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PARAMETRIC MARCINKIEWICZ INTEGRAL OPERATORS AND

COMMUTATORS ON HERZ-HARDY SPACES WITH
VARIABLE EXPONENTS*

Suping Wang! and Guanghui Lu?

Abstract In this paper, the authors obtain the boundedness of parametric Marcinkiewicz
integral operator with variable kernel and its commutators on Herz spaces with variable
exponents I.C;((,'))’q(')(R") when the parameters a(-),p(:) and ¢(-) satisfies some conditions.
Meanwhile, the corresponding estimates on Herz-Hardy spaces with variable exponents

H ICS(()) ’q(')(R") are also established.
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1. Introduction and main results

Denote by S™~! the unit sphere of R"(n > 2) equipped with normalized Lebesgue measure

do = do(z') . Suppose that Q(x,z') € L¥(R") x L"(S"1),(1 < r < oo) satisfies

1
| €2 || oo Rm)x 1r(sn-1)= sup (/ | Q(z,2) " do ()7 < o0,
rER? Sn—1

where 2/ = i vz € R” \ {0}, Qz,X2) =Q(x,z2), Vr,z€R" VX >0.

/ Q(z,2")dz =0,Vz € R".
Sn—1

In 1958, Stein [24] introduced the Marcinkiewicz integral of higher dimensions ug as

o)) = ([ 1Rl )
where
R = [
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He also proved that uq is of weak type (1,1) and type (p,p) for (1 < p < 2), when Q is a
continuous function and satisfies Lip,-condition (1 < o < 2).
In 1960, Homander [11] first defined the parametric Marcinkiewicz integrals i, as

b)) = ([P )

where

7w = | U2 =Y) 1)y,

lz—y|<t |$ - y‘nfp
They obtained the following result:

Theorem 1.1 ( [11]). Let Q € Lip,(S" )0 < a < 1), p > 0 and 1 < p < oo, for any
f € LL _(R™), there exists a constant C > 0 independent of f such that

loc
1) e rmy < ClFIl e @ny-

The boundedness of the Marcinkiewicz integral operator g has been extensively studied
in [5,7,20,25,26].

On the other hand, Calderén and Zygmund [2] pioneered the study of the LP boundedness of
singular integral operators with variable kernels, establishing their close connection to problems
concerning second-order linear elliptic equations with variable coefficients. Building on this foun-
dational work, the boundedness properties of such operators have attracted significant attention
in recent years. Notable advances include the work of Ding, Lin and Shao [6], who obtained
the LP boundedness of the Marcinkiewicz integral operator with variable kernels. Furthermore,
Shao, Lu and Wang [19] established the boundedness for parametric Marcinkiewicz integral op-
erator with variable kernel and their commutators on variable exponent weak A-central Morrey
spaces. For additional related results specifically on the Marcinkiewicz integral operator with
variable kernels, see references [21-23].

The Herz spaces with variable exponents Kg((,’))’q(’)(R") and Herz-Hardy spaces with variable

exponents H Kg((.'))’q(')(R") were first introduced by Izuki and Noi in [14]. Drihem and Seghiri [9]
obtained a new equivalent norm of these function spaces. In reference [1], the author proved the
boundedness properties of singular integral operators on variable weak Herz spaces and variable
weak Herz-type Hardy spaces. For recent results of these function spaces, see [8] et al.

Motivated by the above research, in this paper, we will consider the boundedness of the
parametric Marcinkiewicz integral operators with variable kernels and their commutators on
the variable Herz spaces and Herz-Hardy spaces, where the smoothness condition on §2 has been
removed.

The parametric Marcinkiewicz integrals with variable kernels ,u%(& > 0) difined as

b)) = ([ IR P i) (13

where
R = [ T )

z—y|<t ’CC - y|
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Given a local integrable function b, the corresponding commutator is defined by

(Do) = el 7)) = ([ 1P ) )
where

F (@) = /| Q= Y) 40y  py))m )y,

z—y|<t |‘T - y‘n—ﬁ

Before stating the main results of this article, we first recall some necessary definitions and
notations.

For every k € Z, let By = {x € R" : |2| < 2F}, A, = By \ By_1 and x; = XA, be the
characteristic function. |E| denotes the Lebesgue measure of E C R™. We say = ~ y if there
exist constants C1,Cy > 0 such that Ci1y < z < Coay.

BMO(R™) space is defined as

1
BMO(R") = beL}OC(R”);HbH*:sup/ 1b(z) — boldz < oo b,
o 1QlJg

where the supreme is taken over all cubes () C R" and bg = ﬁ fQ b(y)dy.
Define P(R™) to be the set of p(-) : R" — (1, 00) such that

1 < p_:=ess infyepnp(z), pt 1= eSS sUP,ernp(z) < 00.

Let p(-) € P(R"), the Lebesgue space with variable exponent LP()(R™) consists of all
Lebesgue measurable function f satisfying

p(z)
||f|er(.>(Rn)=mf{n>o: / ('f(n>'> dm§1}<oo_

Lp(')(R") becomes a Banach function space when equipped with the Luxemburg-Nakano norm
above.
Let f € L} (R"), the Hardy-Littlewood maximum operator is defined by

1

By B(R"™) we denotes the set of p(-) € P(R™) which satisfies the following conditions

C 1
Ip(z) —p(y)| < Tlog(z —g))’ lz —y|l < > (1.5)
and
Ip(x) — p(o0)| < T R", (1.6)

where p(oo) = lim|y|o p(). It is proved that the Hardy-Littlewood maximal operator M is
bounded on LPO)(R") as p(-) € B(R") in [3].

Let S(R™) be the Schwartz space on R™, and S’(R™) is the duality space of S(R™). Let
Gy f(x) be the Grand maximal function of f defined by

Gnf(x) = sup [p5(f)(2)],
PcAn

where Ay = {p € S(R") : supjq<n,g<n |29DPp(x)| < 1} and N > n + 1. ¢% is nontangential
maximum operator defined by b (/)(@) = Supy, (< 91 * (/) ()|, with 1(x) = (/1)
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Definition 1.1 ( [8]). Given measurable functions p(-),q(-) € P(R"), the mixed Lebesgue-
sequence space [90)(LP0)) is defined on sequence of L) —functions by the modular LI()(R™)
are defined as follows:

0100 (L) (o)) = Zinf {Au >0:0p00) ()%) < 1} ;
where

oo () = [ 1#@Pds

The quasi-norm is defined from this as usual

1(f)vlliacr (prery = If{n > 02 000y 1001y ( (f)v ) <1}
Since g4 < oo, then we can replace by the simpler expression

qu()(LpU Z\Hfu|q PT

Definition 1.2 ( [14]). Let p(:),q(-) € P(R") and « : R" — R with a € L*(R™). The
)
)

homogeneous Herz space with variable exponent Kg(( ’Q(’)(R”) is defined by

’CZO;(()),(]( )(Rn) = {f S Lloc (Rn \ {0}) : ||f||/€s(("))’q(')(R") < oo}7

where

< 0.
ltz(-)(Lp(~))

(0w,

||f||,¢§(<'-)),q<-)(w) = ‘

The inhomogeneous Herz space with variable exponent K;‘((.'))’q(')(R”) is defined by
]C;‘(())H()(Rn) {f = Lloc ( n) . HfHICg((:))’Q(‘)(R") < OO},

where

(Qka(')ka)

< 00.
k>1

1l jco0a0 gny = 1 XBo [l £oe) +
= 190) (LPO)

Proposition 1.1 ( [9]). Let a € L>*(R"), p and q satisfy (1.5). If o and q satisfy (1.6), then

O‘(')vq(') ny __ oo y,qoo n
Koy ™ RY) = K57 (R).

Additionally, o and q satisfy (1.5), then

1

/1l K290 (n) —< Z 12540 £ x| 55 >(Rn> (Z\\Qk“wfx 150 @ )

k=—o00
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Definition 1.3 ( [10]). Let p(:),q(-) € B(R") and a : R* — R with a € L*(R"). The
homogeneous Herz-Hardy space with variable exponent H I'C;f((.'))’Q(')(R") is defined by

HESOMO () = (£ € S(RY) : G fla) € K350 ®™),

the norm of f in H I.CIO;((:))’q(')(R") is defined as follows

||f”H/'c§(<;)>’q<‘>(Rn) = ||GNf||,-C§(<‘-)>,q<->(Rn)-

One recognizes immediately that if «(-), ¢(-) are constants, then the spaces H IC;(Q) (R™) were
just studied in [18], a(-), ¢(-) and p(-) are all constants, then the spaces HKjy(R™) are the usual
Herz-Hardy spaces see [16,17].

Definition 1.4 ( [10]). Let a € L*(R"),p(:) € B(R") and non-negative integer m. A function
a on R" is said to be a central (a(-),p(-))—atom, if it satisfies

(1) suppa C B(0,7) ={z € R": |z| <r},r > 0.

(2) Nall Loy ey < |B(0,7)]~*0/" 0 <r < 1.

(3) llall o ny < [BO, )7/, > 1.

(4) [gn a(z)2Pdz =0, |B] < m.

The function a on R™ is said to be central («(:), p(-))—atom of restricted type, if it satisfies
the above conditions (3) and (4), and for some r > 1, suppa C B(0,r).

The main results of this paper are stated as follows.
Theorem 1.2. Suppose that p(-),q(-) € B(R") and o € L®(R"), Q € L®(R") x L3(S"1),
s> pl satisfies (1.1) and (1.2). If a(-),p(-), q(-) satisfies
n n n n
——=<a0)<n——= and — — <ax<n——,
b0 <) = ho

then there exists a constant C' > 0 independent of f such that
0
o < ().l
HMQ(f)”,CP(('))ﬂ()(Rn) < C||f||,cp(<')),q< ) (R
and
0
1O ()l caer.a) gny < CIFllcatrat) gny-
H Q( H’CP(A) 20) (R ’ H]CP(A)Q (R™)

Theorem 1.3. Suppose that b € BMO(R"™), under the hypotheses of Theorem 1.2, then there
exists a constant C' > 0 independent of f such that

0
e al) oy, S s
||M9,b(f)||,cp(§)>,q( gy = C”f“,cp(g)m( (R

and
0
HNQ,b(f)||,C;¢((")),Q(-)(Rn) < C\|f||,cg(<_<)>,q<4>(Rn)-
Theorem 1.4. Suppose that p1(-),p2(:) € B(R™) with (p1)+ < 2n and ﬁ(_) — #(_) = %,
a € LR, ¢1(-),q2(-) € BR?) Q € L>®[R") x L5(S™Y), s > (p})_ satisfies (1.1) and
(1.2). If a(-), q1(-), q2() satisfies

n(l - ) <al),q1(0) < ¢2(0) and (g1)oo < (2)oo;

(p1)-
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then there exists a constant C' > 0 independent of f such that
0
e al).o (- <C o)1 (- .
HMQ(f)H,CpQ((},)qz()(Rn) < Hf”H,Cpl((),)ql()(Rn)

Theorem 1.5. Suppose that b € BMO(R"™), under the hypotheses of Theorem 1.4, then there
exists a constant C' > 0 independent of f such that

0
06 ()l o) 020 gy < CUF Nl o) gy
p2(*) p1(*)

2. Preliminaries lemmas

We first give eight lemmas which will be used in the proof of Theorem.

Lemma 2.1 ( [15]). (Generalized Hélder inequality) Let q(-) : R™ — [1,00). If f € LI0)(R™)
and g € Lq/(')(R"), then f and fg are integrable on R™ and

[ 15@gtwlds < vyl ol o

— 1 1 1 4 1 _
where rq—l—i—qi T (,)—i-q/(.)—l

Lemma 2.2 ( [12]). Suppose that q(-) € B(R™), then exists a constant C' > 0, such that for all
balls B in R",

_ 1
ot < @HXB”Lq(-)(Rn)”XBHLq’(')(Rn) <C

Lemma 2.3 ( [8]). Let 0 < a < 1 and 0 < ¢ < o0, {ex}rez be a sequence of positive real
numbers, such that

{er}rezllie < oo.

Then the sequences {0y : 0 = ngk ak*ja‘j}kez and {nk : qx = ijk aj*kej}kez belong to 19,
and

{0k }hezllia + {mktwezllis < Cll{extkezllia
with C > 0 only depending on a and q.

Lemma 2.4. If Q satisfy (1.1) and (1.2), Suppose q(-) € B(R™), for all f € LIO(R™), then
exists a constant C, such that

) G ey @y < Coll Fll oo ey
(2) N1 (D paer ey < ClBIIF Nl pacy reny-

Using a similar argument as in the proofs of Lemmas 2.4 and 2.6 in [20], it is easy to draw
the above conclusion, the details are omitted here.

Lemma 2.5 ( [4]). Define a variable exponent ¢(-) by 1/p(-) =1/4(-) +1/s. Then we have

||f9HLp<<>(Rn) < C”fHLti(-)(]Rn)”gHLS(Rn)a

for all measurable functions f and g.
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Lemma 2.6 ( [4]). Let p(-) € P(R") satisfy (1.5). Then

|Q|1/p(:r) if |Q] <2™ and z € Q,
IXQl L) (mny =

QI if QI > 1,
for every cube (or ball) @ C R™.
Lemma 2.7 ( [13]). Suppose that b € BMO,m € N,i,j € Z and i < j, then

1(6 = bB)"xB| Lat) &)

< bl
HXBHLq(-)(Rn)

CH|b)|7* < sup
B
1(6 = b8,)"xB, || Lac) @ny < CG = D)™ 01X B, | Lae) @)

where B = (z,7), B; = (z,2'r).

Lemma 2.8 ( [9]). Let a(-),p(-),q(:) € B(R") with 1 < p_ < py < oo, for any f €

HICp(()) ()(]R”) we have

in the sense of S’'(R™), where each ay, is a central (a(-), p(+))—atom with support contained in By,
and

-1 1/4(0) 0o 1/qo0
( > Mqu(o)> + <kzol>\k|q°°> < Clifll pgacrao @y

k=—o00

a(+),q(+) (Rn)7 and

Conversely, if a(-) > n(1 — p%) and s > [ay + n(p% 1)], then f € HK ())

1/q(0) o0 1/(]00
||f||H,-Ca<(»>>,q(»>(Rn ~ inf ( > 1O ) + (ZP\H‘“") :
Pr k=0

k=—o00

where the infimum is taken over all above decompositions of f.

3. Proofs of Theorems 1.2-1.5

The proofs of Theorem 1.2 and Theorem 1.4 can be proved by referring to [10]. Their details
are not repeated here. Below, we only prove the case of the commutators, that is, Theorem 1.3
and Theorem 1.5.

Proof of Theorem 1.3. We only prove the homogeneous case, the inhomogeneous case can
be proved in the same way.

Let f € IC;[(("))’Q(’)(R") For each j € Z denote f; = fx;, we have

= > M@= fil@)

j=—o00 j=—00
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In view of Proposition 1.1, we have that

1/4(0)
[0 g g ~{ Z 2k(0) O)Im%,b(f)xzf!\i%(w)}

k=—00

[e¢) 1/q00
k oo Yoo 9 oo
+{22 et |rm,b(f>xkuip(.>(w)} .
k=0

Then

-1 k—2 q(0)y 1/4(0)
||/~L?2,b(f)||,'Ca((-)),q(-)(Rn) < { > 2ka(0)q(0)< > Hﬂsel,b(fj)XkHLP(')(R")> }
o

k=—0c0 j=—00

- q(0) y 1/4(0)
Z oka(0) )< Z \M?},b(fj)Xk”LM')(R")) }

+
k——oo j=k—2
. q(0)y 1/4(0)
i Z 2ha(0) )( > Iu?z,b(fj)XkHLp(~>(R")> }
oo j=k+2

NE

_.|_

k—2 @00\ 1/d00
k oo Yoo
2Need ( ”Mﬂb f] chHLp() Rn)) }

—Oo

i

0

K

_l’_

2ka°°q°°< Z HMQb fJ)Xk’LP”(R")) }
j

j=k—2

e
i

0

M2

_|_

{
{
{
{
{

o doo 1/(]00
2]60400‘100 ( Z H/“[/Qb fj)XkJ’LT’()(R")) }
J

j=k+2

B
Il

0
=: E;1 +Es+ E3 + E4 + E5 + Eg.

We first estimate Eg 4+ E5. By applying (2) in Lemma 2.4, we can get

1

1
4(0) doo
Es+Es <C {( Z ||2ka kaHLp()(Rn ) (Z HQkaookaHLp() Rn ) }
k=—o00

< CHfH (40 gy

Now estimate E; and E4. We consider

ja I
Hof5)(@)] < ( / /| QT =Y) 40 b)) £ ()

z—y|<t |$_y|n b
9]
]
||

2 1
4 dat \?
Yy $20+1

2 3
/| Q(L—_y)(b(x) —b(y))" f;(y)dy tgiL)

z—y|<t ‘x_y‘n o
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=: E11 + Eqo.
Note that j <k —2,2 € A,y € Aj. So |z —y| ~ ||, we have

1 1
[z —y*  |xf*

Clyl
=z — 2ot

Via the Minkowski inequality and the Lemma 2.1, we have

Qz,x ol at :
B <C Mw—b()\m\fmr(/ W) &y

z—y|

1
2

a2 — ) m ¢ 1 1
<C Rnw\b( z) = by f;(y)] pE A dy
|z, z —y) m ‘y|1/2
<O [ ety M@ =MW ey
93/2
!x\"“/2/ [z, = y)l[b(z) = b(y)["1f;(y)ldy

i—k
gcz%zk“{w(w)—ijrm /A Qe x — )| £5(y)ldy
J
T /A QA w — )]lbs, —b(y)lmlfj(y)\dy}
J
< 02T 2 51l oo oy {\b( 2) = b, 12, = x5l o o

+Qz, z — ) (bp, — b(‘))ijHLp’c)(Rn)}'

For Ej2. Note that |z — y| ~ |z|, by applying the Minkowski inequality and Lemma 2.1, we

obtain
. ol :
Ep<o [ BB =0ly0) pmis >r(/| tﬁil) dy

ge |z —yn?
|z, z —y)

gn |z —y|"

< 02"“”{\1)(:(;) ~on, 1" [ 102 - DGy
Aj

<C [b(x) = b(y)|"™|f(y)ldy

J

+ [ 10 -l —b(y)!m!fj(y)\dy}

< CQ_k”\\fj\\Lp<-><Rn){\b(w) = b, "1z, = = )Xl L) ey
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+|Q(z, x — -)(ij - b(‘))ij||Lp’(~)(R")}'

So, we can get

16,6 (F) ()] < C275 | f3l o ) { [b(x) = b, [ |22, & = )Xl o) (mmy

+]|Q(2, 2 — ) (b, — b(~))m><j!Lpf<~>(Rn)}-

For z € Band y € Bj, x —y € Bj;1. Noting that s > p’, denote ¢'(-) > 1 and 1/p/(z) =
1/d (x) +1/s. By Lemma 2.5 we have

1962 — )l ooy < 1202 = x5y 1 e o

1/s
SC(/A‘ Iﬂ(wvx—y)lsdy> IxB; I o) ()
C(
(]
0

< C2™4|Q| poo (mryx o (sn-1) | X B, Il ) mmny-

IN

J

1/s
/ ]Q(m,z)|sdz> HXBJ-HM’M(Rn)
Bji1

2j+1

IN

1/s
/Sn—l ’Q(.%‘, Z/)SdlenldT) ”XBJHLL?'(‘>(R")

When |B;| < 2" and = € Bj, by Lemma 2.6 we have

)~ B[ |

X8, L) gn X8, | o0 ey | B 7%

When |Bj| > 1 we have

‘71/5.

HXBjHLé’(-)(]Rn HXBJ-HLP’<'>(Rn)|Bj

So, we obtain
HXBj”Lé’(-)(Rn) ~ HXBj”Lp’(-)(Rn)|Bj|1/s-
Then

19z, 2 = )Xl o) gy < ClI oo ®ry x5 (sn=1)1XB; | Lo ) ey

< CzjnHQ”LOO(R")xLS(S”*U HXBj ‘|Z;}(<)(Rn)‘

According to Lemma 2.7, we have

1
b() — b, " = / Ib(z) — by, [™dy
Bl /s,
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< @H(b(ﬂﬁ) = b,)"xB; | Lro) @my IXB; | Lo ) (e
J

m 1
<CJbll%

B j’”XB I pe @y X B, ”Lp( ) (R™)

< ClloI[3"
Similarly, it follows from Lemma 2.5 and Lemma 2.7 that
12,2 — ) (bs, — ()™ s
<192z, 2 = )x;jl s @ny 1(0B; = b())™ X5l L mmy
< OV bl o I = X ooy s

_1
o |B;|'
S x| oo @y
< CPMbITNQ oo mry s (sn-1y X8, | 7

< CPM5 b)) oo (mmyx 2o

Lp( ) (Rm)*

By Lemma 2.6, we have

1o (F) Xkl o0 (Rmy < C2T™™[BIPQ| poo (rryx 2 (51=1y ) | 51| o0 ey
MIxB; | 2o ey

IXBy | Lo

< 20 BB 1] e ) 1oy oy 15 ) ey T )
A

< €29 P05 0 Q| oo e £ (1) ) | il o) (-

Which gives

o 2 1/4(0)
o i—k)(n—
B, SC{ Z ok (O)q(0)< Z oF=k)( p(O))q(O)Hf]HLp<> . )}

k=—00 j=—00

-1 1/4(0)
< { Z ( Z 2 k)(n—a(0)— (0)) q(0 )(2ja O)q(O)”f H%(po() ))} )

k=—0c0 \ j=—o00

Since n — a(0) — W%) > 0, then by Lemma 2.3 and Proposition 1.1,we get

1 . 1/4(0)
E; < C{ Z 2j(0 HfJHLP() R~ } = C||f||’¢§((A‘))’Q(‘)(R")'

j=—00

Now let us estimate E4. then by Lemma 2.3 we have

0o -1 doo Y 1/d00
E, < {Z2ka°°q°°< > \M?u,b(fj)Xka(»)(uen)) }

k=0 j=—00

Xk HLp<~)(Rn)

HXB ”LP() (R™)



156 S. Wang & G. Lu

Goo \ 1/400
{22’“%"%" (Z 1262, (f5) Xkl L) e ) }

7=0

=: Eq1 + Ego.
For E41, in view of j < 0 < k, by Lemma 2.6, we can obtain

9 k(-
10,6 (Fi) Xkl o) (mny < C2 = o Hf]HLP() (R")

Therefore

0o -1 oo\ 1/900
Fay < C{ Z gh(aco+ 525 —n)doo ( Z QJ(n_p(O)_a(O))Qja(O)||fj”LP(‘)(R”)> } .

k=0 j=—00

Since oo + 1% —n<0<n-— a(0), by embedding 19(°) — [, we have

b0

-1 1/4(0)
Eq < C{ Z 2]a Hf]HLp () (R") } = CHf”,'ca(("))vQ(')(Rn)'

j=—00

Similar to the estimate of E1, we replace a(0), p(0) and ¢(0) by awo, Poo and g respectively,
then

00 k2 ' 9o\ 1/qoo

k=0 \ j=0
[ee] 1/g00
7=0

< C”f”,@a((-)»ﬂ»(w)-
o

Next we estimate Eg3, we split

-1 q(0)y 1/4(0)
{ Z gka(®) ( Z 11662,6(F3) x| ot R”) }

Es <
k=—00 j=k+2
i q(0)y 1/4(0)
—i—{ Z 2ha(0) (Z 11262, f5) Xkl Lot (e > }
k=—oc0 Jj=0
=: E31 + E39.

Similar to the estimate for E1; and Eq9, we can get

X Byl Lr0) (mmy
1662, () Xkl Lo @y < Cl5 Lo ey 77—
X8, 1o )

For E3;. Since a(0) + W%) >0, j,k <0and j > k+ 2, then by Lemma 2.3 we have

—1 1 ‘ o q(0)y 1/4(0)
E31§C{ Z ( Z Q(k—J)(a(o)er)an(o)HijLp<.>(Rn)> }

k=—oco \ j=k+2
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—1 1/4(0)
C{ Z 2ka HkaHLp()Rn)}

k=—o00

= C\|f||,¢;(<;)>,q<4>(Rn)-

For Egs. Since k < 0 < j, then by Lemma 2.6 we have

kn__ gn_
118y (F5) Xl Lo (memy < C27O %o || £51| Lo (e
(R™) (R™)

kn
< 02002 9@t 52) gja oo”fjHLp() oy

Noting that ) Qoo + 5= > 0, it follows from the Holder’s inequality in I' that
q(0)y 1/4(0)
n < { S 2 (Z?J‘W 505 £l s ) }
k=—o0 =
1/40) s 00 /45 1/ge0
g C( Z 27> > <Z 2_](a00+poo)qoo> (Z 2.7&00%)0 ||f] Lp( ) Rn )
k=—o00 7=0

IN

1/¢oo
0{22]%"(1 ||f]HLp()(Rn}
=CI 1y K200 (gn):

Finally, let’s estimate Eg, since 7, k are non-negative integers and j > k + 2, by Lemma 2.6,
we have

153k ot ey < €255 || £ Lot -

So, we can obtain

oo 0o Goo ) 1/ao

k=0 \ j=k+2

Since aoo + 1% > 0, then by Lemma 2.3 and Proposition 1.1, we get

1/qo
Eg < C{ DR et 71 Ry }

7=0
= CHfH,@gé»)»q(»(Rn)-

Combining with above estimates, we complete the proof of Theorem 1.3. O

Proof of Theorem 1.5. Let f € H/.CZ‘Q(&C’Q(')(R”). By Lemma 2.8, for each j € Z, we have

f = Z )\jaj.

j=—o0
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Where A\; > 0 and a is a (a(-),p1(-))-atom. Using Proposition 1.1 we have

-1 1/42(0)
« 0
1) g z{ 3 ok <°>q2<°>m%,b<f>><k\fp&’.)(w)}
pa (-

k=—o00

o 1/q2<>o
kacog2eo || ,,0 o0
+{ Z 202 ||/‘Q,b(f)Xk”%2p2(-)(Rn)}

k=0
1 k—2 q2(0) \ 1/42(0)
g{ Z gka(0)q ( Z I8y () XkHLmU(Rn)) }
k=—o00 Jj=—o0
-1 0 q2(0) y 1/42(0)
+{ S 2’“‘(0)"2(0)< > ’)‘j|||N?2,b(aj)Xk‘||LP2<‘>(R”)> }
k=—o00 Jj=k—1
- k2 4200 ) 1/4200
+{22k“°°q2°°< Z ’/\jwug),bmj))(k‘LP2(')(R“)> }
k=0 Jj=—00
o 00 q200 1/q200
+{Z2’“O‘°°qz°°< > ’)‘j|||N?2,b(aj)Xk‘||LP2(‘>(R”)> }
k=0 j=k-1

= Fy +Fy+F3+Fy4

Now estimate F;. By the Minkowski inequality

& T, x — ’
( / /| U= Y) 0y b)) () dy| e

z—y|<t |$_y|n 0
oo
ay/
||

=: Fi1 + Fio.

IN

|16 (a5) ()]

2
/| W[b@) by mas(y)dy|

z—y|<t ‘ZL‘ -y

Note that = € Ay, y € 4;, j <k —2. So we have |z — y| ~ |z| ~ 2F,

1 1
[z =yl [z

Y|
|ZL‘ _ y|29+1 ’

then
T,T || :
k) ( [ t‘ﬁ) dy

[z, z —y)| b ™ ly
<o [ LR ) - w2

Fi; <C

By the 7—order vanishing moments of a; with 7 > [ay — n(1l — ;7—)], subtract the Taylor
1

+ at x, we have
lz—y[" ™2

expansion of

1+7
Py < c/ T @)l — )l[bz) — b))

e
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< Cokntrd) i) / 4y ()19, 2 — 1)|1b(z) — by)|™dy
B

—k(n+r+1 (T m
< Ca KT +1>|raj|rm<.)(m{\b(x)—ijr 1967 = W00 gy

+”Q(x7x - ')(ij - b('))ijHLPﬁ(‘)(Rn)}

. . a; () (R
SC2_k(n+7—+%)+](7—+1)2]n||bHTHQHL‘X’(R")XLS(S”—I) laj ] o, (R™)

X8, Il L1 (e

< ¢t g)Hi(nd ) M
HXB ”Lpl() (R™)

Similarly to Fi2, we also have

)(JZ’)‘ < C’2-/€(n+7—+é)+]‘(n+7+1) ”%”U,w

|H?2b(a' :
o x5l Lor ) mmy

Which gives

k(n+r+3 )+](n+7—+1)||a]||Lp1( ||XkHLp2() (Rn)

0
||HQ,b(fj)Xk||LP2(')(Rn) <C2”
HXB HLm()(Rn)

: IXB Ml Lr20)
_k kI LP2() (R™)
< CQ(J )(n+T)2J 2 ||aj||Lp1() Rn)m

Lr1C)(Rn)

1

) = 2n, it follows from Lemma 2.6 that

In view of -1~ —
p1(°)

1 IR &
HXBk||Lp2('>(R") ~ ‘Bk|P2(') ~ |Bk‘Pl(-) 2n g Q73 ”XBkHLpl(')(R”)'
So we have

. . ||XBk”LP1(') R~
Hu?z,b(fj)XkHme(Rn)SC?U R)ntr)od kHajHLpl(')(R”)—( :
IXB; 1l L10) ()

ik HXBkHLm() R

< G200l a]| oy gy T
M8, 1l o) @y

k) (ndr— 1
§C2(j )(n+T p1(0))||aj||Lp1(~)(R")’

by Definition 1.4 and Lemma 2.4, we can get

—! k—2 2(0)y 1/42(0)
Fl:{ Z 2]904( ( Z |)‘ |||/’Lﬂb(a])xk||LP2()(Rn)> }

k=—0o0 Jj=—00

1 k—2 . q2(0) y 1/42(0)
g{ > ( 3 VTR a“’”) } .

k=—0c0 \j=—o00
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We can choose 7 large enough such that 7 — ay +n(1 — = ) ) > 0, by Lemma 2.8, we obtain

-1 1/42(0) —1 1/41(0)
F1 < C( Z |)\k|Q2(0)> < C( Z )\k|‘h(0)> < CHfHH/Cgl(()’)ql()(R")

k=—o00 k=—0oc0

Let us estimate Fo. Applying (2) and (3) in Definition 1.4 and Lemma 2.4, we have

o 42(0) y 1/42(0)
F2:{ 2ka(0)<12(0)< Z BY; |||/m b(aj)XkHLm()(Rn)) }
k=—o00 Jj=

-2

N q2(0)y 1/q2(0)
{ 2ka(0)q2(0 ( Z [Ajllla; ]l s >(R”> }
k=—00 I=

-2

N a2(0)y 1/g2(0)
{ Z 2ka(0)qz(0>< ’)‘jmajHLpZ(')(Rn)) }

IN

<
k=—00 =k—2
q2(0) y 1/¢2(0)
+{ Z 2he(0) (ZM lajll Loz >(Rn> }
k=—00
-1 -1 q2(0) y 1/42(0)
SC{ Z ( Z )\j|2(k—j)a(0)> }
k=—oco \j=k—2
-1 0o q2(0) y 1/g2(0)
+C{ Z <Z’)\j|2(k—j)a+j(a(0)—a)+k(a—aoo)> } )
k=—o00 \ j=0

Since ar— < min(a(0), as), we have
J(a(0) —a-) + k(a- — ax) <0.
By Lemma 2.8 and the fact of j > 0 > k, we can obtain

-1 1/42(0) —1 1/q1(0)
Fy < C( Z ’AMQ?(@) < C( Z )\k|‘11(0)) < CH.]CHHK;((),)M()(RH)

k=—o00 k=—00

Similar to the estimation of F1 and Fy, we can also estimate Fg and F4, in fact, we just need
to replace «(0), p2(0) and g2(0) with s, (P2)co and (g2)eo respectively.
Combining with the estimates of F1, Fo, F3 and F4, we have

0
1.6 ()l gatra20) gy < ClFI eatr,ane) gy
p2 () NG

The proof of Theorem 1.5 is completed. 0
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