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EXPANSION OF SOLUTION OF TIMOSHENKO BEAM WITH TIME
DELAY IN INTERIOR DAMPING*

Xiaorui Wang!' and Genqi Xu?

Abstract In this paper, we study the solution expansion for Timoshenko beam with time
delay in interior damping. We show that the set of its eigenvectors is complete in the
state space, but the set of its eigenvectors does not form a Schauder basis for the state
space. Besides, we also prove that the solution of this system still can be expressed by these
eigenvectors in the form of infinite series under certain conditions.
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1. Introduction

Timoshenko beam mainly arises in the study of the mathematics control theory and engineering,
since many applied problems in high-Tech can be reduced to such system (see [13,16,25]). Up
to now, the researchers mainly devoted to study the stability and stabilization of Timoshenko
beams. For the stability of Timoshenko beams, Krelifa et al. [15] gave the strong stability
results for a Timoshenko system with thermoelasticity and two fractional damping terms. Liu
and Zhang in [17] considered the stability of Timoshenko beam equation with locally distributed
Kelvin-Voigt damping by using the frequency domain method and multiplier technique. Other
literature can be seen in [4-7] and [9,22,24,30]. Meanwhile, owing to the extensive applications
of delayed systems, more and more researchers were devoted in investigating Timoshenko beams
with delay. For instance, Han and Xu in [10] studied the exponential stability of a Timoshenko
beam with delay times by spectral analysis. In [7,11,12,14], the researchers gave the stability
results for a kind of Timoshenko beams with delay using the Lyapunov functional method. Liu
and Xu in [18,19] designed dynamic feedback control strategy to stabilize a Timoshenko beam
with distributed delay in the boundary control. A few years later, Xu et al. [31] stabilized a
Timoshenko beam with internal input delays by designing dynamic feedback strategy. Recently,
Xie and Chen discussed the rapid stabilization problem for Timoshenko beam system with the
internal delay control [28]. Aounallah in [3] considered the Timoshenko beam system with a
delay term in the internal fractional feedback in a bounded domain, and gave a stability result
for this system. Other results can also be found in [1,8,21,32] and the references therein.

Note that the results mentioned above mainly concerned the stability and stabilization of
delayed Timoshenko beams. To our knowledge, few results have been obtained for such systems’
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solution structure, especially solution expansion, although some similar results have been inves-
tigated for delayed differential equations (DDEs) (see [26,34,35]). This is because the expansion
of solution of delayed systems depends on their detailed spectral analysis and the properties of
eigenvectors corresponding to its eigenvalues. Recently, the spectral analysis of the Timoshenko
beam models without time delay has been widely investigated (see [2,23]). However, the re-
sults of these systems with time delay are still scarce since the existence of time delay makes
the calculation of the spectrum of such systems very complicated. In view of this, we tried to
discuss the spectrum of a Timoshenko beam with time delay in interior damping in [27], and
obtained that the spectrum of this system consists of all isolated eigenvalues of multiplicity one
and distributes symmetrically with respect to the real axis. Meanwhile, we also obtained that
a sequence of real eigenvalues diverges to negative infinity. Moreover, the solution expansion of
delayed system also plays an important role in addressing the controllability problem. According
to earlier works [33], it is known that the system without time delay is exactly controllable in
finite time if and only if the observability inequality holds. For the delayed systems, a key ques-
tion arises: When the systems are exactly controllable in finite time, whether the observability
inequality still hold true. If this assertion holds, it is still needed to investigate the expansion of
solution of systems before studying the exact controllability of these systems.

Considering the significance of solution expansion in the exact controllability of delayed
systems, in this paper, we shall further investigate the expansion of solution of a Timoshenko
beam with time delay in interior damping based on the results of [27]. This system is described
by the partial differential equations:

pwtt($7t) = K[wﬁm(xvt) - QOx(fL',t)] - oqwt(x,t - T)a VS (07 1)a t> 07
Lpu(x,t) = Elpye(x,t) + Klwe(z,t) — o(z,t)] — agpe(z,t — 1), € (0,1),t>0,
w(0,t) = p(0,t) =0, t >0,

Klwg —¢|(1,t) =0, Elpg(1,t)=0,t>0,

) (1.1)
(x), x€]0,1],
(P($7O) = 900(‘T)7 (pt(x,O) = 901(‘%')7 S [071}7

z,s) = hi(z,s), x€]0,1], se€[-70],
(

oi(x,s) = ha(z,s), x=€][0,1], se€[-T1,0],

where w(z,t) is the deflection of the beam from its equilibrium and ¢(z,t) is the total rotatory
angle of the beam respectively. t is the time variable, = is the spacial variable and 7 > 0 is
the time delay; hq(x,s) and ha(z, s) are the history memory; a7 and «y denote the damping
coefficients; The coefficients p, I,, E, I and K are the density, the polar moment of inertia of
a cross section, Young’s modulus of elasticity, the moment of inertia of a cross section and the
shear modulus respectively.

Similar to [27], we set

Y(x,y,t) = /pwe(z,t —y7), ©€(0,1), ye(0,1),
77(9%2/715) = \/E@t(%t - yT)a T € (07 1)a Y€ (07 1)

Substituting (1.2) into (1.1), then the system (1.1) can be rewritten as
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¢

pwy(x,t) = Kwye(x,t) — @z, )] — \O;%w(a:, 1,t), z€(0,1), t>0,

(0%
pgu(w,1) = Blpra(w,0) + Klua(wt) = ol )] = —rpn(w 1.9, 2 € (0,1), >0
P

Tz, y,t) + y(z,y,t) =0, z€(0,1), ye(0,1), t>0,
(x,y,t) + ny(x,y,t) =0, xe€(0,1), ye(0,1), t>0,
w(0,t) = p(0,t) =0, t>0,
Klw; — ¢|(1,t) =0, Elpz(1,t)=0, t>0,
2,0,t) = /pw(z,t), n(x,0,t) = \/Ipi(x,t), =€ (0,1), t>0,
z,0) = wo(x), wi(z,0)=wi(x), z€(0,1),

p(z,0) = po(x), ¢i(z,0)=pi(z), z€(0,1),

¥(z,y, )= Vowe(x, —y1) = \/phi(z,—y7), x€(0,1), y € (0,1),
k77 2,y,0) = \/Ippi(x, —y7) = \/Ioha(z, —y7), 2 €(0,1), y€(0,1).

Let H*[0,1] be the usual sobolev space of order k and HE[0,1] = {f € H*[0,1]|f(0) = 0}.
Take the space

(1.3)

s 53

H = Hy[0,1] x H[0,1] x L3[0,1] x LF [0,1] x L*([0,1] x [0,1]) x L*([0,1] x [0,1])

with the inner product

1
(W1, Wa)a /le (W’@—W@W%AEMWWWMx

1
+/0 par(v)ale >d$+/o Lyoi (@)va(w)de
1 1 - 1 1 -
+T/O /0 ¢1(x,y)¢z(x,y)dydx+r/0 /0 m(x, y)ne(z, y)dydz,
Wi = (wi’goi"z“v%d]i,ni) c H7 7 = 172

and the induced norm ||W ||y = /(W, W)y. Obviously, the space (H, || - ||%) is a Hilbert space.
In H, operator A is defined by

o) z()
p(z) "
€ K ., — ()] — 1
(2) ) =) =S )
A T He@ + T @) - e)] - (1) "
v l‘) Ip Ip IP\/E ’
¢(Jf,y) _%wy(x7y)
n(z,y) 1
—;ny(%y)
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with domain

w,p € HZ[0,1], 2,0 € HL[0,1]
b(z,y),n(z,y) € H'([0,1] x [0,1])
Kw'(1) —¢(1)] =0, EI(1)=0

\ d(@,0) = \/pz(x), n(x,0) = /Tv(x)

Then (1.3) can be written as an evolutionary equation in #H

dw(t)
— = AW (D), >0, ws)

W(0) = Wo,

D('A): (w7907zvvawa77)T€H

where W(t) = (IU(.%', t)7 (p(.ﬁlf, t)? wt(l’, t)a (Pt(xa t)a w($> Y, t)v 77(33, Y, t))T and

Wo = (wo(2), po(x), wi(x), p1(x), /phi(a, —y7), /Tpha(z, —y7))" € H.

In [27], we have discussed the details of spectrum of system (1.5) and the corresponding
eigenvectors on the assumption that % = ‘}—j = a. Moreover, we have also given the asymptotic
expressions of the spectrum of this system. The corresponding results are stated in Section 2.
In this paper, we continue to discuss the expansion of solution of (1.5).

The present paper is organized as follows. In Section 2, some results about the spectrum
of (1.5) are listed. In Section 3, we obtain that the set of eigenvectors of A,, defined by (2.5)
is complete in X. In Section 4, we prove that this set of eigenvectors of A, does not form a
Schauder basis for the state space X, although it is complete in X. However, in Section 5, the
semigroup generated by the operator A, can be expanded as an infinite series by its eigenvectors
and is differentiable. Moreover, in Section 6, it is proved that the semigroup generated by the
operator A and the solution of (1.5) can be also expanded by its eigenvectors under certain
conditions. Finally, we give a conclusion.

2. Preliminaries and some results

Let us introduce the following two useful lemmas from [32].

Lemma 2.1. Let the differential operator L in L?)[O, 1] x L%p [0,1] be defined by

K 1/ / EI " K /
L(w,p)" = (== Wiz) = ¢ (@), ¥ (z) - Tp(w (2) = ()" (2.1)

with domain

D(L) =< (w(x),¢(z)) € H?[0,1] x H?[0,1]| K (w'(1) — (1)) =0 ¢ - (2.2)
EIY (1) =0
Then L is a positive defined operator with compact resolvent in L% [0,1] x Lfvp [0, 1], its eigenvalues

are
0< g <o < oo < fhy < --- (2.3)

and the eigenfunctions ®,(z) = (wn (), on(x))T corresponding to i, are real functions and form
a normalized orthogonal basis for L%[O, 1] x L%p [0, 1].
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Lemma 2.2. Let ®,(z) = (w,(x), on(x)) be the normalized eigenfunction corresponding to the
eigenvalue wy, of L. Then it holds that

1 1
| K@) - pute)de+ [ BII @) Pds = o (2.4)
0 0

In the following discussion, we always assume % = (}‘—j = a. Let the space X = CxCx L?[0, 1].
Define the unbounded linear operators A, : X — X by

0 un O

Ap=1|—VHn 0 —ad (2.5)
1d
0 0 —;d—y
with domain
D(An) ={(a,b,2(y)) € C x C x H'[0,1]|2(0) = b}, (2.6)

where 01 2(y) := 2z(1).
In X, define the inner product by

1
(X1, X2)x = araz + biby + T/ 21(y)z2(y)dy,

0
X; = (ai, b, 2i(y)) € D(A,), i=1,2

and the spaces H,, by

Ggq)n(l')
Ho=X"o| ,(z) |,
G1P,(x)
0 L0
where “o” denotes the Hadamard product of matrices, G1 = VP and Go = | VF» )
0 /1, 0 T

The following results come from [27] are the spectral properties of (1.5).

Theorem 2.1. Let A be defined as before. Then
1) A is a closed and densely defined linear operator in H.

062 Oé2
2) sup{RX, A € o(A)} < L max{(p + 71)7 (I, + Tj)}
3) A generates a Cy semigroup on H and hence (1.5) is well-posed.
Theorem 2.2. Let H and A be defined as before. Then
1) H has an orthogonal decomposition H = > Hy.

n=1
2) The decomposition is invariant under A.

3) o(A) = Unzl o(An).
Theorem 2.3. Let A, be defined as above. Set

AN) = M+, +ade ™

Then the following results are true:
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(1) o(Ayp) = {X € CIA(N) = 0} = { Ny Ao | SAkn > 0,k € N} U Qo, where Qq is a set of
possible real zeros of A(X). Moreover, A, has an asymptotic expression A, = &k + Ven- &k
and 7y, have the following asymptotic expressions

1 , Inwy — In7|a 1
— Z(nlal -1 e o] -
6 = o] — ) + it - ST 4 o),
ln(l—i- %) 1
Ven = — 2_ E— O(E)v
T+ b L
fk‘i‘lln gk

where wy, = 1(2k + Lsign(a))m.

T

(2) If A ¢ o(A\y,), then for any (Ei,g, Z(y)) € X, the resolvent of A, is defined as follows:

- 1
()\ + 046_7)\)6 + \//Tnb — a\//Tn/ TeT/\(Tfl)E(T)dT_
0
a - 1
¢ 1 Ab = /b @ — oz)\/ e D3(r)dr
RMAD) | b | = —— 0 ) 27)
A()\) )\E =\ ,—TAY A —TA,—TAY TAY S d
Z(y) (Ab — /in, @)e —aXe e ’ Te™Z(r)dr
y
+(pn + 2?) / e 0 (r)dr
0

(8) If A € o(Ay,), then X is a simple eigenvalue of A, and the corresponding eigenvector is

(0,5, 20) =B 1,677, (2.8)

The detailed proofs of above theorems can be found in [27].

Remark 2.1. In [27], from the proof of Theorem 2.2, we know that .A has a diagonal decom-
position under the decomposition {H,,} of H, i.e., A= (A1,Aa, -+, Ay, ). The results in [27]
also show that the spectrum of A consists of all isolated eigenvalues of multiplicity one and
distributes symmetrically with respect to the real axis. Moreover, there exist at most finite
eigenvalues on the right-half complex plane for fixed A,,.

3. Completeness of the set of eigenvectors of A,

In this section, we shall consider the completeness of set of eigenvectors of A,. To begin with,
we introduce the following definition and result comes from [29].

Definition 3.1. Suppose that L is an unbounded linear operator on Banach space X, and
o(L) = op(L) = {M;k € N} consists of all insolated eigenvalues of L. For each A\, € o(L),
E(\g; L) denotes the Riesz spectral projection corresponding to Ax. Define the spectral subspace
of L:

Sp(L) := span{E(\j; L)X|\; € o(L)}.

If Sp(L) = X, then the set of generalized eigenvectors of L is complete in X. Otherwise, it is
incomplete.
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Lemma 3.1. Suppose that L is an unbounded linear operator on X. Then the set of generalized
eigenvectors of L is complete in X if the following three conditions are fulfilled:
1) for each x € X, R(\, L)x is a meromorphic function of finite exponential type, i.e.,

Q\)z
I'(A)
with Q(\)x and T'(\) are the entire functions satisfying |Q(N)z|| < MMl and |T(N)| <
M26h2‘>\|;
2) there exists a w such that

R(\ L)z =

M
< .
IRA D < ) RA > w
8) there exists a linea v with A € v and arg X € (5, 37”), for each x € X, it holds that

|IR(\, L)x|| < M, X€~.

In fact, Lemma 3.1 gives a sufficient conditions for the completeness of set of eigenvectors of
operator L. In what follows, we shall use the conditions in Lemma 3.1 to prove the completeness
of set of eigenvectors of A,,. Firstly, we shall give the estimations of the resolvent R(\,A,) of
Ay,

Theorem 3.1. Let A, be defined as before. Then for any Y € X, the resolvent of A, satisfies
1 1+ a?

IR A)Y | € —— s Y], R >
RA —

(3.1)

Proof. For any X = (a,b,2(y)) € D(Ay), a simple calculation yields
2gR<AnX, X>X = <AnX, X>X + <X, AnX>X

_ LN | —
= Vit -+ (=i = ax()b+ 7 [ (=22 (0)dy

T

T
o+ Wi = o2 0) 7 [ 2(0)(— )y

= —a(z(1)b + @b) + 2(0)z(0) — z(1)2(1)

= —a(=(U)p+ 2(18) + b ~ |2(1)

< 2labll=(V)] + [bf - (1)

< (1+a?)IX]72.

Thus when R\ > 14'20‘2, we have

[(AL = Ap) X[ X[ = [[{(AT = An) X, X) || = [[(AX, X) — (An X, X)|
> RAX, X) — R(ALX, X)
14+ a?

> (RA - X2,

Let Y = (A — A,) X, then X = R(\,A,,)Y. When R\ > 1—&-2042’ from the above expression, we
have

1
IR ARY || € —— IVl
RA — B2

The proof is complete. ]
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Theorem 3.2. If n € N is fized, then for any U = (a,b,2(y)) € X, the following estimation
holds

lim  ||[R(\ AU =
AER,A—+00
Furthermore, there exists a constant M > 0 such that

limsup ||R(\, Ap)U|? < / 12(r) |2 dr.
AER,A——00

Proof. We only need to consider the case of A(X) # 0.
For any U = (a, b, Z(y))" € X, according to the resolvent equation (A —A,)(a, b, 2(y))" =U
and (2.7), we have
AN PR, AU |12 X
=AWl + b +7 [ |2 (0)Pay)

\12 1— 6727%)\ )
< 3<|)\ +ae TN 4y + 2”6”27?)?/\) |al

)\2 )\2 6—279?)\ 62
n 2 T ooy
—|—3<u + Al 4+ 27[A] %)\ o]

(un+\A\2+mn+A2!> A — lpin + A" / I
+3< 29\ “ (2RN)? Fnrr

n + X2 = 2P 070 + 202\ o / _

_ T dr. 2

(" o )y PO .

When A € R and X\ > 0, we obtain that there exists a constant M > 0 such that

M

1RO AU <1555

1
T [Mar? SR + (AP + AP )r [ rz<y>12dr]

_ M
- |Mn + 22 + O[)\efTA|2

1
[Mar? + NP+ (A + APe2r)r [ rz<y>r2dr].
0

Thus, we have
lim  [|[RO\ AU =0
AER A= +00

Moreover, if A € R and A < —1, (3.2) implies that there exists a constant M > 0 such that

Mei - 7 AT ! =
RO AU < G5 (1o 4+ 2 + (AP + )7 [ st Par )

Thus, we have

limsup [ RO\ AU |2 < / 1) 2dr-

A——00

O
The following corollary shows that the sequences { R(\, A,,),n > 1} are uniformly bounded.
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Corollary 3.1. Let X € (,_; p(An). For any U = (a,b,2(y)) € X, there exists a constant
M(X) > 0 such that
limsup | RO\, A)U|* < MOV)|[U]*.

n—oo

Proof. If A(X) # 0, then there exists constant M () > 0 such that

1
A EIRO, ADU2 < M) [un\aP gl 2 [ |z<y>|2dr]

or equivalently,

1
N [l 4 sl + s [ ]

_ M(A)
Cpn + A2+ ade A2

IR\, AU |? <

1
[unraﬁ b+ [ |z<y>|2dr]
0
Thus, we have
1 B 1
limsup | RO\ AU |2 < M(/\)T/ 2()|dr < M(\) (yaP B2 +T/ z(r)\dr) < MU
n—oo 0 0

O
We have the following result.

Theorem 3.3. Let A, be defined as before. Then the set of eigenvectors of A, is complete in
X.

Proof. Forany Y = (a,b,2(y)) € X, (2.7) shows that R(\, A,,)Y is a meromorphic function of
finite exponential type. Hence the first condition in Lemma 3.1 holds. On the other hand, (3.1)
implies that the second condition in Lemma 3.1 also holds.

Take v = R_. For A € v, according to Corollary 3.1, we have

limsup || R(\, A,)U||? < oo.

A—00

This means that the third condition in Lemma 3.1 holds. The desired result follows. O

4. Non-basis property of eigenvectors of A,

In this section, we shall verify that the set of eigenvectors of A,, can not form a Schauder basis
for the state space X, although it is complete in X. To this end, we first discuss the spectrum
of the adjoint operator of A,,. A direct calculation yields the adjoint operator of A,, A} is

a — /b
| B | = | vima+E0) (4.)
() 12()

with the domain

D(A%) = {(@,b,2(y)) € C x C x H'[0,1]|2(1) = —ab}. (4.2)
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Theorem 4.1. Let A} be defined as above. then

(1) o(A3) = o(An).
(2) Assume that

(I;Ak,n — (TV:%’ 17 e—TAk,ny)T (4.3)
N

is the eigenvector corresponding to A\, € o(Ay,), then

s, = &7 ) (Y e R TR M) T (4.4)

n
k,n

is the eigenvector of Ay, corresponding to Xk,n, where

En(Akn) = —&2)267/\’“’” + ek — qr,
In addition,
(@x,0 U5, Jx =1 and (®y, Uy Ox =0 for k#m. (4.5)

AY =Y ie,
—V ,U’n/l; = )\av
VHmt + 2(0) = b,

1 (4.6)
—Z(y) = A(y), y [0,
2(1) = —ab.

Solving the third equation in (4.6), we have z(y) = —abe=™ (1Y) Then substituting z(y) into

the second equation and combining with the first equation leads to (A\* + p, + aXe™™ )b = 0.
Note that A(X) = A2 + u, + ade™™, thus (4.6) has nonzero solution if and only if A(\) = 0.
That is o(A}) = o(A,). Further, we have the eigenvector corresponding to A is of the form

Wy = b(— V;‘", 1, —ae~™09)) B2,

On the other hand, suppose that Ay, € o(Ay), Cxn € 0(A},), and the corresponding eigen-
vectors are @), ~and V¢, = respectively. A direct calculation gives

Ak,n@))\k,na \IICk,n>X = <An(1)>\k,nv ‘lle,n>X
= <(I))\k’n7 A’:,\IICk,n>X
=(Px0r ki ¥epn)
= Zk,n@))\kmv \IICk,n>

X

X

which implies that (®y, ., V¢, )x =0 when A\, # Cp -
In addition, let the eigenvectors

(b)\k,n = (\){]:Tna 176_Mk’”y), for A\pp € o(Ay)
N
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and

Ve, =& Y (Cn) (— C:n eTkn eTCkin —eThnY) for (., € o(AL).

Then when A, = @, we have

m / - 1 -
<(I)>\k W e, )X =& (k) [ ( fn YTtk ) + €Sk 4 7'/ e_TAk’ny(_O‘eTCk’ny)dy
0

Ak T Ck,n
Mo, 7-47 Tgi
=&n (Ck ){_6 ke okn —om'}
T (Gon)?
=1,
thus we have
1’ )\k:n = @7
<(I)Aka’ﬂ’ \Ilck,n>x = -
07 Akzn # Ck,TL'
The proof is complete. -

Let A\;, € 0(Ay) be an eigenvalue of A,, and E (A »; Ay,) be the corresponding Riesz spectral
projection. Theorem 4.1 implies that for any F' € X

E(Xgpn; Ap)F = (F, \lekm)X@)‘k,n
and
IEkn; An)llxe = [[W5, - 19, lx-

Theorem 4.2. The set of eigenvectors of Ay, {®y, .,k € N} fails to be a Schauder basis for X.
Furthermore, we have

M®)
< WO e em - for R > 0,
k?
1ENens An)llx = (195, | [1x - [Py, l1x s (4.7)
k,n ’ eTI%/\k,nl
~ W, for R, <0,
N

where M™ > 0 is a constant.

Proof. An elementary calculation reveals that

1 —
H(b)\k,n”Q — \//Tn(\//Tn) + 1 +7_/ eiT/\k*”y€7T)\k’”ydy
0

T )\k,n Ak,n
P L roma
= ——7+1- e ko — ]
[N l? 2Rk, [ ]
and
s, I3 1 .
- X = — S— . -
Akyn . |ﬁ|267—>\k’n + eT)‘k,n —ar — |)\,:7n|26'r)\k,n + eT)\k:,n — T
% |: — 7vﬁ6”67m . (_7‘/” TAkn m) + eTAk neTAkn
>\k,n )\k: n
1 e —
+ T/ (—ae™ kY (—qe™knY)dy
0
— 1 |: Un eT2§R}\km 4 672%)‘19,71 4 a2 [67-2%/\]6’" o 1]
‘gn()\k,n)P |)‘k,n’2 2§R}\k,n ‘
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Hence, it is checked that

1B M)l = 15, 1% - a0 1

2 2R\ n 2
_ 1 fin TP | (TP ae TR«
160 en) |2 L Ak 2R\ k. 2R\ k.
y Lin e e—TZ?R)\km N 1
|)‘k,n|2 2§R)‘k,n 2%)\19,71
_ 1 [ LN ST SV
’r/\ll:«inpe‘l‘/\k,n + eT)\k'" _ OéT’Q |)‘k,n’2
N 05267-2%/\’“’” B a2 } . [ Lin i L 6—7-28%)%,” N 1 ]
2R\ 2R\ | Xk, 2R\ 2R\
If RAx., > 0, a direct calculation gives
6T2§R)\k,n L O52
Ekn: A% < = - [ Dl
” ( n n)HX ||Xﬂn|2€‘r>\k,n + ek 047'|2 ‘)\k,n|2 2§R)\k,n
k,n
Hn 1
x 14—
|:|)‘k,n’2 Q%Ak,n]
e’rQ?R)\km 1 )
= = +
1 ~ TAk,n - |: )\ 4 >\ 2
e+ et = g el Pl
(@®+1) 1 a?+1 a?

+ — + .
2%)\k7n’)\k,n|2ﬂn N% 28%)\/6,71“721 4(%)‘16771)2#%

Therefore, when R\, > 0, there exists a constant M (") > 0 such that

(M(m)2
| E N An) 1% = ||\I/X’m||§g . ||(b)‘k,n||§§ < )T oA

Rk n
If RAg,, <0, then we have
T2|R Ak 1| 1
e s
EMkn; A% = : = —
H ( N n)”X ’%)\k,np ’anpeT)\k’n —i—eT)‘k»" _ on'|2
k,n
X LQ|%)\]€,TL|€7T2|§R)%’”| + ’%R)\k’n|6772|%)‘k,n‘
|>‘k,n‘
— &26_7—2|§R>\k,n‘ + 0672 . /.Ln |§R)\ |€—T2‘§R>\k,n|
2 2 | P2 0"
RS VN I TR RSl S
+ [ R p|e” Tl 4 — — —eTTER AR
’ 2 2
672|§R>‘k»"‘ 1 a2 1
= . | — _|_ o 1 P (- _|_ I6) 1
TP oy Lz tew] (3 ew)
67—2‘%)‘76,71'

N47'2]§R)\k,n\2'
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The expression (4.7) holds.
Moreover, (4.7) implies that supy, [|[E(Agn; An)|| = 0o as Mg, — —oo and consequently the
set of eigenvectors of A, {®y, ., Akn € 0(Ay,)} fails to be a schauder basis in X. O

5. Expansion of semigroup associated with A,

In this section, we shall discuss the expansion of semigroup associated with A,. We have the
following result.

Theorem 5.1. Let A,, be defined as before. Then the following statements are true:
(1) A, generates a Cy semigroup et on X.
(2) For each A\ n € o(Ay,), let P, and \I/an be defined as Theorem 4.1. Then for any

X € X, when t > 27, we have

AntX Z < Aj.nt X \I’ i >X¢>\j,n + e>\j,nt<X, \I])‘j,n>xq)>\j,n>

+Z< Ml (X, Ty )x®ay, Mt (X, )k <I>AM>,

where Ny, > 0 is the cardinality of the set of spectral of A,, with R\, > 0.
(3) When t > 37, for any X € D(A,), ApeP*X can be expressed as the following infinite
series

ntX Z( ine Ajnt X \If i >X(I))\j,n —|—Xj,nexj,nt<X, \I//\j,n>x¢’)\j,n>
(5.2)

+ Z <Ak,ne“’"t<X VU5, 5o, + Aeon (X, ‘I’Ak,n>x‘bAk,n>'
k=1

Proof. By Theorem 3.1, according to Hille-Yosida-Phillips Theorem (see [20]), we can easily
obtain that A, generates a Cy semigroup et on X.

For each Ay, € 0(Ay,), since there exists at most finite eigenvalues with R\, > 0, then for
any X = (an, b, 2n(y))T € X, we can let

Nn

Xy = Z (<X, \pxj,n>x<1>kjﬂn + (X, \I:Ajyn>xq>w>
j=1

N

+) <<Xa Uy, 0x®x, + (X, %,Jx@xk,n)’
k=1

where tA;,, > 0,7 =1,2,...,N,. Then

Nn, ~
eA"tXN — Z <€)\j’nt<X, \IJX]',»,)X(I))\jm + 6>\j,nt<X, \I’Aj,n>x‘1’)\j,n>
7=1

+Z< Mot (X Uy, x®a, Mt (X, Y@y kn)
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and
Np,
AneAntXN = Z <)‘j7ne>\j’nt<X7 \lejm)X(I))\j,n + )‘j,”e <X \IJA] 7L>X¢)\j7n>
j=1
N —
+ Z <)\k’neAk7nt<X’ \lek,n>X¢)‘k7n + )\k,neAk,nt<X, \IlAk,n>X©)\k7n> .
k=1
Set

MY = S s [ (@

llel]

~ 1 Tl
From Theorem 2.3, we have %tA;, ~ —~1In @kt Lsign(a))r’

constant M7 > 0 such that

Thus when R\, < 0, there exists a

00 oo
D 1M T, )x g, 4+ DX W, )x s,
—1 k=1

o0 o0
Rk _ Rke,n _
SE e tHXH-II‘I’Ak,nH-II%k,nIIJrE X W, - (125,

k=1
) - T§R/\kn
<2 X Mn et —
1] Ze 2T]§R)\kn\
k=1
(n) rlal\ T & 1 1 -
<u1IxX1(52) " S | -
PN e ) 2 NS N r)
o} T & LT
§M(N)M1\XH<TOZ) T () . )
1 o ; (k + Isign(a))

t—7

Note that the series Z (W) . converges as t > 27, we have the series

00
Z e)\hnt(Xu ‘I/ka)}gq))\km + e)\k’nt<X’ ‘Il)"“")Xq)Xk»"

converges absolutely.
Therefore, when ¢t > 27,

Ny

. An _ Xin Nin
A}gnooe tXN = Zl <e 3, t<X7 \Iij,n>X(I>)‘j,n + e’ t<X7 \I/Aj,n>xq))\j,n>
‘7:
S

+Z< Ak,nt (X, \P)\k >X(I))\Icn -|-e>\kn (X, \Ij)‘kn>X(I)>\k,n>’

i.e., the expression (5.1) holds.
Moreover, when A € o(A,), A(A) = A2+ p1,, +ade™™ = 0 implies that |\| < |a|e™™*. Then
we have

o0

o0
D Pl X s, x@all+ Y PralleI1(X, x5, I
k=1 k=1
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(n) (e%] e%)\k,n(th)
<9 X || M Mol ST
<2||X || M| ;' Ty
00 %Akn(t_T)
R,
<X MM Y e Nen T
1 ; 27| Rk |
S §R/\k,n(t_27-)
<2al|| X M kZ 27 R
o]\ 7 & 1 =
Tl T ’
<Ja|M" My | X () <>
| on ) 2\t Tt

Thus when ¢t > 37, the series

[o.¢]
Z )\k,neAk’nt<X7 \ka’n>x¢)\k7n + XIf,'r‘Le)\k’nt<‘)(7 \I])\k,n>x(bxk’n
k=1
converges absolutely and it can easily get that the expression (5.2) holds as ¢ > 37. The desired
results follow. O
For any X = (an,bn, 2,(y))T € X, we set

Ok,n — <X7 Uy >X

)‘k,n
e 1 (5.3)
— ggl(Ak,n) [ — ani)\ Hn e Mkn 4 b TR 047'/ zn(y)e”\’“v"ydy]
k,n 0
and
Dy = (X, ¥y, )x
_ / < < 1 < 5.4
=& (V) [ — g XA 4 pehen —ar / zn(y)eﬂ’“"ydy} : >4
)\k,n 0
Then (5.1) and (5.2) can be rewritten as
Nn B
An _ A n Aj n —
X = 221 <e 1 Cin P, + € tDj7n(I)>\j,n>
=1 )
X Z <e)\k,ntc’k7n(b>\k7n + eAk,ntDm(I)Akm), t > 2T, (5.5)
k=1
and
A X = (AjvneAj’”th,n@Aj,n +/\j,n€”‘"tDj7n‘I’Aj,n>
j=1
- o (5.6)
+ Z ()\k,ne)\k’"tck,n(b)\k’n + )\k,ne)‘k’"tka(I)Xk n), t > 31,
k=1 ’
respectively.

Remark 5.1. In Theorem 5.1, the conditions ¢ > 27 and ¢ > 37 are merely the sufficient
conditions for the infinite series expansions of e and A, e’ respectively. When t < 27, et
can not be expressed as the infinite series. Moreover, t > 27 and t > 37 are just the approximate
estimations such that e*? and A,e*? can be expressed as the infinite series respectively. The
exact estimations for ¢ can be obtained theoretically, but it is difficult to get them.
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6. Expansion of solution of system (1.5)

In this section, we shall consider the expansion of solution of system (1.5) according to its
eigenvectors. We begin with studying the expansion of semigroup et on .

For any W = ([w(x), (2)], [2(2), v(@)], [z, y), n(w,1)])T € H, by Theorem 2.2 we know
that

| an G, ()
wW=> | b |*] @)
aw) \Giea@)
and
1 Ga®, () N an Gy, (z)
AW =3 "Al b, ®u(z) | =D A b, [o] @ul)
o awaenw) T \aw) \Gio.w)

The details can also be found in [27]. Next we shall verify that the semigroup e’ can be
expressed as the following convergent series

- anGo®,(x) - an Go®, ()
MW = Z efint b @y () = Z et b, e n(z) |-
n=1 n=1
Zn(y)Gl(I)n(x) Zn(y) qu)n(x)
under certain conditions. i.e.,
o N, ) Go®, ()
ST 3 3] (LT RIS 1Y (P
n=1j=1 '
qu)n(l‘)
o o Go®,(x)
+ Z Z <e>\k,nt0k7nq>)\k,n + ekk,ntthn(I)Xk n) [] @n(:[;) . (61)
n=1k=1 ’
G1<I>n(:):)

In fact, we have the following result.

Theorem 6.1. Let A and H be defined as before. Then for any W € H, (6.1) is true ast > %7‘.
Moreover, for any W € D(A), when t > 12—17', Ae W can be also expressed as the form of an
infinite convergent series

o N, GQ(I)n(fL')
A j,m BY A n
Ae W= Z Z <)‘j,n€/\]‘ th,nq)Aj,n + )\jme)‘]’ tD]}n(I))\j’n) ° q)n(:lj)
G1P,(x)
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+ Z Z <)\k’n€)\k’ntck7n(p)‘k,n + Xk,ne)\k’ntDkvn(ka 7l> ¢ (I)n(x)
n=1k=1 ’
G19,(x)

Proof. According to (5.3) and (5.4), we give the estimations

9| |an|? e €Tk 4|y, |22 RN en 4 o272 fol |20 (y)?|dy fol eTkavnydy]
|Ck,n|2 <— -

|_(:U‘n) TAkn+eT>\kn_aT‘2

)‘k n

9 |a |2 Mn 72§R>\kn_|_|b |2 7-2§R)\kn_’_a27_672§mk7l 1f |Z ]d ]

" nl? e, Jo IFn Y
B [ = e e —arf? ’
and
9 | n‘Q “"‘QeT%RXh" + |bn|267'2§RXk,n +a27_2 fol |Zn ‘dyfl T2RAL “ydy}
’Dk,n|2 <— = =
‘ — B oTAn + eT Ak — a7’|2
(Ak:,n)2
I " ~ ~ T2§ka,n_ 1

| — e + e —ar?
k,n

Therefore, we have

r
Q[A:Z|2+1+a22m£k ]
|- +l—arTe Tkkn|2 |:‘CL ’2+ ‘b |2+T/ ‘Z | dy:| %Akn > 0,
C |2 < (Ak,n)Z
’ k’n o 2T§R>‘kn
9 Ak |2+1+a 2[R, | ) , 1 ,
|_<kk,n)2+1_oﬁe T>\k7n|2 : |:|Cbn‘ + ‘bn| +7'/0 |Zn(y)| dy:|)§R)‘k,n <0

and

1
9 |:|/\ ‘2+1+01 2§RAk,n:|

>y
+l—are” T"km|2

2 ~ (Ak )2

1
[MM”H%V+TA!%&M%4,%Mm>Q

’Dkn

)

- —QT%Xk,n
2|RAL p

9 _Hn 1 2e
|:|Ak,n2+ to

} 1
-@%P+mﬁ+7/%@W@]mMm<o
0

_bn 1 _are” Mk |2
(Ak,n>2 ‘

‘_
Moreover, note that @y, is defined by (4.3), then a simple calculation leads to

\)(;Gﬂ) ()
A e

Gl(I)n(l') _Tkkv”yGl(I)n(x)

Ga®,(x)
HéAk’n o (I)n(flf)

2

H
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1 1
1 1 1
= [ Kl @) - 5 en@lPde+ [ BT @)Pds
0 )\k,n )\k,n 0 /\k,n
1 1
+ [ plun)do+ [ Lylena)Pds
0 0
1 p1
+7‘/ / le™ kY owy, () [Pdady
o Jo
1 p1
+T/ / |e_T)"“v”y\/Ip<pn(x)|2dxdy
o Jo
1— —T2RA
< ol s +1+ e
RV 2Rk
Similarly, we obtain
N
Go®n(2) LGP () _
2 )\k,n 2 Lin 1— 6—72§R)\k7n
@7 [ @ = < — + 1 + —_— =
H Ain n(z) 7-[ H . d,,(z) u |/\k,n|2 2%)%7”
G19,(x) e_TA’“v"yqu)n(:l:)
Denote
o N Go®, ()
S=3 3 (i, + PetDes Yo w00
n=1j=1
qu)n(l‘)
. e Go®,(x)
E (i, A Dy Y| a0
n=1k=1
Gl‘Dn(ac)

Combining with the above estimations and A(\g,) = 0, we show that there exist constants
My, M3 > 0 such that

N
o N . nGQ(I)n(x) 9
n ‘777]/
2 >\'nt .
IS]3 <16 E:lzle 7" Cim @, (z) Y
n=1 j=
e~ TNV Gy @, ()
VA G (2)
>\'nt .
+16 ;;6 ' Djn Py () y
e_TXJF”yGﬁI)n(:U)
)
oo 00 k,n 2
Ag.nt
+16 2;6 £t o o, (z) y
n=1 k=

e MY G D, (1)
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VEn b ()
oo oo Mo 2
+I61 2.2 Do | ()
=1k= _ " H
e_TAk,nyGl(En(x)
oo Np
<16 eMint|C 2[ +1+ }
nZl; Cinl'| PP 2R
oo Np 1
#1633 ey [ g L]
n= 1] 1 | ,n‘ 2%)\3',11
1+ 16 e Mt |C | [ +]
== N [PV R TS W
n=1k=1 o P\ n|2 2’%)‘&”‘
oo Np [ "2 —{—1—|—042ﬁ] 1
<32x9 ezmm Ayon] in [ Mo 114 ]
nZl; — ity L are n 2 [ 2RAjim

x [\anm bal? + 7 /0 |zn<y>|2dy]

o oo
+32%x9 Z Z 62%)"“"t

|: L —2TRAgn
+1+ ]
n=1k=1 | - (,\52)2 +1—are™n |2 [[Agn]?

2|§R)\k,n\
2 2 ! 2
Y [\anr P47 [ o) dy]

< 79 Z Z 2§R/\] n Mn + ’A] n‘ ) [ <§R)\j,n)2 + 2(1 —2’—042)%)\3]‘7”;— a2]
== (RAj )2 (T Ajn — Dpn + AT, +7A2

1
x [\an!2+\bnl2+7 /O \zn<y>|2dy]

Z WRNp nt 402 R ]2 4 (202 + 2)|[ RN n | (10 + | Ak ?) + (

2
2 TPl A — Dptn + )® + 73 2
1
% (i + enl2)? [|an|2 b T / |zn<y>|2dy]
Ny, 2(1+a ) o?
<288 i Z 2R Ao+ P4+ + o)
n=1j=1 (T = 1) pn + )‘?,n + Al

x [\anr2+\bn|2+T /0 \zn<y>|2dy]

2 2 2 2 |A ,n|2+ﬂ7z (Ix ,n‘2+lin)2
28822 sin e Mo T[40+ 207 + D FREEET + TR

n=1k=1 ‘(TAkvn - 1)M” + Ai,n + TAi,nP
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1
x [\an12+ bl +7 [ \zn<y>r2dy]

2(14 2
<288i% s P+ P+ 5500 +
2
[l 4100+ 7 / )P
2 47 402 4(a®+1) 4
288 Z RNt )\k,n +Nn| [‘)\zynJﬂun‘z + m)\knu)\k . + ‘%)\k,nP]
n=1k=1 ’(T)‘k,n - I)IU’TL + Akm, + T)\k,n‘
1
x [\an12+ bl 7 [ Jent) P
0
> Jn ’/\ +Mn|2
< 2880, 2RAjint Jn Nlan|? + [bn]?
;; T/\jn—l)un+)\2-n+7/\3n2
4
288 L2 [N+ Hinl
+T/ zn(y 2dy] —5 M3 kot
0 ’ ”( )‘ nz:l ; T)‘k n o l)lun + /\k,n + T)\i,n‘Q
ol 4100+ 7 A el P
0
oo Np 1
S 288a4M2 62%)\3""(15—27')
2.2 o= T+ 3, 790,
1
<JlaaP a7 [Py
0
oo [ee] 1
+ 2880{6M3 2%)\]@ n t 47’)
22 (3= D M+ 7L, P
x [\anr2+\bn|2+T [ ali)P |
0
Since Ry, ~ = m for fixed A,,, therefore there exist My, My > 0 such that
oo Np 1
|S]* <2880t Mahy Y Y P70 [ranﬁ - [buf? + 7 / zn<y>|2dy}
n=1j=1 0
oo oo
+ 288a M3M5ZZ 2Rk (t=47) [|a %+ |by, ]2—|—T/ |2n ()] dy]
n=1k=1
2(t—27) 2) N, 2(t—27)

<2880 My M, <72|::|> > <(11) '

2\ + Isign(a))
(o]

1
«3 [|an|2 T /O |zn<y>\2dy]
n=1

2(t—47) oo

2(t—41)
6 AN 1 i
+288aMM<27T> Z<(1>

— \(k + zsign(a))
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o0

1
<3 [|an|2 bl T /0 |zn<y>\2dy].
n=1

2(t—47)
Moreover, since the series kz_: <k+5}gn(a)> ’ converges as t > %7‘, then there exists Mg, M7 >
0 such that
‘ ‘ 2(t—27) 00 1
7| 3
112 <zssadntidto( o) TS [l 4 b7 [ sl
n=1 0
‘ | 2(t— 47') 00 1
7|
n 288a6M3M5M7( ) > [mr? o [ \zn<y>|2dy}
— 0
| ’ 2(t—27) ‘ | 2(t— ) oo 1
7| T 7| 9 9 9
<u[(5) T (Gr) T e [mora)
2(t—27) 2(t—41)

) (@)

where M = max{288a* Mo M, Mg, 28805 M3 M5 M7} .
Therefore, for ¢t > %7’, the series S converges abosolutely. Furthermore, for any W € H,
when t > %T, the semigroup e* can be expanded as the following infinite convergent series

}|W|2,

N G, ()
AW =>"3" < it Ci @y, + e D; Oy ) o| ()
n=1j=1 qu)n(x)
o = Go2®,(x)
+2 Z ( Mt O, + o Dy s, ) B, ()
e G1®, (2)

Similarly, for any W € D(A), when ¢ > %7‘, we obtain that Ae“*W can be expressed as the
form of the following infinite convergent series

o N, Ggq)n(.%')
At =3 ") <Aj7newtcj,nqh + XNt D; By ) o| @)
n=1 j=1
’ G1®n ()
o oo Ggq)n(l')
35 (e Ot D)o | 0
n=1k=1 ’
Gl(I)n({L')
The desired result follows. O

For system (1.5), we have the following result.
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Theorem 6.2. Let A and H be defined as before. Then when t > %7’, the solution to the
system (1.5) can be expanded according to its eigenvectors as follows:

W (t) = e,
N B Gg@n(a:)
_ <6)\j’"t<X0, II]X]-J)Xq))\j,n + e/\j,nt<)(07 \I/)\j,n>X(I))\j,n> ° (I)n(ﬂj‘) (62)
n=1 j=1
7 Gl(I)n(x)
o GQ@n(SL‘)
+ Z Z <€Ak’nt<X0, ‘Ijka()X(b)\k’n + e)\hnt(XO? \Ij/\k:,n>X®)\k,n> b @n($) ?
=1k=1
n Gl(bn(x)

where Ny, is the cardinality of the set of spectral of A, with XXy, > 0; @\ and V) are defined
Go®, ()
o0
in Theorem 5.1; Xo satisfies Wo = 3 Xoe | &, (z)
n=1

qu)n(l‘)

7. Conclusion

In this paper, we considered the expansion of the solution of Timoshenko beam with time delay
in interior damping. We prove that the set of eigenvectors is complete, but it does not form a
Schauder basis for the state space. When ¢t > %T, we obtained that the semigroup e*** generated
by A can be expanded in the form of (6.1) according to its eigenvectors. Besides, when t > %T,
the solution of system (1.5) can be also expanded in the form of the infinite series. In fact, this
method in this paper can be applied to other models described by PDEs.

Appendix A Proof of Lemma 3.1

Proof. Suppose that there is no spectrum of L on these lineas. Since R(A, L) is uniformly
bounded on the linea argz = 6;, taking the quotient space X = X/Sp(L) and denoting the
induced resolvent of R(, L) on X by R(), L), then it is easily obtained that R(), L) is an entire
function on X, and have the same properties with R(\,L). For any x € X, [z] € X, we take
any f € X* and define the function

F(z) = (f,R(z,L)[z]), VzeC.

Then F(z) is an entire function and bounded on the linea arg z = 6;(i = 1,2, - - - , 2n+2). Denote
the angular domain G; by

Gi={xeClb_1 <argz<0;}, i=1,2,---,2n+2,

and the flare angle of G; by Z-. Since J- < 7 and the resolvent R(\, L) is of order pu, therefore,

7

F(z) is an analytic function in G;, F(z) < M on 9G; and when z € G, |z| = r — +o0,



310 X. Wang & G. Xu

F(z) = O(e™). Moreover, note that u < n < a;(i = 1,2,--- ,2n + 2), according to Phragmen-
Lindel6f theorem, it holds that F(z) is uniformly bounded in G;(i = 1,2,---,n). So F(z) is
uniformly bounded in the complex plane. Furthermore, it follows that F'(z) is a constant. By
the arbitrariness of f € X*, it holds that R(z,T) is a constant. So R(z,T)[z] = 0. In addition,
from the the arbitrariness of z € X, it shows that Sp(L) = X.

Since R(A, L)z is meromorphic function of finite exponential type for each x € X, so u(L) =
1. From the above discussion, we easily conclude that the result of Lemma 3.1 holds. ]
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