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BIFURCATIONS AND EXACT TRAVELING WAVE SOLUTIONS FOR A

GENERALIZED KLEIN- GORDON EQUATION WITH BETA

FRACTIONAL DERIVATIVES
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Abstract In this paper, we consider the exact traveling wave solutions of the generalized
Klein-Gordon equation with beta fractional derivatives. By using the bifurcation theory of
dynamical systems, we derive the bifurcation behavior of its phase portraits under various
parameter settings. For some special level curves, we obtain all possible traveling wave
solutions such as periodic wave solutions, dark and bright solitary wave solutions, kink
and anti-kink solutions, and some unbounded wave solutions. The impacts of beta fractional
orders are analyzed using graphs, with a focus on their impact on temporal delay, broadening,
and the oscillation period. Furthermore, the present work generalizes and extends earlier
findings in the literature. These results contribute to a deeper understanding of the dynamics
of the generalized Klein-Gordon equation model with beta fractional derivatives.
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1. Introduction

Nonlinear partial differential equations can represent several nonlinear phenomena in disciplines
such as hydrodynamics, fluid dynamics, optics, and applied mathematics. Research on nonlin-
ear partial differential equations is crucial for explaining the evolution of nonlinear dynamics.
The Klein-Gordon (KG) equation plays a key role in quantum physics, especially within the
framework of relativistic quantum mechanics. This equation can also be used to characterize
dispersive wave events in relativistic frameworks. Furthermore, the KG equation is widely used
in areas such as nonlinear optical phenomena and plasma physics, occurring in both linear and
nonlinear versions [24]. The derivation of soliton and periodic wave solutions by Jacobi ellip-
tic functions has been investigated for nonlinear Klein–Gordon-type equations, wherein both
topological and non-topological structures arise based on the nonlinearity [12,13].

Traveling waves have become an essential subject in recent research due to their complex
structure and applications in various physical models. The analytical and nonanalytical travel-
ing wave behaviors of the (n+1)-dimensional Klein–Gordon equation were investigated in [12]
using bifurcation theory. They obtained analytic and nonanalytic traveling wave solutions, in-
cluding solitary, periodic, and cusp-type waves. In 2023, Arab [3] used the qualitative theory of
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planar dynamical systems to construct traveling wave solutions—including periodic, kink (anti-
kink), and solitary waves for the nonlinear Klein–Gordon equation. By reducing the equation
to a one-dimensional Hamiltonian system, the authors analyzed phase portraits and obtained
various exact solutions through bifurcation analysis. Some of the studies conducted on the
Klein–Gordon equation using the bifurcation method and the qualitative theory of dynamical
systems are as follows: The singular soliton solutions of the second-order nonlinear Klein–Gordon
equation have been expressed as traveling wave solutions using the Ansatz approach [27]. The
localized traveling-wave (solitary) solutions of the Klein–Gordon equation with cubic nonlin-
earity, including bell-shaped solitary waves, kink-shaped solitary waves, and periodic solutions
expressed in terms of Jacobi elliptic functions, have been obtained [30]. By investigating the
traveling wave solutions of generalized nonlinear Klein–Gordon model equations, the effects
of horizontal singular lines and the corresponding singular solutions have been presented [33].
Within the framework of the Klein–Gordon system, exact solutions describing the propagation
of compact waves and motions with oscillatory spatial dependence have been obtained [34].

Several fractional derivatives have been established in the field of fractional calculus. The
most frequently used fractional derivatives include Caputo, Liouville, and conformable deriva-
tives (see, for example, [8, 18, 25]). The beta-derivative, introduced by Atangana et al. in [6],
generalizes the classical derivative while addressing limitations inherent in fractional calculus.
The dynamical behavior of the Sakovich equation with beta derivatives was examined using
the qualitative theory of planar dynamical systems, resulting in periodic, solitary, and kink
solutions [2]. Additionally, exact and semi-analytic solutions were obtained by applying the
modified extended tanh function method and the homotopy analysis method to the Klein-Fock-
Gordon equation with a beta derivative [29]. Optical soliton solutions were investigated for the
fractional-order nonlinear Schrödinger equation with a parabolic law by using the generalized
auxiliary equation method and the ( 1

G′ )-expansion method [4]. Exact analytical solutions, soli-
ton, and periodic wave solutions have been obtained in the time-fractional Gardner equation
using the improved F-expansion approach [16]. Recently, various exact soliton and traveling
wave solutions together with graphical representations have been reported for different forms of
fractional Klein–Gordon and other nonlinear fractional evolution equations by using methods
such as the extended fractional Riccati expansion method, fractal functional variable method,
fractal sech-function method, and several direct analytical approaches [7, 23,26,28].

Studies involving the nonlinear Klein-Gordon (KG) equation with fractional derivatives have
been conducted using the conformable derivative [14] and focusing on bifurcation behavior [10].
By using the Riemann-Liouville fractional derivative, perturbation analysis was performed to
obtain the analytical periodic solutions of the KG equation [11]. A comprehensive examination
of exact solutions has been carried out by applying the combined method and the modified
Khater method within the Phi-4 equation, which has a fractional derivative in the KG equation
model [1].

In 2014, Mirzazadeh et al. [24] studied the following two variants of the nonlinear Klein–
Gordon (GKG) equations:

(qm)tt − k2(qm)xx + a qm − b qm−n + c qn+m = 0, (1.1)

(qm)tt − k2(qm)xx + a qm − b qn + c q2n−m = 0, (1.2)

where q = q(x, t) represents the wave form of the unknown function; a, b, c, and k are real-valued
constants; m ∈ Z with m ≥ 1, and n is a nonlinear parameter. The authors successfully applied

the
(
G′

G

)
-expansion method to obtain exact solitary wave solutions for two different forms of
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the Klein–Gordon equations with full nonlinearity, demonstrating the method’s efficiency and
broad applicability in solving nonlinear evolution equations in mathematical physics. Inspired
by this approach, we aim to explore an alternative nonlinear model and analyze the resulting
wave dynamics under beta fractional derivative.

In this study, we extend the generalized Klein-Gordon (GKG) equations considered in [24]
by modifying the GKG equation to include beta fractional derivatives, and perform a bifurca-
tion analysis to investigate the resulting wave dynamics. Due to the strong nonlinearity of the
generalized Eqs. (1.1) and (1.2), obtaining closed-form solutions is highly challenging. There-
fore, we apply the bifurcation theory of planar dynamical systems [12] to qualitatively analyze
the traveling wave behavior, constructing explicit solutions in terms of trigonometric, rational,
Jacobi elliptic and hyperbolic functions through the analysis of phase portraits.

The present study contributes to the literature in several aspects. First, the generalized
Klein–Gordon equation is extended to the beta-derivative framework within the context of bi-
furcation theory and singular dynamical systems. Second, several exact traveling wave solutions
are derived, including periodic, solitary, kink, anti-kink, and singular wave solutions. Further-
more, the influence of the beta fractional orders on the wave structures is illustrated graphically.
Compared with existing studies on classical and fractional Klein–Gordon equations, the present
work provides a qualitative bifurcation analysis together with explicit traveling wave solutions
obtained from phase portrait analysis, thereby enriching the current literature.

The rest of the paper is organized as follows. In Sect. 2, the definition and fundamental
properties of the beta-derivative are presented, and the generalized KG equation is reformulated
using the beta-derivative. In Sect. 3, the bifurcation behavior and exact traveling wave solutions
of Eq. (1.1) are examined, while Sect. 4 focuses on the same analysis for Eq. (1.2). In Sect.
5, several exact traveling wave solutions are illustrated using 3D, contour, and 2D plots to
investigate the influence of the beta derivative on the wave profiles. Finally, Sect. 6 summarizes
the findings of this work.

2. Definition and some features about the beta-derivative

In this section, properties of β derivative are given.

Definition 2.1. [5] Let ψ be a function defined for all nonnegative t. Then, the beta derivative
of ψ of order β is given by

∂βψ(t)

∂tβ
= lim

δ→0

ψ(t+ δ(t+ 1
Γ(β))

1−β
)− ψ(t)

δ
, δ > 0, 0 < β ≤ 1. (2.1)

Some useful properties of the beta derivative are presented in [5].

Theorem 2.1. Let ψ(t) and ϕ(t) be β-differentiable functions for all t > 0 and β ∈ (0, 1]. Then

(i) ∂β

∂tβ
(ψ (t)) =

(
t+ 1

Γ(β)

)1−β
dψ(t)
dt =

(
t+ 1

Γ(β)

)1−β
ψ′(t).

(ii) ∂β

∂tβ
(c) = 0, c ∈ R.

(iii) ∂β

∂tβ
{aψ (t) + bϕ (t)} = a ∂

β

∂tβ
(ψ (t)) + b ∂

β

∂tβ
(ϕ (t)) , ∀ a, b ∈ R.

(iv) ∂β

∂tβ
{ψ (ϕ (t))} =

(
t+ 1

Γ(β)

)1−β
ψ′ (ϕ (t))ϕ′ (t) .
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(v) ∂β

∂tβ
{ψ (t)ϕ (t)} = ∂β

∂tβ
(ψ (t))ϕ (t) + ∂β

∂tβ
(ϕ (t))ψ (t) .

(vi) ∂β

∂tβ

{
ψ(t)
ϕ(t)

}
=

∂β

∂tβ
(ψ(t))ϕ(t)− ∂β

∂tβ
(ϕ(t))ψ(t)

[ϕ(t)]2
.

2.1. Beta-derivative governing equation

In this section, the GKG equation is expressed according to the β-derivative operator. It pre-
serves several useful properties of the classical derivative, which makes the traveling wave re-
duction and bifurcation analysis applicable.

The reduced ordinary differential equation can be obtained using wave transform to Eqs.
(1.1) and (1.2). The β-derivative version of Eqs. (1.1) and (1.2) are given by

∂2β1

∂t2β1
(qm)− k2

∂2β2

∂x2β2
(qm) + a qm − b qm−n + c qn+m = 0, (2.2)

∂2β1

∂t2β1
(qm)− k2

∂2β2

∂x2β2
(qm) + a qm − b qn + c q2n−m = 0, (2.3)

where 0 < βi < 1(i = 1, 2), and ∂2β

∂t2β
, ∂2β

∂x2β
represents the β-derivative with respect to time and

space, respectively. We use bifurcation methods to study the behavior of solutions in fractional
and classical differential equations [9,17,19–22,31,32,35,36] to investigate the dynamical behavior
of Eqs. (2.2) and (2.3). To the best of our knowledge, the β-derivative GKG equation has not
been previously studied. Here, we present some of its wave solutions and discuss the effect of
the derivative order [2].

To obtain all possible exact solutions of the GKG equation with the beta derivative, we
consider the following wave variable transformation:

q = q(x, t) = ψ(ξ), ξ = λ

(
t+

1

Γ(β1)

)β1
+ α

(
x+

1

Γ(β2)

)β2
, (2.4)

where λ is the wave speed, α represents the wave parameter, and Γ(·) is the Gamma function.
This transformation allows the fractional partial differential equations to be reduced to ordinary
differential equations.

Using the properties of the β-derivative together with the traveling wave transformation, we
obtain

∂2β1

∂t2β1
(qm) = λ2β21(ψ

m)′′,
∂2β2

∂x2β2
(qm) = α2β22(ψ

m)′′.

Substituting these relations into Eq. (2.2), we get

p(ψm)′′ + aψm − bψm−n + cψm+n = 0,

where p = λ2β21 − k2α2β22 . Using the identity

(ψm)′′ = m(m− 1)ψm−2(ψ′)2 +mψm−1ψ′′,

and multiplying the resulting equation by ψ2−m, we obtain

m(m− 1)p(ψ′)2 +mpψψ′′ + aψ2 − bψ2−n + cψn+2 = 0. (2.5)

Similarly, applying the same procedure to Eq. (2.3), we obtain

m(m− 1)p(ψ′)2 +mpψψ′′ + aψ2 − bψn−m+2 + cψ2n−2m+2 = 0. (2.6)
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3. Bifurcations of phase portraits of Eq. (2.5)

In this section, we consider the phase portraits of Eq. (2.5). First, applying the transformation

ψ = v
1
n ,

to Eq. (2.5), we obtain

ψ′′ =
1

n

(
1

n
− 1

)
v

1
n
−2(v′)2 +

1

n
v

1
n
−1v′′.

Substituting this expression into Eq. (2.5) gives

mp(m− n)

n2
v

2
n
−2(v′)2 +

mp

n
v

2
n
−1v′′ + av

2
n − bv

2
n
−1 + cv

2
n
+1 = 0.

Multiplying this equation by v2−
2
n , we obtain

mp(m− n)

n2
(v′)2 +

mp

n
vv′′ − bv + av2 + cv3 = 0. (3.1)

Eq. (3.1) is equivalent to the two-dimensional system as follows:

dv

dξ
= y,

dy

dξ
=

−mp(m−n)
n2 y2 + bv − av2 − cv3

mp
n v

. (3.2)

To study the exact explicit solutions of Eq. (3.1), we need to investigate the dynamical behaviour
of the system (3.2) depending on the six parameter group (n,m, p, a, b, c). System (3.2) has the
following first integral:

H(v, y) = v
2m
n

−2(
mp

2n
y2 − bn

2m− n
v +

an

2m
v2 +

cn

2m+ n
v3) = h, (3.3)

where h is an arbitrary constant. Eq. (3.3) yields the wave-type solutions to be derived from
the phase portraits in the subsequent sections. Furthermore, the existence of a solution to the
singular system requires that m ̸= n. When m = n, the system admits solutions that do not
involve singularities. From Eq. (3.3), we derive the necessary conditions on the parameters m
and n under which explicit solutions can be obtained.

We consider the regular systems associated with system (3.2) as follows:

dv

dζ
=
mp

n
yv,

dy

dζ
= −mp(m− n)

n2
y2 + bv − av2 − cv3. (3.4)

This system has the same level curves as (3.2), where dξ = mp
n vdζ. To analyze the phase portrait

of this system, it is crucial to first determine the equilibrium points by setting the derivatives
dv
dζ = 0 and dy

dζ = 0 [15]. By solving these equations, we can obtain at most three equilibrium

points: E0(v0, 0), E1(v1, 0) and E2(v2, 0), where v0 = 0, v1 =
−a−

√
a2+4bc
2c and v2 =

−a+
√
a2+4bc
2c .

Assume the equilibrium point of system (3.4) is Ei(vi, 0) (i = 0, 1, 2), then the corresponding
Jacobi matrix is

M (vi, 0) =

 0
mp

n
vi

b− 2avi − 3cvi
2 0

 ,
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from the above, we get

det(M(vi, 0)) = J(vi, 0) =
mp

n
vi
(
3cvi

2 + 2avi − b
)
.

This determinant can also be written in terms of the components of the equilibrium points as
follows:

J(vi, 0) =
cmp

n
vi[(vi − v1)(vi − v2) + vi(vi − v2) + vi(vi − v1)]. (3.5)

According to (3.5), we have J(0, 0) = 0, J(v1, 0) =
3cmp
n v21(v1 − v2) and J(v2, 0) =

3cmp
n v22(v2 −

v1). By the theory of planar dynamical systems, for an equilibrium point of a planar integrable
system, if J < 0, then the equilibrium point is a saddle point; if J > 0, then it is a center point;
if J = 0 and the Poincaré index of the equilibrium point is 0, then this equilibrium point is a
cusp.

To obtain the explicit parametric representations of the traveling wave solutions of Eq. (2.2),
we discuss the following five cases and obtain the corresponding phase portraits of the system
(3.4) shown in Figures 1-4.

1. We assume that ∆ = a2 + 4bc > 0, p > 0, and n < 0. It is easy to see that the distribution
of the equilibrium points of (3.4) is as follows:

(a) For c > 0, we have

i. If a ̸= 0 and b > 0, then v1 < 0 < v2, in which case the equilibrium point E1(v1, 0)
is a center, and E2(v2, 0) is a saddle (see Figure 1a).

ii. If a > 0 and b < 0, then v1 < v2 < 0, and the equilibrium points satisfy: E1(v1, 0)
is a center, E2(v2, 0) is a saddle (see Figure 1b).

iii. If a < 0 and b < 0, then 0 < v1 < v2, in which case E1(v1, 0) is a center, and
E2(v2, 0) is a saddle (see Figure 1c).
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(d) a < 0, b < 0, ∆ = 0

Figure 1. The phase portraits of system (3.4) for c > 0, p > 0, and n < 0.

(b) For c < 0, we have

i. If a > 0 and b > 0, then 0 < v2 < v1, in which case E1(v1, 0) is a center, and
E2(v2, 0) is a saddle (see Figure 2a).

ii. If a < 0 and b > 0, then v2 < v1 < 0, and similarly, E1(v1, 0) is a center, while
E2(v2, 0) is a saddle (see Figure 2b).

iii. If a ̸= 0 and b < 0, then v2 < 0 < v1; in this case, E1(v1, 0) is a center, and E2(v2, 0)
is a saddle (see Figure 2c).
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Figure 2. The phase portraits of system (3.4) for c < 0, p > 0, and n < 0.

2. When ∆ = a2 + 4bc = 0, system (3.4) has a double root at v1 = v2 = − a
2c . In this case,

the Jacobian evaluated at the equilibrium points E0(0, 0) and E1(v1, 0) satisfies J(vi, 0) = 0,
indicating that both equilibrium points are cusp-type singularities (see Figures 1d and 2d).

3. We assume that b = 0, p > 0, and n > 0. In this case, system (3.4) has two equilibrium points
E0(0, 0), E1(v1, 0), where v1 = −a

c . At each equilibrium point Ei(vi, 0), the determinant of
the Jacobian matrix is given by J(vi, 0) = mp

n vi
2(3cvi + 2a). In particular, J(0, 0) = 0,

J(v1, 0) = −mpa3

nc2
. This case is analyzed within the framework of bifurcation theory. For

c ̸= 0, we have

(a) If a > 0, then the equilibrium point E1(v1, 0) is a saddle (see Figures 3a and 3c).

(b) If a < 0, then the equilibrium point E1(v1, 0) is a center (see Figures 3b and 3d).
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Figure 3. The phase portraits of system (3.4) for b = 0, p > 0, and n > 0.

4. We assume that c = 0, p > 0, and n > 0. In this case, system (3.4) has two equilibrium points,
E0(0, 0), E1(v1, 0), where v1 = b/a. At the equilibrium point Ei(vi, 0), the determinant of the

Jacobian matrix is given by J(vi, 0) =
mp
n vi(2avi−b). This yields J(0, 0) = 0, J(v1, 0) =

mpb2

na .
This case is analyzed within the context of bifurcation theory. For b ̸= 0, we have

(a) If a > 0, then E1(v1, 0) is a saddle (see Figures 4a and 4b).

(b) If a < 0, then E1(v1, 0) is a center (see Figures 4c and 4d).

Remark 3.1. When p < 0, the stability of the equilibrium points previously analyzed is re-
versed: Saddles become centers, and centers become saddles. In this case, the phase portraits
corresponding to p < 0 are symmetric counterparts of the original ones associated with p > 0.



Bifurcations and traveling wave solutions for the KG equation 219

-4 -3 -2 -1 1
v

-1.5

-1.0

-0.5

0.5

1.0

1.5

y

(a) a > 0, b < 0

-1 1 2 3 4
v

-1.5

-1.0

-0.5

0.5

1.0

1.5

y

(b) a > 0, b > 0

-1 1 2 3 4
v

-3

-2

-1

1

2

3

y

(c) a < 0, b < 0

-4 -3 -2 -1 1
v

-3

-2

-1

1

2

3

y

(d) a < 0, b > 0

Figure 4. The phase portraits of system (3.4) for c = 0, p > 0, n < 0.

3.1. The exact traveling wave solutions of Eq. (2.5) given by the level curves
H(v, y) = 0

In this section, we obtain the possible exact explicit parametric solutions of Eq. (2.2) for different
parametric conditions. When h = 0, Eq. (3.3) yields that

y2 =
2n2

mp
(

b

2m− n
v − a

2m
v2 − c

2m+ n
v3). (3.6)

By integrating the first equation of system (3.2), we obtain

v∫
vj

dv√
v( b

2m−n − a
2mv −

c
2m+nv

2)
= ±

√
2n2

m|p|
(ξ − ξ0), (3.7)

where v = v(ξ) is the solution of Eq. (3.1) in the interval (vj , v). Let f(v) = − b(2m+n)
c(2m−n) +

a(2m+n)
2cm v+v2. Applying the change of variable m = µn

2 , the function becomes f(v) = − b(µ+1)
c(µ−1) +

a(µ+1)
cµ v + v2. The discriminant is given by ∆̄ = (1+µ)

c2
( 4bc
−1+µ + a2(1+µ)

µ2
), and the roots are vK =

−a(1+µ)+cµ
√
∆̄

2cµ and vL = −a(1+µ)−cµ
√
∆̄

2cµ . The equation ∆̄ = 0 has the roots µ = −µ1 = − a√
∆

and µ = µ1 =
a√
∆
. For the existence of solutions, it is required that µ ̸= 0 and µ ̸= ±1.

1. Let a > 0, b > 0, c > 0, and p > 0. For ∆̄ > 0 and |µ| > 1, there exists a closed periodic orbit
that intersects the v-axis at (vL, 0) and approaches the origin (see Figure 5a). By choosing
this closed curve as the integral path, we obtain∫ v

0

dv√
v(v − vK)(vL − v)

= ±

√
2n2c

mp|2m+ n|
(ξ − ξ0),

where vK < 0 < vL. It gives rise to the following exact solution of (3.1):

v(ξ) =
vKvL sn

2
(
Ω1(ξ − ξ0),m1

)
vK − vL + vLsn2

(
Ω1(ξ − ξ0),m1

) ,
where

Ω1 =

√
n2c(vL − vK)

2mp|2m+ n|
, m1 =

√
vL

vL − vK
.



220 N. Turhan, A. Deliceoğlu & Y. Pandır
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Figure 5. The level curves defined by Eq. (3.6) for h = 0, p > 0, and m = µn
2
.

Therefore, we obtain the following periodic wave solutions of (2.5):

ψ(ξ) =

(
vKvL sn

2
(
Ω1(ξ − ξ0),m1

)
vK − vL + vLsn2

(
Ω1(ξ − ξ0),m1

)) 1
n

. (3.8)

For ∆̄ = 0, there exist two homoclinic orbits asymptotically approaching the origin: One of
them intersects the horizontal axis at (vK , 0) for µ = µ1, while the other intersects at (vL, 0)
for µ = −µ1 (see Figure 5b). By choosing this homoclinic orbit as the integral path, Eq.
(3.7) becomes

v∫
0

dv

(vL − v)
√
v
= ±

√
2n2c

mp |2m+ n|
(ξ − ξ0),

where vL > 0. This leads to the parametric representation of a dark solitary wave solution
of (3.1), which is given by

v(ξ) = vL tanh
2[

√
vLcn2

2mp|2m+ n|
(ξ − ξ0)].

Therefore, we obtain the following exact dark solitary wave solution of Eq. (2.5):

ψ(ξ) =

(
vLtanh

2[

√
vLcn2

2mp|2m+ n|
(ξ − ξ0)]

) 1
n

. (3.9)
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2. Let a < 0, b < 0, c > 0, and p > 0. For ∆̄ > 0 and |µ| > −µ1, there exists a periodic orbit,
centered at E1(v1, 0), which intersects the horizontal axis at the points (vK , 0) and (vL, 0)
(see Figure 5c). When 0 < µ < 1, a closed orbit occurs that intersects the horizontal axis at
(vL, 0) and tends toward the origin. Choosing the periodic orbit as the integration path, Eq.
(3.7) can be rewritten as

∫ v

vK

dv√
v(v − vK)(vL − v)

= ±

√
2n2c

mp|2m+ n|
(ξ − ξ0),

where 0 < vK < v1 < vL. From this relation, we obtain the parametric representation of the
family of periodic solutions of (3.1) given by

v(ξ) =
vKvL

vL − (vL − vK) sn2(Ω2(ξ − ξ0),m2)
,

where

Ω2 =

√
vLn2c

2mp|2m+ n|
, m2 =

√
vL − vK
vL

.

Thus, we get the following periodic wave solutions of Eq. (2.5):

ψ(ξ) =

(
vKvL

vL − (vL − vK) sn2(Ω2(ξ − ξ0),m2)

) 1
n

. (3.10)

3. Let a > 0, b > 0, c < 0, and p > 0. For ∆̄ > 0 and |µ| > µ1, there exists a closed orbit that
intersects the horizontal axis at the point (vK , 0) and tends toward the origin (see Figure 5d).
When ∆̄ = 0, i.e., |µ| = µ1, a homoclinic orbit emerges that intersects the axis at the point
E2(v2, 0) and approaches the origin.
If the solution corresponding to the closed periodic orbit is chosen, then from Eq. (3.1) we
obtain ∫ v

0

dv√
v(vK − v)(vL − v)

= ±

√
−2n2c

mp|2m+ n|
(ξ − ξ0),

where 0 < vK < vL. From this, we derive the parametric representation of the family of
periodic solutions of Eq. (3.1) given by

v(ξ) = vK sn2

(√
−vLn2c

2mp|2m+ n|
(ξ − ξ0),

√
vK
vL

)
.

Accordingly, the periodic wave solutions of Eq. (2.5) is given by

ψ(ξ) =

(
vK sn2

(√
−vLn2c

2mp|2m+ n|
(ξ − ξ0),

√
vK
vL

)) 1
n

. (3.11)

4. Let a < 0, b < 0, c < 0, and p > 0. For ∆̄ > 0 and |µ| > −µ1, a closed periodic orbit appears
that intersects the horizontal axis at (vK , 0) and tends toward the origin. For |µ| < −µ1, there
exists a periodic orbit centered at E1(v1, 0). For ∆̄ < 0 and −µ1 < |µ| < 1, an unbounded
orbit exists that comes from infinity and approach the origin (see Figure 5e).
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By choosing this unbounded orbit as the integral path, we obtain∫ v

0

dv√
v[(v − b1)2 + a21]

= ±

√
−2n2c

mp|2m+ n|
(ξ − ξ0).

From this, we obtain the parametric representation of Eq. (3.1) given by

v(ξ) =
A(1− cn(Ω3(ξ − ξ0),m2))

1 + cn(Ω3(ξ − ξ0),m2)
,

where A2 = a21 + b21, m2 =
√

A+b1
2A , Ω3 =

√
−2An2c
mp|2m+n| . Thus, the solution of Eq. (2.5) is

ψ(ξ) =

(
A(1− cn(Ω3(ξ − ξ0),m2)

1 + cn(Ω3(ξ − ξ0),m2))

) 1
n

. (3.12)

5. Let a < 0, b = 0, c > 0, and p > 0. For |2µ+1| > 1 a homoclinic orbit emerges that intersects
the horizontal axis at (vL, 0) and tends toward the origin (see Figure 5f). For vL > 0, the
solution corresponding to the homoclinic trajectory is given by∫ vL

v

dv

v
√
vL − v

=

√
2n2c

mp|2m+ n|
(ξ − ξ0),

and consequently the parametric representation of a bright solitary wave solution of Eq. (3.1)
is

v(ξ) = vL sech
2

(√
vLn2c

2mp|2m+ n|
(ξ − ξ0)

)
.

Hence, the exact bright solitary wave solution of Eq. (2.5) can be expressed as:

ψ(ξ) =

(
vLsech

2(

√
vLn2c

2mp|2m+ n|
(ξ − ξ0)

) 1
n

. (3.13)

6. Let a = 0, b > 0, c > 0, and p > 0. For |µ| > 1, closed orbits arise that intersect the
horizontal axis at (vL, 0) and approach the origin (see Figure 5a).
For these orbits, assuming vL = −vK , the solution based on the integral∫ v

0

dv√
v(v + vL)(vL − v)

= ±

√
2n2c

mp|2m+ n|
(ξ − ξ0),

leads to the parametric representation of the family of periodic solutions of Eq. (3.1) given
by

v(ξ) =
vL sn

2
(
Ω4(ξ − ξ0),

1√
2

)
1 + cn2

(
Ω4(ξ − ξ0),

1√
2

) ,
where Ω4 =

√
vLn2c

mp|2m+n| . Hence, we obtain the following exact periodic wave solutions of

Eq. (2.5):

ψ(ξ) =

 vL sn
2
(
Ω4(ξ − ξ0),

1√
2

)
1 + cn2

(
Ω4(ξ − ξ0),

1√
2

)


1
n

. (3.14)
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3.2. The exact traveling wave solutions of Eq. (2.5) with h ̸= 0

In this section, we analyze all possible exact solutions of Eq. (2.5) by examining the phase
portraits of system (3.4) in the case h ̸= 0.

1. For m = −n, Eq. (3.3) can be rewritten as

y2 =
−2h

p

(
− b

3h
v +

a

2h
v2 +

c

h
v3 + v4

)
, h ̸= 0. (3.15)

Integrating the first equation of system (3.2) by using Eq. (3.15), we obtain

∫ v

vj

dv√
η
(
− b

3hv +
a
2hv

2 + c
hv

3 + v4
) = ±

√
2

∣∣∣∣hp
∣∣∣∣(ξ − ξ0), (3.16)

where η = −sgn(hp). Now we assume that 0, vK , vL, vM are the roots of the polynomial
g(v) = − b

3hv+
a
2hv

2+ c
hv

3+v4. These roots are then used to construct the solutions obtained
from Eq. (3.16). From Eq. (3.3), the values of H(vi, 0) = hi for the level curves H(v, y) = h
are given by

H(vi, 0) = v−3
i

(
b

3
− a

2
vi − cv2i

)
= hi. (3.17)

In the following, for the case ∆ > 0, p > 0, and n < 0, the parametric solutions of Eq. (2.5)
are determined by using the level curves Eq. (3.15) given in Figure 6.

(a) When c > 0.

i. For a > 0 and b > 0, we have v1 < 0 < v2. In this case, the equilibrium point E1(v1, 0)
is a center, and E2(v2, 0) is a saddle.

• For h = h2 < 0 < h1, the level curves H(v, y) = h admit a homoclinic orbit passing
through the saddle point E2(v2, 0) and approaching the origin, as shown in Figures 1a
and 6a. Taking this homoclinic orbit as the integration path, Eq. (3.16) becomes

∫ v

0

dv

(v2 − v)
√

(v − vK)v
= ±

√
−2h

p
(ξ − ξ0),

where vK < 0 < v2. From this, the solution of Eq. (3.1) becomes:

v(ξ) = v2 +
2v2(v2 − vK)

vK − 2v2 + vK cosh(ω1(ξ − ξ0))
,

where

ω1 =

√
2v2(vK − v2)h

p
.

Hence, we can obtain the following dark solitary wave solution of Eq. (2.5)

ψ(ξ) =

(
v2 +

2v2(v2 − vK)

vK − 2v2 + vK cosh(ω1(ξ − ξ0))

)1/n

. (3.18)
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Figure 6. The variations of the level curves defined by H(v, y) = h in system (3.4) for ∆ > 0, p > 0, and n < 0.

• For h < h2 < 0 < h1, the level curves H(v, y) = h intersect the horizontal axis at (vL, 0)
and form closed orbits approaching the origin, as shown in Figures 1a and 6b. The
corresponding solution v(ξ) is be obtained from Eq. (3.16) as:

∫ v

0

dv√
(v − vK)v(vL − v)(vM − v)

= ±

√
−2h

p
(ξ − ξ0),

where vK < 0 < vL < vM . From this, we obtain the parametric representation of the
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family of periodic solutions of Eq. (3.1) given by

v(ξ) =
vKvL sn

2(ω2(ξ − ξ0), k1)

vK − vL + vL sn2(ω2(ξ − ξ0), k1)
,

where

ω2 =

√
hvM (vK − vL)

2p
, k1 =

√
vL(vM − vK)

vM (vL − vK)
.

Thus, the exact periodic wave solutions of Eq. (2.5) is:

ψ(ξ) =

(
vKvL sn

2(ω2(ξ − ξ0), k1)

vK − vL + vL sn2(ω2(ξ − ξ0), k1)

)1/n

. (3.19)

• For h2 < 0 < h1 < h, the level curves H(v, y) = h intersect the horizontal axis at (vL, 0)
and form periodic orbits approaching the origin, as shown in Figures 1a and 6c. When
the periodic orbit is chosen as the integration path, Eq. (3.16) becomes∫ v

0

dv√
v(vL − v)[(v − b1)2 + a21]

= ±

√
2h

p
(ξ − ξ0),

where 0 < vL < v2. From this, we derive the parametric representation of the family of
periodic solutions of Eq. (3.1) given by

v(ξ) =
BvL(1− cn(ω3ξ, k2))

A+B + (A−B)cn(ω3ξ, k2)
,

where ω3 =
√

2ABh
p , k2 =

√
v2L−(A−B)2

4AB , A2 = (vL−b1)2+a21, B2 = b21+a
2
1. Therefore,

the exact periodic wave solutions of Eq. (2.5) is:

ψ(ξ) =

(
BvL(1− cn(ω3(ξ − ξ0), k2))

A+B + (A−B)cn(ω3(ξ − ξ0), k2)

)1/n

. (3.20)

ii. For a < 0, b < 0, we have 0 < v1 < v2. In this case, the equilibrium point E1(v1, 0) is a
center, while E2(v2, 0) is a saddle point.

• For h = h2 < h1 < 0, the level curve H(v, y) = h intersects the horizontal axis at
the point E2(v2, 0) and forms a homoclinic orbit that approaches the point (vL, 0) as
shown in Figure 1c and 6d. Choosing a homoclinic orbit as the integral path, Eq. (3.16)
becomes ∫ v

vL

dv

(v2 − v)
√
(v − vL)v

= ±

√
−2h

p
(ξ − ξ0),

where 0 < vL < v2. This leads to the dark solitary wave solution:

v(ξ) =
v2vL

vL + (v2 − vL)sech
2(ω4(ξ − ξ0))

,

where

ω4 =

√
(vL − v2)v2h

2p
.
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Thus, the dark solitary wave solution of Eq. (2.5) is

ψ(ξ) =

(
v2vL

vL + (v2 − vL)sech
2(ω4(ξ − ξ0))

) 1
n

. (3.21)

• For h2 < h < h1 < 0, the level curves H(v, y) = h intersect the horizontal axis at the
points (vK , 0) and (vL, 0) and form a closed orbit surrounding the equilibrium point
E1(v1, 0) (see Figures 1c and 6e). Choosing the closed curve as the integral path, Eq.
(3.16) becomes ∫ vL

v

dv√
v(v − vK)(vL − v)(vM − v)

= ±

√
−2h

p
(ξ − ξ0),

where 0 < vK < v1 < vL < vM .
This leads to the parametric representation of the family of periodic solutions:

v(ξ) =
vL(vM − vK) + vM (vK − vL)sn

2(ω5ξ, k3)

vM − vK + (vK − vL)sn2(ω5ξ, k3)
,

with the coefficients:

ω5 =

√
hvL(vK − vM )

2p
, k3 =

√
vM (vL − vK)

(vM − vK)vL
.

Thus, the exact periodic wave solutions of Eq. (2.5) becomes

ψ(ξ) =

(
vL(vM − vK) + vM (vK − vL)sn

2(ω5(ξ − ξ0), k3)

vM − vK + (vK − vL)sn2(ω5(ξ − ξ0), k3)

) 1
n

. (3.22)

iii. For a < 0, b < 0, the level curves H(v, y) = h = h1 form two unbounded trajecto-
ries intersecting the v-axis at the cusp point E1(v1, 0) (see Figures 1d and 6f). The
corresponding trajectory solution v = v(ξ) is given by:∫ ∞

v

dv

(v − v1)
√
v(v − v1)

= ±

√
−2h

p
(ξ − ξ0).

This leads to the solution

v(ξ) =
v1 (ω6(ξ − ξ0)± 1)2

ω6(ξ − ξ0) (ω6(ξ − ξ0)± 2)
,

where ω6 = v1

√
−h
2p . Hence, the singular rational solutions of Eq. (2.5) are given by

ψ(ξ) =

(
v1 (ω6(ξ − ξ0)± 1)2

ω6(ξ − ξ0) (ω6(ξ − ξ0)± 2)

) 1
n

. (3.23)

(b) Let c < 0.

i. For a > 0 and b > 0, we have 0 < v2 < v1. In this case, the equilibrium point E1(v1, 0)
is a center, while E2(v2, 0) is a saddle point.
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• For 0 < h2 = h < h1, the level curve H(v, y) = h intersects the v–axis at (0, 0), (v2, 0),
and (vM , 0), giving rise to a separatrix consisting of two homoclinic orbits (see Figures
2a and 6g). For the first homoclinic orbit, with 0 < v2 < v1 < vM , the solution is
obtained from the integral∫ vM

v

dv

(v − v2)
√

(vM − v)v
= ±

√
2h

p
(ξ − ξ0),

which yields:

v(ξ) =
v2vM

vM − (vM − v2) sech
2(ω7(ξ − ξ0))

,

where ω7 =
√

hv2(vM−v2)
2p . The corresponding bright solitary wave solution of Eq. (2.5)

is
ψ(ξ) = (

v2vM

vM − (vM − v2) sech
2(ω7(ξ − ξ0))

)
1
n . (3.24)

For the second homoclinic orbit, the solution is obtained from∫ v

0

dv

(v2 − v)
√
(vM − v)v

=

√
2h

p
(ξ − ξ0),

and is given by

v(ξ) = vM − vM (vM − v2)

vM + v2 sech
2(ω7(ξ − ξ0))

.

The corresponding dark solitary wave solution of Eq. (2.5) is

ψ(ξ) = (vM − vM (vM − v2)

vM + v2 sech
2(ω7(ξ − ξ0))

)
1
n . (3.25)

• For 0 < h2 < h < h1, the level curves H(v, y) = h form two distinct periodic orbits:
The first intersects the horizontal axis at (vL, 0) and (vM , 0), enclosing the equilibrium
point (v1, 0) while the second passes through (v3, 0) and is tangent to the singular point
at the origin (see Figures 2a and 6h).
Choosing the periodic orbit centered at (v1, 0) as the integral path, the solution v = v(ξ)
is obtained from ∫ v

vL

dv√
v(v − vK)(v − vL)(vM − v)

= ±

√
2h

p
(ξ − ξ0),

where 0 < vK < vL < v1 < vM . From this, we obtain the parametric representation of
the family of periodic solutions of Eq. (3.1) given by

v(ξ) =
vL(vM − vK)− vK(vM − vL) sn

2(ω8(ξ − ξ0), k4)

vM − vK − (vM − vL) sn2(ω8(ξ − ξ0), k4)
,

where ω8 =
√

hvL(vM−vK)
2p and k4 =

√
vK(vM−vL)
(vM−vK)vL

. Hence, we obtain the following exact

periodic wave solutions of Eq. (2.5):

ψ(ξ) =

(
vL(vM − vK)− vK(vM − vL) sn

2(ω8(ξ − ξ0), k4)

vM − vK − (vM − vL) sn2(ω8(ξ − ξ0), k4)

) 1
n

. (3.26)
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On the other hand, choosing the second closed curve as the integral path, Eq. (3.16)
becomes ∫ v

0

dv√
v(vK − v)(vL − v)(vM − v)

= ±

√
2h

p
(ξ − ξ0).

It gives rise to the following family of periodic solutions:

v(ξ) =
vKvM sn2(ω8ξ, k4)

vM − vK + vK sn2(ω8ξ, k4)
.

Hence, we derive the exact periodic wave solutions of Eq. (2.5):

ψ(ξ) =

(
vKvM sn2(ω8(ξ − ξ0), k4)

vM − vK + vK sn2(ω8(ξ − ξ0), k4)

) 1
n

. (3.27)

ii. For a < 0 and b > 0, we have v2 < v1 < 0. In this case, the equilibrium point E1(v1, 0)
is a center, while E2(v2, 0) is a saddle point (see Figures 2b and 6c).
For h2 < 0 < h1 < h, the level curves H(v, y) = h obtained from equation (3.17)
intersect the horizontal axis at (vM , 0), forming closed periodic orbits approaching the
origin. The corresponding solution v = v(ξ), obtained from Eq. (3.16), is similar to
Eq. (3.20).

iii. For a < 0 and b < 0, we have v2 < 0 < v1. In this case, the equilibrium point E1(v1, 0)
is a center, while E2(v2, 0) is a saddle point, as shown in Figures 2c and 6i.
For h2 < 0 < h < h1, the level curves H(v, y) = h obtained from equation (3.17) form
a periodic orbit centered at (v1, 0), intersecting the horizontal axis at the points (vL, 0)
and (vM , 0). By selecting the periodic orbit as the integration path, Eq. (3.16) takes
the form ∫ v

vL

dv√
(v − vK)v(v − vL)(vM − v)

= ±

√
2h

p
(ξ − ξ0),

where vK < 0 < vL < v1 < vM .
This solution is given by

v(ξ) =
vMvL

vM − (vM − vL) sn2(ω9(ξ − ξ0), k5)
,

where the constants are defined as

ω9 =

√
vM (vL − vK)h

2p
, k5 =

√
vK(vL − vM )

(vL − vK)vM
.

Thus, the exact periodic wave solution of Eq. (2.5) is

ψ(ξ) =

(
vMvL

vM − (vM − vL) sn2(ω9(ξ − ξ0), k5)

) 1
n

. (3.28)

iv. For a > 0, b > 0 we have 0 < v1 = v2. In this case, the equilibrium point of the system
becomes a cusp. Accordingly, the level curves H(v, y) = h = h1 form a homoclinic
trajectory that intersects the horizontal axis at E1(v1, 0) and approaches the origin. (see
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Figures 2d and 6j). The corresponding solution v = v(ξ) for homoclinic orbit is given
by: ∫ v

0

dv

(v1 − v)
√
v(v1 − v)

= ±

√
2h

p
(ξ − ξ0).

Then we have

v(ξ) =
v1 (ω10(ξ − ξ0))

2

4 + (ω10(ξ − ξ0))2
,

where ω10 = v1

√
h
2p . Thus, equation (2.5) admits a dark solitary wave solution of the

form

ψ(ξ) = (
v1 (ω10(ξ − ξ0))

2

4 + (ω10(ξ − ξ0))2
)
1
n . (3.29)

2. For the case b = 0, p > 0, and n > 0, the solutions satisfying Eq. (2.5) are obtained from the
phase portraits of system (3.4). In this case, for n = 2m, Eq. (3.3) becomes

y2 =


2c

p

(
2h

c
v − 2a

c
v2 − v3

)
, c > 0,

−2c

p

(
−2h

c
v +

2a

c
v2 + v3

)
, c < 0.

(3.30)

Integrating the first equation of system (3.2) over the interval (vj , v) by using Eq. (3.30), we
obtain ∫ v

vj

dv√
η1v

(
−2h

c + 2a
c v + v2

) = ±

√
2|c|
p

(ξ − ξ0), (3.31)

where η1 = −sgn(c). To analyze the dynamical behavior of system (3.4), we assume that the
real numbers 0, vL, and vM are the roots of the polynomial g1(v) = −2h

c v+
2a
c v

2 + v3. From
Eq. (3.3), the level values for the curves H(vi, 0) = hi are computed as

H(vi, 0) = vi

(
a+

c

2
vi

)
= hi. (3.32)

(a) If a > 0 and c > 0, then the equilibrium point E1(v1, 0) is a saddle. If a < 0 and v1 < 0,
then E1(v1, 0) is a center, as shown in Figures 3b and 6k.

• For h1 < h < 0, the level curves H(v, y) = h, obtained from equation (3.32), form a
periodic orbit centered at (v1, 0) that intersects the horizontal axis at the points (vL, 0)
and (vM , 0).
For this orbit, the solution v = v(ξ), derived from equation (3.31), is expressed from the
integral ∫ v

vL

dv√
v(v − vL)(vM − v)

= ±
√

2c

p
(ξ − ξ0),

where 0 < vL < v1 < vM . This yields the periodic solution:

v(ξ) =
vLvM

vM − (vM − vL) sn2 (ω11(ξ − ξ0), k6)
,
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where the constants are defined as

ω11 =

√
cvM
2p

, k6 =

√
vM − vL
vM

.

Thus, the exact periodic wave solution of Eq. (2.5) is

ψ(ξ) =

(
vLvM

vM − (vM − vL) sn2 (ω11(ξ − ξ0), k6)

) 1
n

. (3.33)

• For h1 < 0 < h, the level curves H(v, y) = h, again obtained from Eq. (3.32), form
a closed trajectory passing through the origin and intersecting the horizontal axis at
(vM , 0), as shown in Figures 3b-6l.
The solution v = v(ξ), derived from Eq. (3.31), is obtained from the integral∫ v

0

dv√
v(v − vL)(vM − v)

= ±
√

2c

p
(ξ − ξ0),

where vL < 0 < v1 < vM . The solution is

v(ξ) =
vMvL sn

2(ω12(ξ − ξ0), k7)

vL − vM + vM sn2(ω12(ξ − ξ0), k7)
,

with the constants

ω12 =

√
c(vM − vL)

2p
, k7 =

√
vM

vM − vL
.

Thus, the singular periodic wave solution of Eq. (2.5) becomes

ψ(ξ) =

(
vMvL sn

2(ω12(ξ − ξ0), k7)

vL − vM + vM sn2(ω12(ξ − ξ0), k7)

) 1
n

. (3.34)

(b) If a > 0 and c < 0, then the equilibrium point E1(v1, 0) is a saddle. If a < 0 and c < 0,
then E1(v1, 0) is a center, as shown in Figure 3c.

• For 0 < h1 = h, the level curves defined by H(v, y) = h admit a homoclinic orbit passing
through the saddle point (v1, 0) and approaching the origin (see Figure 6m). Taking this
homoclinic orbit as the integration path for 0 < v1, Eq. (3.31) becomes∫ v

0

dv

(v1 − v)
√
v
= ±

√
−2c

p
(ξ − ξ0),

which yields

v(ξ) = v1 tanh
2

(√
−v1c

2p
(ξ − ξ0)

)
.

Then,the exact dark solitary wave solution of Eq. (2.5) is

ψ(ξ) =

(
v1 tanh

2

(√
−v1c

2p
(ξ − ξ0)

)) 1
n

. (3.35)
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• For 0 < h1 < h, the level curves H(v, y) = h form a closed trajectory, which intersects
the horizontal axis at (vL, 0) and approaches the origin (see Figure 6n).
Selecting 0 < vL < v1 < vM , the solution v = v(ξ) is obtained from the integral∫ v

0

dv√
v(vL − v)(vM − v)

= ±
√

−2c

p
(ξ − ξ0),

which gives the periodic solution

v(ξ) = vL sn
2

(√
−vMc

2p
(ξ − ξ0),

√
vL
vM

)
.

Then the exact periodic wave solution of Eq. (2.5) becomes

ψ(ξ) =

(
vL sn

2

(√
−vMc

2p
(ξ − ξ0),

√
vL
vM

)) 1
n

. (3.36)

4. Bifurcation analysis and exact traveling wave solutions of Eq.
(2.6)

In this section, we investigate the bifurcations of phase portraits of the reduced ordinary differ-
ential equation given by (2.6). First, making the transformation

ψ = v
1

n−m , (4.1)

we obtain
mp(2m− n)

(n−m)2
(v′)

2
+

mp

n−m
vv′′ + av2 − bv3 + cv4 = 0. (4.2)

Eq. (4.2) can be transformed into the following two-dimensional system:

dv

dξ
= y,

dy

dξ
=

mp(n−2m)

(n−m)2
y2 − av2 + bv3 − cv4

mp
n−mv

, (4.3)

which has the first integral

H(v, y) = v
2m

n−m
−2(n−m)(

mp

2(n−m)2
y2 +

a

2m
v2 − b

m+ n
v3 +

c

2n
v4) = h, (4.4)

where h is an integral constant. The expression (4.4) yields the wave solutions that will be
obtained from phase portraits in the following sections. Moreover, for the solutions of the
singular dynamical system, it is required that m ̸= n and n ̸= 2m. Apply dξ = mp

n−mvdζ, the
singular system (4.3) has the same invariant curve solutions as the associated regular system

dv

dζ
=

mp

n−m
yv,

dy

dζ
=
mp(n− 2m)

(n−m)2
y2 − av2 + bv3 − cv4. (4.5)

For the equilibrium points of this system, setting y = 0 and solving v2(−a+ bv− cv2) = 0 yields

the values v0 = 0, v1 = b−
√
b2−4ac
2c , and v2 = b+

√
b2−4ac
2c . Therefore, the equilibrium points are

E0(v0, 0), E1(v1, 0), and E2(v2, 0).
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The Jacobian matrix of system (4.5) is given by

M(v, y) =


mp

n−m
y

mp

n−m
v

−2av + 3bv2 − 4cv3
2mp(n− 2m)

(n−m)2
y

 .
At the equilibrium point Ei(vi, 0), the determinant of the Jacobian matrix becomes

J(vi, 0) =
mp

n−m
vi

2(4cvi
2 − 3bvi + 2a),

which can also be expressed in terms of the equilibrium components as

J(vi, 0) =
cmp

n−m
vi

2 [2(vi − v1)(vi − v2) + vi(vi − v2) + vi(vi − v1)] .

From this, the determinant of the Jacobian matrix at the equilibrium points can be expressed
as follows:

J0(0, 0) = 0, J1(v1, 0) =
cmp

n−m
v31(v1 − v2), J2(v2, 0) =

cmp

n−m
v32(v2 − v1).

The analysis of the equilibrium points of system (4.5), along with the corresponding phase
diagrams, is presented in Figures 7 and 8.

1. We assume that ∆1 = b2 − 4ac > 0, p > 0, and n > m.

(a) For c > 0, we have

i. If a > 0, b > 0, then 0 < v1 < v2, in which case E1(v1, 0) is a saddle and E2(v2, 0)
is a center (see Figure 7a-c).

ii. If a < 0, then v1 < 0 < v2, and both E1(v1, 0) and E2(v2, 0) are centers (see
Figure 7d).

iii. If a > 0, b < 0, then v1 < v2 < 0, in which case E1(v1, 0) is a center and E2(v2, 0)
is a saddle.

(b) For c < 0, we have

i. If a > 0, then v2 < 0 < v1, so both E1(v1, 0) and E2(v2, 0) are saddles (see Figure
7e).

ii. If a < 0 and b > 0, then v2 < v1 < 0, in which case E1(v1, 0) is a saddle and
E2(v2, 0) is a center.

iii. If a < 0, b < 0, then 0 < v2 < v1, and E1(v1, 0) is a center while E2(v2, 0) is a
saddle (see Figure 7f-h).

Depending on the sign of the parameter p and the case n < m, the stability types of the
equilibrium points interchange: The saddle points become centers, and the centers become
saddles.

2. In the case ∆1 = b2 − 4ac = 0, the equilibriums points are E0(0, 0) and E1(v1, 0), where
v1 = v2 = b

2c . Since J(v1, 0) = 0, the point E1(v1, 0) is identified as a cusp point (see
Figures 8a and 8b).
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Figure 7. The phase portraits of system (4.5) for p > 0, ∆1 > 0, mn > 0.

3. We assume that b = 0, p > 0 and n = −m. In this case, system (4.5) has three equilibrium
points

E(v0, 0), E1(v1, 0), and E2(v2, 0).

At the equilibrium points Ei(vi, 0), the determinant of the Jacobian matrix can be ex-
pressed as follows:

Ji(vi, 0) =
mp

n−m
v2i
(
4cv2i + 2a

)
=

−a2p
c

,

and a bifurcation analysis is performed based on these values.

(a) If c > 0 and a < 0, we have v1 < 0 < v2, and in this case, both E1(v1, 0) and E2(v2, 0)
are saddle points (see Figure 8c).

(b) If c < 0 and a > 0, we also have v2 < 0 < v1, and in this case, both E1(v1, 0) and
E2(v2, 0) are centers (see Figure 8d).
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Figure 8. The phase portraits of system (4.5) for p > 0.
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4. Depending on the sign of the parameter p, the stability of the equilibrium points inter-
changes: The points that are saddle become centers, and the centers become saddle points.
In this case, the new phase portraits corresponding to the same structure are observed to
be symmetric with respect to the original ones.

4.1. The exact traveling wave solutions of Eq. (2.6) given by the level curves
H(v,y)=0

In this section, we consider the possible exact travel wave solution of Eq. (2.6) by using the first
equation of system (4.4) and Eq. (4.5).

By substituting h = 0 into Eq. (4.4) and assuming b ̸= 0, and p > 0, Eq. (4.4) reduces to
the following form:

y2 =
(n−m)2

mp
(− a

m
v2 +

2b

m+ n
v3 − c

n
v4). (4.6)

By substituting the square root of Eq. (4.6) into the first equation of system (4.3) and integrating
the result over the interval (vj , v), one obtains

v∫
vj

dv√
v2

p (−
a
m + 2b

m+nv −
c
nv

2)
= ±|n−m|√

m
(ξ − ξ0), (4.7)

where v = v(ξ) is the solution of the Eq. (4.2). Let n = µ+1
µ m. Then the discriminant of the

function

f1(v) = −a(µ+ 1)

cµ
+

2b(µ+ 1)

c(2µ+ 1)
v − v2,

is given by

∆1 =
4(µ+ 1)

c2

(
−ac
µ

+
b2(µ+ 1)

(2µ+ 1)2

)
.

Let the roots of the equation f1(v) = 0 be denoted by vK and vL. The values of µ that
satisfy ∆1 = 0 are

µ1 = −1

2
− b2

2
√
b4 − 4ab2c

, µ2 = −1

2
+

b2

2
√
b4 − 4ab2c

.

For the existence of the solution, it is necessary that µ ̸= 0, µ ̸= −0.5, and µ ̸= −1. Using (4.7),
under some special parametric conditions, we can obtain the explicit parametric representations
for the solutions of system (4.5).

1. Let a > 0, c > 0, and ∆1 > 0. For µ > µ2 or µ < µ1, the system exhibits periodic orbits:
They occur on the right side of the phase plane if b > 0 (see Figure 9a), and on the left
side if b < 0. Moreover, in the interval −1 < µ < 0, two unbounded trajectories appear,
intersecting the axes at the points (vK , 0) and (vL, 0) (see Figure 9b)
For b > 0, the solution corresponding to a periodic orbit that intersects the horizontal axis
at the points (vK , 0) and (vL, 0) is obtained from the integral∫ vL

v

dv

v
√
(v − vK)(vL − v)

= ± |n−m|
√

c

m|n|p
(ξ − ξ0),
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which leads to

v(ξ) =
vKvL sec

2 (φ(ξ − ξ0))

vK − vL + vL sec2 (φ(ξ − ξ0))
,

where φ = |n−m|
2

√
cvKvL
mnp . The exact periodic wave solution of Eq. (2.6) is then given by

ψ(ξ) =

(
vKvL sec

2 (φ(ξ − ξ0))

vK − vL + vL sec2 (φ(ξ − ξ0))

) 1
n−m

. (4.8)

In addition, the solution for the unbounded trajectory intersecting the axis at point (vL, 0)
is expressed by the following integral:∫ ∞

v

dv

v
√
(v − vK)(v − vL)

= ± |n−m|
√

c

m|n|p
(ξ − ξ0),

where vK < 0 < vL. The solution is

v(ξ) =
2vKvL

vK + vL + (vK − vL) cos [φ1(ξ − ξ0)]
,

with the constant where φ1 = |n −m|
√

−vKvLc
m|n|p . Then the singular wave solution of Eq.

(2.6) becomes

ψ(ξ) =

(
2vKvL

vK + vL + (vK − vL) cos [φ1(ξ − ξ0)]

) 1
n−m

. (4.9)
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Figure 9. The level curves defined by Eq. (4.6) for h = 0, p > 0, n = m(µ+1)
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2. When a < 0, b > 0, c > 0, and ∆1 > 0, two homoclinic orbits occur for µ > µ2 or µ < µ1:
One intersects the horizontal axis at (vL, 0) and approaches the origin (0, 0), while the
other departs from (vK , 0) and also approaches the origin (see Figure 9c). Furthermore,
µ1 < µ < µ2, a homoclinic orbit emerges that intersects the horizontal axis at (vK , 0) or
(vL, 0) tends toward the origin (see Figure 9d). When ∆1 = 0 and µ = µ1 or µ = µ2, a
heteroclinic orbit occurs, intersecting the axis at (v2, 0) and approaching the origin (see
Figure 9e). If ∆1 < 0, four unbounded trajectories that approach the origin arise in the
intervals −1 < µ < µ2 or µ1 < µ < 0 (see Figure 9f).
For the first homoclinic orbit intersecting the point (vK , 0) and approaching the origin, if
vK < 0 < vL, the solution is obtained from the relation∫ vL

v

dv

v
√

(vL − v)(v − vK)
= |n−m|

√
c

m|n|p
(ξ − ξ0),

and is given by

v(ξ) =
2vKvL

vK + vL + (vK − vL) cosh [φ1(ξ − ξ0)]
.

The corresponding exact bright solitary wave solution of Eq. (2.6) is

ψ(ξ) =

(
2vKvL

vK + vL + (vK − vL) cosh [φ1(ξ − ξ0)]

) 1
n−m

. (4.10)

Secondly, for the second homoclinic orbit that intersects the point (vK , 0) and approaches
the origin, in the range 0 < vK < vL, the solution is obtained from the following relation:∫ vK

v

dv

v
√
(vL − v)(vK − v)

= ± |n−m|
√

c

m|n|p
(ξ − ξ0).

Solving this leads to the explicit form:

v(ξ) =
vKvLsech

2(φ2(ξ − ξ0))

vL − vKtanh2(φ2(ξ − ξ0))
,

where φ2 = |n−m|
√

vKvLc
4m|n|p . Consequently, the bright solitary wave solution to Eq. (2.6)

is given by:

ψ(ξ) =

(
vKvLsech

2(φ2(ξ − ξ0))

vL − vKtanh2(φ2(ξ − ξ0))

) 1
n−m

. (4.11)

Finally, for the heteroclinic orbit, the solution is obtained from∫ v

v1
2

dv

v(vL − v)
= ± |n−m|

√
c

m|n|p
(ξ − ξ0),

which yields the solution

v(ξ) = ±vL(1−
1

1 + eφ3(ξ−ξ0)
) = ±vL

2
(1 + tanh (φ3(ξ − ξ0)),

where vL = v2 and φ3 = vL|n−m|
2

√
vKvLc
4m|n|p . Then, the exact kink (or anti-kink) wave

solution of Eq. (2.6) becomes

ψ(ξ) =
(
±vL

2
(1 + tanh (φ3(ξ − ξ0))

) 1
n−m

. (4.12)
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3. Let a < 0, b < 0, c > 0, and ∆1 > 0. If µ > µ2 or µ < µ1, the system admits a
separatrix consisting of two homoclinic orbits (see Figure 9c). When µ1 < µ < µ2, only
one homoclinic orbit approaches the origin (see Figure 9d). Furthermore, for ∆1 = 0, and
µ = µ1 or µ = µ2, heteroclinic orbits emerge, connecting the equilibrium point to the
origin (see Figure 9e). Finally, for ∆1 < 0, unbounded orbits that approach the origin
asymptotically exist when −1 < µ < µ2 or µ1 < µ < 0 (see Figure 9f).

Remark 4.1. For h = 0 and c < 0, the system of (4.5) exhibits similar structures as illustrated
in Figure 9.

4.2. The exact traveling wave solutions of Eq. (2.6) given by the level curves
H(v, y) ̸= 0

In this section, we derive the exact traveling wave solution of (2.6) when h ̸= 0.

1. By substituting n = 3m into Eq. (4.4) and assuming p > 0, Eq. (4.4) can be rewritten as:

y2 =


−4c

3p

(
−3h

c
v +

3a

c
v2 − 3b

2c
v3 + v4

)
, c < 0,

4c

3p

(
3h

c
v − 3a

c
v2 +

3b

2c
v3 − v4

)
, c > 0.

(4.13)

By substituting the square root of Eq. (4.13) into the first equation of system (4.3) and
integrating the result over the interval (vj , v), one obtains∫ v

vj

dv√
η1v

(−3h
c + 3a

c v −
3b
2cv

2 + v3
) = ±2

√
|c|
3p

(ξ − ξ0), (4.14)

where η1 = −sgn(c). Let the real zeros of the function

g1(v) = −3h

c
v +

3a

c
v2 − 3b

2c
v3 + v4,

be denoted by 0, vK , vL, and vM . For the level curves of H(v, y) = h defined by (4.4), the
corresponding values at equilibrium points H(vi, 0) = hi are computed as:

H(vi, 0) = vi(a−
b

2
vi +

c

3
v2i ) = hi. (4.15)

The solutions obtained from the bifurcation analysis for the case ∆1 ≥ 0 are listed below in
order.

(a) If a > 0, b > 0 and c > 0, then 0 < v1 < v2. In this case, the equilibrium point E1(v1, 0)
is a saddle and E2(v2, 0) is a center.

• For 0 < h2 < h1 = h, the level curves H(v, y) = h form two homoclinc orbits: The first
homoclinic orbit that intersects the horizontal axis at (vM , 0) and approaches E1(v1, 0)
and the second homoclinic orbit intersecting the axis from E1(v1, 0) to the point ori-
gin O(0, 0), as shown in Figures 7a and 10a. Taking the first homoclinic orbit as the
integration path, Eq. (4.14) becomes∫ vM

v

dv

(v − v1)
√
(vM − v)v

= ±2

√
c

3p
(ξ − ξ0),
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where 0 < v1 < vM < v2. From this relation, we obtain the following parametric
representation of the solitary wave solution:

v(ξ) =
v1vM

v1 + (vM − v1) tanh
2(φ1(ξ − ξ0))

,

where φ1 =
√

v1(vM−v1)c
3p . Then, the exact bright solitary wave solution of Eq. (2.6) is

given by

ψ(ξ) =

(
v1vM

v1 + (vM − v1) tanh
2(φ1(ξ − ξ0))

) 1
2m

. (4.16)

For the second homoclinic orbit, Eq. (4.14) becomes∫ v

0

dv

(v1 − v)
√

(vM − v)v
= ±2

√
c

3p
(ξ − ξ0).

It gives us that

v(ξ) = v1 −
vM (vM − v1)

vM − v1 + v1tanh
2(φ1(ξ − ξ0))

,

and the corresponding exact dark solitary wave solution of Eq. (2.6) is given by

ψ(ξ) =

(
v1 −

vM (vM − v1)

vM − v1 + v1tanh
2(φ1(ξ − ξ0))

) 1
2m

. (4.17)

• For 0 < h2 < h < h1, the level curves H(v, y) = h admit two distinct orbits. The
first is a periodic orbit, intersecting the v-axis at (vL, 0) and (vM , 0) and enclosing the
equilibrium (vK , 0). The second is a closed trajectory that crosses the v-axis at (vK , 0)
and approaches the origin asymptotically, as shown in Figures 7a and 10b. Choosing
periodic orbit as the integration path, Eq. (4.14) becomes∫ v

vL

dv√
v(v − vK)(v − vL)(vM − v)

= ±2

√
c

3p
(ξ − ξ0),

where 0 < vK < vL < v2 < vM . From this, the periodic wave solutions is given by

v(ξ) =
vL(vM − vK)− vK(vM − vL) sn

2(φ2(ξ − ξ0), r1)

vM − vK − (vM − vL) sn2(φ2(ξ − ξ0), r1)
,

where φ2 =
√

cvL(vM−vK)
3p and r1 =

√
vK(vM−vL)
vL(vM−vK) . Thus, the exact periodic wave solution

of Eq. (2.6) is given by

ψ(ξ) =

(
vL(vM − vK)− vK(vM − vL) sn

2(φ2(ξ − ξ0), r1)

vM − vK − (vM − vL) sn2(φ2(ξ − ξ0), r1)

) 1
2m

. (4.18)

On the other hand, taking the closed trajectories as the integration path, Eq. (4.14)
becomes ∫ v

0

dv√
v(vK − v)(vL − v)(vM − v)

= ±2

√
c

3p
(ξ − ξ0),
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which gives us the following solution:

v(ξ) =
vKvM sn2(φ2(ξ − ξ0), r1)

vM − vK cn2(φ2(ξ − ξ0), r1)
.

Hence, the exact periodic wave solution of Eq. (2.6) is given by

ψ(ξ) =

(
vKvM sn2(φ2(ξ − ξ0), r1)

vM − vK cn2(φ2(ξ − ξ0), r1)

) 1
2m

. (4.19)

• For 0 < h2 < h1 < h, the level curves defined by H(v, y) = h admit a periodic orbit that
intersects the v-axis at the point (vM , 0) and approaches the origin O(0, 0), as shown in
Figures 7a and 10c. If 0 < v1 < v2 < vM , then one obtains∫ v

0

dv√
v(vM − v)[(v − b1)2 + a21]

= ±2

√
c

3p
(ξ − ξ0).

This gives us the following solution:

v(ξ) =
vMB(1− cn(φ3(ξ − ξ0), r2))

A+B + (A−B) cn(φ3(ξ − ξ0), r2)
,

where φ3 = 2
√

cAB
3p , r2 =

√
v2M−(A−B)2

4AB , A2 = (vM − b1)
2 + a21, B

2 = b21 + a21. Thus, we

obtain the exact periodic wave solution of Eq. (2.6) given by

ψ(ξ) =

(
vMB(1− cn(φ3(ξ − ξ0), r2))

A+B + (A−B) cn(φ3(ξ − ξ0), r2)

) 1
2m

. (4.20)

(b) For a < 0, b < 0 and c > 0, we have v1 < 0 < v2. In this case, both E1(v1, 0) and
E2(v2, 0) are centers.

• For h2 < h = 0 < h1, from (4.15), the level curves H(v, y) = h (see Figures 7d and
10d) generate two homoclinic orbits: One intersects the horizontal axis at (vL, 0) and
approaches the origin (0, 0); the other departs from (vK , 0) and also approaches the
origin.
Corresponding to this homoclinic orbit (intersecting (vL, 0)), the solution v = v(ξ) ob-
tained from (4.14), assuming vK < v1 < 0 < v2 < vL, satisfies the integral equation∫ vL

v

dv

v
√

(vL − v)(v − vK)
= ±2

√
c

3p
(ξ − ξ0).

From this, with the coefficient

φ4 =

√
−cvKvL

3p
,

the solution is given by

v(ξ) =
vKvL sech

2(φ4(ξ − ξ0))

vK − vL tanh
2(φ4(ξ − ξ0))

.

Therefore, the exact bright solitary wave solution of Eq. (2.6) becomes

ψ(ξ) =

(
vKvL sech

2(φ4(ξ − ξ0))

vK − vL tanh
2(φ4(ξ − ξ0))

) 1
2m

. (4.21)
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• For h2 < h < 0 < h1, Eq. (4.15), the level curves H(v, y) = h (see Figures 7d and 10e)
form a closed orbit intersecting the horizontal axis at (vK , 0) and passing through the
origin (0, 0), together with a periodic orbit centered at E2(v2, 0), which intersects the
axis at (vL, 0) and (vM , 0).
Corresponding to the periodic orbit centered at E2(v2, 0), the solution v = v(ξ) of (4.14),
for vK < 0 < vL < v2 < vM , satisfies∫ v

vL

dv√
(vM − v)(vL − v)v(v − vK)

= ±2

√
c

3p
(ξ − ξ0).

Using the coefficients

φ5 =

√
cvM (vL − vK)

3p
, r3 =

√
vK(vL − vM )

vM (vL − vK)

the solution becomes

v(ξ) =
vMvL

vM − (vM − vL) sn2(φ5(ξ − ξ0))
.

Thus, the exact periodic wave solution of Eq. (2.6) is given by

ψ(ξ) =

(
vMvL

vM − (vM − vL) sn2(φ5(ξ − ξ0))

) 1
2m

. (4.22)

(c) For a > 0, b < 0 and c < 0, we have v2 < 0 < v1. In this case, both equilibrium points
E1(v1, 0) and E2(v2, 0) are saddles.

• For h2 < 0 < h1 = h, from (4.15), the level curves H(v, y) = h (see Figures 7e and 10f)
form a homoclinic orbit that intersects the horizontal axis at the saddle point E1(v1, 0)
and approaches the origin. For the homoclinic orbit corresponding to this curve, the
solution v = v(ξ) obtained from (4.14), where the intersection point (vK , 0) of the curve
with the horizontal axis satisfies vK < 0 < v1, is derived from the integral∫ v

0

dv

(v1 − v)
√
v(v − vK)

= 2

√
−c
3p

(ξ − ξ0).

Using the coefficient

φ6 = 2

√
−cv1(v1 − vK)

3p
,

the solution becomes

v(ξ) = v1 +
2v1(v1 − vK)

vK − 2v1 + vK cosh(φ6(ξ − ξ0))
.

Thus, the exact dark solitary wave solution of Eq. (2.6) is given by

ψ(ξ) =

(
v1 +

2v1(v1 − vK)

vK − 2v1 + vK cosh(φ6(ξ − ξ0))

) 1
2m

. (4.23)
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• For h2 < 0 < h < h1, from (4.15), the level curves H(v, y) = h (see Figures 7e and 10g)
form a periodic orbit that intersects the horizontal axis at (vL, 0) and approaches the
origin.
The periodic solution v = v(ξ) corresponding to this orbit, obtained from (4.14), with
the points (vK , 0), (vL, 0), and (vM , 0) satisfying vK < 0 < vL < vM , is derived from the
integral ∫ v

0

dv√
(v − vK)v(vL − v)(vM − v)

= ±2

√
−c
3p

(ξ − ξ0).

Using the coefficients

φ7 =

√
−cvM (vL − vK)

3p
, r4 =

√
vL(vM − vK)

vM (vL − vK)
,

the solution becomes

v(ξ) =
vKvL sn

2(φ7(ξ − ξ0), r4)

vK − vL cn2(φ7(ξ − ξ0), r4)
.

Therefore, the exact periodic wave solution of Eq. (2.6) is given by

ψ(ξ) =

(
vKvL sn

2(φ7(ξ − ξ0), r4)

vK − vL cn2(φ7(ξ − ξ0), r4)

) 1
2m

. (4.24)

(d) For a < 0, b < 0 and c < 0, we have 0 < v2 < v1. In this case, the equilibrium point
E1(v1, 0) is a saddle, and E2(v2, 0) is a center.

• For h2 = h < h1 < 0, from (4.15), the level curves H(v, y) = h (see Figures 7f and 10h)
form a homoclinic orbit that intersects the horizontal axis at (vL, 0) and tends to the
point E1(v1, 0).
The solution v = v(ξ) corresponding to this homoclinic orbit obtained from (4.14), where
the horizontal axis intersection point (vL, 0) satisfies 0 < vL < v1, is given by the integral∫ v

vL

dv

(v1 − v)
√
(v − vL)v

= ±2

√
−c
3p

(ξ − ξ0).

With the coefficient

φ8 = 2

√
−cv1(v1 − vL)

3p
,

the solution takes the form

v(ξ) = v1 +
2v1(v1 − vL)

vL − 2v1 − vL cosh
(
φ8(ξ − ξ0)

) .
Thus, the exact dark solitary wave solution of Eq. (2.6) is given by

ψ(ξ) =

(
v1 +

2v1(v1 − vL)

vL − 2v1 − vL cosh
(
φ8(ξ − ξ0)

)) 1
2m

. (4.25)
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• For h2 < h < h1 < 0, from (4.15), the level curves H(v, y) = h (see Figures 7f and 10i)
form a periodic orbit centered at E2(v2, 0) intersecting the horizontal axis at the points
(vL, 0) and (vM , 0).
The corresponding periodic solution v = v(ξ), derived from (4.14), is given by the integral∫ vL

v

dv√
(v − vK)v(vL − v)(vM − v)

= ±2

√
−c
3p

(ξ − ξ0),

where 0 < vK < v2 < vL < vM . Using the coefficients

φ9 =

√
−cvL(vM − vK)

3p
, r5 =

√
vM (vL − vK)

vL(vM − vK)
,

the solution becomes

v(ξ) =
vM (vL − vK) sn2(φ9(ξ − ξ0), r5)− vL(vM − vK)

(vL − vK) sn2(φ9(ξ − ξ0), r5)− (vM − vK)
.

Thus, the exact periodic wave solution Eq. (2.6) is given by

ψ(ξ) =

(
vM (vL − vK) sn2(φ9(ξ − ξ0), r5)− vL(vM − vK)

(vL − vK) sn2(φ9(ξ − ξ0), r5)− (vM − vK)

) 1
2m

. (4.26)

• For h < h2 < h1 < 0, from (4.15), the level curve H(v, y) = h (see Figures 7f and 10j)
forms an unbounded orbit that intersects the horizontal axis at (vL, 0) and extending to
infinity.
The corresponding solution v = v(ξ), derived from (4.14), is given by the integral∫ v

vL

dv√
v(v − vL)[(v − b1)2 + a21]

= ±2

√
−c
3p

(ξ − ξ0),

where 0 < vL. With coefficients

φ10 = 2

√
−cAB
3p

, r6 =

√
(A+B)2 − v2L

4AB
,

and

A2 = (vL − b1)
2 + a21, B2 = b21 + a21,

the solution is

v(ξ) =
vLB

(
1 + cn(φ10(ξ − ξ0), r6)

)
B −A+ (A+B)cn(φ10(ξ − ξ0), r6)

.

Hence, the exact periodic wave solution of Eq. (2.6) is given by

ψ(ξ) =

(
vLB

(
1 + cn(φ10(ξ − ξ0), r6)

)
B −A+ (A+B)cn(φ10(ξ − ξ0), r6)

) 1
2m

. (4.27)
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• For h2 < h1 = h = 0, the level curves defined byH(v, y) = 0, there exists two heteroclinic
orbit passing through the origin and approaching the saddle point (v1, 0) (see Figure 7g
and 10k). Choosing a heteroclinic orbit as the integral path, Eq. (4.14) becomes

v∫
v1/2

dv

v (v1 − v)
= ±2

√
−c
3p

(ξ − ξ0),

where 0 < v1. From this, we obtain the parametric representation of a kink wave solution
of system (4.5) given by

v (ξ) = ±v1
2

(
1 + tanh(v1

√
−c
3p

(ξ − ξ0))

)
.

Thus, the exact kink wave solution of Eq. (2.6) is given by

v (x, t) =

[
v1
2

(
1 + tanh(v1

√
−c
3p

(ξ − ξ0))

)] 1
2m

. (4.28)

(e) If ∆1 = 0, c > 0, a > 0, and b > 0, then v1 > 0, and the equilibrium point E1(v1, 0)
becomes a cusp. For 0 < h1 = h, the level curves H(v, y) = h, derived from Eq. (4.15)
admit a trajectory that intersects the horizontal axis at (v1, 0) and tends to the origin,
as shown in Figures 8a and 10l.
For the corresponding solution v = v(ξ), using the identity∫ v

0

dv

(v1 − v)
√
(v1 − v)v

= ±2

√
c

3p
(ξ − ξ0),

we obtain

v(ξ) =
v1

3c(ξ − ξ0)
2

v12c(ξ − ξ0)2 + 3p
.

Then, the exact dark solitary wave solution of Eq. (2.6) becomes

ψ(ξ) =

(
v1

3c(ξ − ξ0)
2

v12c(ξ − ξ0)2 + 3p

) 1
2m

. (4.29)

(f) If ∆1 = 0, c < 0, a < 0, and b < 0, then v1 > 0, and the equilibrium point E1(v1, 0)
becomes a cusp. For h = h1 < 0, the level curves defined by H(v, y) = h correspond to
an orbit that intersects the v-axis at (v1, 0) and extends to infinity, forming a cusp orbit,
as illustrated in Figures 8b and 10(m). The solutions associated with these curves, valid
for 0 < v1, are obtained from the integral equation:∫ ∞

v

dv

(v − v1)
√
v (v − v1)

= ±2

√
−c
3p

(ξ − ξ0).

This leads to a singular wave solution, with the coefficient φ11 = v1
√

−c
3p , which is

explicitly given by:

v(ξ) =
v1[1± φ11(ξ − ξ0)]

2

φ11(ξ − ξ0)[φ11(ξ − ξ0)± 2]
.
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Then the exact singular wave solution of Eq. (2.6) becomes

ψ(ξ) =

(
v1[1± φ11(ξ − ξ0)]

2

φ11(ξ − ξ0)[φ11(ξ − ξ0)± 2]

) 1
2m

. (4.30)

2. When n = −m, b = 0, and p > 0, the solutions of Eq. (2.6) are given based on the phase
portraits of the system (4.5). In this case, Eq. (4.4) can be written as

y2 =


−4c

p

(
a

c
v2 +

h

c
v3 − v4

)
, c > 0,

4c

p

(
−a
c
v2 − h

c
v3 + v4

)
, c < 0.

(4.31)

Substituting Eq. (4.31) into y = dv
dξ , the solutions v = v(ξ) can be obtained on the interval

(vj , v) from the equality

∫ v

vj

dv√
η1v2

(
a
c +

h
c v − v2

) = ±2

√
|c|
p
(ξ − ξ0),

where η1 = −sgn(c).
Now we assume that 0, vL, and vM are the roots of the function g2(v) = a

c v
2 + h

c v
3 − v4.

From Eq. (4.4), the values of the level curves H(vi, 0) = hi are obtained from

H(vi, 0) = v−2
i (−a+ cv2i ) = hi. (4.32)

(a) If a < 0 and c > 0, then v2 < 0 < v1. In this case, both equilibrium points E1(v1, 0) and
E2(v2, 0) are saddle points.

• For h2 < 0 < h1 = h, from Eq. (4.32), the level curves H(v, y) = h form heteroclinic
orbits that intersect the horizontal axis at (v1, 0) and tend to the origin, as shown in
Figures 8c and 10k. For the heteroclinic orbit corresponding to the solution v = v(ξ), if
we choose v2 < 0 < v1, then from the integral identity∫ v

v1
2

dv

v(vM − v)
= ±2

√
c

p
(ξ − ξ0),

we obtain the solution

v(ξ) = ±1

2
vL

[
1 + tanh

(
vL

√
c

p
(ξ − ξ0)

)]
,

where vL = v1. The corresponding exact kink wave solution of Eq. (2.6) is given by

ψ(ξ) =

(
1

2
vL

[
1 + tanh

(
vL

√
c

p
(ξ − ξ0)

)]) 1
2n

. (4.33)

• For h2 < 0 < h1 = h, from Eq. (4.32), H(v,y)=0 level curves intersect the horizontal
axis at the point (vL, 0) and define a homoclinic orbit that tends to converges at the
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origin, as illustrated in Figures 8c and 10n. The solution v = v(ξ) corresponding to this
orbit is obtained from∫ vL

v

dv

v
√

(vL − v)(vM − v)
= ±2

√
c

p
(ξ − ξ0).

This gives us the following solution:

v(ξ) =
vLvM sech2 (φ12(ξ − ξ0))

vM − vL tanh
2 (φ12(ξ − ξ0))

,

where 0 < vL < vM < v1 and φ12 =
√

c vLvM
p . The corresponding bright solitary wave

solution of Eq. (2.6) is given by

ψ(ξ) =

(
vLvM sech2 (φ12(ξ − ξ0))

vM − vL tanh
2 (φ12(ξ − ξ0))

) 1
2n

. (4.34)

(b) If a < 0 and c < 0, then v2 < 0 < v1. In this case, both equilibrium points E1(v1, 0) and
E2(v2, 0) are centers.

• For h < h1 < 0 < h2, the level curves H(v, y) = h, obtained from Eq. (4.32), form
periodic orbits centered at E1(v1, 0) that intersect the horizontal axis at (vL, 0) and
(vM , 0), as shown in Figures 8d and 10o.
For the solution v = v(ξ) corresponding to these periodic orbits, if 0 < vL < v1 < vM ,
then from the integral identity∫ v

vL

dv

v
√
(vM − v)(v − vL)

= ±2

√
−c
p
(ξ − ξ0),

we obtain the solution

v(ξ) =
vLvM sec2 (φ13(ξ − ξ0))

vM + vL tan2 (φ13(ξ − ξ0))
,

where φ13 =
√

−c vLvM
p . The corresponding periodic wave solutions of Eq. (2.6) is given

by

ψ(ξ) =

(
vLvM sec2 (φ13(ξ − ξ0))

vM + vL tan2 (φ13(ξ − ξ0))

) 1
2n

. (4.35)

5. Graphical representation

In this section, we present two-dimensional (2D), three-dimensional (3D), and contour plot rep-
resentations of some representative wave structures, including singular periodic, bright solitary,
dark solitary, and kink-type solutions, in order to analyze the influence of the fractional orders
β1 and β2 on the wave dynamics. In each graphical illustration, the parameters are chosen to
satisfy the definitions and constraints imposed by the equation.
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Figure 10. The level curves defined by Eqs. (4.13) and (4.31) for h ̸= 0.

• The application of transformation (2.4) to Eq. (3.8) yields the following explicit solution
to Eq. (2.2):

q(x, t) = (
vLvKsn

2(Ω1(λ(t+
1

Γ(β1)
)
β1 + α(x+ 1

Γ(β2)
)
β2 − ξ0), m1)

vK − vL + vLsn2(Ω1(λ(t+
1

Γ(β1)
)
β1 + α(x+ 1

Γ(β2)
)
β2 − ξ0), m1)

)

1
n

. (5.1)

Eq. (5.1) is a periodic wave solution with singularities for Eq. (2.2), corresponding
to a family of closed orbits that contact the singular line v = 0 at the origin O(0, 0),
as illustrated in Figure 1a. Figures 11a–c present the 3D and contour representations
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of Eq. (5.1) for various values of β1 (β1=1,0.8,0.65), while Figure 11d illustrates the
corresponding 2D profile. Figure 11d shows that as the fractional temporal order β1
decreases while keeping β2 = 1, the solution q(0, t) exhibits a temporal delay and an
increase in the temporal period, whereas Figures 12a–d show that decreasing β2 leads to a
broader spatial distribution and longer spatial periods. These graphical results reveal that
the beta fractional orders play an important role in controlling the temporal and spatial
behavior of the wave profiles.

(a) (b)

(c)

10 20 30 40
t

0.5

1.0

1.5

q(0, t)

(d)

Figure 11. Graphical representations of the periodic wave solution with singularities given in Eq. (5.1) with
parameters α = a = c = k = 1, b = 6, λ = 2, n = 2, m = 3, ξ0 = 0 and β2 = 1. (a)–(c) 3D and contour plots of
the solution for β1 = 1, 0.8, and 0.65, respectively, (d) 2D representations across various values of β1.

• By applying transformation (2.4) to Eq. (3.21), the solution of Eq. (2.2), as given below,
is obtained.

q(x, t) =

 v2vL

vL + (v2 − vL)sech2(ω4(λ(t+
1

Γ(β1)
)
β1 + α(x+ 1

Γ(β2)
)
β2 − ξ0)

 1
n

. (5.2)

The solution (5.2) is a solitary wave solution of Eq. (2.2), corresponding to a homoclinic
orbit, as illustrated in Figure 1c. The 3D and contour representations of this solution are
presented in Figures 13a–d for various values of β1 (β1=1,0.8,0.6). The results presented
in Figure 13d illustrate the influence of the temporal fractional order β1 on the wave
q(x, 3) profile, with the spatial order fixed at β2 = 1. The corresponding wave solutions
exhibit bright solitary wave profiles for all values of β1. As β1 decreases from 1.0 to lower
values (e.g., 0.8 and 0.6), the solitary wave profile shifts toward earlier spatial positions
while preserving its bright solitary wave structure. These results show that the temporal
fractional order β1 affects the propagation behavior of the solitary wave solutions.
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Figure 12. Graphical representations of the periodic wave solution with singularities given in Eq. (5.1) with
parameters α = a = c = k = 1, b = 6, λ = 2, n = 2, m = 3, ξ0 = 0 and β1 = 1. (a)–(c) 3D and contour plots of
the solution for β2 = 1, 0.8, and 0.65, respectively, (d) 2D representations across various values of β2.
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Figure 13. Graphical representations of the solitary wave solution given in (5.2) with parameters α = c = k = 1,
a = −3, b = −2, λ = 2, n = −2, m = 2, ξ0 = 0 and β2 = 1. (a)–(c) 3D and contour plots of the solution for
β1 = 1, 0.8, and 0.6, respectively, (d) 2D representations across various values of β1.

• The application of the transformation (2.4) to Eq. (4.18) yields the following solution of
Eq. (2.3):
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q(x, t) = (
vL(vM−vK)−vK(vM−vL)sn2(φ2(λ(t+

1
Γ(β1)

)
β1+α(x+ 1

Γ(β2)
)
β2−ξ0), r1)

vM−vK−(vM−vL)sn2(φ2(λ(t+
1

Γ(β1)
)
β1+α(x+ 1

Γ(β2)
)
β2−ξ0), r1)

)

1
2m

.

(5.3)

The influence of the fractional derivative order β on the emergence of periodic wave so-
lutions is illustrated in Figure 14. The solution given in Eq. (5.3) represents a periodic

(a) (b)

(c)
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Figure 14. Graphical representations of the periodic wave solution given in (5.3) with parameters α = m = c =
k = 1, a = 2, b = 3, λ = 2, n = 3, ξ0 = 0 and β2 = 1. (a)–(c) 3D and contour plots of the solution for β1 = 0.95,
0.85, and 0.7, respectively, (d) 2D representations across various values of β1.

wave profile corresponding to a family of periodic orbits, as illustrated in Figure 9b. Fig-
ures 14a-c present the 3D and contour representations of this solution for various values of
the fractional orders (β2 = 1, β1 = 0.95, 0.85, 0.7), while Figure 14d depicts the associated
2D wave profiles. As shown in 14d, although the amplitude of the solution remains es-
sentially unaffected by changes in the fractional order, the wave exhibits a temporal delay
in its peak response and a longer oscillation period with decreasing β1. These results
show the influence of the fractional temporal order on the behavior of the periodic wave
solutions.

• Applying the transformation (2.4) to Eq. (4.25) yields the following solution of Eq. (2.3):

q(x, t) = (v1 +
2v1(v1 − vL)

vL − 2v1 − vL cosh(φ8(λ(t+
1

Γ(β1)
)
β1 + α(x+ 1

Γ(β2)
)
β2 − ξ0)

)
1

2m . (5.4)
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Figures 15a–c depict the dark soliton profiles of Eq. (5.4) for α = m = k = 1, a = −2,
b = −3, c = −1 λ = 2, n = 3, and β2 = 1. Figure 15d describes the effect of different
values of β1 on the solution profiles. From this figure, we observe that as β1 decreases, the
dark soliton profile shifts rightward at fixed t while preserving its overall wave structure.

(a) (b)

(c)
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Figure 15. Graphical representations of the dark soliton solution given in (5.4) with parameters α = m = k = 1,
a = −2, b = −3, c = −1, λ = 2, n = 3, ξ0 = 0 and β2 = 1. (a)–(c) 3D and contour plots of the solution for
β1 = 0.95, 0.8, and 0.65, respectively, (d) 2D representations across various values of β1.

• By applying the transformation (2.4) to Eq. (4.28), the following kink waves solution of
Eq. (2.3) is obtained:

q(x, t) =

(
v1
2

[
1 + tanh (v1

√
−c
3p

(λ(t+
1

Γ(β1)
)
β1

+ α(x+
1

Γ(β2)
)
β2

− ξ0)

]) 1
2m

. (5.5)

The kink wave solutions arising from the variation of fractional orders β1 in this solution
are presented in Figure 16. The kink wave solutions arising from the variation of the frac-
tional order β1 in this solution are presented in Figure 16. Figures 16a–c show the 3D and
contour representations of the kink wave profiles for different values of β1, while Figure
16d illustrates the corresponding 2D wave profiles. It can be observed that decreasing
β1 causes the kink wave profile to shift rightward while preserving its overall wave struc-
ture.
The graphical results indicate that the beta fractional orders influence the wave behaviors
of the obtained solutions in different ways. Depending on the type of wave structure,
changes in the fractional orders may affect the oscillation period, wave position, or tempo-
ral behavior while preserving the main characteristics of the corresponding wave profiles.
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Figure 16. Graphical representations of the kink wave solution given in (5.5) with parameters α = m = k = 1,
a = −3, b = −4, c = −1, λ = 2, n = 3, ξ0 = 0 and β2 = 1. (a)–(c) 3D and contour plots of the solution for
β1 = 0.9, 0.75, and 0.6, respectively, (d) 2D representations across various values of β1.

6. Conclusion

This paper presents a rigorous investigation of the traveling wave solutions of the generalized
Klein–Gordon equation with the beta fractional derivative via bifurcation analysis and planar
dynamical systems techniques. Through an appropriate traveling wave transformation, the con-
sidered equation was reduced to a singular dynamical system containing singular point. Since
the direct analysis of singular systems is generally difficult, a suitable time-scale transforma-
tion was introduced to convert the system into a regular dynamical system, which allowed the
bifurcation and phase portrait analysis to be carried out effectively. A diverse set of traveling
wave solutions, including periodic, singular periodic, dark and bright solitary, kink (or anti-
kink), and some unbounded wave solutions, was obtained analytically. In addition, the stability
and geometric behavior of the equilibrium points were explored through detailed phase portrait
analysis, and sufficient parameter conditions for the existence of different types of traveling wave
solutions in different regions of the parameter space were determined through the bifurcation
structure.

The graphical representations further show that the fractional orders β1 and β2 influence
different wave structures in different ways. For the singular periodic wave solutions, decreasing
the fractional orders leads to temporal delay, longer oscillation periods, and broader spatial
distributions. In the bright solitary, dark solitary, and kink-type wave solutions, the main wave
structures are preserved, while the wave profiles exhibit noticeable spatial shifts for different
values of the fractional orders.

The obtained results extend the study of generalized Klein–Gordon equations to the beta
fractional derivative framework and provide further insight into the qualitative and dynamical
properties of nonlinear wave solutions.
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[34] Y. Zhou and J. Li, Bifurcations and exact solutions in the model of nonlinear elastodynamics
of materials with strong ellipticity condition, Nonlinear Dyn., 2024, 112(1), 1–13.

[35] W. Zhu, Y. Xia and Y. Bai, Traveling wave solutions of the complex Ginzburg-Landau
equation with kerr law nonlinearity, Appl. Math. Comput., 2020, 382, 125342.

[36] J. Zhuang and Y. Zhou, Bifurcations of solitary waves, periodic peakons and compactons of
a coupled nonlinear wave equation, J. Appl. Anal. Comput., 2022, 12(5), 1997–2013.

Received January 2026; Accepted July 2026; Available online July 2026.


	Introduction
	Definition and some features about the beta-derivative
	Beta-derivative governing equation

	Bifurcations of phase portraits of Eq. Eq. 13
	The exact traveling wave solutions of Eq. Eq. 13 given by the level curves H(v,y)=0
	The exact traveling wave solutions of Eq. Eq. 13 with h≠0

	Bifurcation analysis and exact traveling wave solutions of Eq. Eq. 14
	The exact traveling wave solutions of Eq. Eq. 14 given by the level curves H(v,y)=0
	The exact traveling wave solutions of Eq. Eq. 14 given by the level curves H(v,y)≠0

	Graphical representation
	Conclusion

