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DYNAMIC ANALYSIS FOR COURNOT COMPETITION MODEL WITH
EXPONENTIAL DEMAND FUNCTION AND RELATIVE
PROFIT MAXIMIZATION

Huili Ma®t

Abstract This paper introduces a nonlinear system of difference equations which describes
a qualitative study of Cournot oligopoly games with two boundedly rational players. With
nonlinear demand function of exponential form, the model is built by following the traditional
role in which players have limited information. The model describes a competition between
two firms whose main interest is to maximize their relative profits. Several local and global
analysis about the equilibrium points of the model are analyzed.
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1. Introduction

Market economy is fundamentally a dynamic system, which can usually be described mathemat-
ically by difference equations. In the dynamic study of economics, a couple of models represented
by difference equations are investigated, such as the classical cobweb model describing the vari-
ation of the supply and demand, the Cournot models of oligopoly, an so on [1,3,5,18,21]. Many
researchers have made landmark contributions to the development of Cournot game and have
developed various interesting results, as shown in [2,4,6-9,22,23]. While difference equations of
exponential form can be used in many fields to describe realistic problem and has been attracting
the interest of many scholars [11,14,16,20]. In the study of oligopoly game, the demand function
of exponential form can describe the bounded rationality duopoly game more realistic [19] and
at the same time the dynamic of exponential system will be more complicated [10,13,15,17,24].
Those cited works have given a lot of interest results on the complex dynamic characteristics on
oligopolistic competition models. And most of them focused on the maximization of absolute
profits. Along these studies we introduce a certain type of Cournot models where the demand
function follows exponential growth and the relative profit maximization is presented.
Assume in this paper the demand function

p= f(Q) = ae~ (0T, (1.1)

where a is a parameter of maximum price in the market and ¢;, ¢ = 1,2 denotes the quantity
supplied by firm ¢ with ¢ = 1, 2. Assume the cost function
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where ¢; is the marginal cost of the i—th firm. Then the absolute profit resulting from the above
Cournot duopoly game is given by

mi(q1, a2) = F(Q(t)ai(t) — ciqi(t) = ae™ D WFTLW g (1) — ciq4(t). (1.3)

Now each firm calculates its relative profit as the difference between its absolute profit and the
average profit of its opponents. It means that the relative profit of each firm is

L = m(q1, @2) — m2(q1, @2) = ae™ DF2) (g — go) — e1q1 + cago,
Ty = m2(q1, g2) — m1(q1,g2) = ae™DF2) (gy — 1) + c1q1 — c2o.

The classical oligopoly games, and the associated notion of Nash equilibrium, are based on
quite demanding notion of rationality. However, since the available information in the oligopoly
market is incomplete, the rational players make their price decisions on a local estimate of the
expected marginal relative profit %1;1- . Hence, the dynamical equation of the bounded rationality
player ¢ has the form '

o1, .
qi(t+1) :qi(t)+aiqi(t)8 Loi=1, 2, (1.4)
4a;
where «;, © = 1, 2 is a positive parameter which represents the relative speed of the quantity
adjustment by producer i. Therefore, using (1.3), the discrete dynamical system becomes an
iterated two-dimensional mapping which has the form

q(t+1) = (1 —arcr)qr(t) + aciq (t)(1 — qi(t) + go(t))e~ @O Fe0), (1.5)
@t +1) = (1 — aze2)q2(t) + a2 (t)(1 — q2(t) + qu(t) e~ (@O F20), .
We can rewrite this system in the new form
w(t +1) = (1 —ap)u(t) + bru(t) (1 — u(t) + v(t))e” @O+®), 16)
o(t+1) = (1 — a2)v(t) + bav(t) (1 — v(t) 4 u(t))e”“O+®O) '

where a; = a;c;, b; = aq;, © = 1,2. In this paper we study the boundedness and the global
asymptotic behavior of the positive solutions of the system (1.6). The following theorem will be
used later.

Theorem 1.1 (Theorem 3, [12]). Suppose T = (f,g) be a monotone map on a closed and
bounded rectangular region S CR?. If T has a unique fized point E = (Z,9) in S, then E is a
global attractor of T on S.Please state your theorem here.

2. Equilibria points of (1.6)

In this section, the existence of non-negative equilibrium points of (1.6) are examined. Observe
that the equilibria points (@, v) of (1.6) are given by the equations

<l
(4]

9

{ = (1-ay)u+bia(l — Je~ (#H0) (2.1

_|_
7= (1—a)v+ bav(1 — v+ w)e @D

cl

I

the following results can be obtained.
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Proposition 2.1. (i) When a; > b;, i = 1,2, (1.6) has a unique equilibrium point Ey =
(0,0);

(i) When a; < b;, i =1,2, (1.6) has two equilibrium points E1 = (u*,0) and E2 = (0, v*).

(i1i) (1.6) has a unique positive equilibrium point (u,v) when

2 aq a9
=< —4+ =<2 2.3
62 < b1 + b2 ( )
and
a1by + agbq 2b1by . 2b1by 62(6L162 + CLle)
" 2.4
maX{ 2b1b2 ’ eQ(Cllbz + CLle)} <e < mln{ albg + agbl ’ 21)1[)2 }7 ( )
where r = 7312213321 .

Proof. From (2.1), we have @ = 0 or a; = by(1 — @ + 9)e” @), Similarly, o = 0 or ay =
bo(1 — 0 + @)e” (@9 from (2.2). Set f(x) = a; — by(1 — z)e~*. Then

JO)=ar—bi, f(1) = a1, T f@) = a1, ['x)=bi(2- )

Obviously, f has a unique critical point x = 2 in (0, 4o00), which means f(2) is the absolute
maximum of f in (0, +00).
(i) If a; > by, then f(0) > 0, f(1) > 0, f'(x) > 0 in (0,2), f'(x) < 0 in (2,400) and

lirf f(x) = a3 > 0. Thus f and has no positive root in (—oo,+00). Similar analysis can be
T—>+00

applied to (2.2) if we set g(y) = a2 — ba(1 — y)e™¥. Thus (1.6) has a unique equilibrium point
Ey = (0,0) provided a; > b;, i =1, 2.

(ii) If a1 < by, then f(0) < 0 and since f(1) > 0, f'(z) > 0 in (0,2), f has a unique root
u* € (0,1) in (0, +00). In addition, from f’(z) < 0 in (2, 400) and xkrfmf(m) = a1 > 0, the
positive root u* is the unique root of f. Hence (u*,0) is a nonzero root of (2.1). Similar analysis
can be applied to (2.2) if aa < be. Thus, (1.6) has two equilibrium points E; = (u*,0) and
Ey = (0, v*), where u* and v* satisfy a; = by(1 —u*)e™ and ag = ba(1 — v*)e™"", respectively.

(iii) Assume that (u,v) is a solution of

a; = bl(l —u -+ ’D)ei(ﬁ+i),
as = bg(l — U+ ﬂ)ei(ﬁ+ﬁ),
with @ > 0 and v > 0. It follows that

I .- b
P = L1 —u+0), "= 2(1-v+0).
a1 a2

Obviously, |u—v| < 1 guarantees that 1 —a+v > 0 and 1 —v+u > 0. Notice that %(1—@+@) =

%(1—5+17),We haveﬁ:%—l—ﬂ. Consequently,
a1by — azb ai1by — agb
U+v=-"2""21 o5 or u+v=20— 221
arby + azbq a1by + agby
and
_ _ albg—agbl
V=

aby + aghy



Dynamic analysis for Cournot model 17

Now set g(x) = a; — bie™"(1 + r)e~2*, where r = %. We have 1 +r = % and
1—r= %. If 14+ 7 =0, g has no zero point, while if 1 + r £ 0,

( ) —00, 14+7r>0, (+00)
—00) = 0 :a/,
g +o00, 1+7r<0, g !

>0, 1+7r>0,

! :2b —7"1_|_ —2x
g (@) = 2bre " (1 +r)e <0, 14r<0,

<0, 14r>0
Vi :—4b —r 1+ —2x ? ?
9@ e (L4 r)e >0, 147 <0.

Notice that g(0) = a;—bje " (147) and g(1) = a;—bre " (1+7r)e 2, it follows from %e_z <
e’ < % that g(0) < 0 and g(1) > 0. Since g is a continuous in (—oo, 4+00), we have

g(z) = 0 has a unique positive root in (0,1). Similarly, set h(y) = ag — boe"(1 — r)e~ 2. If

% <e' < %62, h(y) = 0 has a unique positive root in (0,1). Therefore, (1.6) has
the unique equilibrium (@, v) satisfying v = u + r. ]

3. Local stability of the equilibrium points

In the following, we deal with the local stability of the above four equilibrium points of (1.6).
Observe that the equilibria points of (1.6) are given by the equations

1

9

— &+ 7)e” (@)
)

1|

{ﬂ = (1 —-ap)u+bra(l

v = (1 — ag)Q_} + bg’l_)(l ﬁ)e

Set F(u,v) = (1 — a1)u + bru(l —u + v)e” ) G(u,v) = (1 — ag)v + bov(1 — v + u)e”“+?)
where F' and G are continuous functions. Then we obtain

F
aa—F =1—a1+b[u®— (v+3)u+ 1+ v]e” @+, or = bru(u — v)e” W),
u
oG G
= — —(U+U) —_— == — 2 — —(u+U)
9 bov(v — u)e B 1—ag+ba[v* — (u+3)v+ 1+ ule :

Proposition 3.1. The equilibrium point Eg = (0,0) of (1.6) is locally asymptotically stable if
b <a; <2+b;,i=1, 2.

Proof. The Jacobian matrix of (1.6) about the equilibrium point Ej is
l—a1+b1 O

J(Ep) = . (3.1)
0 1-— a9 + b2

The eigenvalues of J(FEp) are given by \; = 1 —aj +b; and Ay = 1 — ag + be. Since b; < a; <
24b;, i =1, 2, we have |\;| < 1, i = 1, 2 which imply the equilibrium point Fy of (1.6) is locally
asymptotically stable. O

Proposition 3.2. The equilibrium points E1 and E2 of (1.6) are saddle points.
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Proof. The Jacobian matrix of (1.6) about the equilibrium point E; = (u*,0) is

1—a;+bi(u?=3u"+1e ™  bule
J(Ey) = 1 bl ) ' e (3.2)
0 1—ag +by(1+ u*)e ™

The eigenvalues of J(FEj) are given by Ay =1 —a; + bl(u"‘2 —3u*+1De ™ and Ay = 1 —ag +
bo(1 +u*)e ™ . Note that in this case a; = by (1 — u*)e™", we obtain

AM=1—a+b (u*2 — 3u* + 1)67’“*
=1—b1(1 —u")e ™ +by(u? —3u* +1)e?

. (3.3)
=1-bu"(2—u")e ™
<1,
Ao =1—ag+by(1+u*)e ™ :1—a2+a21+u* :1+a21 Y - > 1, (3.4)
—u —u

which imply the equilibrium points F; of system (1.6) is a saddle point. We can similarly prove
that the equilibrium point Fs of system (1.6) is also a saddle point. O

Proposition 3.3. The Nash equilibrium point Es of (1.6) is asymptotically stable if

Auv g 2T WE 2+a—u)n
aia a a
o aro)(-v+a) T 1-a+0 “1-v+4a
200 (3.5)
<2+ ma
0 a1 -0+a)
Proof. The Jacobian matrix of (1.6) about the equilibrium point E3 = (u,v) is
J(E3)
1—ay+bifu®— (3+v)a+1+ @]e—(ﬁ'*'ﬁ) byt — @)e—(ﬂ—i-z‘))
bav (0 — w)e” (@FD) 1—as+bv?—B+u)v+1+ ﬂ]ef(aﬁ)
Note that in this case a; = by(1 — @+ 0)e~ 9 ag = by(1 — 7 + @)e~ @) we have
T ar[u® — (3 +f7)a,+ 1+ 7] alu(tf - zi)
— l—u+wv 1—a+7v
J(FE3) = o v N
az0(v — ) _ +a2[v —(B+u)v+1+1]
1-o+a ? 1-9+a
_ _ o (3.6)
1 (2+0v—u)u aru(u — v)
—a
_ "1oato 1-a+7
ax0(v — ) 2+u—20)v
— — 1-— a — —
1-74u 1—-04+a
Consequently,
2+ 0 —@)a 2+ a— )7
Tr(J(Es)) =2 — a1 " wu_a; Al @v (3.7)
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and Civ-ma  @ta-o)
+v—a)u +a—0)0
Det(J(E3)) =1 — -
A(B) =1~y — ey Gy
24+ v—a)u 24+u—0)v alu—7v) V(O—a
+a1a2[( - ,) ( — )— - ), - ),]
l—u+v 1—-v+4+1u l—-u+v 1—-v+u (38)
. (24+v—au)u (24+u—20)v )
= — Qa —_
Y"1 aro l—v+a
440
+ ajag

From (3.5), |Det(J(E3))| < 1 and |Tr(J(E3))| < 1+ Det(J(Es)) which guarantee the Nash
equilibrium point F3 is asymptotically stable. The proof completes. O

4. Boundedness and invariant

Theorem 4.1. Assume a; + bje™2 < 1. Then every solution of (1.6) with u(0) > 0,v(0) > 0
satisfies u(t) > 0,v(t) > 0 for all t > 0.

Proof. Let
Fi(z,y) =1—a;+b(1 —x+y)e @) =1 2 (4.1)

Then (1.6) can be rewritten in the form

u(t+ 1) = u(t)Fr(u(t),v(t)),
v(t+ 1) = v(t)Fa(v(t), u(t)).

Assume {(u(t),v(t))}2, is a solution of (1.6) with «(0) > 0,v(0) > 0. Observe that

OF;(7,y)
oz

By =bi(z —y)e V) =1 2

= —bi(2 — x +y)e @Y,

It is obvious that Fj has no positive critical points. Consider the domain
D={(z,y):0<z<a,0<y<b},

where a, b are arbitrary positive real numbers. Then

Fi(0,y) =1—a; +bi(1+yle™?, 0<y<b,
Fi(a,y) =1—a;+bi(1 —a+y)e "™, 0<y<bh,
Fi(z,0)=1—a;+b;(1—2x)e”*, 0<uz<a,
Fy(z,b) =1 —a;+bi(1 —z+b)e @) o<z <a.

The minimum of the above four functions is 1 — a; — b;e~2. Therefore, for all (z,y) € D,
Fi(z,y) >1—a; —be 2> 0. (4.2)

Since a and b are arbitrary, it can be obtained Fj(z,y) > 0 for all z,y > 0,7 =1, 2. ]

Theorem 4.2. Let (u(t),v(t))2, be a solution of (1.6) with {(u(to),v(to))} € (0,1)% for some
to > 0. If one of the following statements is held,
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(i) b; < emin{a;, 1 — a;);
(ii) (1 — ai)e S bi § %,‘
oy (2bi4+1—a4)?
(i) % <1,
then (u(t),v(t)) € (0,1)2 for all t > t,.

Proof. Let ty > 0 such that {(u(to),v(tp))} € (0,1]2. From (1.6)
u(to + 1) = (1 — ar)u(to) + bru(to) (1 — u(ty) + v(tg))e~ o) +v(to)) 43)
< (1= ap)u(to) + bru(te)(2 — u(te))e (). '

Set r(z) = (1 —a1)z+bx(2—2x)e™®, x € (0,1]. Then r'(x) = (1 —ay) + by (2? — 4z +2)e™® and
r"(z) = —by (2% — 62 + 6)e~*. For z € (0,1], »”(z) < 0 and consequently by (i), 7'(z) > r'(1) =
1 —a; —bie! > 0. So r is increasing on (0, 1] and then

u(to +1) < r(ulty)) <r(1) = (1 —ay) +bet <1.
If a; + bie™! > 1, from (4.3), we can see by (ii)
u(to +1) < (1 —ay)u (to) + blefl(Q — u(to))
(1 — a1 — bie” ) (to) + 2b1e_1
<1
On the other hand, by(4.3),
u(to + 1) < (1 — al)u(tg) + blu(to)(2 — u(to)).
Set s(z) = (1 —a1)z + biz(2 —z), = € (0,1]. It is easy to show that the maximum value of
2 2
s(z) on (0,1] is no more than W. By (iii), u(to + 1) < W < 1. For all cases, we

conclude that u(tp + 1) < 1 whenever u(tp) < 1. Similar results can be obtained for v(t). The
proof completes. O

Theorem 4.3. For every solution (u(t ) v(t))2, of (1.6),
(i) u(t) <u(to)(l —ay + %)t + [1—(1—ay + &)t=to];
(i) v(t) < v(to)(1 — ag + 2)10 + [1—(1—ag+ b2)t-to];
hold fort > tg > 0.
Proof.

ale b1

age b2

u(t+1) = (1= an)u(t) + bru(t)(1 — u(t) + v(t))e” “O )
< (1 = ay)u(t) + bru(t)e ™ + bu(t)v(t)e ™ ®
)

b b
< (1—ay)u(t)+ 1+*1()
b b
= (L —ar+ult) + -
By induction, for ¢ > tg,
b1y by biys—y
< - “Lyt—to —(1- Lyt=to], .
u(t) < ut)(1 - a1 + 20+ = (L a0 (14)

Thus (i) holds. (ii) could be obtained by similar analysis. O
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Corollary 4.1. Assume 0 < a;e —b; < 2e, i = 1,2. Then for every positive solution (u(t),v(t))

with (u(to),v(to)) € (0, alé’l_bl] x (0, m] for some ty >0, (u(t),v(t)) € (0, alé’l_bl] x (0, a222_b2]
for allt > tg.

Corollary 4.2. Assume 0 < a;e —b; < 2e, i = 1,2. Then every positive solution (u(t),v(t)) is
bounded. In addition,

. b1
limsupu(t) <
t%oop )= aie — by
and
by

limsupwv(t) < ———.
t—00 ®) age — by

Theorem 4.4. Assume (u(t),v(t))2, is a positive solution of (1.6). If one of the following
condition holds,
(i) by < Se;
(ii) 24717 + (He Dk (e¥i —e¥i) +2eTi(14+e 1) > m[d+eTi(1+e V)], 1 —a; +bime Ti[rPe ™ —
Ti(2e77 + e*1 + 1) +et+1]>0and (1 —a) +bi(1 +e )re ™ — bie*(TﬁTJ')TZ? <1,

where T; = i,7 =1,2 and i # j, there exists to > 0 such that (u(t),v(t)) € (0,1]* for all

t>t.

7
a;e—b;’

Proof. By Corollary 4.2, (i) guarantees the result. Moreover, Corollary 4.2 implies that u(t) <
71 + €1 and v(t) < T2 + 2 when t > ¢ for some ty > 0, where ¢; and e9 are sufficiently small
positive number. Set v; = 7; + ¢4, 0; = e 7, ¢ =1,2. Then §; - e ™ when g; — 0,7 = 1,2.
Notice that e=v(®) > 02, we have

w(t+ 1) = (1 — ay)u(t) + byu(t)(1 — u(t) + v(t))e” “HOFTvD)
(1 — a1)u(t) + bru(t)e”@OFO) _po2(#)e= OO 4 p o (t)v(t)e (“OFD)
(1 —ar)u(t) + byu(t)e " + %u(t)e_“(t) — by (t)e” (wOFv®)

< —by0pe " Du2(t) + by (1 + e Ve Du(t) + (1 — ay)u(t).

(4.5)

IN

Set H(z) = —b1dse 2% + b1(1 +e ez + (1 —ay)z, <. Then

H'(z) = bie “[022® — (200 + 1 +e Nz + (1 +e D]+ (1 —ay),
H"(z) = —bie [6oa® — (409 + 1+ e Nz 4+2(6 +14+e71)].

(ii) imply that 42 +2+ (1+e ) (% - %) + 2(11;7571) (4+ (He ))’Yl, which guarantees the roots
of §ox? — (402 + 1+ e~ ):n +2(0+1+e 1) >0 for x <. Thus H"(x) < 0 for all x < 1.
Therefore H'(x) > H'(y1) for < 1. Notice that (ii) yields H'(y1) > 0. Then H is increasing
n (0,71). (ii) also implies H(y1) < 1. Therefore H(z) < 1 for z < ;. By u(t) < v, it follows
that u(t+ 1) < H(u(t)) < H(y1) <1 for ¢ > t¢. Similar proof could be applied to v. The proof
completes. O

Theorem 4.5. Assume {(u(t),v(t))}2, is a positive solution of (1.6). If one of the following
condition holds,

(Z) [bz(l + efl) + (1 — ai)]2 < 4bief(7'1+‘r2);
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(i) Y%emi(1+e ™)+ (1—a)m<1,4,j=1,2andi# j;
where 1;, i = 1,2 are defined as in Theorem 4.3, there exists tg > 0 such that (u(t),v(t)) € (0,1]?
for allt > tg.
Proof. Let H be defined as in Theorem 4.3. When u(t) <,
H(u(t)) = b1 “Du2(t) + by (1 4+ e e “Ou(t) + (1 — ar)u(t)
—b16102u” (t) + b1 (1 + e Hu(t) + (1 — ar)u(t)
= —b16102u?(t) + [br(1 4+ e 1) + (1 — ay)]u(t)
= H(u(t)).

by (1+e~1)+(1—a1) and

Then H(x) has its max value at zo = 507505

i1+ + (1 —ap)P

H(x)< H )
() < H(zo) = 5, (16)
On the other hand, for ¢ > t,
—1
H(u(t)) = ~brde " OR2(t) — -t + (1~ ar)ult)
2

1+ e*l}2 (1+e1)?

= —byyet®) —
102e [u(t) 255 452

bida(1+e e W + (1 —ar)ult) (4.7)

1 2
One can choose €1 and €9 so small that the assumptions imply that for t > ¢ [b1(1+e4b12§6(21 a1)]

1 and 41’712(1 +e 1) + (1 —a1)y1 < 1. Therefore,

e + (1 —a)f _ |
4b16162 -7

—(A+eH+ T -a)m <1

u(t+1) < H(u(t) <

b1

u(t+1) < H(u(t)) < 15,

Similar results can be obtained for v(t). O

5. Global analysis

Theorem 5.1. Ifbi(l+e7 ') <a; <1+0b(1+e ), i=1,2, Then Ey is a global attractor of
all positive solution of (1.6).

Proof. Let {(u(t),v(t))};2, be a positive solution of (1.6). Then

u(t+1) = (1= an)u(t) + bru(t) (1 — u(t) + v(ﬂ)e*““””“”

< (1 —an)u(t) + bru(t)[1 v(t)] )
(1 = ay + by)u(t) + bru(t)v(t)e” (5.1)
[

1—a1+b1(1+e )] (t)
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and

v(t+1) <1 —ag +ba(1 +e H(t) < v(t). (5.2)

Therefore, there exist ug,v9 > 0 such that lim;_, o u(t) = ug and limy_,o, v(t) = vo. Since the
possible value of (ug,vp) is Ey, it can be obtained lim; oo u(t) = 0 and limy_,o v(t) = 0. The
proof completes. O

Theorem 5.2. Assume a; +bie 2 <1 and 0 < aje—b; < 2e, i =1,2. Then the unique positive
equilibrium point (a,v) of (1.6) is a global attractor of all positive solutions of (1.6).

Proof. Let {(u(t),v(t))}2, be a positive solution of (1.6). Set h(u) = aj —b1 (1 —u+v)e” ),
In the first case, if u(0) < @, noticing that @ < 1, h'(u) = by(2 — u + v)e~“+?) > 0 leads h
is increasing on (0, ] in w. Then h(u(0)) < h(u) for any v > 0, which yields that h(u(0)) <
a1 — bi(1 — @+ v)e (@) = 0. Consequently,

u(l) = (0) + v(0))e~ (#O)+v(0))

|
—
—_

|

S

—_
~—

£
—
(=}
—_— —
+
S

—

£
—
(=}
~—
—
—

|

g

= u(0) — u(0)[ay — by(1 — u(0) + v(0))e” O F(O)] (5.3)
= u(0) — u(0)h(u(0)) '
= u(0)

Then the sequence {u(t)}?2, is increasing and since it was shown in corollary 4.2 that it is

bounded above, then it converges to the unique positive equilibrium point . The second case

is to assume u(0) > u. With similar arguments, we have u(1) < u(0). If u(1) < @, the results

holds as in the first case. If u(1) > @, then u(2) < u(1). By induction, {u(t)};2, converges to

the unique positive equilibrium point @. Similar analysis can be applied to {v(t)}72,. The proof

completes. ]
As a special case, when a1 = a9 = a and by = by = b, now contemplate the system

—a)u U - v e~ (u(B)F+v(®)
(1 — a)u(t) + bu(t)(1 (t): (8))e™ T, (5.4)

v(t+1) = (1 — a)v(t) + bw(t)(1 — v(t) + u(t))e” @OTUE)

——
g
~
_|_
=
I

we have

Theorem 5.3. Assume the condition in Theorem 4.4 or Theorem 4.5 holds. If 3b < 1 — a, the
unique positive equilibrium point (u,u) of (1.6) is a global attractor of all positive solutions of

(5.4).
Proof. Rewrite (5.4) as

where F(u,v) = (1 — a)u + bu(l —u + v)e” ) G(u,v) = (1 — a)v + bv(1 — v + u)e” @) are
continuous functions.
Now consider
{ml = F(my, My), My = F(My,my),
mg = G(My, ma), My = G(mq, My).
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That is,

my = (1 —a)my +bmi(1 —mq + Mz)e—(mlJer)’
My = (1 —a)M; +bMy (1 — My +mg)e” MFm2),
ma = (1 — a)My + bMy(1 — M + mg)e”Mitm2),
My = (1 — a)Ms + bMs(1 — My + my e (m+M2),

Solving the above equations directly can obtain
:M1 = My :M2 =—In-.
a

So (5.4) has unique fixed point (,?) = (3 In g, +In g)
On the other hand, we can see

oF

-1 2 1 —(u+v)
5 a+bu”— (v+3)u+1+vle

>1—a+bu?® —4du+1)e” ),
If 3b < 1 — a, notice that
du—u? —1=u(d4—u)—1<3,

so we have

b(du — u® — 1)e” () < 3he™(F) < 3h < 1 — g,

which means %= > 0. For 2 —u = bo(v — u)e” W),
0’°G
o = bo(l = v ue ) >,
which imply that 8G is increasing. While 2 T \u 0> O7 G > 0 for all u,v > 0. Thus, by Theorem

1.1, it follows that the unique positive equilibrium pomt (u, w) is a global attractor of all positive
solutions of system (5.4). O

Example 5.1. Set a; = 0.75,a9 = 0.25, by = 5,by = 1, Then

2
—_ < — 7_04<2
bl+b2

In addition, a1bs 4+ asby = 2, a1by — asby = —0.5, 2b1by = 10, " = e 025 0.7788,

2b1bsy _5 82(albg + agby) _ e?

a1bs + asby 7 2b1bgy 5

The conditions in Proposition 3 (iii) are satisfied. Figure 1 shows the stability of equilibrium of
(1.6). Notice that @~ 0.93,v ~ 0.68, (3.5) in Proposition 3.3 holds.



Dynamic analysis for Cournot model 25

— ult)
—— it

I
[
1
!
1
1
I
1
!
[

Figure 1. The stability of equilibrium of (1.6).
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