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A NEW MORE ACCURATE HILBERT-TYPE INEQUALITY
INVOLVING ONE PARTIAL SUM
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Abstract By using the weight coefficients, the Euler-Maclaurin summation formula and
Abel summation by parts formula, a new more accurate Hilbert-type inequality with the
power function as the internal variables involving one partial sum is given. The equivalent
conditions of the best value related to a few parameters are obtained, and some particular
inequalities are considered. We also provide the equivalent forms and the operator expres-
sions.
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1. Introduction

If p > 1,% —l—% =1,am,b, > 0,0 <> ah, < oo and 0 < >0 1 b < 00, then we have the
following Hardy-Hilbert’s inequality with the best value 70rs (cf. [5], Theorem 315):

szJrn sin( (Zap>;<gbg>é, (1.1)

m=1n=1

In 2006, by introducing parameters A; € (0,2](i = 1,2), A\; + A2 = A € (0, 4], an extension of
(1.1) was provided by [15] as follows:

ZZ m+n

m=1n= 1
< B(A1,A\2) [Zmpl A=l ] [anl A2) 1b‘1] , (1.2)
m=1

where, the constant factor B(A1, A2) is the best possible, and

0o tu—l
B(u,v) = —dt (u,v >0
(u,v) /0 DG (u,v )

is the beta function. For A = 1, A} = %, Ao = %, inequality (1.2) reduces to (1.1); for p = q =
2,0 =X = %, (1.2) reduces to Yang’s inequality in [31].

TThe corresponding author.
1School of Mathematics, Guangdong University of Education, Guangzhou, Guangdong 510303, China,
Email: ershinath@163.com(A. Wang), bcyang818@163.com(B. Yang)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20240449

270 A. Wang & B. Yang

In 2019, by applying (1.2) and the technique of real analysis, Adiyasuren et al. [1] gave a

new extended inequality of (1.2) with the kernel as @ in) -

involving two partial sums as:

Am =Y a;By = by (mneN={12-}).
i=1

k=1

If f(z),9(y) > 0,0 < [;° fP(z)dz < oo, and 0 < [;° ¢g%(y)dy < oo, then we still have the
following Hardy-Hilbert’s integral inequality (cf. [5], Theorem 316):

/000 /000 dedy < Siﬂ?;) </0°° fp(:r)dx>11) </OOO gq(y)dy>i , (1.3)

where, the constant factor W is the best possible. Inequalities (1.1) and (1.3) with their
extensions are playing an important role in analysis and its applications (cf. [2-4,7,12,16, 19,
27,28,30,32,37]). On the new study of Hilbert-type inequalities and its generalizations on time
scales, please see the published papers [5, 23, 36].

In 1934, a half-discrete Hilbert-type inequality was given as follows (cf. [5], Theorem 351):
If K(t)(t > 0) is decreasing, p > 1,% +% =1,0 < ¢(s) = [;° K@)t dt < o0, an > 0,0 <
> L an < 0o, then

n=1
/OO xP1 (Z K(nx)an) dzr < (bp(}) Za’,’l. (1.4)
0 n=1 q n=1

Some new extensions of (1.4) were provided by [20-22,33, 34].

In 2016, by means of the technique of real analysis, Hong [11] considered some equivalent
statements of the extensions of (1.1) with the best possible constant factor related to a few
parameters. The other similar works about the extension of (1.3) were given by [8-10, 14, 26,
29, 35]. In 2024, Peng and Yang [18] provided an extension of Mulholland’s inequality with
the kernel as m (A > 0) involving one partial sum. Some similar results were published
in [13,24,25]. The objective of this paper is to give a similar result of [18] in the more accurate

kernel as
1 1

[(m _ S)a + (n _ ,,7),8]/\ ()\ € (072]70‘76 € (07 1]7&777 € [07 5])7

which is a generalization of [15].

In this paper, following the way of [1,11,15], by the means of the weight coefficients, the idea
of introduced parameters, the Euler-Maclaurin summation formula and Abel summation by parts
formula, a new more accurate Hilbert-type inequality with the power function as the internal
variables involving one partial sum is given. The equivalent statements of the best possible
constant factor related to a few parameters are provided, and some particular inequalities are
deduced. We also obtain the equivalent forms and the operator expressions. The main results
of this paper is an extended application of [1,15], and the novelty of our work is a more perfect
refinement of a few published results.

2. Some lemmas

In what follows, we suppose that
(A1). Forp>1(g>1),4+1+=1,1€(0,2,a,8€ (0,1, &,n € [0, 1], M1 € (0,551 N (0,1), A2 €
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(0, % — 11N (0, ), )\1 = A= ’\2 + /\1 )\ = >‘_q>‘1 + %. For b, > 0, we define a partial sum as:
By =3 4 _1bg (neN), such that Bn = o(et(”_")ﬁ)(t > 0;n — 00), am > 0, satisfying

0< Z(m — £)p(1_o‘xl)_1afn < ooand 0 < Z(n - n)_QBXQ_lBZ < 0. (2.1)

n=1

Lemma 2.1. (cf. [32], Theorem 2.2.1) (i) If (—1 )15;9( ) > 0,t € [m,00) (m < n € N) with
gW(c00) = 0 (i = 0,1,2,3), Pi(t),B; (i € N) are the Bernoulli functions and the Bernoulli
numbers of i-order, then

[ P00t = o, PEg00 < 2y < 1ig = 1.2.-12), 22)

m

In particular, for ¢ = 1, By = %, we have the following inequalities:

(ot = gtm) < [ Pbg(tde <o, (23)
forq=2,B, = 30, n — oo, it follows that
0< [ Patig(vyit < 1y90m). (24)

(i) (cf. [32], Theorem 2.3.1) If f(t) (> 0) € C3[m,00), f?(c0) =0 (i = 0,1,2,3), then we

have the following Euler -Maclaurin summation formula:

/ f(t) dt+ Hf( ) +/n Pi(t)f (t)dt, (2.5)
]‘ > "
/ Pu0)f/ ()t = —57'm) + [ Pa) " @)t (m < ), (2.6
Lemma 2.2. For s € (0,3],s2 € (1,%] N (0,s).ks(s2) := B(s2,s — s2), define the following
weight coefficient:
© n — n)Bs2—1
@s(s2,m) 1= (m — €72 Y fln=n) (m € N). (2.7)

[(m = &)* + (n—n)7]*

We have the following inequalities:

p—

0< ks(SQ)(l — OI(W

< ws(s2,m)
< ks(s2) (m e N), (2.8)

(-n?
m_g)® s 1
whe’r@, Ol((M7]é)a52) . k‘s(52) fO( €) 1ju) d’u > O
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Proof. For fixed m € N,a := (m — £)%, we define a positive function g(t) as follows: g(t) :=
%(t > n). We divide two cases of sy € (0, ﬁ) (0,s) and s € [ﬂ, 25} (0, s) to obtain
(2.8) as follows.

(i) For s9 € (0, ) (0, s), since (—1)@g(t) > 0 (t > n;7 = 0,1,2), by Hermite-Hadamard’s

inequality (cf. [18]), setting u = ¢=1° 77) , we have

@s(s2,m) = (m — €)*E72) Y " g(n)
n=1

<(m-gee " g(tydt

2
0o szfldu
/ ’7)5 (14 wu)s
/oo us2— 1du
0
ks(s

(1+w)
2).

IN

On the other-hand, in view of the decreasingness property of series, we obtain

ws(s2, m) > (m — 5)0‘(5_82) /1 g(t)dt

o] u52—1
= du
a=—mf (14 u)*

Y
= ks(s2) — S udu
I (1+u)
1
= ks(s2)(1 — Ol(ﬁ))
(m — &)as
>0,
a-npf
where, 01((m_é)a52) = ks(lsz) Y ﬁfu)sdu > 0, satisfying

a-mP
/(m E)a us2— ldu S /(7n—§) 52 1d 1 |: (1 B 77)5 :|S2 (m c N)

Hence, we obtain (2.8).
(ii) For sy € [% %] (0, ), in view of (2.5) (for n — o), we have

> . o g(l) o / . o
> o) = [+ T2 + [ A 0 - / g(t)dt — h(a),

n=1

1 00
h(a) ::/77 g(t)dt — 9(21) —/1 Pi(t)g (t)dt.

We obtain — 21 — % By integration by parts, we find

2
1 Bsg ldt
/ g(t dtﬁ/ .
" [a+(t—mn)Pp
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(1-n)? so—1
:/ Y du
0 (a+u)s

1 (1—77)6 dus?

S 0 (a+u)s

S

. us? |(1,,7)6 n 5/(1—77)5 us2 Ju
 sela+u)s'? s2 Jo (@ +u)stt

(1 — n)Ps2 s A=m?  gys2+l
sola+ (1 —n)P]s  sa(se + 1) / (a+w)st!
(1 —n)P s ut s

sala+ (1 —n)P  sa(sa + 1) (a+u)st! 0

]
s (1-m)? ot
+82(52+1)[a+(1—77)6}5“/o du
(L) s(1 — )Pt
sala+ (L =n)P]* * sa(sp + 1)[a+ (1 —n)P]s+
s(s +1)(1 — n)Ple2t2)
so(s2 4+ 1)(s2 + 2)[a + (1 — n)B)s+1’

B(Bsa = 1)(t — )72 Bs(t —n)PHoee

I O= " [a+ (1 - )P
_B(Bs — Bsa + D)(t— )2 Fsalt — )P
fa+(1— )7 fa+ (L= )P+

and for 2 3 < 859 < 2ﬁ,O<B<1 so < s < 3, it follows that

A ) s : :
T ot (t— )P 0(:=0,1,2,3;j=0,1)

By (2.3) and (2.5) (for n — o0), (2.1) and (2.6), we obtain

Bsa—2
B(BS_BSQ‘i‘l / Pl _}_(m)ﬁ]sdt
B(Bs — Bs1+1)(1 77)582 2 9 — )P 2dt
S e e el AR e e
250(1 — 17)B52—2 260 [ B 52—2
B (1 77) B /1 Pg(t)[[ (t 77) ]”dt

h 12[a+ (1 — 0B+t 6 a+ (t—n)Bs+t
623a(1 - 77)55272 ﬁzsa (t - 77)[33272 7
12[a+ (1 —n)B}s+1 720 [[a +(t— n)ﬁ}sﬂ]t:l

_ Bsla+(t—n)’—(t-n)’J1-n)P*2 Fsa { (Bs2 —2)(Bs2 —3)(1 — )"
[a+ (1 —n)PJs+!

Bls +1)(5 = = 2852) (1 =)™+ 525 + 1)(s + 2)(1 = p) 24204

12[a + (1 — n)P]Hl 720

* [a+ (1 —mn)B)s+2 [a+ (1 —n)B]s+3
_ Ps(lom)Pe Pl gt
12[a+(1— mBs 12[a+ (1 — )]st
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s { (Bs2—2)(Bs2 —3) | B(s+1)(5— B —2Bs1) (1= )
720 [a+ (1—mn)f* [a+ (1 —n)B]s+1 n
2(s+1)(s+2

e D0}

Then we have

(LomPmt s P g 11— g
B P PR s e L R PR s R
where,
1 _ Q2
e R
 B%s(2 = Bs2)(3 — Bsa)
720 )
(1= pt pA-n)? s+ 1)(5— B —2Bs)
M= ) 12 720 , and
e A=mt o BUs+2)
2 sa(sa + 1) (524 2) 720

We find hy = 792(82, where,

g(s2) :=720(1 — n)* = [3608(1 — n)* + 605(1 — 1)* + 655°] 52
+16068%(1 — n)? + 5sf%]s3 — sB1s3 (50 € [;, 235]).
We obtain that for g € (0,1],s € (0, 3],
g'(s2) := —[3608(1 — n)* + 605(1 — n)* + 655°]
+2[608%(1 — 1)* + 553%]s9 — 354153
< —3608(1 —n)* — 608(1 —n)* — 655>

+2[608%(1 — n)% + 5552]235 — 3532
= 12083(1 — n)*(3n — 2) + 655>
< 1208(1 — n)? [377 -2+ 70 i 77)2}
< 1208(1 — n)? [z —2+ 5 i i)2]
= —28(1- 77)2%

< 0.

Hence, we deduce to the following

1 3
hy> (=
1= 720529(2/3)
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{720(1 —n)* = [3608(1 — n)® +603(1 —n)% + 6352]i

= 72089 28
9 927
+[608%(1 —n)* + 5552]@ - 554%3}
1— 2
5 1632) (165% — 201 + 5)
1
> 0 (77 S [Oa Z])

We find for s3 € [5, 55,5 € (0,3],

hy > 471 —n)* B -n)? B(s+1)

15 12 144
S g A1-g9* Q-3 1
= 15 12 36
52
360
>0, and
8 3 1
>33 | —(5) - — .
ha2 B [105(4) 144] 0
(t—m)"

Hence, we have h(a) > 0, and then by setting u = =gy We find

@y(s9,m) = (m — )27 Y " g(n)
n=1

< (m — &)= / " g(t)de
n

_/OO us2 lduy
Jo (w1
= B(s2,5 — s2)
= ks(s2).

On the other-hand, by (2.5) (for n — o0), we have

o) 00 g(l) 0o /
;g(n) =/1 g(t)dt+2+/1 Pi(t)g'(t)dt
= Oog(t)dth]iT(a)7

We have obtained that @ = %, and

B(Bsy —1)(t —n)Ps272  B2sa(t — n)P*22
la+ (1 —mn)F) [a+ (1—n)Ppstl

g'(t) =~



276 A. Wang & B. Yang

For sy € [%, %] N(0,s),0 < s <3, by (2.3), we find

o] _ Bsa—2
_B(BS_BSQ_F]-)/I Pl(t)w>0’ and

0o — )Bs2— _ m\Bs2— _ m\Bs2—
ﬂzsa/l Pl(t)[(t n)’%22dt B%sa(l —n)Ps2—2 B(1 —n)Ps2

ot (E—nPF T 12at AP T Alat (- )P

Hence, we have 5 5
BA—mPt  BL -y
T S~ dar -y

and then we obtain

ws(s1,m) = (m = £)*C7*2) Y " g(n)

(a-n)?
m—67 w2 1dy

k‘S(SQ) 0 (U + 1)3

where, we set
(1-n)P

1 1 m—e 52l
Ol((m—f)"”) B ’fs(82)/o (1+U)sdu>0'

Therefore, inequalities (2.8) follow.
The lemma is proved. O

Lemma 2.3. Forp > 1, % + % =1,5€(0,3], 51 € (0,21 N(0,5),s2 € (0, %] N(0,s),ks(s1) =
B(s1,s — s1), we have the following more accurate extended Hardy-Hilbert’s inequality with the

ternal variables:

© o apmby
=2 L g+ T

n=1m=1
1
ks 1 kg 1 [ & (5752 4 Sy P
1
> §—S8 S p
x {Zm - n)q[l‘“ﬁﬁ”‘lbz} . (2.9)
n=1
Proof. In the same way, we obtain the following inequalities for the next weight coefficient:
1
0 < ks 1—-0y(——
<ks(s1)( 2((n — )

< ws(s1,n)
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< ky(s1) (n € N), (2.10)

1=
1 . 1 (n— )B s1—1
where, OQ((n—n)ﬁsl) = ka(s1) f[) ! (qi_,'_u) du > 0.
By Holder’s inequality (cf. [17]), we obtain

a(l=s1) 1
Y L (m =& 7 [B(n—n)""ram
I'= Z Z [(m — &) + (n —n)f]s { B(1—s2) 1 }

n=1m=1 (77, - 77) P [a(m - g)a—l]g
(n —n)? =) /Pa(m — £)°~']1/9
’ { (m — €)20=0/a[B(n — )P~ 1]1/7 b”}
=& falPah (m—getmeD(n—pil |?
= {;Z [(m = &) + (n = n)]* (n— )P0=2)(m — §><a—1><p—1>}
x> aft-apl (n — n)ﬁ(l—s2)(q—1)(m — &)t .
" {ZmZ [(m = &)+ (n = )] (m = €200 (n —p)F=Da=1) }

1

1 = as s s p
=W{Zws<sz, m)(m — P CTEH DI 1ap}

{Zws (s1,m)(n — ) AT :1+2>Hb%}

Then by (2.8) and (2.10), we have (2.9).
The lemma is proved. O

3 =

Remark 2.1. In particular, for s =X+ 1 € (1,3],\ € (0,2],
1= A1 € (0,11 (0, )
1— AN 720[ ) 3
3 3
=A 1 L,—|N(L,LA+1), A 0,— —1]Nn(0, A
82 2+ 6(7204] (ﬂ +>72€(72a ] (a):

n (2.9), replacing b, by (n —n)?~!B,, in view of (2.1), we have the following inequality:

B 1B,
D B

n=1m= 1
<(kx+1(22+ ));(k‘xﬂa()q));
x {Zm - §>P<1QX1)1a£n}p {Z(n - n)q@le}q . (2.11)
m=1 n=1

Lemma 2.4. Fort > 0, we have the following inequality:

Ze*(n b, <tﬁZe Hn=n)?(p — p)f-1B,,. (2.12)
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Proof. In view of B,e {(n=1" = o(1) (n — o), by Abel summation by parts formula, we find

n—o0

Ze =0’y = lim Bye ) +Z —tn—n)® _ ("H*n)ﬁ]Bn
n=1

n=1

_ Z[eft(nfn)ﬁ o e*t(”JFl*’])ﬁ}Bn_

We set function g(z) := e =@ 1" 2 € (1, 00). Then we find

' (x) = —tB(x — )Pt D" = —tpn(x),

where, for B € (0,1], h(z) := (z — n)?~Le~@1 is decreasing in (1, 0). By the differentiation
mid-value theorem, we have

=18 Z h(n + 6,)B, < 13 i h(n)B
n=1
—¢6§:n— B-letn=n)p (9, € (0,1)),

namely, (2.12) follows.
The lemma is proved. O

3. Main results

Theorem 3.1. With regards to the assumption (A1), we have the following more accurate
Hilbert-type inequality involving one partial sum:

o0 o0 mbn
;le [(m a4 (n—mn)sA
<(§)%A§ ()\2+1)k;+1()\1)
x| D m - gy ] [Z@—n)qﬁ*le R (3.1)
m=1 n=1

In particular, for Ay + Ao = A, we have

0< Z(m S LA i R | P Z(n - n)*qBXTlBﬁL < 0
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and the following inequality:

n=1m=1
5 - . :
<Y NaBOL ) | 3 (m = oMt | S g By (3.2)
m=1 n=1

Proof. In view of the following expression of the gamma function

: 1 /OO A=1 = [(m—€)+(n—n)°Jt
= trlemlm el g,
[(m =&+ (n—m)Pf* T Jo

by (2.12), it follows that

Then by (2.11), for I'(A + 1) = AI'(A\), we have (3.1).
For A\i + Ao = A, we have

A
Exy1(A2 +1) = kxp1(M1) = B(A1, Ae + 1) = TQB(M,)Q),

and then by (3.1), we have (3.2).
The theorem is proved. O

Theorem 3.2. With regards to the assumption (A1), if A1 + Ao = A, then the constant factor

Bty :
(a)q)‘kx+1(/\2 + 1)ky, (A1)

in (3.1) is the best possible; On the other-hand, if the same constant factor in (3.1) is the best

possible, then for
.3 3
)\—)\1—)\2Smln{%—/\h%—l_/\l}a
we have A1 + Xg = .

Proof. If A\ + A2 = A, then (3.1) reduces to (3.2). For any 0 < ¢ < min{pAi, g2}, we set

Ay o= ma(Al_E)_l,gn — pfP2=5)~1 (m,n € N).
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Since by (2.5) and (2.3), we have
B~
k=1
S

:/ 19025~ dt+2[ n?P D1 B0 - ) - D g
1

12
1 _e _ey_
YD) 7027 oy 4+ Oy (P27
nﬂ(AQ_E) <)
,3( )[14—‘01‘71 A2y +’02(n71)”(€0€ (0,1),n € N).

If there exists a positive constant M < (= )%)\QB(A17 A2), such that (3.2) is valid when we
replace ( )q)\gB(/\l, A2) by M, then in particular, for £ = n = 0, we have

oo % oo
< M Z mp(l—a)\l)—l”dgn] [Z n—q/B)\z—lETqL

n=1
For derivable function a(x) — 0 (z — o0), we obtain

C(ta@) =1 _ g+ al@)e()
Z—00 a(x) Z—00 o/(a:)

=4q,

and then (1 + a(z))? =1+ O(a(z)) (x — c0). So we have
[+ lerln 72279 4 05 (n™H)]7 = 1+ O(ler|n 274 + |05(n 7)) (n € N).

Hence, we find

o0

—qBr2—1 g
> oty
n=1

<[ gy o+ e 4 0s(a 7l

- [M]Q[i Pl iomm‘m“é)‘l +0a(n2)))
5 — Zn*ﬁs L1 0,1)

< [ﬁ()\;_z)]q(/loo P e + 01(1))
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1 g1
B0a—2) e

By (3.3) and the decreasingness property of series, we obtain

T M —ae— 1
I< 50— <1+Zm 1) ﬁ+01(1))

< B(Aiw—":) <1 + /100 xasldx>; (518 + 01(1))
:gﬁ(f_q) <5+ )'1’(;%01( 1)),

By (2.10) (for £ =n=0,s = A€ (0,2],51 = A\ = Ay — £ € (0,55] N (0, A), we find

= + 01(1)).

Q=

Q=

Sl

T-:i nfO2ty) 3 77”&()\1_%)_1 n Pt
. n=1 m=1 (m01_|_n/3)>\
> LG >0 - oL yuset
(6 A ne1 nBXI
—Be—1
= L) (o0 - 30t
n=1

> akA(Xl) </1 x ﬁe_ldl‘ — O(l)>

1 € €
= BN = e+ ) (1-260(1)

Then we have the following inequality:

aﬂB(A ;, Ao + %) (1-¢B0(1))

- M 1\# 1
<EI<B()\2_2)(€+Q> (5+€O1( ))a.

For ¢ — 07, in view of the continuity of the beta function, we find

-D\»—‘

(Z)inBu 2 < M.

Hence, M = (g)%)\gB()\l, )\2) is the best possible constant factor of (3.2).
On the other-hand, for \; = AR A, Ay = 22222 4 ) and the assumption, we find

A+ AQ = A0 < Al,AQ <A )\QB(Al,)\Q) € Ry, M < & and Ay < % — 1. If the constant
( )a /\k)’\’H()\g + 1)13)\“()\1) in (3.1) is the best possible, then compare with the constants in
(3.1) and (3.2) (for \; = Niyi = 1,2), we have

Brryh 3 ENTINp
() iNF4 O + DL O0) < (5)73B(u, ) € R
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It follows that

o~

1 No o~ o~ ~
BEy O+ Dk () < TBOL ) = ks (M), (3.4)
By Holder’s inequality, we obtain
~ A=A A
ka1 (A1) = Eaga( 2 + i)

_/ UAP)‘2+A71_1du
- 0 (1+u))\+1
o0 1 A=Ag—1 A=l
:/0 W(U ) (u e )du
1 1
e o] A—Ao—1 P e o] A1—1 q
U u
< —d —d
= [/0 (L+ ) “} [/0 (L+ w) “]
B /oo U)\g—ldv % /oo u)\l—ldu %
- 0 (1+U)>‘+1 0 (1+u))\+1
1 1
=k (A2 + DEL (M) (3.5)

In view of (3.4), (3.5) reduces to an equality. We observe that (3.5) keeps the form of equality
if and only if there exist constants A and B, such that they are not both zero and (cf. [17])
Aur2271 = ByM~1 ae. in Ro. Assuming that A # 0, we have u* M2 = % a.e. in R, and
then A — A1 — Ao = 0, namely, A1 + Ao = .

The theorem is proved. O

4. Equivalent forms and operator expressions

Theorem 4.1. With regards to the assumption (A1), we have the following inequality equivalent

to (3.1):
q};

J:= {zzl(m £) qul 1 [Zl (n —

1 1 s N g
< ()R, 0 + DR O0) [Dn )R (4.)
n=1
In particular, for A\1 + A2 = A, we have the following inequality equivalent to (3.2):
= Mot | b K
_ \qaAL— n
2 m= ") et o P
< (é)%/\zB(h, A2) [Z(n — )T BY (4.2)
« n=1

Proof. Suppose that (3.6) is valid. By Holder’s inequality, we have

0 ar -1
=X [em-0 e ][Z = <n—bn>BP]

1 n=1
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3=

< [i(m - f)P“—aXﬂ—lafn] J. (4.3)

m=1

Then by (4.1), we have (3.1). On the other-hand, assuming that (3.1) is valid, we set

q—1
A, = (m — é‘qa)q 1 [Z (n—n)ﬁ]’\] ,m € N.

n=1

R 1
Then, it follows that J = [ano:l(m - §)p(1_a)‘1)_1afn} !

If J =0, then (4.1) is naturally valid; if J = oo, then it is impossible that makes (4.1) valid,
namely, J < co. Suppose that 0 < J < co. By (3.1), we have

0< Z (m — 5)73(1_0&1)_1@%
m=1
=]

Qe

|

<(=

)

1 00 ~
)‘1)\/{:>\+1()\2 + 1)k)\+1()\1)J‘1—1 [Z(n _ n)—qﬁ)\z—lBg

n=1

Q=

Sy

I

Q

1 1 oo R
J< (7)%)\]{I§+1()\2 + 1)k;+1()\1) [Z(n — n)—fIﬂ)\z—lBg

n=1

namely, (4.1) follows, which is equivalent to (3.1).
The theorem is proved. O

Theorem 4 2. With regards to the assumption (A1), if \i1+Xa = A, then the constant ( ) )\k)\pﬂ

X (A2 + 1)k:/‘\1+1()\1) in (4.1) is the best possible. On the other-hand, if the same constant in (4.1)
is the best possible, then for

A—/\l—/\QSmin{;;—)\l,%—1—)\1},

we have A1 + Ao = .

1
Proof. If A\{ + Ay = A, then by Theorem 3.2, the constant ( )q /\k/{'+1()\2 + 1)k§+1()\1) in (3.1)
is the best value. Then by (4.3), we can show that the constant in (4.1) is the best value.
Otherwise, we would reach a contradiction that the constant in (3.1) is not the best possible
(fOl“ AL+ A= )\)

On the other-hand, if the same constant in (4.1) is the best possible, then by the equivalency
of (4.1) and (3.1), in view of I = J7 (see the proof of Theorem 4.1), it follows that the same
constant in (3.1) is the best possible. By Theorem 3.2, in view of the assumption, we have
AL+ A=A

The theorem is proved. O
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Remark 4.1. For £ = n = 0 in (3.2) and (4.2), we have the following equivalent inequalities
1
with the best possible constant factor (g)EAgB()\l, A2):

mbn 1
> (mering)A < (g)qhB(}\w\z)

1 1
X [Z mp(l"“\l)lafn] ' <Z onlBg) ' : (4.4)
m=1

n=1

{imml—l [i ma+nﬂ ] }q (B)qAQB AL, Az) <Zn 9Br2= 1Bq> : (4.5)

Hence, (3.2) (resp. (4.2)) is a more accurate extension of (4.4) (resp. (4.5)).
1

Setting (m) = (m — EP1=M=1 () = (n — )II-AD7L Y(n) = (n — y) "9,
wherefrom

P 79(m) = (m — &)™~ (m,n € N),

we define the following normed linear spaces:
o0
b = {a={amtp=1:llallpe = Z‘P ’am’p)” < oo},
m=1

lgy = {b={ba}nl1;

= (3 b [ba]?)7 < oo},
n=1

(e}

1
lgw == {B = {B.};21; |[Bllgw := () ¥(n)|Bn|*) < o0},
n=1
o0
lpor-a = {c = {embooiillellgpr-a == (D @'~ m)|em|?)7 < 00}
m=1

For b = {b,}32, € lgp, B € lgv, setting
o

o s — bn
c={Cm}tm=1;Cm nZl [(m — &) + (n — )P’

we can rewrite (4.1) as follows:

B 1
llellgpr-a < (= )Mk‘Hl(Az + Dk () Bllgw < oo,

namely, ¢ € lq’(pl—q.

Definition 4.1. Define a Hilbert-type operator T': I,y — I, ,1-4 as follows: For any b € Iy,
there exists a unique representation ¢ = Tb € I, 14, such that for any m € N, 7b(m) = c;,.
Define the formal inner product of T'h and a € I, , and the norm of T as follows:

(Tb,a) Zazm &) )])\—L

Tb -
|T|| ;== sup 7H Hq’wl ’
b(#£0)€lq 4 || Bllq,v
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By Theorem 4.1-Theorem 4.2, we have
Theorem 4.3. With regards to the assumption (A1), if b(> 0) € lgy, B € lgw,a(> 0) €

lp.o, [1b]]g,0 > 0,]|Bllg,w > 0,]]al|p,e > 0, then we have the following equivalent inequalities:
Boa 1 1
(Tb,a) < ()1 MR 1 (A2 + DL (M) allpel Bllg,w, (4.6)
Boa 1 1
1T0]lgp1-a < (T) 1AL (A2 + 1L (M) Bllg,w- (4.7)

1 1
Moreover, If A1+ X2 = X, then the constant factor (g)%)\k‘f\’ﬂ (A2 +1)ky (M) in (4.6) and (4.7)

is the best possible, namely ||T|| = (g)é)\zB()\l,)\g). On the other-hand, if the same constant
factor in (4.6) (or (4.7)) is the best possible, then for

>\—>\1—/\2§min{23—)\1,236—1—)\1},
(0%

we have A1 + Ag = .

5. Conclusions

In this paper, by the use of the weight coefficients, the idea of introduced parameters, the Euler-
Maclaurin summation formula and Abel summation by parts formula, a new more accurate
Hilbert-type inequality with the power function as the internal variables involving one partial
sum is obtained in Theorem 3.1. The equivalent conditions of the best value related to a few
parameters are provided in Theorem 3.2, and some particular inequalities are given in Remark
4.1. The equivalent forms and the operator expressions are given in Theorem 4.1-4.3. The main
results of this paper is an extended application of [1,15], and the novelty of our work is a more
perfect refinement of a few published results. Compare with the published paper [18], this paper
gives an extended Hilbert-type inequality with a more complex kernel involving one partial sum
availably. The lemmas and theorems provide an extensive account of this type of inequalities.
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