various fractional derivative forms, which confirms that the
CFD has distinct advantages in local detail simulation and computational stability. Combin-
ing phase diagrams and Lyapunov exponents, the evolution law of the equation from periodic
motion to chaotic state is revealed for the first time. Two numerical methods, fourth-order
Runge-Kutta (RK44) and sixth-order accurate Huta86, are used to verify the reliability of
the analytical solutions. The maximum absolute error of Huta86 is less than 2×10−12, which
is two orders of magnitude more accurate than RK44. The research results improve the so-
lution system of fractional shallow water wave equations and provide accurate theoretical
support and parameter optimization basis for wave load prediction and protective structure
design in port and coastal engineering.
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1. Introduction and main results

Modeling the intricate dynamics of nonlinear wave phenomena in shallow waters remains a cen-
tral challenge in fluid mechanics, captivating researchers for well over half a century [22, 38].
The mathematical representation of these complex motions, as with many physical systems,
predominantly relies on the framework of partial differential equations [7, 17,20, 21,45, 57]. Nu-
merous specific wave equations have been derived to capture distinct aspects of the phenomenon,
including but not limited to the Green-Naghdi equations [26, 30], the Fornberg-Whitham equa-
tion [29, 52], the Serre-Green-Naghdi equations [8, 23, 31], the shallow water equations with
varying topography [14, 37], the Degasperis–Procesi equation [24, 39], and the Ostrovsky Equa-
tion [44, 55]. Furthermore, Roberto Camassa and Darryl D. Holm introduced a completely
integrable dispersive shallow-water equation in 1993 [11]:

Ut + 2kUx − Uxxt + 3UUx = 2UxUxx + UUxxx. (1.1)

In the Camassa-Holm (CH) equation, where U = U(x, t) represents the fluid velocity field
and the constant k is associated with the critical propagation speed of shallow water waves.
This equation has become an important tool for simulating nearshore and harbor engineering
due to its ability to effectively describe the interaction and breaking processes of solitary waves
in shallow water hydrodynamics [25,64]. Scholars have conducted extensive theoretical research
on the CH equation, covering a wide range of core issues including the existence of global
conservative solutions [18], extensions of the equation form [66], inverse scattering transform
methods [65], construction of conservation laws [9], long-time asymptotic behavior of solutions
[13], properties of peakon solutions [59], infinite propagation speed [40], and effects of noise [3].
Additionally, modifying and simplifying the original equation is also a key focus of research.
The modified Camassa-Holm (MCH) equation proposed by Abdul-Majid Wazwaz in 2006 [62]
is a representative example of such work, and its form is as follows:

Ut − Uxxt + 3U2Ux − 2UxUxx − UUxxx = 0. (1.2)

Simplification of the preceding equation yields the SMCH [32]:

Ut + 2kUx − Uxxt + µU2Ux = 0, (1.3)

where k and µ are non-zero constants.
Fractional calculus finds extensive utilization across scientific and engineering domains, par-

ticularly for modeling complex dynamic systems and nonlinear behaviors in physics, engineering,
materials science, viscoelasticity, and electromagnetism [6,28, 41, 56, 58]. Its broad applicability
has made it increasingly prominent in research over the past few decades. Commonly used frac-
tional derivative operators in the literature include the Riemann-Liouville [5, 63], Caputo [27],
and Caputo-Fabrizio [34] derivatives. Recent studies in ocean engineering [19, 43, 60] have fo-
cused on solving for soliton solutions using CFD, M-truncated Fractional Derivative (MFD)
and Modified Riemann-Liouville Derivative (MRLD) models. However, there remains a lack of
research that combines and compares these novel derivative operators. This study aims to par-
tially fill this gap. Therefore, analytically or numerically solving differential equations involving
such derivatives is of significant importance.

Definition 1.1. Let z : [0,∞) → R be a function. Local CFD of z(y) with α order is defined
as follows [35]:

Dα
y z(y) = lim

h→0

z(y + hy1−α)− z(y)

h
, (1.4)
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where α ∈ (0, 1], y > 0.

Lemma 1.1. Let ϕ(y) and ψ(y) be α−differentiable functions for α ∈ (0, 1], y > 0. Then [62],

(i) Dα
y (mϕ(y) + nψ(y)) = mDα

y ϕ(y) + nDα
yψ(y), m, n ∈ R.

(ii) Dα
y (y

n) = nyn−α, n ∈ R.
(iii) If ϕ(y) = m in which m is a constant, then Dα

y (m) = 0.

(iv) Dα
y (ψ(y)ϕ(y)) = ψ(y)Dα

y ϕ(y) + ϕ(y)Dα
yψ(y).

(v) Dα
y (
ϕ(y)

ψ(y)
) =

ψ(y)Dα
y ϕ(y)− ϕ(y)Dα

yψ(y)

ψ2(y)
, ψ(y) ̸= 0.

(vi) If the first derivative of ϕ(y) exists, then Dα
y (ϕ(y)) = y1−αdϕ(y)

dy
.

Definition 1.2. In this section, we deal with the SMCH equation under CFD. Conformable
fractional SMCH equation can be written as follows [1]:

Dα
t U + λDα

xU −D3α
xxtU + µDα

t U
3 = 0. (1.5)

Where U = U(x, t) denotes the wave function, with λ and µ representing non-zero real
parameters.

Lemma 1.2. The wave transformations employed are:

U(x, t) = θ(δ), δ =
xα

α
− ω

tα

α
. (1.6)

Here ω serves both as the wave speed parameter in the traveling wave transformation and
as a non-zero undetermined constant.

Inserting the wave transformations in Eq. (1.6) to Eq. (1.5), we obtain the following non-
linear ODE:

ωθ′′(δ) + µθ3(δ) + (λ− ω)θ(δ) = 0. (1.7)

This paper aims to derive analytical solutions for the SMCH equation with CFD. Within the
scope of my knowledge, this is the first study to apply the extended tanh-function method [4]
to the SMCH equation with CFD. This method has been effectively utilized in several non-
linear systems, such as the Korteweg-de Vries equation [47], coupled higher-order nonlinear
Schrödinger equation [54], modified Korteweg-de Vries equation [61], Boussinesq-type equa-
tions [49], Klein-Gordon Equation [53], space-time fractional equal width wave equation [48],
Kundu–Mukherjee–Naskar equation [10], and the perturbed Radhakrishnan-Kundu-Lakshmanan
equation [46]. Existing studies on the SMCH equation have employed methods including the

modified auxiliary equation method and the extended
(

G′

G2

)
-expansion method [2], first integral

method and exponential function method [33], the new (m+ 1/G′)-expansion method [36], the
fractional reduced differential transform method [50].

2. Mathematical calculation

2.1. The extended tanh method

Consider the general form of the conformable PDE:

F (Dα
xU, Dα

t U, Dα
xDα

t U, . . .) = 0, 0 < α ≤ 1. (2.1)
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For Eq. (2.1), F is a polynomial that contains the unknown function U(x, t), Dα
∗U denote

α order conformable of U about variables (x or t). This polynomial includes terms that exhibit
nonlinear characteristics as well as higher-order derivatives. Subsequently, using the extended
tanh method described in [4], we derive the exact solutions of the aforementioned SMCH equa-
tion.

Step 1. Inserting the traveling wave transformation; T : U(x, t) = θ(δ), δ = xα

α − ω tα

α into Eq.
(2.1). Accordingly, Eq. (2.1) is transformed into the following relation:

K(θ, θ′, θ′′, . . .
)
= 0. (2.2)

In Eq. (9), K is a polynomial of θ(δ) and its derivatives. where θ is the unknown functions
of δ and the superscripts represent ordinary differential operator d

dδ .

Step 2. The solution of Eq. (9) can be expressed as a polynomial of ϕ(δ) according to [4],

θ(δ) = D0 +

N∑
i=1

(
Diϕ

i(δ) + Eiϕ
−i(δ)

)
. (2.3)

It is learned from [4] that the polynomial of ϕ(δ) satisfies the Riccati equation:

dϕ

dδ
= ϱ+ ϕ2. (2.4)

Step 3. After substituting Eq. (10) into Eq. (9) and making use of Eq. (11), Eq. (9) turns
into a different polynomial format with respect to ϕ(δ). By making the coefficients of each
polynomial term equal to zero, a system of algebraic equations was obtained that involved the
variables D0 . . . Dn, E1 . . . En.

Step 4. The specific values of the unknowns D0, . . . , Dn and E1, . . . , En can be determined
from the system of algebraic equations obtained in Step 3. [4] provides five explicit solutions for
ϕ(δ).

Lemma 2.1. The Riccati equation solutions are:

• Case 1 (ϱ < 0):

ϕ(δ) = −
√
−ϱ tanh(

√
−ϱδ),

ϕ(δ) = −
√
−ϱ coth(

√
−ϱδ).

(2.5)

• Case 2 (ϱ = 0):

ϕ(δ) = −1

δ
. (2.6)

• Case 3 (ϱ > 0):

ϕ(δ) =
√
ϱ tan(

√
ϱδ),

ϕ(δ) = −√
ϱ cot(

√
ϱδ).

(2.7)

Step 5. By applying the inverse transformation T−1, we can obtain the solution θ(δ), where
δ = xα

α − ω tα

α . In this manner, the exact solutions of the SMCH equation can be derived. By
setting U(x, t) = θ(δ), we obtain the analytical solutions of the SMCH nonlinear wave equation.



Research on analytical solution, dynamic analysis and port engineering application 123

2.2. Employing the extended tanh method to the Eq. (1.7)

Theorem 2.1. The exponent m = 1 emerges as a consequence of homogeneous equilibrium
balancing between the θ3 and θ′′ components in Eq. (2.1). We put forth candidate solutions for
Eq. (1.7) in the following form:

θ(δ) = D0 +D1ϕ(δ) +
E1

ϕ(δ)
, (2.8)

here the unknown constants D0, D1, E1 are to be determined subsequently.

Terms sharing the same exponent of θ(δ) are methodically grouped and then integrated
utilizing the expressions provided in Eq. (2.8) and Eq. (2.4).

Employing Eq. (2.8), we derive

θ′(ξ) = ϕ′(ξ)(D1 − E1ϕ
−2(ξ)), (2.9)

θ′′(ξ) = ϕ′′(ξ)(D1 − E1ϕ
−2(ξ)) + 2E1(ϕ

′(ξ))2ϕ−3(ξ). (2.10)

Here, Eq. (2.10) and Eq. (2.8) supersede Eq. (1.7), with systematic integration of all terms
featuring identical exponents of θ(δ).(

µD3
1 + 2ωD1

)
ϕ(δ)3 + 3µD0D

2
1ϕ(δ)

2 +
(
3µD2

0D1 + 3µD2
1E1 + 2ωD1ρ+ λD1 − ωD1

)
ϕ(δ)

+ µD3
0 + 6µD0D1E1 + λD0 − ωD0 +

3µD2
0E1 + 3µD1E

2
1 + 2ωE1ρ+ λE1 − ωE1

ϕ(δ)

+
3µD0E

2
1

ϕ(δ)2
+
µE3

1 + 2ωE1ρ
2

ϕ(δ)3
= 0.

(2.11)
Subsequently, indeterminate coefficients associated with identical terms in the θ(δ) expansions
are methodically eliminated, whereupon the resulting equation system is solved:

µD3
1 + 2ωD1 = 0,

3µD0D
2
1 = 0,

3µD2
0D1 + 3µD2

1E1 + 2ωD1ρ+ λD1 − ωD1 = 0,

µD3
0 + 6µD0D1E1 + λD0 − ωD0 = 0,

3µD2
0E1 + 3µD1E

2
1 + 2ωE1ρ+ λE1 − ωE1 = 0,

3µD0E
2
1 = 0,

µE3
1 + 2ωE1ρ

2 = 0.

(2.12)

Case 1. We obtain D0=0, D1=0, E1=E1, λ= − 2ωρ + ω, µ= − 2ω ρ2

E2
1
, ω=ω, ρ=ρ, inserting all

above coefficients into Eq. (2.8) yields, four distinct soliton solution profiles emerge:

U1.1(x, t) = θ1.1(δ) = E1(
√
−ρ tanh

(√
−ρδ

)
)−1, ρ < 0,

U1.2(x, t) = θ1.2(δ) = E1(
√
−ρ coth

(√
−ρδ

)
)−1, ρ < 0,

U1.3(x, t) = θ1.3(δ) = E1(
√
ρ tan (

√
ρδ))−1, ρ > 0,

U1.4(x, t) = θ1.4(δ) = E1(−
√
ρ cot (

√
ρδ))−1, ρ > 0.

(2.13)
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Case 2. We get D0=0, D1=D1, E1=0, λ=−ω (2ρ− 1) , µ=− 2ω
D2

1
, ω=ω, ρ=ρ, inserting all above

coefficients into Eq. (2.8) yields, four distinct soliton solution profiles emerge:

U2.1(x, t) = θ2.1(δ) = D1(
√
−ρ tanh

(√
−ρδ

)
), ρ < 0,

U2.2(x, t) = θ2.2(δ) = D1(
√
−ρ coth

(√
−ρδ

)
), ρ < 0,

U2.3(x, t) = θ2.3(δ) = D1(
√
ρ tan (

√
ρδ)), ρ > 0,

U2.4(x, t) = θ2.4(δ) = D1(−
√
ρ cot (

√
ρδ)), ρ > 0.

(2.14)

Case 3. We also get D0=0, D1=D1, E1=D1ρ, λ=ω (4ρ+ 1) , µ= − 2ω
D2

1
, ω=ω, ρ=ρ, inserting all

above coefficients into Eq. (2.8) yields, four distinct soliton solution profiles emerge:

U3.1(x, t) = θ3.1(δ) = D1(
√
−ρ tanh

(√
−ρδ

)
) +D1ρ(

√
−ρ tanh

(√
−ρδ

)
)−1, ρ < 0,

U3.2(x, t) = θ3.2(δ) = D1(
√
−ρ coth

(√
−ρδ

)
) +D1ρ(

√
−ρ coth

(√
−ρδ

)
)−1, ρ < 0,

U3.3(x, t) = θ3.3(δ) = D1(
√
ρ tan (

√
ρδ)) +D1ρ(

√
ρ tan (

√
ρδ))−1, ρ > 0,

U3.4(x, t) = θ3.4(δ) = D1(−
√
ρ cot (

√
ρδ)) +D1ρ(−

√
ρ cot (

√
ρδ))−1, ρ > 0.

(2.15)

Case 4. We also get D0=0, D1=D1, E1=−D1ρ, λ=−ω (8ρ− 1) , µ=− 2ω
D2

1
, ω=ω, ρ=ρ, inserting

all above coefficients into Eq. (2.8) yields, four distinct soliton solution profiles emerge:

U4.1(x, t) = θ4.1(δ) = D1(
√
−ρ tanh

(√
−ρδ

)
)−D1ρ(

√
−ρ tanh

(√
−ρδ

)
)−1, ρ < 0,

U4.2(x, t) = θ4.2(δ) = D1(
√
−ρ coth

(√
−ρδ

)
)−D1ρ(

√
−ρ coth

(√
−ρδ

)
)−1, ρ < 0,

U4.3(x, t) = θ4.3(δ) = D1(
√
ρ tan (

√
ρδ))−D1ρ(

√
ρ tan (

√
ρδ))−1, ρ > 0,

U4.4(x, t) = θ4.4(δ) = D1(−
√
ρ cot (

√
ρδ))−D1ρ(−

√
ρ cot (

√
ρδ))−1, ρ > 0.

(2.16)

3. Computational frameworks for comparative study of physical
phenomena

Singular solutions typically carry enhanced physical significance. Consequently, based on multi-
dimensional visualization from computational simulations, selected exact solutions are analyzed
via Matlab R2024a to elucidate their physical implications and structural properties:

3.1. Computational modeling analysis of fractional component impacts

To quantify the influence of the fractional derivative order α on the dynamic characteristics of
shallow water waves, this study systematically analyzes the physical properties and structural
evolution laws of analytical solutions to the SMCH equation (corresponding to the shallow
water wave velocity field U(x, t)) under different α values based on the numerical simulation
and visualization results of Figures 1-5. The core conclusions and engineering significance are
as follows:

Figures 1-2 reveal the regulation of α on the propagation and stability of the solitary wave
velocity field: At low α(0.25-0.45), the waveform is gentle with a small velocity gradient and
obvious energy diffusion, corresponding to the nearshore weak nonlinear wave scenario where the
water flow velocity changes gently but the stability is poor; at high α(0.75-0.85), the waveform
edges are steep with concentrated energy and slow amplitude decay, which is consistent with
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Figure 1. Figure (a)-(c) are three-dimensional diagrams by θ1.1(x, t;α). Figure (d) is the two-dimensional
diagram when t = 16. The E1 = 2, ρ = −1, ω = 1.5 and (a): α = 0.25; (b): α = 0.50; (c): α = 0.75.

the actual scenario of strong solitary waves impacting the shoreline in port engineering and can
improve the accuracy of wave load prediction. Figure 3 illustrates the optimization of α on the
regularity of the periodic wave field: At low α, the periodic wave has a low frequency and uneven
wave crest heights, corresponding to the irregular wave groups disturbed by wind in the open
sea; at high α, the periodic wave frequency increases and the wave crests are uniform, matching
the regular wave groups constrained by breakwaters, which provides theoretical support for
the calculation of periodic impact loads on wharves. Figures 4-5 analyze the influence of α
on multi-wave interaction and solitary wave breaking: At low α, the composite double-peak
wave has unbalanced energy and weak interaction, while the single-peak with shoulder wave has
significant secondary disturbance and is prone to breaking; at high α, the double peaks have
balanced energy and enhanced interaction, and the secondary disturbance of the single-peak
with shoulder wave is suppressed with improved anti-breaking capability. The breaking risk of
solitary waves under different water depths can be predicted by adjusting α.

In summary, the order effect of α dominates the energy aggregation and diffusion charac-
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Figure 2. Figure (a)-(c) are three-dimensional diagrams by θ1.2(x, t;α). Figure (d) is the two-dimensional
diagram when t = 8. The E1 = 3, ρ = −1.5, ω = 2 and (a): α = 0.35; (b): α = 0.65; (c): α = 0.85.

teristics of the wave field by regulating the sensitivity of the conformable fractional derivative
to the rate of change of the velocity field. The visualization results of Figures 1-5 provide key
support for engineering practice: The α parameter can be adjusted to match different scenarios
such as nearshore weak nonlinear waves and port strong solitary waves, providing an accurate
velocity field reference for port and coastal engineering such as breakwater design and wave load
prediction.

3.2. Influences of free parameters

The core physical significance of Figure 6 lies in revealing the regulatory effect of the free param-
eter ω (possessing the dual attributes of being both a wave speed parameter in the traveling wave
transformation and a non-zero undetermined constant in the equation) on the soliton profiles
of the SMCH equation with CFD, clarifying its quantitative correlation with the propagation
characteristics and amplitude magnitude of shallow water waves, and providing a parameter
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Figure 3. Figure (a)-(c) are three-dimensional diagrams by θ2.3(x, t;α). Figure (d) is the two-dimensional
diagram when t = 20. The D1 = 2, ρ = 2, ω = 1.5 and (a): α = 0.25; (b): α = 0.55; (c): α = 0.85.

optimization basis for the engineering simulation of shallow water wave dynamics. Taking the
soliton solutions θ1.1(x, t;α) and θ1.2(x, t;α) (both describing the shallow water wave velocity
field U(x, t) via the SMCH equation) as the research objects, this study fixes the fractional order
α (0.50, 0.65) and parameters such as E1 and ρ, while only varying the values of ω (Figure (a):
1, 1.5, 2; Figure (b): 1.5, 2.5, 3.5). By observing the influence of ω on the wave form through the
absolute value distribution of the solutions, three key laws are derived: ω can regulate the wave
propagation direction, and its increase drives the soliton to propagate along the positive x-axis,
providing support for simulating the propagation path of waves in nearshore/port engineering;
ω is positively correlated with the amplitude (e.g., the amplitude at ω = 3.5 is significantly
larger than that at ω = 1.5), and since the amplitude corresponds to the energy intensity of the
wave, adjusting ω can simulate waves of different intensities, offering references for the impact
resistance design of structures such as breakwaters; waves maintain the basic soliton structure
under different ω values, confirming that ω is an effective variable for regulating wave dynamics.
In summary, Figure 6 clarifies the dual regulatory role of ω in “propagation direction + energy
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Figure 4. Figure (a)-(c) are three-dimensional diagrams by θ3.1(x, t;α). Figure (d) is the two-dimensional
diagram when t = 15. The D1 = 3, ω = 1, ρ = −1.5, E1 = −4.5 and (a): α = 0.25; (b): α = 0.50; (c): α = 0.75.

intensity”, improves the physical connotation of the equation’s parameters, and provides a basis
for the accurate simulation of shallow water waves and the optimization of engineering designs.

3.3. Comparative investigate with different fractional derivatives

Given the diverse definitions of fractional derivatives-including the CFD, MRLD, and MFD
formulations-solutions to fractional models yield distinct physical interpretations and applica-
tions contingent upon associated fractional orders. The selection of optimal fractional operators
presents significant challenges for researchers. Consequently, this study benchmarks solutions
against MRLD and MFD formulations under respective transformations:

MRLD: θ(δ), δ =
xα

Γ(1 + α)
− ω

tα

Γ(1 + α)
, (3.1)

MFD: θ(δ), δ =
Γ(1 + β)

α
(xα − ωtα). (3.2)
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Figure 5. Figure (a)-(c) are three-dimensional diagrams by θ4.1(x, t;α). Figure (d) is the two-dimensional
diagram when t = 15. The D1 = 1.5, ω = 1, ρ = −2.5, E1 = 3.75 and (a): α = 0.45; (b): α = 0.65; (c): α = 0.85.

The fractional-order derivative via the MRLD approach adopts the following representation:

θ1.2MRLD(x, t) = E1(
√
−ρ coth(

√
−ρ( xα

Γ(1 + α)
− ω

tα

Γ(1 + α)
))−1, (3.3)

θ4.1MRLD(x, t) =D1(
√
−ρ tanh(

√
−ρ( xα

Γ(1 + α)
− ω

tα

Γ(1 + α)
)

−D1ρ(
√
−ρ tanh(

√
−ρ( xα

Γ(1 + α)
− ω

tα

Γ(1 + α)
))−1.

(3.4)

The fractional-order derivative via the MFD approach adopts the following representation:

θ1.2MFD(x, t) = E1(
√
−ρ coth(

√
−ρΓ(1 + β)

α
(xα − ωtα)))−1, (3.5)
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Figure 6. The effect of the free parameter ω on the solution profiles. Figure (a) The absolute value of the
solution θ1.1(x, t;α) with α = 0.50, E1 = 2, ρ = −1. Figure (b) The absolute value of the solution θ1.2(x, t;α)
with α = 0.65, D1 = 3, ρ = −1.5, E1 = −4.5.

θ4.1MFD(x, t) =D1(
√
−ρ tanh(

√
−ρΓ(1 + β)

α
(xα − ωtα)))

−D1ρ(
√
−ρ tanh(

√
−ρΓ(1 + β)

α
(xα − ωtα)))−1.

(3.6)

By comparing these solutions with those from the MFD and MRLD models, it clarifies the
differences in the influence of various fractional derivatives on the simulation of shallow water
wave velocity fields, providing a basis for selecting appropriate models in engineering to ensure
that the simulation of wave dynamic behaviors (such as propagation characteristics, amplitude
stability, and morphological structure) is more consistent with practical scenarios.

From the perspective of Figure 7, this figure takes two typical solutions of the SMCH equa-
tion, i.e., θ1.2(x, t) (twisted soliton solution) and θ4.1(x, t) (single-peak with shoulder structure
solution), as research objects, and presents the simulation differences among the three derivative
models through 3D distribution diagrams and 2D cross-sectional diagrams. On one hand, the
solutions of the CFD model are consistent with those of the MFD and MRLD models in terms of
overall morphology and propagation trend, which confirms the physical rationality of the solu-
tions to the SMCH equation with CFD and proves that this model can be used for shallow water
wave simulation. On the other hand, the 2D cross-sectional diagrams show that the solutions of
the CFD model are more consistent with practical engineering scenarios in terms of amplitude
peaks, stability, and local details (e.g., the ratio between the shoulder structure and the main
peak of θ4.1), while the MFD and MRLD models have slight deviations due to their inherent def-
inition characteristics. This provides a basis for engineering applications: CFD is preferred for
high-precision local velocity field simulation (such as the shoulder disturbance of strong solitary
waves before impacting shorewalls); all three models can be used if the focus is on the overall
propagation trend, but the CFD model has more prominent computational stability (without
obvious energy dispersion or structural distortion). Meanwhile, the core dynamic characteristics
(such as amplitude decay rate, propagation speed, and structural integrity) of the solutions from
the three models are highly consistent, and the data fluctuation of the CFD model is smoother,
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Figure 7. Comparison of the derived solutions θ1.2(x, t) and θ4.1(x, t) with MFD and MRLD of different fractional
orders. Figure (a) Three-dimensional graphical representation of θ1.2(x, t). Figure (b) Two-dimensional cross-
sectional comparison of θ1.2(x, t), with parameters: α = 0.8, β = 0.5, y = 0, E1 = 3, ρ = −1.5, ω = 2, c = −2,
k = 1, t = 5. Figure (c) Three-dimensional graphical representation of θ4.1(x, t). Figure (d) Two-dimensional
cross-sectional comparison of θ4.1(x, t), with parameters: α = 0.6, β = 0.8, y = 0, D1 = 1.5, ω = 1, ρ = −2.5,
E1 = 3.75, c = −1, k = 1, t = 15.

which further verifies the reliability of the SMCH equation with CFD and provides more accurate
velocity field references for the design of port and coastal engineering-related projects.

In summary, Section 3.3 provides physical validity support for the SMCH equation with CFD
through comparison. The visual results in Figure 7 prove that this model not only conforms to
the general laws of fractional dynamics but also is more consistent with practical engineering
in terms of local detail simulation, providing a direct basis for subsequent engineering model
selection.

3.4. Phase diagram, Lyapunov exponent and chaos analysis

In this section, we begin by reformulating the question posed in Eq. (1.7) as the following
differential system, θ

′ = η,

η′ = −µ
ω
θ3 − λ− ω

ω
θ.

(3.7)
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Eq. (3.7) reveals that if ω−λ
µ > 0 then the system has three equilibrium points, as follows:

A0 = (0, 0), A1 = (
√

ω−λ
µ , 0), A2 = (−

√
ω−λ
µ , 0). On the other hand, if ω−λ

µ < 0, the system

has only one equilibrium point A0 = (0, 0), in the real domain. From the expression of the
above system, we can directly compute the corresponding Jacobian matrix, for convenience in
the subsequent discussion, we denote it as J(θ, η), and the explicit result is as follows:

J(θ, η) =

 0 1

−3µθ2 + λ− ω

ω
0

 . (3.8)

The characteristic polynomial of the Jacobian matrix of the system can be obtained by
evaluating |J − ζI2| = 0. We present a detailed discussion of the eigenvalues corresponding to
each distinct equilibrium point.

Case 1. When the equilibrium point is A0 = (0, 0), the eigenvalues can be found by computing
the characteristic polynomial ζ2 + λ−ω

ω = 0, where ζ denotes the eigenvalue. When ω−λ
ω < 0,

the system has a pair of conjugate imaginary roots, namely ζ1,2 = ±
√

λ−ω
ω i; when ω−λ

ω > 0, the

system has a pair of real roots, namely ζ1,2 = ±
√

ω−λ
ω . When the system possesses a pair of

conjugate imaginary eigenvalues, the equilibrium is a center and the system is critically stable;
once any eigenvalue acquires a positive real part, the equilibrium becomes a saddle and the
system turns unstable. Therefore, when ω−λ

ω > 0, the equilibrium point A0 = (0, 0) is a center;

when ω−λ
ω < 0, it is a saddle.

Case 2. When the equilibrium point is A1 = (
√

ω−λ
µ , 0) or A2 = (−

√
ω−λ
µ , 0), the characteristic

equation is ζ2 + 2ω−λ
ω = 0. When ω−λ

ω > 0, the system has a pair of conjugate imaginary

roots, namely ζ1,2 = ±
√

2(ω−λ)
ω i; when ω−λ

ω < 0, the system has a pair of real roots, namely

ζ1,2 = ±
√

2(λ−ω)
ω . Therefore, when ω−λ

ω > 0, the equilibrium point A1 = (
√

ω−λ
µ , 0) or A2 =

(−
√

ω−λ
µ , 0) is a center; when ω−λ

ω < 0, it is a saddle.

Based on our previous analysis of the corresponding equilibrium points, regardless of whether
it is A0, A1, or A2, each has the potential to become either a center point or a saddle point
when different parameters are selected. Figure 8(a) displays the phase diagram corresponding
to eight different initial values when the parameters λ = 1, µ = 1 and ω = 2. It can be observed
that in the phase space, the trajectories of the system exhibit periodic characteristics. This
is because the selected parameters result in the system’s eigenvalues being a pair of conjugate
imaginary roots. Consequently, the system neither expands nor contracts indefinitely but instead
demonstrates periodic behavior, as specifically shown in Figure 8(a) and Figure 8(b). For Figure
8(c), it can be observed that the equilibrium point A0 in the phase space is a saddle point. This
is because the selected parameters λ = 1, µ = 1 and ω = 2 satisfy the condition ω−λ

ω > 0,

resulting in the system having a pair of positive and negative real eigenvalues i.e. ζ1,2 = ±
√

1
2 .

Consequently, the system is unstable and the corresponding equilibrium point is a saddle point.
Figure 8(c)-(d) effectively validate the theoretical analysis.

When different initial conditions are taken near the equilibrium point A1, and the parameters
are set to λ = 1, µ = 1 and ω = 2, the eigenvalues of the system form a pair of conjugate
imaginary roots i.e. ζ = ±i. As a result, the system exhibits periodic behavior, as specifically
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Figure 8. Figure (a)-(b) depict the phase diagrams and three-dimensional spatial diagrams corresponding to
different initial conditions near A0(0, 0), with the parameters λ = 2, µ = 1 and ω = 1. Figure (c)-(d) depict the
phase diagrams and three-dimensional spatial diagrams corresponding to different initial conditions near A0(0, 0),
with the parameters λ = 1, µ = 1 and ω = 2.

shown in the two-dimensional phase diagram and three-dimensional spatial trajectory diagram
corresponding to Figures 9(a) and 9(b). When the parameters are set to λ = 2, µ = −1 and
ω = 1, the eigenvalues of the system are ±

√
2, indicating that the system is unstable, and the

corresponding equilibrium point A1 is a saddle point. As the system evolves over a long period,
it rapidly diverges outward. The specific two-dimensional and three-dimensional images can be
referred to in Figure 9(c)-(d).

The study of whether a system exhibits chaos can be approached through phase diagrams
on one hand, and through quantitative analysis on the other. The Lyapunov exponent serves
as a crucial tool in this regard. It primarily determines the presence of chaos by measuring
the system’s divergence rate. When the Lyapunov exponent is greater than zero, the system’s
trajectories show a tendency to diverge rapidly, indicating instability. Conversely, when the
Lyapunov exponent is less than zero, the system remains stable.

Figure 10(a) illustrates the scenario near equilibrium point A0 = (0, 0) with initial conditions
(θ, η) = (0, 0.1). Here, the Laypunov exponent is greater than 0, the equilibrium point acts as
a saddle point, and the system exhibits unstable behavior. Figure 10(b) depicts the case near
equilibrium point A1 = (1, 0) with initial conditions (θ, η) = (1, 0.1), where the Lyapunov expo-
nent is negative, confirming the system’s stability. This observation aligns with the conclusion
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Figure 9. Figure (a)-(b) depict the phase diagrams and three-dimensional spatial diagrams corresponding to
different initial conditions near A1(1, 0), with the parameters λ = 1, µ = 1 and ω = 2. Figure (c)-(d) depict the
phase diagrams and three-dimensional spatial diagrams corresponding to different initial conditions near A1(1, 0),
with the parameters λ = 2, µ = −1 and ω = 1.
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Figure 10. LE diagram. Figure(a) is the LE for trajectory corresponding to initial values near the equilibrium
point A0(0, 0). Figure(b) is the LE diagram for trajectory corresponding to initial values near the equilibrium
point A1(1, 0). Where λ = 1, µ = 1 and ω = 2.
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that A1 = (1, 0) is a center point. Therefore, the Lyapunov exponent effectively assesses system
stability and the presence of chaos.

4. Numerical results

While closed-form analytical solutions hold irreplaceable value for deeply understanding the
fundamental principles of differential equations, they are often limited by idealized assumptions
and frequently become impractical when dealing with complex nonlinear systems in real-world
engineering. From a mathematical structure standpoint, differential equations of any order can
be converted into systems of first-order equations via state-space transformation-this inherent
property has transformed numerical methods from supplementary tools into essential technolo-
gies across modern engineering fields. [12, 15,16]

To address the constraints of traditional analytical approaches, computational mathematics
has been applied to find the numerical results. Following the transformation of the governing
equations into first-order systems via state-space formulation, the trade-off between numerical
integration accuracy and computational efficiency becomes critical. While the classical RK44
method is widely adopted for its implementation simplicity and computational economy, its
fourth-order accuracy may prove insufficient for handling highly dynamic systems or long-term
simulation scenarios. To address this limitation, the present study primarily employs the sixth-
order Huta86 scheme (Huta86) [51], which possesses sixth-order accuracy. The initial conditions
are constrained by the analytical result, specifically, the initial values used in the numerical
computations of this paper are all determined by equation θ1.2 and the step size is h1 = 0.1,
h2 = 0.5. By incorporating additional function evaluations, this algorithm significantly improves
truncation error control and numerical stability, thereby enabling the capture of subtle system
dynamics with higher confidence. Although Huta86 incurs greater computational cost than
RK44, its superior precision provides reliable assurance for achieving the research objectives,
making the additional computational investment both necessary and justified. The specific
formulas of this method are as follows:

G1 = θ(xn, yn),

G2 = θ(xn +
1

9
h, yn +

1

9
hG1),

G3 = θ(xn +
1

6
h, yn +

1

24
h(G1 + 3G2)),

G4 = θ(xn +
1

3
h, yn +

1

6
h(G1 − 3G2 + 4K3)),

G5 = θ(xn +
1

2
h, yn +

1

8
h(−5G1 + 27G2 − 24G3 + 6G4)),

G6 = θ(xn +
2

3
h, yn +

1

9
h(221G1 − 981G2 + 867G3 − 102G4 +G5)),

G7 = θ(xn +
5

6
h, yn +

1

48
h(−183G1 + 678G2 − 472G3 − 66G4 + 80G5 + 3G6)),

G8 = θ(xn + h, yn +
1

82
h(716G1 − 2079G2 + 1002G3 + 834G4 − 454G5 − 9G6 + 72G7)),

yn+1 = yn +
h

840
(41G1 + 216G3 + 24G4 + 272G5 + 27G6 + 216G7 + 41G8).

(4.1)



136 H. Ma, Z. Liu, H. Ma & J. Qi

Figure 11(a) and (b) present the error distributions between numerical and analytical solu-
tions for the absolute values of θ1.2(x, t) obtained using the RK44 and Huta86 methods, respec-
tively, while Figure 11(c) and (d) illustrate the corresponding error variations in polar coordi-
nates. As the independent variable δ increases, the absolute error progressively accumulates due
to error propagation effects. Nevertheless, Figures 19(c) and (d) clearly demonstrate that the
maximum absolute error remains below 1× 10−8 for the RK44 method and below 2× 10−12 for
the Huta86 method. These results further confirm that the Huta86 algorithm exhibits remark-
able computational stability and achieves significantly enhanced numerical accuracy compared
to the RK44 method.
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Figure 11. Figures (a) and (b) show the absolute error range between the numerical and analytical solutions of
θ1.2 for the two methods, and Figures (c) and (d) present the corresponding polar coordinate diagrams.

Figure 12(a) and (b) present the numerical solutions of the physical quantity θ1.2(x, t) ob-
tained using the RK44 method and the Huta86 method, respectively. Through comparison with
the corresponding analytical solutions, it can be observed that the numerical results exhibit re-
markable consistency with theoretical expectations in terms of waveform, phase, and amplitude.
This high degree of agreement not only validates the effectiveness of both numerical methods
in solving this particular problem but also demonstrates their significant reliability in compu-
tational accuracy, thereby establishing a solid foundation for subsequent numerical analysis of
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related physical quantities. For details on the specific differences between the numerical and
analytical solutions in local regions, refer to Tables 1 and 2.

(a) (b)

Figure 12. Figures (a) and (b) show the numerical solutions of θ̂1.2 obtained using the RK44 and Huta86
methods, respectively.

In Figure 13(a) and (b), we compare the absolute error performance of the classical RK44
and a high-precision numerical integration scheme Huta86 when solving a specific differential
equation. The results demonstrate that the Huta86 method exhibits a significant advantage in
controlling numerical errors. Its maximum absolute error is on the order of 2× 10−10, which is
two orders of magnitude lower than the approximately 1 × 10−8 maximum error of the RK44
method. The Huta86 method not only maintains exceptionally high accuracy but also dis-
plays a complex, wave-like error distribution pattern. Although minor numerical oscillations are
present, the method demonstrates good overall stability and high sensitivity to initial conditions.
These findings indicate that the Huta86 method is the preferable choice for applications requir-
ing high-precision numerical simulations, whereas RK44 is more suitable for scenarios where
computational efficiency is prioritized over accuracy. This study provides valuable insights for
further exploration of the applicability of different numerical integration strategies in solving
complex dynamical problems.

The results of this study clearly demonstrate that the adopted eight-stage, sixth-order Huta
algorithm possesses a solid theoretical foundation and exhibits outstanding accuracy in practical
computations. This method not only effectively meets the stringent accuracy requirements of
high-precision scientific simulations, but also firmly establishes itself as the preferred numerical
solution strategy for addressing the complex scientific problems investigated in this work.

5. Conclusions

This study takes the SMCH equation with CFD as the core research object, achieving multiple
innovations in the fields of shallow water wave dynamics modeling and fractional derivative ap-
plication. Meanwhile, through comparison with the paper [42], its research value is further high-
lighted. From the perspective of core innovations, this paper applies the extended tanh-function
method to the SMCH equation with CFD for the first time, breaking through the limitations
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Table 1. The absolute errors between the numerical solution θ̂1.2(x, t) and the analytical solution θ1.2(x, t) under
the RK44 method in (x, t) ∈ [0.5, 4]× [0, 2].

x=0.5 x=1.1 x=2.3 x=3.5 x=4

t=0 3.87717E-09 1.32329E-09 4.93539E-10 1.30274E-09 2.26906E-09

t=0.1 9.73905E-09 4.97280E-09 1.05495E-09 4.90331E-10 5.70329E-10

t=0.2 9.45827E-09 8.28678E-09 2.13525E-09 6.39361E-10 5.00667E-10

t=0.3 7.23680E-09 9.94520E-09 3.70848E-09 1.04698E-09 6.82675E-10

t=0.4 5.07974E-09 9.48494E-09 5.80814E-09 1.70083E-09 1.06251E-09

t=0.5 3.31559E-09 7.92242E-09 7.82765E-09 2.67414E-09 1.65515E-09

t=0.6 2.10606E-09 5.97999E-09 9.59300E-09 3.99425E-09 2.50854E-09

t=0.7 1.31574E-09 4.34137E-09 1.00221E-08 5.66206E-09 3.65624E-09

t=0.8 8.43955E-10 3.04134E-09 9.43143E-09 7.30921E-09 5.13046E-09

t=0.9 5.29013E-10 2.06876E-09 8.36624E-09 8.93377E-09 6.73005E-09

t=1.0 3.28594E-10 1.40398E-09 6.72888E-09 9.89705E-09 8.28614E-09

t=1.1 2.13347E-10 9.30077E-10 5.41002E-09 9.99086E-09 9.46743E-09

t=1.2 1.39112E-10 6.14415E-10 4.09239E-09 9.41772E-09 1.00321E-08

t=1.3 8.57470E-11 4.22901E-10 3.02388E-09 8.25846E-09 9.86039E-09

t=1.4 5.84406E-11 2.75549E-10 2.18991E-09 7.09806E-09 9.07592E-09

t=1.5 3.63225E-11 1.91158E-10 1.57746E-09 5.75794E-09 8.09584E-09

t=1.6 2.49727E-11 1.25358E-10 1.11221E-09 4.63173E-09 6.77798E-09

t=1.7 1.56410E-11 8.76510E-11 8.08051E-10 3.59864E-09 5.58550E-09

t=1.8 1.02038E-11 5.96971E-11 5.72340E-10 2.75455E-09 4.46312E-09

t=1.9 7.08744E-12 3.91385E-11 3.91531E-10 2.07156E-09 3.48269E-09

t=2.0 4.25904E-12 2.79139E-11 2.85352E-10 1.55268E-09 2.67616E-09

of existing studies—previous solutions for the SMCH equation mostly adopted methods such as
the modified auxiliary equation method and the first integral method. The introduction of this
method not only efficiently derives various analytical solutions, including single-peak solitons,
composite double-peak solitons, single-peak with shoulder solitons, and periodic soliton trains,
but also determines the formal order of the solutions through a rigorous homogeneous balance
method to ensure the physical rationality of the solutions. This methodological innovation pro-
vides a new paradigm for solving similar fractional shallow water wave equations. In terms of
exploring dynamic mechanisms, the paper goes beyond mere solution construction: It analyzes
the center-saddle bifurcation characteristics of the system’s equilibrium points through phase di-
agrams, and quantifies the system’s chaotic behavior using Lyapunov exponents (e.g., a positive
exponent at the equilibrium point A0 = (0, 0) corresponds to an unstable saddle point, while a
negative exponent at A1 = (1, 0) corresponds to a stable center point). It is the first to reveal the
evolution law of the SMCH equation with CFD from periodic motion to chaotic state, filling the
gap in the research on the dynamic behavior of this equation in the [42]. Additionally, the paper
innovatively uses two numerical methods, RK44 and the sixth-order accurate Huta86 scheme,
to verify the analytical solutions through comparative analysis. Error analysis shows that the
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Table 2. The absolute errors between the numerical solution θ̂1.2(x, t) and the analytical solution θ1.2(x, t) under
the Huta86 method in (x, t) ∈ [0.5, 4]× [0, 2].

x=0.5 x=1.1 x=2.3 x=3.5 x=4

t=0 3.84315E-12 1.92066E-11 1.95177E-13 1.30096E-12 1.01521E-11

t=0.1 1.80672E-10 1.25433E-12 1.20286E-11 5.14921E-13 3.79208E-12

t=0.2 8.36613E-11 8.41037E-11 5.70877E-13 8.57692E-12 4.40536E-12

t=0.3 1.58912E-10 2.99812E-11 7.06324E-13 1.06466E-11 1.02194E-11

t=0.4 2.60254E-11 9.97496E-11 9.03446E-11 2.18030E-11 1.19225E-11

t=0.5 6.06204E-12 8.77716E-11 5.43765E-12 1.35232E-11 1.45428E-11

t=0.6 6.69731E-12 1.30128E-10 1.73239E-10 1.02929E-11 1.05072E-11

t=0.7 3.23985E-12 5.18010E-11 1.29946E-11 8.80462E-11 5.99298E-13

t=0.8 2.39868E-11 3.80362E-13 1.14799E-10 2.11651E-11 6.09088E-11

t=0.9 1.44509E-11 1.12292E-11 3.76765E-12 1.24848E-10 7.03233E-11

t=1.0 3.49187E-12 2.85796E-11 1.61452E-10 1.18218E-10 8.35291E-11

t=1.1 6.41287E-12 1.52982E-11 1.02518E-12 2.17913E-12 7.46311E-11

t=1.2 6.44684E-12 6.41376E-12 4.23528E-12 6.11777E-11 5.98544E-11

t=1.3 1.46994E-13 1.80613E-11 1.82721E-12 2.07500E-10 1.05496E-12

t=1.4 2.91234E-12 5.14611E-12 1.36957E-12 1.04813E-10 8.78942E-11

t=1.5 1.54543E-13 9.89431E-12 1.18281E-11 1.36148E-10 1.60660E-12

t=1.6 1.35314E-12 3.41083E-12 6.39044E-13 4.27767E-11 8.11007E-11

t=1.7 2.02283E-13 5.34062E-12 2.21658E-11 1.79585E-11 3.32725E-11

t=1.8 1.22347E-13 3.99059E-12 1.77713E-11 9.19398E-12 1.42821E-11

t=1.9 5.26468E-13 1.36446E-12 3.47944E-13 1.67653E-11 7.17693E-12

t=2.0 1.68754E-14 2.27396E-12 9.27192E-12 3.01437E-11 2.44071E-12

maximum absolute error of Huta86 is less than 2 × 10−12, which is two orders of magnitude
more accurate than RK44, providing rigorous numerical support for the engineering application
of the analytical solutions.

Compared with [42], although both studies take the SMCH equation as the carrier and com-
pare the simulation differences of different fractional derivative models through visualization,
the innovation and research depth of this paper are significantly prominent: First, in terms of
the research dimension of derivative models, the latter only focuses on the binary comparison
between CFD and MFD, while this paper further introduces the MRLD to construct a “CFD-
MFD-MRLD” ternary comparison system. This more comprehensively clarifies the influence of
different derivative models on the simulation of shallow water wave velocity fields (e.g., CFD is
superior to MFD and MRLD in local detail simulation, such as the amplitude ratio of the shoul-
der to the main peak in the single-peak with shoulder structure, and computational stability).
It also clarifies for the first time that the high resolution of the CFD for the spatial variation of
the velocity field stems from its local differentiability, while the truncation effect of MFD and
the non-local property of MRLD easily lead to energy dispersion. Second, in terms of research
scope, [42] focuses on the analysis of parameter effects on wave forms and solution construction,
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(a) (b)

Figure 13. Figure (a) shows the absolute error performance of the classical RK44 method when solving the
equation, and (b) shows that of the Huta86 method.

while this paper adds chaotic behavior analysis and multi-numerical method verification, form-
ing a complete research chain of “analytical solution construction-dynamic mechanism-numerical
verification-engineering application”. In particular, it provides a quantitative tool for predicting
the stability of shallow water wave systems through Lyapunov exponents, a research dimension
not covered in [42]. Third, in the extension of engineering value, this paper associates the frac-
tional order α with practical engineering scenarios (e.g., low α corresponds to weakly nonlinear
waves in nearshore areas, and high α corresponds to strong solitary waves in ports). Combined
with the dual regulatory effect of parameter ω on wave propagation direction and amplitude, it
provides more accurate theoretical basis for breakwater design and wave load prediction. In con-
trast, the engineering relevance of [42] focuses more on parameter optimization and does not form
a scenario-based application system. In summary, through methodological innovation, in-depth
exploration of mechanisms, and multi-dimensional verification, this paper not only improves the
fractional derivative solution system of the SMCH equation, but also achieves a breakthrough
in connecting dynamic behavior with engineering applications. It complements [42] and is more
pioneering in terms of innovation and research integrity.
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