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Abstract This paper investigates the existence and uniqueness of mild solutions for a class
of nonlocal Cauchy–type problems involving integro–differential equations with weighted ς–
Caputo fractional derivatives. The equations incorporate generalized Volterra and Fredholm
integral operators with singular kernels of order ℓ ∈ (0, 1), within the framework of an
ordered Banach space. The main results are established by combining semigroup theory,
monotone iterative techniques, upper and lower solution methods, Kuratowski’s measure of
noncompactness, generalized Gronwall inequalities, and fixed point theorems. Continuous
dependence of mild solutions on initial data is also proved. Two concrete examples are
provided to illustrate the applicability of the abstract results.
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1. Introduction

In recent years, fractional calculus has emerged as one of the most rapidly growing fields of
research, capturing the interest of numerous scientists. This rise in attention can be attributed
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to the significant findings reported by researchers who have effectively employed tools from
fractional calculus to model various phenomena [21,32]. The theoretical framework surrounding
fractional differential equations has greatly benefited from these important contributions.

It is important to note, however, that the concept of the fractional derivative is not singular.
Over the past decade, many researchers have proposed modifications and generalizations of
classical fractional derivatives and integrals. For instance, in [2], the author introduced weighted
fractional derivatives that rely on a kernel function. With carefully selected weights and kernel
functions, these derivatives can reduce to classical fractional derivatives, including the Riemann–
Liouville, Hadamard, and Caputo derivatives. The fractional derivatives (often abbreviated as
FDs) of functions in relation to other functions depending on a kernel function are sometimes
referred to as ℘-fractional operators, following the notation established by Almeida [4]. These
derivatives represent a natural extension of the original operators found in classical fractional
calculus. In a recent study, Jarad et al. [18] outlined the spaces in which the weighted fractional
operators of a function with respect to another function are defined. They also presented a
modified Laplace transform to effectively address these operators.

Integrodifferential equations are mathematical tools used in modeling complex phenomena
across a wide range of fields, such as design, quantum theory, and neuroscience. These equa-
tions allow researchers to capture dynamic processes and relationships more effectively. As a
result of their versatility and applicability, the investigation of integro–differential equations
within the framework of Banach spaces, a type of complete normed vector space has garnered
significant interest and attention from the scientific and mathematical communities in recent
years [5, 17, 22, 29, 30, 34]. Undoubtedly, the fractional evolution equations have taken their
share of attention. However, exact solutions to these types of equations remain elusive. Vari-
ous methods have been developed to demonstrate the existence of solutions. Some of the most
widely used approaches include the method of lower and upper solutions, fixed point theories,
Mawhin’s coincidence degree theory, and monotone iterative techniques. In [25] and [36], the au-
thors extended the monotone iterative method to evolution equations in ordered Banach spaces.
Zhang et al. [37] applied this method to evolution equations with classical initial conditions.
Other researchers [13, 16, 31] have also used the same technique for different types of evolution
equations. Their results were derived from the Sadovskii fixed point axiom, semigroup theory,
and the upper-lower-solution methodology. By starting with a pair of ordered lower and upper
solutions, it is possible to construct two monotone sequences that converge uniformly to the
extremal solutions found between the upper and lower solutions for the problems being con-
sidered. Following this, the authors in [12, 20] made significant conceptual advancements in
the monotone iterative approach. The primary finding of [12] was further extended by [34] to
integro-differential equations, without accounting for impulses in the space U .𭟋′(∆) = χ(∆,𭟋(∆),G𭟋(∆)), if ∆ ∈ J,

𭟋(0) = 𭟋0.
(1.1)

The term (G𭟋) (∆) which could be interpreted as a control on the system is as outlined

by (G𭟋) (∆) =
∫ ∆
0 Y(∆, ζ,𭟋 (ζ))dζ and χ(∆,𭟋(∆),G𭟋(∆)) is a given nonlinear function (see

[22, 23]). Existence of solutions of fractional equations of Volterra type with the Riemann-
Liouville derivatives was studied by Jankowski [17].

Notably, the fractional abstract Cauchy problem has received a lot of attention; for
example, see [8]. Jaradat et al. [19] referred to as a mild solutions 𭟋(∆) of the initial value
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problem: Dℓ𭟋(∆) = M𭟋(∆) + χ(∆,𭟋(∆),G𭟋(∆),H 𭟋(∆)), if ∆ ∈ J = (0, b],

𭟋(0) = 𭟋0,
(1.2)

such that the term Dℓ is a Caputo-type FD of order 0 < ℓ ≤ 1 and G , H are two linear operators
defined by

(G𭟋) (∆) =

∫ ∆

0
Y(∆, ζ)𭟋(ζ)dζ and (H 𭟋) (∆) =

∫ b

0
h(∆, ζ)𭟋(ζ)dζ, b > 0, (1.3)

such that M is the generator of a strongly continuous semigroup on a Banach space U . This
problem was studied in [5, 24] and the references therein. Similar problems (1.2) under some
restrictive conditions appear in [10,24,30].

In recent years, significant progress has been made in the study of fractional and integro-
differential equations involving generalized fractional derivatives and nonlocal conditions. Exist-
ence, uniqueness, and mild solution results have been established using fixed point techniques,
semigroup theory, and related analytical tools; see [3, 9, 14,26,38].

Motivated by the interesting works [10,18,33], we investigate the existence and uniqueness of
solutions of a class of fractional Cauchy problem for the following abstract evolution equation:(

cDℓ,[ς,ℏ]
0,∆

)
[𭟋] = M𭟋 (∆) + χ(∆,𭟋,G𭟋,H 𭟋), if ∆ ∈ J = (0, b], (1.4)

together with Cauchy condition:

ℏ (0)𭟋(0) = 𭟋0, ℏ (0) ̸= 0, (1.5)

such that the term
(
cDℓ,[ς,ℏ]

0,∆

)
is the weighted ς–Caputo-type FD of order 0 < ℓ ≤ 1 such that ℏ

is positive and continuous and M , with domain D(M ) ⊂ U ⊂ U is the infinitesimal generator
of an analytic semigroup of uniformly bounded linear operators {T (∆)} (∆ ≥ 0) on a Banach
space U . The nonlinearity χ : J × U × U × U −→ U is a function that includes the Volterra
generalized integral operator G and the Fredholm generalized integral operator H with singular
kernels as given by

(G𭟋) (∆) =
(
J η,[ς,ℏ]
0,∆

)
[Y(∆, ·)𭟋 (·)]

and
(H 𭟋) (∆) =

(
J η,[ς,ℏ]
0,b

)
[h(∆, ·)𭟋 (·)] , 0 < η < ℓ, (1.6)

where Y ∈ C(Λ,R+), Λ =
{
(∆, ζ) ∈ R2 | 0 ≤ ζ < ∆ ≤ b

}
, h ∈ C(Λ,R+) and Λ ={

(∆, ζ) ∈ R2 | 0 ≤ ∆, ζ ≤ b
}
.

The organization of the paper is as follows: Section 2 contains the preliminaries that will be
used throughout the article. Section 3 discusses the existence and uniqueness of a mild solution
to an abstract nonlocal Cauchy problem involving a class of fractional evolution equations with
weighted ς-Caputo derivatives. This is achieved through a monotone adaptive approach, coupled
with the concepts of upper and lower solutions. The results are derived using the notion of the
measure of noncompactness, semigroup theory applied in cases where the C0 semigroup is either
compact or noncompact and a generalized Gronwall inequality for fractional differential equa-
tions, along with an analysis of the continuous dependence of the mild solutions. Finally, Section
4 provides examples that demonstrate the application of the derived results and highlights their
significance.
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2. Basic definitions and preliminaries

Notation

Throughout the paper, U denotes an ordered Banach space with norm ∥ ·∥ and positive cone P.
The symbol ς always denotes a strictly increasing differentiable function (the kernel), and ℏ al-
ways denotes a positive continuous weight function with ℏ(∆) ̸= 0. We write ℏ−1(∆) = 1/ℏ(∆)
and ς̃(∆, ζ) = ς(∆) − ς(ζ). The operators G and H denote the generalized Volterra and
Fredholm integral operators, respectively, as defined in (1.6). The operators Oℓ, T̃ℓ, Sℓ, and
S̃ℓ are solution operators associated with the weighted fractional Cauchy problem, defined in
(2.7)–(2.8) and (3.12)–(3.13), respectively. We use µ(·) for the Kuratowski measure of non-
compactness, Eℓ for the Mittag-Leffler function, and pℓ, Ψℓ for the Wright-type probability
density functions. The notation ∥ · ∥ℏ∞ denotes the weighted supremum norm. The shorthand
χ(𭟋) = χ(∆,𭟋(∆), (G𭟋)(∆), (H 𭟋)(∆)) is used throughout Section 3.

The following lemmas and definitions are necessary in order to support our main findings.
Let U be an ordered Banach space with the norm ∥.∥, whose positive cone

P = {J ∈ U : J ⩾ 0}

is normal with normal constant N > 0. Let C(J,U ) denote the Banach space of all continuous
U –valued functions on interval J , for all ∆ ∈ J .

Definition 2.1. The cone P is said to be:

• Normal whenever a constant (N > 0) exists so that ∥J1∥ ≤ N∥J2∥, if 0 ≤ J1 ≤ J2, for
all J1,J2 ∈ U .

• (R) regular whenever every non-decreasing sequence that is bounded above is convergent.
In other words, if {Jn}n⩾1 is a sequence such that

J1 ≤ J2 ≤ ... ≤ L ,

for some L ∈ U , then there is J ∈ U which implies limn−→∞∥Jn − J ∥ = 0.

Definition 2.2. [2] The weighted fractional integral of order ℓ of 𭟋 is defined by(
J ℓ,[ς,ℏ]
a,∆

)
[𭟋] =

ℏ−1(∆)

Γ(ℓ)

∫ ∆

a
(ς(∆)− ς(ζ))ℓ−1 ℏ(ζ)𭟋(ζ)ς

′
(ζ)dζ; ∆ ∈ [a, b] , (2.1)

where ℏ(∆) ̸= 0 is a weighted function, ℏ−1(∆) = 1/ℏ(∆) and ς is a strictly increasing differen-
tiable function. A dual form of the integrals (2.1) is(

J ℓ,[ς,ℏ]
∆,b

)
[𭟋] =

ℏ(∆)

Γ(ℓ)

∫ b

∆
(ς(ζ)− ς(∆))ℓ−1 ℏ−1(ζ)𭟋(ζ)ς

′
(ζ)dζ, (2.2)

where ς(∆) is assumed to be sufficiently smooth on ∆ ∈ [a, b] .

Definition 2.3. [2, 18] Let ℓ ⩾ 0 and n = [ℓ] + 1. The weighted Caputo FD of order ℓ of 𭟋 is
defined by (

cDℓ,[ς,ℏ]
0,∆

)
[𭟋] =

ℏ−1(∆)

Γ(n− ℓ)

∫ ∆

0
(ς(∆)− ς(ζ))n−ℓ−1𭟋[n]

ς,ℏ(ζ)ς
′
(ζ)dζ, (2.3)

where

𭟋[k]
ς,ℏ(∆) =

[
D∆

ς ′(∆)

]k
(ℏ(∆)𭟋(∆)) , k = 0, 1, 2, ....
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Lemma 2.1. [18]

(
J ℓ,[ς,ℏ]
a,∆

)(
cDℓ,[ς,ℏ]

0,ζ

)
[𭟋] = 𭟋(∆)− ℏ−1(∆)

n−1∑
k=0

(ς(∆)− ς(0))k

k!
𭟋k(0), (2.4)

where
𭟋k(0) = 𭟋[k]

ς,ℏ(∆)
∣∣∣
∆=0

.

Definition 2.4. [18] Let 𭟋 and ℏ be functions defined on the interval [0,∞) and Y be a strictly
increasing function on [0,∞). Then the weighted Laplace transform of 𭟋 is defined by

Lℏ
Y {𭟋} (ζ) =

∫ ∞

0
e−ζ(ς(∆)−ς(0))ℏ(∆)𭟋(∆)ς

′
(∆)d∆.

Definition 2.5. [18] The weighted convolution of functions 𭟋 and h is defined by

𭟋 ∗ℏς h(∆) = ℏ−1(∆)

∫ ∆

0
ℏ
(
ς−1 (ς(∆) + ς(0)− ς(ζ))

)
×𭟋

(
ς−1 (ς(∆) + ς(0)− ς(ζ))

)
ℏ(ζ)h(ζ)ς

′
(ζ)dζ,

where ς−1 is the inverse of ς.

In this paper, we consider semigroup for which T (∆) converges strongly to zero as ∆ −→ ∞.
By the uniform boundedness principle, we have

∥T (∆)∥ ≤ M; where ∆ ≥ 0,M ≥ 1. (2.5)

We note that if M is the infinitesimal generator of an analytic semigroup, then, for C ≥ 0
large enough, (M − CI) is invertible and generates a bounded analytic semigroup

S(∆) = e−C∆T (∆) on U ; where ∆ ≥ 0. (2.6)

We set

Oℓ(∆, ζ)𭟋 =

∫ ∞

0
pℓ (♭)T

(
(ς(∆)− ς(ζ))ℓ ♭

)
𭟋d♭ (2.7)

and

T̃ℓ(∆, ζ)𭟋 = ℓ

∫ ∞

0
♭pℓ (♭)T

(
(ς(∆)− ς(ζ))ℓ ♭

)
𭟋d♭,𭟋 ∈ U , (2.8)

where pℓ(∆) is indeed a probability density function on (0,∞) so that∫ ∞

0
e−Ξϖ
ℓ Ψℓ( ϖ)dϖ = e−Ξℓ

, for 0 < ℓ < 1, (2.9)

and

Ψℓ(∆) =
ℓ

∆ℓ+1
pℓ

(
∆−ℓ

)
or pℓ(∆) =

1

ℓ
∆−1− 1

ℓΨ
(
∆− 1

ℓ

)
≥ 0, (2.10)

with the function Ψℓ defined by

Ψℓ(ϖ) =
1

π

∞∑
k=1

(−1)k−1 (ϖ)−kℓ−1Γ(ℓk + 1)

k!
sin (kπℓ) , ϖ ∈ (0,∞) .
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Lemma 2.2. [39] The operators Oℓ(∆, 0) and T̃ℓ(∆, ζ) possess the aforementioned character-
istics:
(i) Fix 0 ≤ ζ ≤ ∆, Oℓ(∆, 0) and T̃ℓ(∆, ζ) are bounded linear operators with

∥Oℓ(∆, 0)∥∞ ≤ M and ∥Oℓ(∆, ζ)∥∞ ≤ M

Γ(ℓ)
. (2.11)

(ii) For every 𭟋 ∈ U , ∆ −→ Oℓ(∆, 0)𭟋 and ∆ −→ T̃ℓ(∆, ζ)𭟋 are continuous functions from
[0,∞) into U .
(iii) The operators Oℓ(∆, 0) and T̃ℓ(∆, ζ) are strongly continuous for all 0 ≤ ζ ≤ ∆, for every
𭟋 ∈ U and 0 ≤ ζ ≤ ∆1 < ∆2 ≤ b we have

∥Oℓ(∆2, 0)𭟋− Oℓ(∆1, 0)𭟋∥∞ −→ 0 and ∥T̃ℓ(∆2, ζ)𭟋− T̃ℓ(∆1, ζ)𭟋∥∞ −→ 0 as ∆1 −→ ∆2.
(2.12)

(iv) Whenever the semigroup T (∆) is continuous upon operator norm for each ∆ > 0, then
Oℓ(∆, 0) and T̃ℓ(∆, ζ) are continuous in (0,+∞) by the operator norm.

Definition 2.6. [6, 15] Suppose that W is a bounded set of the Banach space U . The Kura-
towski measure of noncompactness µ(.) is defined as

µ(W ) := inf {ϵ > 0 : W ⊂ ∪ni=1Wi, diam(Wi) ≤ ϵ} ,

where diam(Wi) = sup {| L − J |: J , L ∈ Wi} for i = 1, 2, ...n ∈ N.

We will use Lemmas 5.5 and 5.7 from [7]; Lemma 2.6 and Theorem 2.8 from [27]; Theorem
2.8 from [11]; and Propositions 1.6–1.7 from [28] respectively.

Lemma 2.3. [28] Assume that {𭟋n (∆)} (n = 1, 2, ...) is a sequence of Bochner integrable
functions from J into U with ∥𭟋n (∆)∥ < ∞, then the function W (∆) = µ ({𭟋n (∆)}∞n=1) is
Lebesgue integrable on J and satisfies

µ

({∫ ∆

0
𭟋n(ζ)dζ | n ≥ 1

})
≤ 2

∫ ∆

0
W (ζ)dζ.

Definition 2.7. A function 𭟋 ∈ C(J,U ) satisfies
(
cDℓ,[ς,ℏ]

0,∆

)
[𭟋] ≤ M𭟋(∆) + χ(∆,𭟋(∆),G𭟋(∆),H 𭟋(∆)), if 0 < ∆ ≤ b,

ℏ (0)𭟋(0) ≤ 𭟋0,
(2.13)

then 𭟋 is referred to as a lower solution of problem (1.4-1.5).

If every inequality in (2.13) is reversed, then 𭟋 is referred to as the upper solution to the
problem 1.4-1.5).

Lemma 2.4. [1,35] Let 𭟋, v be two integrable functions and Y continuous, with domain [a, b].
Let ς ∈ C1[a, b] an increasing function such that ς

′
(∆) ̸= 0, ∀∆ ∈ [a, b]. Assume that

(i) 𭟋 and v are nonnegative;
(ii) Y is nonnegative and nondecreasing. If

𭟋(∆) ≤ v(∆) + Y(∆)

∫ ∆

a
(ς(∆)− ς(ζ))ℓ−1𭟋(ζ)ς

′
(ζ)dζ, (2.14)
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then

𭟋(∆) ≤ v(∆) +

∫ ∆

a

∞∑
k=1

[Y(∆)Γ(ℓ)]k

Γ(ℓk)
(ς(∆)− ς(ζ))ℓk−1 v(ζ)ς

′
(ζ)dζ (2.15)

and
𭟋(∆) ≤ v(∆)Eℓ

(
Y(∆)Γ(ℓ) (ς(∆)− ς(a))ℓ

)
, ∆ ∈ [a, b]. (2.16)

In particular, when v(∆) = 0, then 𭟋(∆) = 0 for all ∆ ∈ [a, b].

Theorem 2.1. [6] Let D be a convex, closed, and bounded subset of a Banach space U and
Q : D −→ D is a µ- contraction mapping. Then the map Q has one fixed point in D.

Let us list the following assumptions for convenience.

Remark 2.1. Assumptions (M1)–(M6) are natural extensions of classical conditions used in
the monotone iterative theory for evolution equations [33, 36]. Assumption (M1) ensures the
existence of ordered lower and upper bounds for the iteration. Assumptions (M2) and (B2) are
one-sided Lipschitz conditions on χ that guarantee the monotonicity of the operator K; they
represent two alternative sign conventions for the nonlinearity. Assumption (M3) (respectively
(B3)) provides bounds on the integral operators G and H consistent with the corresponding
monotonicity condition. Assumptions (M4) and (M5) are standard Lipschitz-type growth con-
ditions needed to control the contraction constant R1 (respectively R2). Assumption (M6) is
the measure-of-noncompactness condition required in the non-compact semigroup case (Theo-
rems 3.3 and 3.5).

(M1) There is an upper and a lower solution 𭟋0,𭟋0 ∈ C(J,U ) of Cauchy problem (1.4-1.5)
respectively, such that 𭟋0 ≤ 𭟋0.

(M2) χ is a function and there exist Ci (i = 1, 2, 3) > 0, such that

ℏχ(∆,J2,L2, γ2)− ℏχ(∆,J1,L1, γ1)

⩾− C1ℏ (∆) (J2 − J1) (∆)− C2ℏ (∆) (L2 − L1) (∆)

− C3ℏ (∆) (γ2 − γ1) (∆) ,

for any ∆ ∈ J , 𭟋0(∆) ≤ J1 ≤ J2 ≤ 𭟋0(∆), G𭟋0(∆) ≤ L1 ≤ L2 ≤ G𭟋0(∆) and H 𭟋0(∆) ≤
γ1 ≤ γ2 ≤ H 𭟋0(∆).
(B2) χ is a function in C([0, b] × U × U × U ,U ) and there exist constants C1 ≥ 0 and
Ci (i = 2, 3) > 0, such that

ℏχ(∆,J2,L2, γ2)− ℏχ(∆,J1,L1, γ1)

⩾C1ℏ (∆) (J2 − J1) (∆) + C2ℏ (∆) (L2 − L1) (∆)

+ C3ℏ (∆) (γ2 − γ1) (∆) ,

for any ∆ ∈ J , 𭟋0(∆) ≤ J1 ≤ J2 ≤ 𭟋0(∆), G𭟋0(∆) ≤ L1 ≤ L2 ≤ G𭟋0(∆) and H 𭟋0(∆) ≤
γ1 ≤ γ2 ≤ H 𭟋0(∆).

(M3) There exist constants Ci (i = 4, 5) > 0 such that

ℏ (∆) (G J2 − G J1) (∆) ≥ −C4ℏ (∆) (J2 − J1) (∆) and

ℏ (∆) (H J2 − H J1) (∆) ≥ −C5ℏ (∆) (J2 − J1) (∆) . (2.17)

(B3) There is a constant 0 ≤ C4 ≤ C1
C2

and 0 ≤ C5 ≤ C1
C3

such that (2.17) hold.
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(M4) There are nonnegative constants l1, l2, l3 such that

ℏ (∆) (χ(∆,J2,L2, γ2)− χ(∆,J1,L1, γ1)) ≤ l1ℏ (∆) (J2 − J1) + l2ℏ (∆) (L2 − L1)

+ l3ℏ (∆) (γ2 − γ1),

for any ∆ ∈ J , 𭟋0(∆) ≤ J1 ≤ J2 ≤ 𭟋0(∆), G𭟋0(∆) ≤ L1 ≤ L2 ≤ G𭟋0(∆) and H 𭟋0(∆) ≤
γ1 ≤ γ2 ≤ H 𭟋0(∆).

(M5) There are nonnegative constants l4, l5 such that

ℏ (∆) (G J2 − G J1) (∆) ≤ l4ℏ (∆) (J2 − J1) (∆) and

ℏ (∆) (H J2 − H J1) (∆) ≤ l5ℏ (∆) (J2 − J1) (∆) .

(M6) There exist nonnegative constants l11, l12 l13 such that for any bounded sets W1,W2,W3

⊂ U ,

µ(ℏ (∆)χ(∆,W1,W2,W3)) ≤ l11µ(ℏW1) + l12µ(ℏW2) + l13µ(ℏW3), for ∆ ∈ J.

For convenience, we write

ℏ := ℏ (∆) , ς̃(∆, ζ) = ς(∆)− ς(ζ) and χ (𭟋) = χ(∆,𭟋(∆), (G𭟋) (∆), (H 𭟋) (∆)).

3. Main results

In this section, we state and prove our main results.

3.1. Representation formula of mild solutions

To study the nonlinear problem (1.4-1.5), we first consider the associated linear problem:
(
cDℓ,[ς,ℏ]

0,∆

)
[𭟋] = M𭟋(∆) + χ(∆), ∆ ∈ (0, b) ,

(ℏ𭟋) (0) = 𭟋0 ∈ U .
(3.1)

Lemma 3.1. Assume χ ∈ L1(J,U ) and 0 < ℓ < 1. The mild solution of the linear Cauchy
problem (3.1) is given by

𭟋(∆) = ℏ−1(∆)Oℓ(∆, 0)ℏ(0)𭟋(0) + ℏ−1(∆)

∫ ∆

0
(ς(∆)− ς(ζ))ℓ−1 T̃ℓ(∆, ζ) (ℏχ) (ζ)ς

′
(ζ)dζ (3.2)

where χ is an abstract function defined on [0,∞) with values in U and the operators Oℓ(∆, 0)
and T̃ℓ(∆, ζ) are defined by (2.7) and (2.8) respectively.

This shows that for 0 < ℓ < 1 qualitative behaviours of T (∆), Oℓ(∆, 0) are crucial, in order
to obtain information about 𭟋(∆).
Proof. By making use of the weighted Laplace transform to (3.1), we get

Lℏ
ς {𭟋} (Ξ) = Ξℓ−1(Ξℓ − M )−1ℏ(0)𭟋 (0) + (Ξℓ − M )−1Lℏ

ς {χ} (Ξ), (3.3)

whenever Ξℓ ∈ ρ(M ). Therefore, we require a family of bounded and linear operators that can
be transformed by Laplace and is strongly continuous, such as Oℓ(∆), so that

T̂ℓ(Ξ) = Ξℓ−1(Ξℓ − M )−1 for all Ξ > 0. (3.4)
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As an example, when ℓ = 1, our investigation is precisely in line with the existence of a
C0-semigroup (or perhaps comparable, well posedness of 𭟋′ = M𭟋), say T (∆).

T̂ (Ξ)J =

∫ ∞

0
e−ΞζT (ζ)J dζ = (Ξ− M )−1J , for all J ∈ U . (3.5)

We deduce that

Ξℓ−1(Ξℓ − M )−1 (ℏ𭟋) (0) = Ξℓ−1

∫ ∞

0
e−ΞℓζT (ζ)𭟋0dζ. (3.6)

Putting ζ = (ς (∆)− ς (0))ℓ in (3.6) gives

=

∫ ∞

0
ℓΞℓ−1 (ς(∆)− ς(0))ℓ−1 e−(Ξ(ς(∆)−ς(0)))ℓT ((ς(∆)− ψ(0))ℓ)𭟋0ς

′
(∆)d∆

=

∫ ∞

0
− 1

Ξ

d

d∆

(
e−(Ξ(ς(∆)−ς(0)))ℓ

)
T ((ς(∆)− ς(0))ℓ)𭟋0ς

′
(∆)d∆

=

∫ ∞

0

∫ ∞

0
− 1

Ξ

d

d∆
e−Ξ(ς(∆)−ς(0))ϖpℓ(ϖ)dϖT ((ς(∆)− ς(0))ℓ)𭟋0d∆

=

∫ ∞

0

∫ ∞

0
ϖe−Ξ(ψ(∆)−ς(0))ϖpℓ(ϖ)T ((ς(∆)− ς(0))ℓ)𭟋0ς

′
(∆)dϖd∆. (3.7)

Setting ς̃(♭, 0) = (ς (∆)− ς (0))ϖ in (3.7) yields

=

∫ ∞

0

∫ ∞

0
e−Ξς̃(♭,0)pℓ(ϖ)T

(
ς̃(♭,0)ℓ
ϖℓ

)
𭟋0ς

′
(♭)dϖd♭

=

∫ ∞

0
e−Ξς̃(♭,0)

[∫ ∞

0
Ψℓ (ϖ)T

(
(ς̃(♭, 0))ℓϖ

)
𭟋0dϖ

]
ς
′
(♭)d♭

=

∫ ∞

0
e−Ξς̃(♭,0)

[
ℏ−1(♭)

∫ ∞

0
Ψℓ (ϖ)T

(
(ς̃(♭, 0))ℓϖ

)
𭟋0dϖ

]
ℏ(♭)ς

′
(♭)d♭

and, we have

(Ξℓ − M )−1Lℏ
ς {χ} (Ξ)

=

∫ ∞

0
e−ΞℓζT (ζ)Lℏ

ς {χ} (Ξ)dζ

=

∫ ∞

0

∫ ∞

0
ℓ

(
ς̃(♭, 0)

ϖ

)ℓ−1

e−Ξς̃(♭,0)pℓ(ϖ)T

((
ς̃(♭, 0)

ϖ

)ℓ) ς
′
(ζ)

ϖ
Lℏ
ς {χ} (Ξ)dϖd♭. (3.8)

This implies that

=

∫ ∞

0

∫ ∞

0
e−Ξς̃(♭,0)ℓϖ (ς̃(♭, 0))ℓ−1Ψℓ(ϖ)T

(
(ς̃(♭, 0))ℓϖ

)
ς
′
(♭)dϖd♭Lℏ

ς {χ} (Ξ)

=

∫ ∞

0
e−Ξ(ς̃(♭,0))

[
ℓℏ−1(♭)

∫ ∞

0
ϖ (ς̃(♭, 0))ℓ−1Ψℓ(ϖ)T

(
(ς̃(♭, 0))ℓϖ

)
dϖ

]
ℏ(♭)Lℏ

ς {χ} (Ξ)ς
′
(♭)d♭

= Lℏ
ς

{
ℏ−1(♭)

∫ ∞

0
ℓϖ (ς̃(♭, 0))ℓ−1Ψℓ(ϖ)T

(
(ς̃(♭, 0))ℓϖ

)
dϖ

}
(Ξ)× Lℏ

ς {χ} (Ξ)

= Lℏ
ς

{
ℏ−1(♭)

∫ ∞

0
ℓϖ (ς̃(♭, 0)))ℓ−1Ψℓ(ϖ)T

(
(ς̃(♭, 0))ℓϖ

)
dϖ ∗ℏς χ

}
(Ξ).
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Now, we get the solution using the inverse transform as

ℏ−1(♭)

∫ ∞

0
ℓϖ (ς̃(♭, 0))ℓ−1Ψℓ(ϖ)T

(
(ς̃(♭, 0))ℓϖ

)
dϖ ∗ℏς χ (♭) (3.9)

= ℏ−1(∆)

∫ ∆

0

∫ ∞

0
ℓϖ (ς̃(∆, ♭))ℓ−1Ψℓ(ϖ)T

(
(ς̃(∆, ♭))ℓϖ

)
dϖ (ℏχ) (♭)ς

′
(♭)d♭.

On the other hand, we can confirm right away that the function 𭟋 ∈ C(J,U ) given by (3.2)
is a mild solution of problem (3.1).

Lemma 3.2. Suppose that M is the infinitesimal generator of an analytic semigroup of uni-
formly bounded linear operators {T (∆)} (∆ ⩾ 0) in U for 0 < ℓ < 1, then(

cDℓ,[ς,ℏ]
0,∆

) (
ℏ−1(.)Oℓ(., 0)𭟋0

)
= M

(
ℏ−1(∆)Oℓ(∆, 0)𭟋0

)
,(

cDℓ,[ς,ℏ]
0,∆

)(
ℏ−1(∆)

∫ ∆

0
(ς̃(∆, ζ))ℓ−1 T̃ℓ(∆, ζ) (ℏχ) (ζ)ς

′
(ζ)dζ

)
= M

(
ℏ−1(∆)

∫ ∆

0
(ς̃(∆, ζ))ℓ−1 T̃ℓ(∆, ζ) (ℏχ) (ζ)ς

′
(ζ)dζ

)
+ χ(∆).

Proof. According to Lemma 2.4 in paper [33], (3.4) and Laplace transform, it is obvious to
see that

Lℏ
ς

{
ℏ−1(∆)Oℓ(∆, 0)𭟋0

}
(Ξ) = Ξℓ−1(Ξℓ − M )−1𭟋0 (3.10)

and

Lℏ
ς

{(
cDℓ,[ς,ℏ]

0,∆

) (
ℏ−1(∆)Oℓ(∆, 0)𭟋0

)}
(Ξ) = ΞℓLℏ

ς

{
ℏ−1(∆)Oℓ(∆, 0)𭟋0

}
(Ξ)− Ξℓ−1𭟋0

= ΞℓΞℓ−1(Ξℓ − M )−1𭟋0 − Ξℓ−1𭟋0

= Ξℓ−1(Ξℓ − M )−1
[
Ξℓ − (Ξℓ − M )

]
𭟋0

= Ξℓ−1(Ξℓ − M )−1
[
Ξℓ − Ξℓ + M

]
𭟋0

= Ξℓ−1(Ξℓ − M )−1M𭟋0

= MΞℓ−1(Ξℓ − M )−1𭟋0. (3.11)

Combining (3.10) and (3.11) yields(
cDℓ,[ς,ℏ]

0,∆

) (
ℏ−1(.)Oℓ(., 0)𭟋0

)
= M

(
ℏ−1(∆)Oℓ(∆, 0)𭟋0

)
.

Similarly, we have

Lℏ
ς

{(
cDℓ,[ς,ℏ]

0,∆

)[
ℏ−1(∆)

∫ ∆

0
(ς̃(∆, ζ))ℓ−1 T̃ℓ(∆, ζ) (ℏχ) (ζ)ς

′
(ζ)dζ

]}
(Ξ)

= ΞℓLℏ
ς

{
ℏ−1(∆)

∫ ∆

0
(ς̃(∆, ζ)))ℓ−1 T̃ℓ(∆, ζ) (ℏχ) (ζ)ς

′
(ζ)dζ

}
(Ξ)− Ξℓ−1.0

= ΞℓLℏ
ς

{
ℏ−1(∆) (ς̃(∆, ζ))ℓ−1 T̃ℓ(∆, ζ) ∗ℏς χ

}
(Ξ)

= Ξℓ
(
Ξℓ − M

)−1
Lℏ
ς {χ} (Ξ)
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=
(
Ξℓ − M + M

)(
Ξℓ − M

)−1
Lℏ
ς {χ} (Ξ)

= M
(
Ξℓ − M

)−1
Lℏ
ς {χ} (Ξ) + Lℏ

ς {χ} (Ξ).

Thus, (
cDℓ,[ς,ℏ]

0,∆

)(
ℏ−1(∆)

∫ ∆

0
(ς̃(∆, ζ))ℓ−1 T̃ℓ(∆, ζ) (ℏχ) (ζ)ς

′
(ζ)dζ

)
= Mℏ−1(∆)

∫ ∆

0
(ς̃(∆, ζ))ℓ−1 T̃ℓ(∆, ζ) (ℏχ) (ζ)ς

′
(ζ)dζ + χ(∆).

Throughout this paper, we let 0 < ℓ < 1. Define two families {Sℓ(∆, 0)} (∆ ⩾ 0) and{
S̃ℓ(∆, ζ)

}
(∆ ⩾ 0) of linear operators by

Sℓ(∆, 0)𭟋 =

∫ ∞

0
pℓ (♭)S

(
(ς(∆)− ς(0))ℓ ♭

)
𭟋 (♭) d♭ (3.12)

and

S̃ℓ (∆, ζ)𭟋 = ℓ

∫ ∞

0
♭pℓ (♭)S

(
(ς(∆)− ς(ζ))ℓ ♭

)
𭟋 (♭) d♭,𭟋 ∈ U , (3.13)

for 0 ≤ ∆, ζ ≤ b and 𭟋 ∈ U , where pℓ is a probability density function defined on (0,∞) and S
be defined as in (2.6).

To prove the main theorems of this paper, an equivalent system given below is discussed.

Lemma 3.3. Assume χ ∈ C(J,U ) and 0 < ℓ < 1. The linear Cauchy problem’s mild solution
is: 

(
cDℓ,[ς,ℏ]

0,∆

)
[𭟋] = M𭟋(∆)− C𭟋 (∆) + χ(∆), if ∆ ∈ (0, 1) ,

(ℏ𭟋) (0) = 𭟋0 ∈ U ,
(3.14)

is given by

𭟋(∆) = ℏ−1(∆)Sℓ(∆, 0)ℏ(0)𭟋(0)+ℏ−1(∆)

∫ ∆

0
(ς(∆)− ς(ζ))ℓ−1 S̃ℓ(∆, ζ) (ℏχ) (ζ)ς

′
(ζ)dζ, (3.15)

where the constant C is decided by the condition (M2) or (B2), χ is an abstract function defined
on [0,∞) and with values in U and the operators Sℓ and S̃ℓ are defined by (3.12) and (3.13),
respectively.

Evidently, the problem (1.4)-(1.5) is equivalent to that same problem listed below.
(
cDℓ,[ς,ℏ]

0,∆

)
[𭟋] = (M − CI)𭟋(∆) + χ(∆,𭟋(∆), (G𭟋) (∆), (H 𭟋) (∆))

+C𭟋 (∆) , if ∆ ∈ (0, 1) ,

(ℏ𭟋) (0) = 𭟋0.

(3.16)

Notice that the semigroup generated by (M−CI) generated, it is uniformly bounded, positive

and equicontinuous of families {Sℓ(∆, 0)} (∆ ⩾ 0) and
{
S̃ℓ(∆, ζ)

}
(∆, ζ ⩾ 0). Furthermore, they

possess the characteristics in Lemma 2.2, and they in particular satisfy

∥Sℓ(∆, 0)𭟋∥∞ ≤ M∥𭟋∥∞ and ∥S̃ℓ(∆, ζ)𭟋∥∞ ≤ M

Γ(ℓ)
∥𭟋∥∞. (3.17)
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Definition 3.1. A function 𭟋 ∈ C(J,U ) is called a mild solution of (3.16) if it satisfies

ℏ (∆)𭟋(∆)

=Sℓ(∆, 0) (ℏ𭟋) (0)

+

∫ ∆

0
(ς̃(∆, ζ))ℓ−1S̃ℓ(∆, ζ) (ℏ(ζ)χ (ζ,𭟋(ζ),G𭟋(ζ),H 𭟋(ζ)) + Cℏ (ζ)𭟋(ζ)) ς

′
(ζ)dζ,

where the operators Sℓ and S̃ℓ are defined by (3.12) and (3.13) respectively.

3.2. Existence and uniqueness results on mild solution

Let D = [𭟋0,𭟋0] =
{
𭟋 ∈ C(J,U ) : 𭟋0 ≤ 𭟋 ≤ 𭟋0

}
in addition, we establish an operator K

mapping from D into C(J,U ) as

ℏ (∆) (K𭟋) (∆) = Sℓ(∆, 0) (ℏ𭟋) (0) +

∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ) [ℏχ(𭟋) + C (ℏ𭟋) (ζ)] dζ. (3.18)

The problem (3.16) can be viewed as equivalent to the problem (3.18), where[
ςS̃ℓ
]
(∆, ζ) = (ς(∆)− ς(ζ))ℓ−1 S̃ℓ(∆, ζ)ς

′
(ζ) (3.19)

and

m(ℓ,ς) = max

{∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ)dζ : ∆ ∈ [0, b]

}
= Γ (ℓ)

∥∥∥S̃ℓ∥∥∥ℏ
∞

(
J ℓ,[ς,1]
0,b

) [
ℏ−1 (.)

]
, (3.20)

where Sℓ and S̃ ℓ are given by (3.12) and (3.13) respectively.

Theorem 3.1. Suppose that U be an ordered Banach space, whose positive cone P is normal
including normal constant N. Take T (∆)(∆ ⩾ 0) is non-negative and the assumptions (M1)-
(M5) hold and

R1 = m(ℓ,ς)(l1 +C+ l2 max
∆∈(0,b)

(
J η,[ς,1]
0,∆

)
[Y(∆, .)] + l3 max

∆∈(0,b)

(
J η,[ς,1]
0,b

)
[h(∆, .)]) < 1, (3.21)

where C is given by (3.23).
Therefore the Cauchy problem (3.16) has minimal and maximal mild solutions 𭟋 and 𭟋

between 𭟋0 and 𭟋0, which are attainable through the monotone iterative approach starting from
𭟋0 and 𭟋0 respectively.

Proof. It is clear that K is well defined. Then the mild solution of (3.16) is equivalent to the
fixed point of K. To determine the fixed point of K, we employ the monotone iterative method
of increasing operator.

The proof is divided into the following steps.

Step 1. In D, the map K is continuous.
Let {𭟋n} (n = 1, 2, ...) in U be a sequence such that {𭟋n} (n = 1, 2, ...) −→ 𭟋 ∈ U as

n −→ ∞. Since χ ∈ C(J × U × U × U ,U ) and ℏ is continuous, the map 𭟋 7→ ℏχ(𭟋) is
continuous, so according to our supposition (M2), we have, for every ∆ ∈ J,

ℏ𭟋n − ℏ𭟋 −→ 0 and ℏχ(𭟋n)− ℏχ(𭟋) (∆) −→ 0 as n −→ ∞
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and
∥𭟋n −𭟋∥ℏ∞ ≤ ϵ

2
, ∥χ(𭟋n)− χ(𭟋)∥ℏ∞ ≤ ϵ

2
, ∀ϵ > 0.

For almost every ∆ ∈ J , we get

|ℏ(∆) (K𭟋n) (∆)− ℏ(∆) (K𭟋) (∆)|

=

∣∣∣∣∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ) [ℏχ(𭟋n)− ℏχ(𭟋) + C (ℏ𭟋n − ℏ𭟋) (ζ)] dζ

∣∣∣∣
≤m(ℓ,ς) (∥ℏχ(𭟋n)− ℏχ(𭟋)∥∞ +C ∥ℏ𭟋n − ℏ𭟋∥∞)

≤m(ℓ,ς)

(
∥χ(𭟋n)− χ(𭟋)∥ℏ∞ +C ∥𭟋n −𭟋∥ℏ∞

)
,

with Lebesgue dominated convergence result, which yields

∥(K𭟋n)− (K𭟋)∥ℏ∞ ≤ ϵ. (3.22)

∥ (K𭟋n)− (K𭟋)∥ℏ∞ −→ 0, as n tends to ∞. As a result, the map K is continuous in D.

Step 2. The map K is monotone increasing.
From (M2) and (M5), for 𭟋1,𭟋2 ∈ D with 𭟋1 ≤ 𭟋2, we obtain that

ℏχ(𭟋2)− ℏχ(𭟋1) ≥ − C1 (ℏ (∆)𭟋2 − ℏ (∆)𭟋1)− C2 (ℏ (∆)G𭟋2 − ℏ (∆)G𭟋1)

− C3 (ℏ (∆)H 𭟋2 − ℏ (∆)H 𭟋1)

≥ − (C1 +C2l4 +C3l5) (ℏ (∆)𭟋2 − ℏ (∆)𭟋1) .

We see that

ℏχ(𭟋2) + (C1 +C2l4 +C3l5) ℏ (∆)𭟋2 ≥ ℏχ(𭟋1) + (C1 +C2l4 +C3l5) ℏ (∆)𭟋1.

If
C = (C1 +C2l4 +C3l5) ≥ 0, (3.23)

then ℏχ(𭟋) + Cℏ(𭟋) is nondecreasing on 𭟋 ∈ D for all ∆ ∈ J .
By the positivity of operators Sℓ(∆, 0) and S̃ℓ(∆, ζ) for 0 ≤ ζ,∆ ≤ b, we have

ℏ (∆) (K𭟋1) (∆)

= Sℓ(∆, 0)𭟋0 +

∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ) [ℏχ(𭟋1) + C (ℏ𭟋1) (ζ)] dζ

≤ Sℓ(∆, 0)𭟋0 +

∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ) [ℏχ(𭟋2) + C (ℏ𭟋2) (ζ)] dζ

= ℏ (∆) (K𭟋2) (∆),

which implies
(K𭟋1) (∆) ≤ (K𭟋2) (∆) . (3.24)

It’s now sufficient to demonstrate 𭟋0 ≤ K𭟋0 and K𭟋0 ≤ 𭟋0.
In regard to this, suppose F(∆) =

(
ς
ℏDℓ

∆

) [
𭟋0

]
−M𭟋0+C𭟋0. Following the lines of Definition

2.7, we obtain F(∆) ≤ χ(∆,𭟋0,G𭟋0,H𭟋0) + C𭟋0 for ∆ ∈ J .

Due to the positivity of operators and the Lemma 3.3, Sℓ(∆, 0) and S̃ℓ(∆, ζ) for 0 ≤ ζ,∆ ≤ b,
we get

ℏ (∆)𭟋0 = Sℓ(∆, 0)𭟋0 +

∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ) [ℏ (ζ)F(ζ)] dζ
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≤ Sℓ(∆, 0)𭟋0 +

∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ)

[
ℏ (ζ)χ(ζ,𭟋0,G𭟋0,H 𭟋0) + Cℏ (ζ)𭟋0

]
dζ

= ℏ (∆)
(
K𭟋0

)
.

Hence 𭟋0 ≤ K𭟋0. Likewise, one can prove that K𭟋0 ≤ 𭟋0. It further means that for 𭟋 ∈ D

𭟋0 ≤ K𭟋0 ≤ ... ≤ K𭟋 ≤ ... ≤ K𭟋0 ≤ 𭟋0. (3.25)

Hence, K is an increasing monotonic operator.

Step 3. W are bounded in C(J,U ).

The mentioned sequences
{
𭟋n

}
and {𭟋n} are defined. With the help of (3.25), by induction

we obtain the equality. Also by continuity of
{
𭟋n

}
, {𭟋n}, which yields

𭟋n = K𭟋n−1 and 𭟋n = K𭟋n−1, n ∈ N. (3.26)

Then, by the monotonicity of K, as a result of this

𭟋0 ≤ K𭟋0 = 𭟋1 ≤ ... ≤ 𭟋n ≤ ... ≤ 𭟋n ≤ ... ≤ K𭟋0 = 𭟋1 ≤ 𭟋0. (3.27)

Now, our aim is to get
{
𭟋n

}
and {𭟋n} are sequences in J that are uniformly convergent.

Let W =
{
𭟋n | n ∈ N∗} and W0 =

{
𭟋n−1 | n ∈ N∗}. Then W0 = W ∪

{
𭟋0

}
and hence

µ(W (∆)) = µ(W0(∆)) for ∆ ∈ J .

In view of (3.27), since the positive cone P is normal, then W0 and W are bounded in
C(J,U ).

Step 4. K(W ) is equicontinuous on J .

From Step 2, for any 𭟋 ∈ D, we have

ℏ (∆)χ(∆,𭟋0,G𭟋0,H 𭟋0) + Cℏ (∆)𭟋0 ≤ ℏ (∆)χ(∆,𭟋,G𭟋,H 𭟋) + Cℏ (∆)𭟋 (∆)

≤ ℏ (∆)χ(∆,𭟋0,G𭟋0,H 𭟋0) + Cℏ (∆)𭟋0.

By the normality of the positive cone P, there exists a constant L > 0 such that

∥χ(∆,𭟋,G𭟋,H 𭟋) + C𭟋∥ℏ∞ = ∥ℏχ+Cℏ𭟋∥∞ ≤
(
∥χ∥ℏ∞ +C ∥𭟋∥ℏ∞

)
= L for 𭟋 ∈ D. (3.28)

For any 𭟋n ∈ W and 0 ≤ ∆1 < ∆2 ≤ b, we have∣∣ℏ(∆2)
(
K𭟋n

)
(∆2)− ℏ(∆1)

(
K𭟋n

)
(∆1)

∣∣
≤ |Sℓ(∆2, 0)𭟋0 − Sℓ(∆1, 0)𭟋0|

+

∣∣∣∣∣
∫ ∆2

0

[
ςS̃ℓ
]
(∆2, ζ)

[
ℏχ(𭟋n) + Cℏ𭟋n

]
(ζ)dζ

−
∫ ∆1

0

[
ςS̃ℓ
]
(∆1, ζ)

[
ℏχ(𭟋n) + Cℏ𭟋n

]
(ζ)dζ

∣∣∣∣∣
≤ |Sℓ(∆2, 0)𭟋0 − Sℓ(∆1, 0)𭟋0|

+

∣∣∣∣∣
∫ ∆1

0

[
ςS̃ℓ
]
(∆2, ζ)

[
ℏχ(𭟋n) + Cℏ𭟋n

]
(ζ)dζ
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+

∫ ∆2

∆1

[
ςS̃ℓ
]
(∆2, ζ)

[
ℏχ(𭟋n) + Cℏ𭟋n

]
(ζ)dζ

−
∫ ∆1

0

[
ςS̃ℓ
]
(∆1, ζ)

[
ℏχ(𭟋n) + Cℏ𭟋n

]
(ζ)dζ

∣∣∣∣∣
≤ |Sℓ(∆2, 0)𭟋0 − Sℓ(∆1, 0)𭟋0|

+

∫ ∆1

0

([
ςS̃ℓ
]
(∆2, ζ)−

[
ςS̃ℓ
]
(∆1, ζ)

) [
ℏχ(𭟋n) + Cℏ𭟋n

]
(ζ)dζ

+

∫ ∆2

∆1

[
ςS̃ℓ
]
(∆2, ζ)

[
ℏχ(𭟋n) + Cℏ𭟋n

]
(ζ)dζ.

Denote

J1 = |Sℓ(∆2, 0)𭟋0 − Sℓ(∆1, 0)𭟋0| and J2 =

∫ ∆2

∆1

[
ςS̃ℓ
]
(∆2, ζ)

[
ℏχ(𭟋n) + Cℏ𭟋n

]
(ζ)dζ,

J3 =

∫ ∆1

0

([
ςS̃ℓ
]
(∆2, ζ)−

[
ςS̃ℓ
]
(∆1, ζ)

) [
ℏχ(𭟋n) + Cℏ𭟋n

]
(ζ)dζ.

Next, we check if ∥Ji∥ tends to 0 as ∆2 −→ ∆1 (i = 1, 2, 3), which are not dependent on
𭟋 ∈

[
𭟋0,𭟋0

]
.

It is clear that J1 −→ 0 as ∆2 −→ ∆1 By (3.17), we obtain

J2 =

∫ ∆2

∆1

[
ςS̃ℓ
]
(∆2, ζ)

[
ℏχ(𭟋n) + Cℏ𭟋n

]
(ζ)dζ

≤
∥∥∥S̃ℓ∥∥∥

∞

∥∥ℏχ(𭟋n) + Cℏ𭟋n

∥∥
∞

∫ ∆2

∆1

(ς̃(∆2, ζ))
ℓ−1 ς

′
(ζ)dζ

≤
∥∥∥S̃ℓ∥∥∥ℏ

∞
L

∫ ∆2

∆1

(ς̃(∆2, ζ))
ℓ−1 ς

′
(ζ)dζ

≤ 1

ℓ

∥∥∥S̃ℓ∥∥∥ℏ
∞
L (ς̃(∆2,∆1))

ℓ .

For J3, we use

J3 =

∫ ∆1

0

([
ςS̃ℓ
]
(∆2, ζ)−

[
ςS̃ℓ
]
(∆1, ζ)

)
[ℏχ(𭟋) + Cℏ𭟋] (ζ) dζ

≤L
∫ ∆1

0

(
ς̃(∆2, ζ)S̃ℓ(∆2, ζ)− ς̃(∆1, ζ)S̃ℓ(∆1, ζ)

+ ς̃(∆1, ζ)S̃ℓ(∆2, ζ)− ς̃(∆1, ζ)S̃ℓ(∆2, ζ)
)
ς ′ (ζ) dζ

≤L
(∫ ∆1

0
(ς̃(∆2, ζ)− ς̃(∆1, ζ)) S̃ℓ(∆2, ζ)ς

′ (ζ) dζ

+

∫ ∆1

0

(
S̃ℓ(∆2, ζ)− S̃ℓ(∆1, ζ)

)
ς̃(∆1, ζ)ς

′ (ζ) dζ

)
.

Consequently

J31 =

∫ ∆1

0
(ς̃(∆2, ζ)− ς̃(∆1, ζ)) S̃ℓ(∆2, ζ)ς

′ (ζ) dζ
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≤
∥∥∥S̃ℓ∥∥∥

∞

∫ ∆1

0
(ς̃(∆2, ζ)− ς̃(∆1, ζ)) ς

′ (ζ) dζ,

with

ς̃(∆2, ζ)− ς̃(∆1, ζ) = (ς(∆2)− ς(ζ))ℓ−1 − (ς(∆1)− ς(ζ))ℓ−1 ≤ (ς(∆2)− ς(∆1))
ℓ−1

and hence J2 −→ 0 and J31 −→ 0 as ∆2 −→ ∆1.

For ∆1 = 0 and 0 < ∆2 ≤ b, it is easy to see that

J32 =

∫ ∆1

0

(
S̃ℓ(∆2, ζ)− S̃ℓ(∆1, ζ)

)
ς̃(∆1, ζ)ς

′ (ζ) dζ ≤ 1

ℓ

∥∥∥S̃ℓ(∆2, ζ)− S̃ℓ(∆1, ζ)
∥∥∥
∞
ς̃(∆1, 0)

ℓ.

Then J32 = 0, when ∆1 ̸= 0 and for any ϵ ∈ (0,∆1), we have

J32 =

∫ ∆1−ϵ

0

(
S̃ℓ(∆2, ζ)− S̃ℓ(∆1, ζ)

)
ς̃(∆1, ζ)ς

′ (ζ) dζ

+

∫ ∆1

∆1−ϵ

(
S̃ℓ(∆2, ζ)− S̃ℓ(∆1, ζ)

)
ς̃(∆1, ζ)ς

′ (ζ) dζ

≤ sup
0≤ζ<∆1−ϵ

∣∣∣S̃ℓ(∆2, ζ)− S̃ℓ(∆1, ζ)
∣∣∣ ∫ ∆1−ϵ

0
ς̃(∆1, ζ)ς

′ (ζ) dζ

+ 2
∥∥∥S̃ℓ∥∥∥

∞

∫ ∆1

∆1−ϵ
ς̃(∆1, ζ)ς

′ (ζ) dζ.

By (3.17), it follows that J32 −→ 0 as ∆2 −→ ∆1 and ϵ −→ 0. Thus, we obtain

∥(K𭟋)(∆2)− (K𭟋)(∆1)∥ −→ 0 independently of 𭟋 ∈ D as ∆2 −→ ∆1, (3.29)

which means that K(W ) is equicontinuous on J .

Step 5. W (∆) = {(K𭟋) (∆) : 𭟋 ∈ D} ,∆ ∈ J, is relatively compact in U .

By Lemma 2.3 and Proposition 1.6 in paper [28], we have

µ(ℏG W0(∆)) = µ
({

ℏ (∆)
(
J η,[ς,ℏ]
0,∆

)
[Y (∆, .)𭟋n−1(.)]

}∞

n=1

)
,

µ(ℏH W0(∆)) = µ
({(

ℏ (∆)J η,[ς,ℏ]
0,b

)
[h (∆, .)𭟋n−1(.)]

}∞

n=1

)
. (3.30)

Setting
ℏ−1 (∆) = 𭟋n−1(∆). (3.31)

Then (3.30) is rewritten as

ℏG W0(∆) = ℏ (∆)𭟋n−1(∆)
(
J η,[ς,1]
0,∆

)
[Y (∆, .)] (3.32)

and
ℏH W0(∆) = ℏ (∆)𭟋n−1(∆)

(
J η,[ς,1]
0,b

)
[h (∆, .)] . (3.33)

For any ∆ ∈ J , by (M4) and Proposition 1.6 in paper [28] and Lemma 2.3 we have

µ(W (∆)) = µ(ℏKW0(∆)) (3.34)
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= µ
(
{ℏ𭟋n−1 (∆)}∞n−1

)
= µ

({
Sℓ(∆, 0)𭟋0 + ℏ (∆) ℏ−1 (∆)

∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ)

× [ℏχ(𭟋n−1) + C (ℏ𭟋n−1)] (ζ) dζ}∞n=1)

≤ µ

({
ℏ (∆) ℏ−1 (∆)

∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ)

× (l1ℏ𭟋n−1 + l2ℏG𭟋n−1 + l3ℏH 𭟋n−1 +Cℏ𭟋n−1) (ζ) dζ}∞n=1) ,

with (3.20 ), (3.32 ), (3.33 ) and (3.34 ), we have

µ(KW0(∆))

≤ µ

({
ℏ𭟋n−1(∆)

∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ)

(
l1 + l2(J η,[ς,1]

0,b )[Y] + l3(J η,[ς,1]
0,b )[h] + C

)
(ζ) dζ

}∞

n=1

)
(3.35)

≤ m(ℓ,ς)

(
l1 + l2(J η,[ς,1]

0,b )[Y(∆, .)] + l3(J η,[ς,1]
0,b )[h(∆, .)] + C

)
sup
∆∈J

µ(W0(∆))

≤ R1 sup
∆∈J

µ(W0(∆)).

Since {K𭟋n}∞n=0 is equicontinuous on J , we get

µ(W ) ≤ R1µ(W ). (3.36)

Since R1 < 1, By using Proposition 1.7 in paper [28], we have µ(W (∆)) = 0 for ∆ ∈ J . As
a result, W is relatively compact.

Step 6. Let 𭟋,𭟋 ∈ C(J,U ).

With the monotonicity (3.27 ), we can prove that
{
𭟋n

}
itself is convergent. For any ∆ ∈ J ,

we see that

ℏ (∆)𭟋n−1(∆) = ℏ (∆)K𭟋n−1(∆)

= Sℓ(∆, 0)𭟋0 +

∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ)

[(
ℏχ(𭟋n−1) + Cℏ𭟋n−1

)]
(ζ)dζ.

By taking n tends to∞ in the preceding equation, and from Lebesgue dominated convergence
result, we get

𭟋 = K𭟋 with 𭟋 ∈ C(J,U ).

By continuing same procedure as above, we get 𭟋 = K𭟋. We notice that

𭟋0 ≤ 𭟋 ≤ 𭟋∗ ≤ 𭟋 ≤ 𭟋0. (3.37)

Now, our aim is to prove 𭟋, 𭟋 are the minimal and maximal fixed points of K on [𭟋0,𭟋0],
respectively. In any case 𭟋∗ ∈ D and 𭟋∗ is a fixed point of K, thus

𭟋1 = K𭟋0 ≤ K𭟋∗ = 𭟋∗ ≤ K𭟋0 = 𭟋1. (3.38)

Induction provides us with 𭟋n ≤ 𭟋∗ ≤ 𭟋n. By utilizing (3.27) and considering limit with n
tends to ∞, we conclude that

𭟋 ≤ 𭟋∗ ≤ 𭟋. (3.39)
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Thus, 𭟋 and 𭟋 are minimal and maximal mild solutions of the Cauchy problem (3.16) on
[𭟋0,𭟋0], respectively and 𭟋0, 𭟋0 can indeed be attained through an iterative process (3.26)
beginning with 𭟋0 and 𭟋0, respectively.

Theorem 3.2. Assume that U be an ordered Banach space, whose positive cone P is normal
with normal constant N. Take T (∆)(∆ ⩾ 0) is non-negative and the assumptions (M1) , (B2),
(B3) , (M4) and (M5) hold and

R2 = m(ℓ,ς)(l1 +C+ l2 max
∆∈(0,b)

(
J η,[ς,1]
0,∆

)
[Y(∆, .)] + l3 max

∆∈(0,b)

(
J η,[ς,1]
0,b

)
[h(∆, .)]) < 1, (3.40)

where C is given by (3.41).

Then the Cauchy problem (3.16) has minimal and maximal mild solutions 𭟋 and 𭟋 between
𭟋0 and 𭟋0.

Proof. Steps 1-2 and 6 are the same as before.

For Step 2: From (B2) and (B3), we obtain that

ℏχ(𭟋2)− ℏχ(𭟋1)≥ C1 (ℏ (∆)𭟋2 − ℏ (∆)𭟋1) + C2 (ℏ (∆)G𭟋2 − ℏ (∆)G𭟋1)

+C3 (ℏ (∆)H 𭟋2 − ℏ (∆)H 𭟋1)

≥ (C1 − C2C4 − C3C5) (ℏ (∆)𭟋2 − ℏ (∆)𭟋1)

≥ 0.

If

C = (C1 − C2C4 − C3C5) ≥ 0, (3.41)

then ℏχ(𭟋) is nondecreasing on 𭟋 ∈ D for all ∆ ∈ J . Namely,

ℏχ(𭟋1) ≤ ℏχ(𭟋2) for all ∆ ∈ J.

Theorem 3.3. Assume that the conditions in Theorem 3.1 are met. Then the problem described
by (3.16) has at least mild solution provided that

R3 = 2m(ℓ,ς)(l11+C+2l12 max
∆∈(0,b)

(
J η,[ς,1]
0,∆

)
[Y (∆, .)]+2l13 max

∆∈(0,b)

(
J η,[ς,1]
0,b

)
[h (∆, .)]) < 1, (3.42)

where C is given by (3.23).

Proof. Steps 1-4, and 6 are the same as before.

For Step 5: W (∆) = {(K𭟋) (∆) : 𭟋 ∈ D} ,∆ ∈ J, is relatively compact in U .

For ∆ ∈ J , by (M6) and from Lemma 3.1 in [33] and from Lemma 2.3, yields that

µ(ℏW (∆)) = µ(ℏKW0(∆))

= µ
(
{ℏ𭟋n−1}∞n−1 (∆)

)
= µ

(
Sℓ(∆, 0)𭟋0 +

∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ) [ℏχ({𭟋n−1}) + C ({ℏ𭟋n−1}) (ζ)] dζ

)
≤ µ

(∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ) [ℏχ({𭟋n−1}) + C ({ℏ𭟋n−1}) (ζ)] dζ

)
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≤ 2

∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ)

(
l11µ ({ℏ𭟋n−1}) + l12µ ({ℏG𭟋n−1})

+ l13µ ({ℏH 𭟋n−1}) + Cµ ({ℏ𭟋n−1})
)
dζ

≤ 2m(ℓ,ς)

(
l11 +C+ 2l12

(
J η,[ς,1]
0,∆

)
[Y(∆, .)]

+ 2l13

(
J η,[ς,1]
0,b

)
[h(∆, .)]

)
[µ(ℏW0(ζ))]

≤ R3 sup
∆∈J

µ(W0(∆)), (3.43)

where µ(ℏG W0(∆)) and µ(ℏH W0(∆)) are given by

µ(ℏG W0(∆)) = µ

({
ℏ(∆)

ℏ−1(∆)

Γ(η)

∫ ∆

0

(
ς̃(∆, ζ)

)η−1Y(∆, ζ)ℏ(ζ)𭟋n−1(ζ)ς
′(ζ) dζ

}∞

n=1

)
(3.44)

≤ 2
(
J η,[ς,1]
0,∆

)
[Y(∆, .)] sup

∆∈J
µ {ℏW0(∆)}

and

µ(ℏH W0(∆)) = µ

({
ℏ(∆)ℏ−1(∆)

Γ(η)

∫ b

0

(
ς̃(b, ζ)

)η−1
h(∆, ζ)ℏ(ζ)𭟋n−1(ζ)ς

′(ζ) dζ

}∞

n=1

)
(3.45)

≤ 2
(
J η,[ς,1]
0,b

)
[h(∆, .)] sup

∆∈J
µ {ℏW0(∆)} ,

respectively. Since {K𭟋n}∞n=0 is equicontinuous on J , additionally by following the lines of
Lemma 3.4 in [33], we get

µ(W ) ≤ R3µ(W ). (3.46)

Since R3 < 1, following the lines of Lemma 2.12 in [33], we have µ(W ) = 0. Therefore, the
set W is relatively compact.

Theorem 3.4. From Theorem 3.2, then the problem (3.16) has at least mild solution gives that

R4 = 2m(ℓ,ς)(l11+C+2l12 max
∆∈(0,b)

(
J η,[ς,1]
0,∆

)
[Y (∆, .)]+2l13 max

∆∈(0,b)

(
J η,[ς,1]
0,b

)
[h (∆, .)]) < 1, (3.47)

where C is given by (3.41).

In the following theorem, we will employ the monotone iterative procedure and Kuratowski
to examine the uniqueness result of (3.16).

Theorem 3.5. Assume that U is an ordered Banach space, whose positive cone P is normal
with normal constant N. Take T (∆)(∆ ⩾ 0) is non-negative and the assumptions (M1)-(M6)
hold. Then there exists a unique mild solution to the Cauchy problem (3.16) between 𭟋0 and
𭟋0 that might be built in an iterative manner using a monotone sequence beginning with 𭟋0 and
𭟋0, respectively.

Proof. For ∆ ∈ J , let {Jn} ⊂ D, {Ln} ⊂ [G𭟋0,G𭟋0] and {γn} ⊂ [H 𭟋0,H 𭟋0] is a
nondecreasing sequence. Besides m,n = 1, 2, ... including m > n, moreover, from (M1)-(M2)
and (M4), we now have

0≤ ℏ (∆)χ (∆,Jm,Lm, γm)− ℏ (∆)χ (∆,Jn,Ln, γn) + Cℏ (∆) (Jm − Jn)
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≤ l1ℏ (∆) (Jm − Jn) + l2ℏ (∆) (Lm − Ln) + l3ℏ (∆) (γm − γn) + Cℏ (∆) (Jm − Jn).

By assumptions (M4) and (M5), we can obtain

0≤ ℏ (∆)χ (∆,Jm,Lm, γm)− ℏ (∆)χ (∆,Jn,Ln, γn) + Cℏ (∆) (Jm − Jn) (3.48)

≤ (l1 +C+ l2l4 + l3l5) ℏ (∆) (Jm − Jn).

From hypothesis, we have

∥χ (∆,Jm,Lm, γm)− χ (∆,Jn,Ln, γn) + C(Jm − Jn)∥ℏ∞
≤N(l1 +C+ l2l4 + l3l5) ∥Jm − Jn∥ℏ∞ . (3.49)

We see that

∥χ (∆,Jm,Lm, γm)− χ (∆,Jn,Ln, γn)∥ℏ∞
≤ (C + N (l1 +C+ l2l4 + l3l5)) ∥Jm − Jn∥ℏ∞ . (3.50)

Given this inequality and the overview of the noncompactness measure of noncompactness,
it is evident that

µ (ℏ(∆)χ (∆,𭟋n−1,G𭟋n−1,H 𭟋n−1)) ≤ (C + N (l1 +C))µ(ℏ𭟋n−1)

+ Nl2µ(ℏG𭟋n−1) + Nl3µ(ℏH 𭟋n−1), (3.51)

where l11 = C+N(l1 +C), l12 = Nl2 and l13 = Nl3. Hence, (M6) holds.
Thus, by Theorem 3.1, the Cauchy problem (3.16) has the minimal mild solution 𭟋 and the

maximal mild solution 𭟋 on D.

Now, we show that 𭟋 = 𭟋. For ∆ ∈ J , by the positivity of operator S̃ℓ, we have

0 ≤ ℏ (∆) (𭟋−𭟋) (∆)

= ℏ (∆) (K𭟋−K𭟋) (∆)

≤
∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ) (ℏχ(𭟋̄)− ℏχ(𭟋) + C (ℏ𭟋− ℏ𭟋)) (ζ)dζ

≤
∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ) ((l1 +C) |ℏ𭟋− ℏ𭟋|+ l2 |ℏG𭟋− ℏG𭟋|+ l3 |ℏH 𭟋− ℏH 𭟋|) (ζ)dζ,

(𭟋−𭟋) (∆) ≤ ℏ−1 (∆)
(
l1 + l2

(
J η,[ς,1]
0,∆

)
[Y (∆, .)] + l3

(
J η,[ς,1]
0,b

)
[h (∆, .)] + C

)
×
∥∥∥S̃ℓ∥∥∥ℏ

∞

∫ ∆

0
(ς̃(∆, ζ))ℓ−1 (𭟋−𭟋) (ζ) ς ′ (ζ) dζ. (3.52)

By Lemma 2.4 and (3.52), we obtain that 𭟋 = 𭟋 on J . Hence, 𭟋 = 𭟋 is the unique
mild solution of the Cauchy problem (3.16) on D. Following the lines of Theorem 3.1, by
employing a monotone iterative procedure beginning with either the 𭟋0 or 𭟋0, the solution can
be determined.

Theorem 3.6. Assume that U is an ordered Banach space, whose positive cone P is normal
with normal constant N. Take T (∆)(∆ ⩾ 0) is non-negative. The assumptions (M1) , (B2),
(B3) , (M5) and (M6) hold. Then the Cauchy problem (3.16) has the unique mild solution
between 𭟋0 and 𭟋0 which can be iteratively constructed by monotone sequence beginning with
𭟋0 and 𭟋0, respectively.
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3.3. Continuous dependence on initial conditions

Here, we characterise the problem’s (3.16) continuous dependence on its initial conditions.

Theorem 3.7. Let 𭟋 and 𭟋̃ be mild solutions to the following problems (3.16) and
(
cDℓ,[ς,ℏ]

0,∆

) [
𭟋̃
]
= (M − C) 𭟋̃+ χ(∆, 𭟋̃,G 𭟋̃,H 𭟋̃) + C𭟋̃, if ∆ ∈ J,(

ℏ𭟋̃
)
(0) = 𭟋̃0 ∈ U ,

(3.53)

respectively where C is given by (3.23). Then, for all ∆ ∈ J , we have

∥𭟋− 𭟋̃∥ℏ∞ ≤ N ∥Sℓ∥∞
∥∥𭟋0 − 𭟋̃0

∥∥
∞ Eℓ

([∥∥∥S̃ℓ∥∥∥
∞
(l1 +C+ l2l4 + l3l5)

]
Γ(ℓ) (ς̃(b, 0))ℓ

)
. (3.54)

Proof. By Lemma 3.3 and Definition 3.1, we have

𭟋̃(∆) = ℏ−1(∆)Sℓ(∆, 0)𭟋̃0

+ ℏ−1(∆)

∫ ∆

0

[
ςS̃ℓ
]
(∆, ζ)

[
ℏ(ζ)χ

(
ζ, 𭟋̃(ζ),G 𭟋̃(ζ),H𭟋̃(ζ)

)
+Cℏ(ζ)𭟋̃(ζ)

]
dζ.

(3.55)

Following the lines of Theorem 3.1, we get∣∣ℏ𭟋(∆)− ℏ𭟋̃(∆)
∣∣

≤ ∥Sℓ∥∞
∣∣𭟋0 − 𭟋̃0

∣∣ (3.56)

+
∥∥∥S̃ℓ∥∥∥

∞
((l1 +C+ l2l4 + l3l5))

∫ ∆

0
(ς̃(∆, ζ))ℓ−1 (∣∣ℏ𭟋(ζ)− ℏ𭟋̃(ζ)

∣∣) ς ′ (ζ) dζ.
Applying the generalized Gronwall inequality (Lemma 2.4) to (3.56), with v(∆) = ∥Sℓ∥∞|𭟋0−

𭟋̃0| and Y(∆) = ∥S̃ℓ∥∞(l1 +C+ l2l4 + l3l5), which is a nonnegative nondecreasing constant, we
get∣∣ℏ (𭟋− 𭟋̃

)
(∆)

∣∣ ≤ ∥Sℓ∥∞
∣∣𭟋0 − 𭟋̃0

∣∣ Eℓ ([∥∥∥S̃ℓ∥∥∥
∞
(l1 +C+ l2l4 + l3l5)

]
Γ(ℓ) (ς̃(b, 0))ℓ

)
. (3.57)

The normality of the positive cone P allows us to obtain (3.54).

3.4. Examples

In this section, we provide two concrete examples that show how our abstract concepts can be
generalized to real-world issues without attempting to be general.

Example 3.1. We adopt the nonlinear mixed generalized Volterra- Fredholm fractional tem-
poral derivative partial integro-differential equation in U = L2([0, π]),{(

cDℓ,[ς,ℏ]
0,∆

)
[𭟋 (.,J )] = M𭟋(∆,J ) + χ(∆,J ,𭟋(∆,J ),G𭟋(∆,J ),H 𭟋(∆,J )),

if ∆ ∈ (0, 1) , J ∈ [0, π] ,

(3.58)
with initial and boundary conditionsℏ (0)𭟋(0,J ) = 𭟋0 (J ) =

1

2
sin (J ) . J ∈ [0, π] ,

𭟋(∆, 0) = 𭟋(∆, π) = 0; ∆ ∈ [0, 1] .
(3.59)
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Let P = {L ∈ U | L (J ) ⩾ 0 a.e. J ∈ [0, π]} . Consequently, P is normal cone in Banach
space U . The operator M : D(M ) ⊂ U −→ U as follows:

M𭟋 = ∆𭟋, (3.60)

where ∆ denotes the Laplacian operator, with the domain

D(M ) =

{
𭟋 ∈ U | 𭟋, ∂𭟋

∂J
are absolutely continuous,

∂2𭟋
∂J 2

∈ U ,𭟋(0) = 𭟋(π) = 0

}
.

It is well known that M is the infinitesimal generator of an analytic semigroup.T (∆) (∆ ≥ 0)
on U . Additionally, M has a discrete spectrum and the eigenvalues are −n2, n ∈ N, with the
corresponding normalized eigenvectors Ln(J ) =

√
2/π sin(nJ ). In addition, {Ln : n ∈ N}is

an orthonormal basis for U .

Moreover

T (∆)𭟋 =
∞∑
n=1

e−n
2∆ (𭟋,Ln)Ln, ∥T (∆)∥≤ e−∆ ≤ 1 for all ∆ ≥ 0 ,𭟋 ∈ U (3.61)

and

M𭟋 =
∞∑
n=1

n2 (𭟋,Ln)Ln, 𭟋 ∈ D(M ). (3.62)

It follows that {T (∆)} (∆ ⩾ 0) is a uniformly bounded compact semigroup.

Therefore, we have that for 𭟋 ∈ U , the two characterize operators Sℓ(∆, 0) and S̃ℓ(∆, ζ)
can be written as

Sℓ(∆, 0)𭟋 =
∞∑
n=1

Eℓ
(
−
(
n2 +C

)
∆ℓ
)
(𭟋,Ln)Ln,

and S̃ℓ(∆, ζ)𭟋 =
∞∑
n=1

Eℓ,ℓ
(
−
(
n2 +C

)
∆ℓ
)
(𭟋,Ln)Ln. (3.63)

Clearly,

∥Sℓ(∆, 0)𭟋∥∞ ≤∥𭟋∥∞ and ∥S̃ℓ(∆, ζ)𭟋∥∞ ≤ 1

Γ(ℓ)
∥𭟋∥∞. (3.64)

Now define 𭟋(∆, .) = 𭟋 (∆) (.) , we can reconstruct the fractional partial differential problem
(3.58) as an abstract fractional functional differential equation (1.4).

Further, for any ∆ ∈ [0, 1], we define

χ(∆,𭟋(∆),G𭟋(∆),H 𭟋(∆)) = a (∆)𭟋(∆) + b (∆)G𭟋(∆) + c (∆)H 𭟋(∆), (3.65)

where

a (∆) =
1

Γ (η)
(∆η + (1−∆)η) , b (∆) =

η

ρ
and c (∆) =

η

ρ
, ℓ+ η = 1.

Letting ℓ = 4
5 , η = 1

5 and ρ = 70, we have

a∗ = 0.37924, b∗ = 0.28571× 10−2 and c∗ = b∗.
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We set

Y (∆, ζ) =

(
1−∆

ζ

)η
for 0 < ζ,∆ < 1

and

h(∆, ζ) =


(

1− ζ

∆− ζ

)ℓ
for 0 < ζ < ∆ < 1,(

1− ζ

ζ −∆

)ℓ
for 0 < ∆ < ζ < 1.

By choosing ς(∆) = ∆, 𭟋0 = 0 and 𭟋0 = ℏ−1 (∆) sin(J ) for (J ,∆) ∈ [0, π] × [0, 1]. It is
easy to see that 𭟋0 and 𭟋0 are lower and upper solutions, respectively and 𭟋0 ≤ 𭟋0 and

χ(∆,𭟋0,G𭟋0,H 𭟋0) ⩾ 0, and χ(∆,𭟋0,G𭟋0,H 𭟋0) ⩾ 0,

that demonstrates that the assertion (M1) of Theorem 3.1 holds good.

We assume that the nonlinearity χ is globally Lipschitz continuous χ ∈ C([0, 1] × R+ ×
R+×R+, R+),and satisfies Lipschitz condition

|χ(𭟋2)− χ(𭟋1)| ≤ l1 |(𭟋2 −𭟋1) (∆)|+ l2 |G (𭟋2 −𭟋1) (∆)|+ l3 |H (𭟋2 −𭟋1) (∆)| . (3.66)

From (3.66), we obtain that

C1 = l1 = a∗, C2 = l2 = b∗, C3 = l3 = c∗, (3.67)

that is, (M2) and (M5) hold. With

B (ℓ, η) =

∫ 1

0
∆ℓ−1 (1−∆)η−1 d∆,

and (2.1), we have(
J η,[ς,1]
0,1

)
[h (∆, ζ)] =

(
J η,[ς,1]
0,∆

)
[1] +

(
J η,[ς,1]
∆,1

)
[1] =

1

Γ (1 + η)
(∆η + (1−∆)η) . (3.68)

Hence (3.68) follows from Definition 4.1 in paper [18], and(
J η,[ς,1]
0,∆

)
[Y (∆, ζ)] = (1−∆)η

(
J η,[ς,1]
0,∆

)
[1] =

(1−∆)η∆η

Γ (1 + η)
. (3.69)

Due to

C4 = l4 = max

{
(1−∆)η∆η

Γ (1 + η)

}
=

(
1
2

)2η
Γ (η + 1)

= 0.82535 and

C5 = l5 = max

{
1

Γ (1 + η)
(∆η + (1−∆)η)

}
= 2

(
1
2

)η
Γ (η + 1)

= 1.8962.

The last assumption (3.21) allows us to determine the range of R1 which is obviously

R1 = 0.83108 < 1, (3.70)
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with M = 1, m(ℓ,ς) = 1.0737 and

0 < C ≡ C1 +C2l4 +C3l5 = 0.38702.

As a result of Theorem 3.1, we acquire that the problem’s (3.58-3.59) minimal and maximal
mild solutions are between the lower solution 𭟋0 and upper solution 𭟋0.

The conditions (B2-B3) are satisfied with

C1 =
η

Γ (η)
, C2 = ηl2, C3 = ηl3, (3.71)

0 < C ≡ (C1 − C2l4 − C3l5) = 0.42009× 10−1 and R2 = 0.46065.

As a result, all of the mentioned conditions of Theorem 3.3 are met. In accordance with the
Theorem 3.3, a unique mild solution exists between the problem’s lower and upper solutions
(3.58-3.59).

Moreover, the mild solution 𭟋 of the problem (3.58-3.59) is continuously dependent on the
initial data (3.58-3.59) with

ℏ−1 (∆) = e−∆, 𭟋0 =
1

2
sin (J ) and 𭟋̃0 =

1

4
sin (J )

and ∣∣(𭟋− 𭟋̃
)
(∆)

∣∣ ≤ 0.67958× Eℓ (0.38702) = 1.8784,

where

Eℓ (Z ) ≃ 1

ℓ
exp(Z

1
ℓ ), | arg(Z )| ≤ 1

2
ℓπ.

Example 3.2. We take into account the below initial-boundary value problem of time fractional
partial differential equation{(

cDℓ,[ς,ℏ]
0,∆

)
[𭟋 (.,J )] = M𭟋(∆,J ) + χ(∆,J ,𭟋(∆,J ),G𭟋(∆,J ),H 𭟋(∆,J )),

if ∆ ∈ (0, 1) , J ∈ [0, π] ,

(3.72)
with initial and boundary conditions (3.59).

Take ℓ = 0.7, η = 0.3, ς(∆) = ∆, ℏ−1 (∆) = 1, with

χ(∆,𭟋(∆),G𭟋(∆),H 𭟋(∆))

=
(
a1 − a0∆

2
)
𭟋(∆) + b0∆

ℓG𭟋(∆) + c0∆
2H 𭟋(∆), ℓ+ η = 1, (3.73)

where

a1 =
1

ρ
and a0 =

1

ρΓ (2 + η)
, b0 =

1

ρ
ℏ (∆) , c0 =

1

ρ
ℏ (∆) ,

which implies that (M2) and (M5) are satisfied with

ρ = 144, C1 = l1 = 0.6946××10−2, C2 = l2 =
1

ρ
, C3 = l3 =

Γ (2 + η)

ρ
(3.74)

and (
J η,[ς,1]
0,∆

)
[1] =

∆1+η

Γ (2 + η)
and

(
J η,[ς,1]
0,1

)
[1] =

1

Γ (2 + η)
,
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C4 = C5 =
1

Γ (2 + η)
.

By setting 𭟋(∆) (.) = 𭟋 (∆, .), the fractional partial differential equation (3.72) with (3.59)
can be modeled as an abstract Cauchy problem of the form (1.4-1.5). Letting

Y (∆, ζ) = ζℏ−1 (∆) , for 0 ≤ ζ < ∆ ≤ 1

and

h(∆, ζ) = ζℏ−1 (∆) , for 0 ≤ ζ,∆ ≤ 1.

Now, take 𭟋0 = 0 and 𭟋0 = ℏ−1 (∆) sin (J ) for (J ,∆) ∈ [0, π]× [0, 1]. It is quite compli-
cated to ensure that 𭟋0, 𭟋0 are lower and upper solutions of (3.72-3.59).

The condition

R3 = 0.8690 < 1, (3.75)

is satisfied with M = 2 and N = 3 where l11 = (N (l1 +C)), l12 = Nl2 and l13 = Nl3, m = 2.201,

Moreover, the condition (M6) is satisfied with

0 < C = 0.1984× 10−1. (3.76)

As a result, Theorem 3.3’s requirements are all met. Due to the Theorem 3.3, the problem
(3.72-3.59) has a unique mild solution among the lower and upper solutions.

4. Conclusions

In this paper, we establish sufficient conditions for demonstrating the existence and uniqueness
of mild solutions for a class of weighted ς-Caputo fractional abstract Cauchy-type problems
involving integro-differential equations. These problems incorporate both Volterra and Fredholm
generalized integral operators. Additionally, we prove the continuous dependence on initial
conditions. A weight function, commonly found in the literature as a special case for various
fractional derivatives, serves as the foundation for defining the generalized fractional derivative.
Consequently, the boundary value problems examined in this paper are broader in scope. The
results presented are formulated in an abstract manner, allowing for their application in future
research involving evolution equations with perturbations, delays, and nonlocal terms.
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