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EXPANSION OF SOLUTION OF TIMOSHENKO BEAM WITH TIME

DELAY IN INTERIOR DAMPING∗
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Abstract In this paper, we study the solution expansion for Timoshenko beam with time
delay in interior damping. We show that the set of its eigenvectors is complete in the
state space, but the set of its eigenvectors does not form a Schauder basis for the state
space. Besides, we also prove that the solution of this system still can be expressed by these
eigenvectors in the form of infinite series under certain conditions.
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1. Introduction

Timoshenko beam mainly arises in the study of the mathematics control theory and engineering,
since many applied problems in high-Tech can be reduced to such system (see [13, 16, 25]). Up
to now, the researchers mainly devoted to study the stability and stabilization of Timoshenko
beams. For the stability of Timoshenko beams, Krelifa et al. [15] gave the strong stability
results for a Timoshenko system with thermoelasticity and two fractional damping terms. Liu
and Zhang in [17] considered the stability of Timoshenko beam equation with locally distributed
Kelvin-Voigt damping by using the frequency domain method and multiplier technique. Other
literature can be seen in [4–7] and [9,22,24,30]. Meanwhile, owing to the extensive applications
of delayed systems, more and more researchers were devoted in investigating Timoshenko beams
with delay. For instance, Han and Xu in [10] studied the exponential stability of a Timoshenko
beam with delay times by spectral analysis. In [7, 11, 12, 14], the researchers gave the stability
results for a kind of Timoshenko beams with delay using the Lyapunov functional method. Liu
and Xu in [18, 19] designed dynamic feedback control strategy to stabilize a Timoshenko beam
with distributed delay in the boundary control. A few years later, Xu et al. [31] stabilized a
Timoshenko beam with internal input delays by designing dynamic feedback strategy. Recently,
Xie and Chen discussed the rapid stabilization problem for Timoshenko beam system with the
internal delay control [28]. Aounallah in [3] considered the Timoshenko beam system with a
delay term in the internal fractional feedback in a bounded domain, and gave a stability result
for this system. Other results can also be found in [1, 8, 21,32] and the references therein.

Note that the results mentioned above mainly concerned the stability and stabilization of
delayed Timoshenko beams. To our knowledge, few results have been obtained for such systems’
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solution structure, especially solution expansion, although some similar results have been inves-
tigated for delayed differential equations (DDEs) (see [26,34,35]). This is because the expansion
of solution of delayed systems depends on their detailed spectral analysis and the properties of
eigenvectors corresponding to its eigenvalues. Recently, the spectral analysis of the Timoshenko
beam models without time delay has been widely investigated (see [2, 23]). However, the re-
sults of these systems with time delay are still scarce since the existence of time delay makes
the calculation of the spectrum of such systems very complicated. In view of this, we tried to
discuss the spectrum of a Timoshenko beam with time delay in interior damping in [27], and
obtained that the spectrum of this system consists of all isolated eigenvalues of multiplicity one
and distributes symmetrically with respect to the real axis. Meanwhile, we also obtained that
a sequence of real eigenvalues diverges to negative infinity. Moreover, the solution expansion of
delayed system also plays an important role in addressing the controllability problem. According
to earlier works [33], it is known that the system without time delay is exactly controllable in
finite time if and only if the observability inequality holds. For the delayed systems, a key ques-
tion arises: When the systems are exactly controllable in finite time, whether the observability
inequality still hold true. If this assertion holds, it is still needed to investigate the expansion of
solution of systems before studying the exact controllability of these systems.

Considering the significance of solution expansion in the exact controllability of delayed
systems, in this paper, we shall further investigate the expansion of solution of a Timoshenko
beam with time delay in interior damping based on the results of [27]. This system is described
by the partial differential equations:

ρwtt(x, t) = K[wxx(x, t)− φx(x, t)]− α1wt(x, t− τ), x ∈ (0, 1), t > 0,

Iρφtt(x, t) = EIφxx(x, t) +K[wx(x, t)− φ(x, t)]− α2φt(x, t− τ), x ∈ (0, 1), t > 0,

w(0, t) = φ(0, t) = 0, t > 0,

K[wx − φ](1, t) = 0, EIφx(1, t) = 0, t > 0,

w(x, 0) = w0(x), wt(x, 0) = w1(x), x ∈ [0, 1],

φ(x, 0) = φ0(x), φt(x, 0) = φ1(x), x ∈ [0, 1],

wt(x, s) = h1(x, s), x ∈ [0, 1], s ∈ [−τ, 0],

φt(x, s) = h2(x, s), x ∈ [0, 1], s ∈ [−τ, 0],

(1.1)

where w(x, t) is the deflection of the beam from its equilibrium and φ(x, t) is the total rotatory
angle of the beam respectively. t is the time variable, x is the spacial variable and τ > 0 is
the time delay; h1(x, s) and h2(x, s) are the history memory; α1 and α2 denote the damping
coefficients; The coefficients ρ, Iρ, E, I and K are the density, the polar moment of inertia of
a cross section, Young’s modulus of elasticity, the moment of inertia of a cross section and the
shear modulus respectively.

Similar to [27], we setψ(x, y, t) =
√
ρwt(x, t− yτ), x ∈ (0, 1), y ∈ (0, 1),

η(x, y, t) =
√
Iρφt(x, t− yτ), x ∈ (0, 1), y ∈ (0, 1).

(1.2)

Substituting (1.2) into (1.1), then the system (1.1) can be rewritten as
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ρwtt(x, t) = K[wxx(x, t)− φx(x, t)]−
α1√
ρ
ψ(x, 1, t), x ∈ (0, 1), t > 0,

Iρφtt(x, t) = EIφxx(x, t) +K[wx(x, t)− φ(x, t)]− α2√
Iρ
η(x, 1, t), x ∈ (0, 1), t > 0,

τψt(x, y, t) + ψy(x, y, t) = 0, x ∈ (0, 1), y ∈ (0, 1), t > 0,

τηt(x, y, t) + ηy(x, y, t) = 0, x ∈ (0, 1), y ∈ (0, 1), t > 0,

w(0, t) = φ(0, t) = 0, t > 0,

K[wx − φ](1, t) = 0, EIφx(1, t) = 0, t > 0,

ψ(x, 0, t) =
√
ρwt(x, t), η(x, 0, t) =

√
Iρφt(x, t), x ∈ (0, 1), t > 0,

w(x, 0) = w0(x), wt(x, 0) = w1(x), x ∈ (0, 1),

φ(x, 0) = φ0(x), φt(x, 0) = φ1(x), x ∈ (0, 1),

ψ(x, y, 0) =
√
ρwt(x,−yτ) =

√
ρh1(x,−yτ), x ∈ (0, 1), y ∈ (0, 1),

η(x, y, 0) =
√
Iρφt(x,−yτ) =

√
Iρh2(x,−yτ), x ∈ (0, 1), y ∈ (0, 1).

(1.3)

Let Hk[0, 1] be the usual sobolev space of order k and Hk
E [0, 1] = {f ∈ Hk[0, 1]|f(0) = 0}.

Take the space

H = H1
E [0, 1]×H1

E [0, 1]× L2
ρ[0, 1]× L2

Iρ [0, 1]× L2([0, 1]× [0, 1])× L2([0, 1]× [0, 1])

with the inner product

(W1,W2)H =

∫ 1

0
K(w′

1(x)− φ1(x))(w′
2(x)− φ2(x))dx+

∫ 1

0
EIφ′

1(x)φ
′
2(x)dx

+

∫ 1

0
ρz1(x)z2(x)dx+

∫ 1

0
Iρv1(x)v2(x)dx

+ τ

∫ 1

0

∫ 1

0
ψ1(x, y)ψ2(x, y)dydx+ τ

∫ 1

0

∫ 1

0
η1(x, y)η2(x, y)dydx,

Wi = (wi, φi, zi, vi, ψi, ηi) ∈ H, i = 1, 2

and the induced norm ∥W∥H =
√

(W,W )H. Obviously, the space (H, ∥ · ∥H) is a Hilbert space.
In H, operator A is defined by

A



w(x)

φ(x)

z(x)

v(x)

ψ(x, y)

η(x, y)


=



z(x)

v(x)
K

ρ
[w′′(x)− φ′(x)]− α1

ρ
√
ρ
ψ(x, 1)

EI

Iρ
φ′′(x) +

K

Iρ
[w′(x)− φ(x)]− α2

Iρ
√
Iρ
η(x, 1)

−1

τ
ψy(x, y)

−1

τ
ηy(x, y)


(1.4)
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with domain

D(A) =


(w,φ, z, v, ψ, η)T ∈ H

∣∣∣∣
w,φ ∈ H2

E [0, 1], z, v ∈ H1
E [0, 1]

ψ(x, y), η(x, y) ∈ H1([0, 1]× [0, 1])

K[w′(1)− φ(1)] = 0, EIφ′(1) = 0

ψ(x, 0) =
√
ρz(x), η(x, 0) =

√
Iρv(x)


.

Then (1.3) can be written as an evolutionary equation in H
dW (t)

dt
= AW (t), t > 0,

W (0) =W0,
(1.5)

where W (t) = (w(x, t), φ(x, t), wt(x, t), φt(x, t), ψ(x, y, t), η(x, y, t))
T and

W0 = (w0(x), φ0(x), w1(x), φ1(x),
√
ρh1(x,−yτ),

√
Iρh2(x,−yτ))T ∈ H.

In [27], we have discussed the details of spectrum of system (1.5) and the corresponding
eigenvectors on the assumption that α1

ρ = α2
Iρ

= α. Moreover, we have also given the asymptotic
expressions of the spectrum of this system. The corresponding results are stated in Section 2.
In this paper, we continue to discuss the expansion of solution of (1.5).

The present paper is organized as follows. In Section 2, some results about the spectrum
of (1.5) are listed. In Section 3, we obtain that the set of eigenvectors of Λn defined by (2.5)
is complete in X. In Section 4, we prove that this set of eigenvectors of Λn does not form a
Schauder basis for the state space X, although it is complete in X. However, in Section 5, the
semigroup generated by the operator Λn can be expanded as an infinite series by its eigenvectors
and is differentiable. Moreover, in Section 6, it is proved that the semigroup generated by the
operator A and the solution of (1.5) can be also expanded by its eigenvectors under certain
conditions. Finally, we give a conclusion.

2. Preliminaries and some results

Let us introduce the following two useful lemmas from [32].

Lemma 2.1. Let the differential operator L in L2
ρ[0, 1]× L2

Iρ
[0, 1] be defined by

L(w,φ)T = (−K
ρ
(w′′(x)− φ′(x)),−EI

Iρ
φ′′(x)− K

Iρ
(w′(x)− φ(x)))T (2.1)

with domain

D(L) =

(w(x), φ(x)) ∈ H2[0, 1]×H2[0, 1]

∣∣∣∣
w(0) = φ(0) = 0

K(w′(1)− φ(1)) = 0

EIφ′(1) = 0

 . (2.2)

Then L is a positive defined operator with compact resolvent in L2
ρ[0, 1]×L2

Iρ
[0, 1], its eigenvalues

are
0 < µ1 < µ2 < · · · < µn < · · · (2.3)

and the eigenfunctions Φn(x) = (wn(x), φn(x))
T corresponding to µn are real functions and form

a normalized orthogonal basis for L2
ρ[0, 1]× L2

Iρ
[0, 1].
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Lemma 2.2. Let Φn(x) = (wn(x), φn(x)) be the normalized eigenfunction corresponding to the
eigenvalue µn of L. Then it holds that∫ 1

0
K|w′

n(x)− φn(x)|2dx+

∫ 1

0
EI|φ′

n(x)|2dx = µn. (2.4)

In the following discussion, we always assume α1
ρ = α2

Iρ
= α. Let the space X = C×C×L2[0, 1].

Define the unbounded linear operators Λn : X → X by

Λn =


0

√
µn 0

−√
µn 0 −αδ1

0 0 −1

τ

d

dy

 (2.5)

with domain
D(Λn) = {(a, b, z(y)) ∈ C× C×H1[0, 1]|z(0) = b}, (2.6)

where δ1z(y) := z(1).
In X, define the inner product by

⟨X1, X2⟩X = a1a2 + b1b2 + τ

∫ 1

0
z1(y)z2(y)dy,

Xi = (ai, bi, zi(y)) ∈ D(Λn), i = 1, 2

and the spaces Hn by

Hn = XT •


G2Φn(x)

Φn(x)

G1Φn(x)

 ,

where “•” denotes the Hadamard product of matrices, G1 =

√
ρ 0

0
√
Iρ

 andG2 =

 1√
µn

0

0 1√
µn

.

The following results come from [27] are the spectral properties of (1.5).

Theorem 2.1. Let A be defined as before. Then
1) A is a closed and densely defined linear operator in H.

2) sup{ℜλ, λ ∈ σ(A)} ≤ 1
2 max{(ρ+ α2

1
ρ ), (Iρ +

α2
2

Iρ
)}.

3) A generates a C0 semigroup on H and hence (1.5) is well-posed.

Theorem 2.2. Let H and A be defined as before. Then

1) H has an orthogonal decomposition H =
∞∑
n=1

Hn.

2) The decomposition is invariant under A.
3) σ(A) =

⋃
n≥1 σ(Λn).

Theorem 2.3. Let Λn be defined as above. Set

∆(λ) = λ2 + µn + αλe−τλ.

Then the following results are true:
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(1) σ(Λn) = {λ ∈ C|∆(λ) = 0} = {λk,n, λk,n
∣∣ ℑλk,n > 0, k ∈ N} ∪Q0, where Q0 is a set of

possible real zeros of ∆(λ). Moreover, λk,n has an asymptotic expression λk,n = ξk + γk,n. ξk
and γk,n have the following asymptotic expressions

ξk =
1

τ
(ln |α| − lnwk) + i(wk −

lnwk − ln τ |α|
τ2wk

) +O(
1

k
),

γk,n ≃ −
ln(1 + µn

ξ2k
)

τ +
ξ2k−µn

ξ2k+µn

1
ξk

+O(
1

k
),

where wk = 1
τ (2k +

1
2sign(α))π.

(2) If λ /∈ σ(Λn), then for any (ã, b̃, z̃(y)) ∈ X, the resolvent of Λn is defined as follows:

R(λ,Λn)


ã

b̃

z̃(y)

 =
1

∆(λ)



(λ+ αe−τλ)ã+
√
µnb̃− α

√
µn

∫ 1

0
τeτλ(r−1)z̃(r)dr

λb̃−√
µn ã− αλ

∫ 1

0
τeτλ(r−1)z̃(r)dr

(λb̃−√
µn ã)e

−τλy − αλe−τλe−τλy

∫ 1

y
τeτλy z̃(r)dr

+(µn + λ2)

∫ y

0
τeτλ(r−y)z̃(r)dr


. (2.7)

(3) If λ ∈ σ(Λn), then λ is a simple eigenvalue of Λn and the corresponding eigenvector is

(a, b, z(y)) = b(

√
µn

λ
, 1, e−τλy). (2.8)

The detailed proofs of above theorems can be found in [27].

Remark 2.1. In [27], from the proof of Theorem 2.2, we know that A has a diagonal decom-
position under the decomposition {Hn} of H, i.e., A = (Λ1,Λ2, · · · ,Λn, · · · ). The results in [27]
also show that the spectrum of A consists of all isolated eigenvalues of multiplicity one and
distributes symmetrically with respect to the real axis. Moreover, there exist at most finite
eigenvalues on the right-half complex plane for fixed Λn.

3. Completeness of the set of eigenvectors of Λn

In this section, we shall consider the completeness of set of eigenvectors of Λn. To begin with,
we introduce the following definition and result comes from [29].

Definition 3.1. Suppose that L is an unbounded linear operator on Banach space X, and
σ(L) = σp(L) = {λk; k ∈ N} consists of all insolated eigenvalues of L. For each λk ∈ σ(L),
E(λk;L) denotes the Riesz spectral projection corresponding to λk. Define the spectral subspace
of L:

Sp(L) := span{E(λj ;L)X|λj ∈ σ(L)}.

If Sp(L) = X, then the set of generalized eigenvectors of L is complete in X. Otherwise, it is
incomplete.
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Lemma 3.1. Suppose that L is an unbounded linear operator on X. Then the set of generalized
eigenvectors of L is complete in X if the following three conditions are fulfilled:

1) for each x ∈ X, R(λ, L)x is a meromorphic function of finite exponential type, i.e.,

R(λ, L)x =
Q(λ)x

Γ(λ)

with Q(λ)x and Γ(λ) are the entire functions satisfying ∥Q(λ)x∥ ≤ M1e
h1|λ| and ∥Γ(λ)∥ ≤

M2e
h2|λ|;
2) there exists a ω such that

∥R(λ, L)∥ ≤ M

ℜλ− ω
, ℜλ > ω.

3) there exists a linea γ with λ ∈ γ and arg λ ∈ (π2 ,
3π
2 ), for each x ∈ X, it holds that

∥R(λ, L)x∥ ≤M, λ ∈ γ.

In fact, Lemma 3.1 gives a sufficient conditions for the completeness of set of eigenvectors of
operator L. In what follows, we shall use the conditions in Lemma 3.1 to prove the completeness
of set of eigenvectors of Λn. Firstly, we shall give the estimations of the resolvent R(λ,Λn) of
Λn.

Theorem 3.1. Let Λn be defined as before. Then for any Y ∈ X, the resolvent of Λn satisfies

∥R(λ,Λn)Y ∥ ≤ 1

ℜλ− 1+α2

2

∥Y ∥, ∀ℜλ > 1 + α2

2
. (3.1)

Proof. For any X = (a, b, z(y)) ∈ D(Λn), a simple calculation yields

2ℜ⟨ΛnX,X⟩X = ⟨ΛnX,X⟩X + ⟨X,ΛnX⟩X

=
√
µnba+ (−√

µna− αz(1))b+ τ

∫ 1

0
(−1

τ
z′(y))z(y)dy

+a
√
µnb+ b(−√

µna− αz(1)) + τ

∫ 1

0
z(y)(−1

τ
z′(y))dy

=−α(z(1)b+ z(1)b) + z(0)z(0)− z(1)z(1)

=−α(z(1)b+ z(1)b) + |b|2 − |z(1)|2

≤ 2|α||b||z(1)|+ |b|2 − |z(1)|2

≤ (1 + α2)∥X∥2.

Thus when ℜλ > 1+α2

2 , we have

∥(λI − Λn)X∥∥X∥ ≥ ∥⟨(λI − Λn)X,X⟩∥ = ∥⟨λX,X⟩ − ⟨ΛnX,X⟩∥
≥ ℜλ⟨X,X⟩ − ℜ⟨ΛnX,X⟩

≥ (ℜλ− 1 + α2

2
)∥X∥2.

Let Y = (λI − Λn)X, then X = R(λ,Λn)Y . When ℜλ > 1+α2

2 , from the above expression, we
have

∥R(λ,Λn)Y ∥ ≤ 1

ℜλ− 1+α2

2

∥Y ∥.

The proof is complete.
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Theorem 3.2. If n ∈ N is fixed, then for any U = (ā, b̄, z̄(y)) ∈ X, the following estimation
holds

lim
λ∈R,λ→+∞

∥R(λ,Λn)U∥2 = 0.

Furthermore, there exists a constant M̂ > 0 such that

lim sup
λ∈R,λ→−∞

∥R(λ,Λn)U∥2 < M̂

α2

∫ 1

0
|z̄(r)|2dr.

Proof. We only need to consider the case of ∆(λ) ̸= 0.

For any U = (ā, b̄, z̄(y))T ∈ X, according to the resolvent equation (λI−Λn)(a, b, z(y))
T = U

and (2.7), we have

|∆(λ)|2∥R(λ,Λn)U∥2

= |∆(λ)|2(|a|2 + |b|2 + τ

∫ 1

0
|z(y)|2dy)

≤ 3

(
|λ+ αe−τλ|2 + µn + 2τµn

1− e−2τℜλ

2τℜλ

)
|ā|2

+3

(
µn + |λ|2 + 2τ |λ|2 1− e−2τℜλ

2τℜλ

)
|b̄|2

+3

(
(µn + |λ|2 + |µn + λ2|2)α2τ

2ℜλ
+
α2|λ|2 − |µn + λ2|2

(2ℜλ)2

)
τ

∫ 1

0
|z̄(r)|2dr

+3

(
|µn + λ2|2 − α2|λ|2

(2ℜλ)2
− α2τ(µn + 2|λ|2)

2ℜλ

)
e−2τℜλτ

∫ 1

0
|z̄(r)|2dr. (3.2)

When λ ∈ R and λ > 0, we obtain that there exists a constant M̃ > 0 such that

∥R(λ,Λn)U∥2 ≤ M̃

|∆(λ)|2

[
|λ|2|ā|2 + |λ|2|b̄|2 + (|λ|3 + |λ|2e−2τλ)τ

∫ 1

0
|z̄(y)|2dr

]
=

M̃

|µn + λ2 + αλe−τλ|2

[
|λ|2|ā|2 + |λ|2|b̄|2 + (|λ|3 + |λ|2e−2τλ)τ

∫ 1

0
|z̄(y)|2dr

]
.

Thus, we have

lim
λ∈R,λ→+∞

∥R(λ,Λn)U∥2 = 0.

Moreover, if λ ∈ R and λ < −1, (3.2) implies that there exists a constant M̂ > 0 such that

∥R(λ,Λn)U∥2 ≤ M̂e−2λτ

|∆(λ)|2

(
|ā|2 + |b̄|2 + (|λ|3e2λτ + |λ|2)τ

∫ 1

0
|z̄(r)|2dr

)
.

Thus, we have

lim sup
λ→−∞

∥R(λ,Λn)U∥2 ≤ M̂

α2

∫ 1

0
|z̄(r)|2dr.

The following corollary shows that the sequences {R(λ,Λn), n ≥ 1} are uniformly bounded.
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Corollary 3.1. Let λ ∈
⋂

n=1 ρ(Λn). For any U = (ā, b̄, z̄(y)) ∈ X, there exists a constant
M(λ) > 0 such that

lim sup
n→∞

∥R(λ,Λn)U∥2 ≤M(λ)∥U∥2.

Proof. If ∆(λ) ̸= 0, then there exists constant M(λ) > 0 such that

|∆(λ)|2∥R(λ,Λn)U∥2 ≤M(λ)

[
µn|ā|2 + µn|b̄|2 + µ2nτ

∫ 1

0
|z̄(y)|2dr

]
or equivalently,

∥R(λ,Λn)U∥2 ≤ M(λ)

|∆(λ)|2

[
µn|ā|2 + µn|b̄|2 + µ2nτ

∫ 1

0
|z̄(y)|2dr

]
=

M(λ)

|µn + λ2 + αλe−τλ|2

[
µn|ā|2 + µn|b̄|2 + µ2nτ

∫ 1

0
|z̄(y)|2dr

]
.

Thus, we have

lim sup
n→∞

∥R(λ,Λn)U∥2 ≤M(λ)τ

∫ 1

0
|z̄(r)|dr ≤M(λ)

(
|ā|2 + |b̄|2 + τ

∫ 1

0
|z̄(r)|dr

)
≤M(λ)∥U∥2.

We have the following result.

Theorem 3.3. Let Λn be defined as before. Then the set of eigenvectors of Λn is complete in
X.

Proof. For any Y = (a, b, z(y)) ∈ X, (2.7) shows that R(λ,Λn)Y is a meromorphic function of
finite exponential type. Hence the first condition in Lemma 3.1 holds. On the other hand, (3.1)
implies that the second condition in Lemma 3.1 also holds.

Take γ = R−. For λ ∈ γ, according to Corollary 3.1, we have

lim sup
λ→∞

∥R(λ,Λn)U∥2 <∞.

This means that the third condition in Lemma 3.1 holds. The desired result follows.

4. Non-basis property of eigenvectors of Λn

In this section, we shall verify that the set of eigenvectors of Λn can not form a Schauder basis
for the state space X, although it is complete in X. To this end, we first discuss the spectrum
of the adjoint operator of Λn. A direct calculation yields the adjoint operator of Λn, Λ

∗
n is

Λ∗
n


â

b̂

ẑ(y)

 =


−√

µnb̂
√
µnâ+ ẑ(0)
1

τ
ẑ′(y)

 (4.1)

with the domain

D(Λ∗
n) = {(â, b̂, ẑ(y)) ∈ C× C×H1[0, 1]|ẑ(1) = −αb̂}. (4.2)
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Theorem 4.1. Let Λ∗
n be defined as above. then

(1) σ(Λ∗
n) = σ(Λn).

(2) Assume that

Φλk,n
= (

√
µn

λk,n
, 1, e−τλk,ny)T (4.3)

is the eigenvector corresponding to λk,n ∈ σ(Λn), then

Ψλk,n
= ξ−1

n (λk,n)(−
√
µn

λk,n
eτλk,n , eτλk,n ,−αeτλk,ny)T (4.4)

is the eigenvector of Λ∗
n corresponding to λk,n, where

ξn(λk,n) = − µn
(λk,n)2

eτλk,n + eτλk,n − ατ.

In addition,

⟨Φλk,n
,Ψλk,n

⟩X = 1 and ⟨Φλk,n
,Ψλm,n

⟩X = 0 for k ̸= m. (4.5)

Proof. For any λ ∈ σ(Λ∗
n) and Y = (â, b̂, ẑ(y)) ∈ D(Λ∗

n), consider the eigenvalue problem
Λ∗
nY = λY , i.e., 

−√
µnb̂ = λâ,

√
µnâ+ ẑ(0) = λb̂,

1

τ
ẑ′(y) = λẑ(y), y ∈ [0, 1],

ẑ(1) = −αb̂.

(4.6)

Solving the third equation in (4.6), we have ẑ(y) = −αb̂e−τλ(1−y). Then substituting ẑ(y) into
the second equation and combining with the first equation leads to (λ2 + µn + αλe−τλ)̂b = 0.
Note that ∆(λ) = λ2 + µn + αλe−τλ, thus (4.6) has nonzero solution if and only if ∆(λ) = 0.
That is σ(Λ∗

n) = σ(Λn). Further, we have the eigenvector corresponding to λ is of the form

Ψλ = b̂(−
√
µn

λ
, 1,−αe−τλ(1−y)), b̂ ̸= 0.

On the other hand, suppose that λk,n ∈ σ(Λn), ζk,n ∈ σ(Λ∗
n), and the corresponding eigen-

vectors are Φλk,n
and Ψζk,n respectively. A direct calculation gives

λk,n⟨Φλk,n
,Ψζk,n⟩X = ⟨ΛnΦλk,n

,Ψζk,n⟩X
= ⟨Φλk,n

,Λ∗
nΨζk,n⟩X

= ⟨Φλk,n
, ζk,nΨζk,n⟩X

= ζk,n⟨Φλk,n
,Ψζk,n⟩X,

which implies that ⟨Φλk,n
,Ψζk,n⟩X = 0 when λk,n ̸= ζk,n.

In addition, let the eigenvectors

Φλk,n
= (

√
µn

λk,n
, 1, e−τλk,ny), for λk,n ∈ σ(Λn)
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and

Ψζk,n = ξ−1
n (ζk,n)(−

√
µn

ζk,n
eτζk,n , eτζk,n ,−αeτζk,ny) for ζk,n ∈ σ(Λ∗

n).

Then when λk,n = ζk,n, we have

⟨Φλk,n
,Ψζk,n⟩X =ξ−1

n (ζk,n)

[√
µn

λk,n
(−

√
µn

ζk,n
eτζk,n) + eτζk,n + τ

∫ 1

0
e−τλk,ny(−αeτζk,ny)dy

]
=ξ−1

n (ζk,n)

[
− µn

(ζk,n)2
eτζk,n + eτζk,n − ατ

]
=1,

thus we have

⟨Φλk,n
,Ψζk,n⟩X =

1, λk,n = ζk,n,

0, λk,n ̸= ζk,n.

The proof is complete.
Let λk,n ∈ σ(Λn) be an eigenvalue of Λn and E(λk,n; Λn) be the corresponding Riesz spectral

projection. Theorem 4.1 implies that for any F ∈ X,

E(λk,n; Λn)F = ⟨F,Ψλk,n
⟩XΦλk,n

and
∥E(λk,n; Λn)∥X = ∥Ψλk,n

∥X · ∥Φλk,n
∥X.

Theorem 4.2. The set of eigenvectors of Λn {Φλk,n
, k ∈ N} fails to be a Schauder basis for X.

Furthermore, we have

∥E(λk,n; Λn)∥X = ∥Ψλk,n
∥X · ∥Φλk,n

∥X


≤ M (n)√

ℜλk,n
eτℜλk,n , for ℜλk,n > 0,

≈ eτ |ℜλk,n|

2τ |ℜλk,n|
, for ℜλk,n < 0,

(4.7)

where M (n) > 0 is a constant.

Proof. An elementary calculation reveals that

∥Φλk,n
∥2X =

√
µn

λk,n
(

√
µn

λk,n
) + 1 + τ

∫ 1

0
e−τλk,nye−τλk,nydy

=
µn

|λk,n|2
+ 1− 1

2ℜλk,n
[e−τ2ℜλk,n − 1]

and

∥Ψλk,n
∥2X =

1

− µn

|λk,n|2
eτλk,n + eτλk,n − ατ

· 1

− µn

|λk,n|2
eτλk,n + eτλk,n − ατ

×
[
−

√
µn

λk,n
eτλk,n · (−

√
µn

λk,n
eτλk,n) + eτλk,neτλk,n

+ τ

∫ 1

0
(−αeτλk,ny)(−αeτλk,ny)dy

]
=

1

|ξn(λk,n)|2

[
µn

|λk,n|2
eτ2ℜλk,n + eτ2ℜλk,n +

α2

2ℜλk,n
[eτ2ℜλk,n − 1]

]
.
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Hence, it is checked that

∥E(λk,n; Λn)∥2X = ∥Ψλk,n
∥2X · ∥Φλk,n

∥2X

=
1

|ξn(λk,n)|2

[
µn

|λk,n|2
eτ2ℜλk,n + eτ2ℜλk,n +

α2eτ2ℜλk,n

2ℜλk,n
− α2

2ℜλk,n

]
×
[

µn
|λk,n|2

+ 1− e−τ2ℜλk,n

2ℜλk,n
+

1

2ℜλk,n

]
=

1

| µn

|λk,n|2
eτλk,n + eτλk,n − ατ |2

[
µn

|λk,n|2
eτ2ℜλk,n + eτ2ℜλk,n

+
α2eτ2ℜλk,n

2ℜλk,n
− α2

2ℜλk,n

]
·
[

µn
|λk,n|2

+ 1− e−τ2ℜλk,n

2ℜλk,n
+

1

2ℜλk,n

]
.

If ℜλk,n > 0, a direct calculation gives

∥E(λk,n; Λn)∥2X ≤ eτ2ℜλk,n

| µn

|λk,n|2
eτλk,n + eτλk,n − ατ |2

[
µn

|λk,n|2
+ 1 +

α2

2ℜλk,n

]

×
[

µn
|λk,n|2

+ 1 +
1

2ℜλk,n

]
=

eτ2ℜλk,n

| 1
|λk,n|2

eτλk,n + e
τλk,n

µn
− ατ

µn
|2

[
1

|λk,n|4
+

2

|λk,n|2µn

+
(α2 + 1)

2ℜλk,n|λk,n|2µn
+

1

µ2n
+

α2 + 1

2ℜλk,nµ2n
+

α2

4(ℜλk,n)2µ2n

]
.

Therefore, when ℜλk,n > 0, there exists a constant M (n) > 0 such that

∥E(λk,n; Λn)∥2X = ∥Ψλk,n
∥2X · ∥Φλk,n

∥2X ≤ (M (n))2

ℜλk,n
eτ2ℜλk,n .

If ℜλk,n < 0, then we have

∥E(λk,n; Λn)∥2X =
eτ2|ℜλk,n|

|ℜλk,n|2
· 1

| µn

|λk,n|2
eτλk,n + eτλk,n − ατ |2

×
[

µn
|λk,n|2

|ℜλk,n|e−τ2|ℜλk,n| + |ℜλk,n|e−τ2|ℜλk,n|

− α2

2
e−τ2|ℜλk,n| +

α2

2

]
·
[

µn
|λk,n|2

|ℜλk,n|e−τ2|ℜλk,n|

+ |ℜλk,n|e−τ2|ℜλk,n| +
1

2
− 1

2
e−τ2|ℜλk,n|

]
=
eτ2|ℜλk,n|

|ℜλk,n|2
· 1

| − ατ + o(1)|2
·
[
α2

2
+ o(1)

]
·
[
1

2
+ o(1)

]
≈ eτ2|ℜλk,n|

4τ2|ℜλk,n|2
.
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The expression (4.7) holds.
Moreover, (4.7) implies that supk ∥E(λk,n; Λn)∥ = ∞ as λk,n → −∞ and consequently the

set of eigenvectors of Λn {Φλk,n
, λk,n ∈ σ(Λn)} fails to be a schauder basis in X.

5. Expansion of semigroup associated with Λn

In this section, we shall discuss the expansion of semigroup associated with Λn. We have the
following result.

Theorem 5.1. Let Λn be defined as before. Then the following statements are true:
(1) Λn generates a C0 semigroup eΛnt on X.
(2) For each λk,n ∈ σ(Λn), let Φλk,n

and Ψλk,n
be defined as Theorem 4.1. Then for any

X ∈ X, when t > 2τ , we have

eΛntX =

Nn∑
j=1

(
eλj,nt⟨X,Ψλj,n

⟩XΦλj,n
+ eλj,nt⟨X,Ψλj,n

⟩XΦλj,n

)

+

∞∑
k=1

(
eλk,nt⟨X,Ψλk,n

⟩XΦλk,n
+ eλk,nt⟨X,Ψλk,n

⟩XΦλk,n

)
,

(5.1)

where Nn > 0 is the cardinality of the set of spectral of Λn with ℜλk,n > 0.
(3) When t > 3τ , for any X ∈ D(Λn), Λne

ΛntX can be expressed as the following infinite
series

Λne
ΛntX =

Nn∑
j=1

(
λj,ne

λj,nt⟨X,Ψλj,n
⟩XΦλj,n

+ λj,ne
λj,nt⟨X,Ψλj,n

⟩XΦλj,n

)

+
∞∑
k=1

(
λk,ne

λk,nt⟨X,Ψλk,n
⟩XΦλk,n

+ λk,ne
λk,nt⟨X,Ψλk,n

⟩XΦλk,n

)
.

(5.2)

Proof. By Theorem 3.1, according to Hille-Yosida-Phillips Theorem (see [20]), we can easily
obtain that Λn generates a C0 semigroup eΛnt on X.

For each λk,n ∈ σ(Λn), since there exists at most finite eigenvalues with ℜλk,n > 0, then for
any X = (an, bn, zn(y))

T ∈ X, we can let

XN =

Nn∑
j=1

(
⟨X,Ψλj,n

⟩XΦλj,n
+ ⟨X,Ψλj,n

⟩XΦλj,n

)

+

N∑
k=1

(
⟨X,Ψλk,n

⟩XΦλk,n
+ ⟨X,Ψλk,n

⟩XΦλk,n

)
,

where ℜλj,n > 0, j = 1, 2, . . . , Nn. Then

eΛntXN =

Nn∑
j=1

(
eλj,nt⟨X,Ψλj,n

⟩XΦλj,n
+ eλj,nt⟨X,Ψλj,n

⟩XΦλj,n

)

+
N∑
k=1

(
eλk,nt⟨X,Ψλk,n

⟩XΦλk,n
+ eλk,nt⟨X,Ψλk,n

⟩XΦλk,n

)
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and

Λne
ΛntXN =

Nn∑
j=1

(
λj,ne

λj,nt⟨X,Ψλj,n
⟩XΦλj,n

+ λj,ne
λj,nt⟨X,Ψλj,n

⟩XΦλj,n

)

+
N∑
k=1

(
λk,ne

λk,nt⟨X,Ψλk,n
⟩XΦλk,n

+ λk,ne
λk,nt⟨X,Ψλk,n

⟩XΦλk,n

)
.

Set

M
(n)
1 =

2τ |ℜλk,n|
e−τℜλk,n

sup
k≥1

∥Ψλk,n
∥ · ∥Φλk,n

∥.

From Theorem 2.3, we have ℜλk,n ≈ 1
τ ln

τ |α|
(2k+ 1

2
sign(α))π

. Thus when ℜλk,n < 0, there exists a

constant M1 > 0 such that

∞∑
k=1

|eλk,nt|∥⟨X,Ψλk,n
⟩XΦλk,n

∥+
∞∑
k=1

|eλk,nt|∥⟨X,Ψλk,n
⟩XΦλk,n

∥

≤
∞∑
k=1

eℜλk,nt∥X∥ · ∥Ψλk,n
∥ · ∥Φλk,n

∥+
∞∑
k=1

eℜλk,nt∥X∥ · ∥Ψλk,n
∥ · ∥Φλk,n

∥

≤ 2∥X∥M (n)
1

∞∑
k=1

eℜλk,nt
e−τℜλk,n

2τ |ℜλk,n|

≤M
(n)
1 ∥X∥

(
τ |α|
2π

) t−τ
τ

∞∑
k=1

[
1

ln
(2k+ 1

2
sign(α))π

τ |α|

·
(

1

(k + 1
4sign(α))

) t−τ
τ
]

≤M
(n)
1 M1∥X∥

(
τ |α|
2π

) t−τ
τ

∞∑
k=1

(
1

(k + 1
4sign(α))

) t−τ
τ

.

Note that the series
∞∑
k=1

(
1

(k+ 1
4
sign(α))

) t−τ
τ

converges as t > 2τ , we have the series

∞∑
k=1

eλk,nt⟨X,Ψλk,n
⟩XΦλk,n

+ eλk,nt⟨X,Ψλk,n
⟩XΦλk,n

converges absolutely.
Therefore, when t > 2τ ,

lim
N→∞

eΛntXN =

Nn∑
j=1

(
eλj,nt⟨X,Ψλj,n

⟩XΦλj,n
+ eλj,nt⟨X,Ψλj,n

⟩XΦλj,n

)

+

∞∑
k=1

(
eλk,nt⟨X,Ψλk,n

⟩XΦλk,n
+ eλk,nt⟨X,Ψλk,n

⟩XΦλk,n

)
,

i.e., the expression (5.1) holds.
Moreover, when λ ∈ σ(Λn), ∆(λ) = λ2+µn+αλe

−τλ = 0 implies that |λ| ≤ |α|e−τℜλ. Then
we have

∞∑
k=1

|λk,n||eλk,nt|∥⟨X,Ψλk,n
⟩XΦλk,n

∥+
∞∑
k=1

|λk,n||eλk,nt|∥⟨X,Ψλk,n
⟩XΦλk,n

∥
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≤2∥X∥M (n)
1

∞∑
k=1

|λk,n|
eℜλk,n(t−τ)

2τ |ℜλk,n|

≤2∥X∥M (n)
1

∞∑
k=1

|α|e−τℜλk,n
eℜλk,n(t−τ)

2τ |ℜλk,n|

≤2|α|∥X∥M (n)
1

∞∑
k=1

eℜλk,n(t−2τ)

2τ |ℜλk,n|

≤|α|M (n)
1 M1∥X∥

(
τ |α|
2π

) t−2τ
τ

∞∑
k=1

(
1

(k + 1
4sign(α))

) t−2τ
τ

.

Thus when t > 3τ , the series
∞∑
k=1

λk,ne
λk,nt⟨X,Ψλk,n

⟩XΦλk,n
+ λk,ne

λk,nt⟨X,Ψλk,n
⟩XΦλk,n

converges absolutely and it can easily get that the expression (5.2) holds as t > 3τ . The desired
results follow.

For any X = (an, bn, zn(y))
T ∈ X, we set

Ck,n = ⟨X,Ψλk,n
⟩X

= ξ−1
n (λk,n)

[
− an

√
µn

λk,n
eτλk,n + bne

τλk,n − ατ

∫ 1

0
zn(y)e

τλk,nydy

] (5.3)

and

Dk,n = ⟨X,Ψλk,n
⟩X

= ξ−1
n (λk,n)

[
− an

√
µn

λk,n
eτλk,n + bne

τλk,n − ατ

∫ 1

0
zn(y)e

τλk,nydy

]
.

(5.4)

Then (5.1) and (5.2) can be rewritten as

eΛntX =

Nn∑
j=1

(
eλj,ntCj,nΦλj,n

+ eλj,ntDj,nΦλj,n

)
+

∞∑
k=1

(
eλk,ntCk,nΦλk,n

+ eλk,ntDk,nΦλk,n

)
, t > 2τ, (5.5)

and

Λne
ΛntX =

Nn∑
j=1

(
λj,ne

λj,ntCj,nΦλj,n
+ λj,ne

λj,ntDj,nΦλj,n

)

+
∞∑
k=1

(
λk,ne

λk,ntCk,nΦλk,n
+ λk,ne

λk,ntDk,nΦλk,n

)
, t > 3τ,

(5.6)

respectively.

Remark 5.1. In Theorem 5.1, the conditions t > 2τ and t > 3τ are merely the sufficient
conditions for the infinite series expansions of eΛnt and Λne

Λnt, respectively. When t < 2τ , eΛnt

can not be expressed as the infinite series. Moreover, t > 2τ and t > 3τ are just the approximate
estimations such that eΛnt and Λne

Λnt can be expressed as the infinite series respectively. The
exact estimations for t can be obtained theoretically, but it is difficult to get them.
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6. Expansion of solution of system (1.5)

In this section, we shall consider the expansion of solution of system (1.5) according to its
eigenvectors. We begin with studying the expansion of semigroup eAt on H.

For any W = ([w(x), φ(x)], [z(x), v(x)], [ψ(x, y), η(x, y)])T ∈ H, by Theorem 2.2 we know
that

W =

∞∑
n=1


an

bn

zn(y)

 •


G2Φn(x)

Φn(x)

G1Φn(x)


and

AW =

∞∑
n=1

A


anG2Φn(x)

bnΦn(x)

zn(y)G1Φn(x)

 =

∞∑
n=1

Λn


an

bn

zn(y)

 •


G2Φn(x)

Φn(x)

G1Φn(x)

 .

The details can also be found in [27]. Next we shall verify that the semigroup eAt can be
expressed as the following convergent series

eAtW =
∞∑
n=1

eΛnt


anG2Φn(x)

bnΦn(x)

zn(y)G1Φn(x)

 =
∞∑
n=1

eΛnt


an

bn

zn(y)

 •


G2Φn(x)

Φn(x)

G1Φn(x)

 ,

under certain conditions. i.e.,

eAtW =

∞∑
n=1

Nn∑
j=1

(
eλj,ntCj,nΦλj,n

+ eλj,ntDj,nΦλj,n

)
•


G2Φn(x)

Φn(x)

G1Φn(x)



+

∞∑
n=1

∞∑
k=1

(
eλk,ntCk,nΦλk,n

+ eλk,ntDk,nΦλk,n

)
•


G2Φn(x)

Φn(x)

G1Φn(x)

 . (6.1)

In fact, we have the following result.

Theorem 6.1. Let A and H be defined as before. Then for any W ∈ H, (6.1) is true as t > 9
2τ .

Moreover, for any W ∈ D(A), when t > 11
2 τ , Ae

AtW can be also expressed as the form of an
infinite convergent series

AeAtW =

∞∑
n=1

Nn∑
j=1

(
λj,ne

λj,ntCj,nΦλj,n
+ λj,ne

λj,ntDj,nΦλj,n

)
•


G2Φn(x)

Φn(x)

G1Φn(x)


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+

∞∑
n=1

∞∑
k=1

(
λk,ne

λk,ntCk,nΦλk,n
+ λk,ne

λk,ntDk,nΦλk,n

)
•


G2Φn(x)

Φn(x)

G1Φn(x)

 .

Proof. According to (5.3) and (5.4), we give the estimations

|Ck,n|2 ≤
9

[
|an|2 µn

|λk,n|2
eτ2ℜλk,n + |bn|2eτ2ℜλk,n + α2τ2

∫ 1
0 |zn(y)2|dy

∫ 1
0 e

τ2ℜλk,nydy

]
| − µn

(λk,n)2
eτλk,n + eτλk,n − ατ |2

=

9

[
|an|2 µn

|λk,n|2
eτ2ℜλk,n + |bn|2eτ2ℜλk,n + α2τ e

τ2ℜλk,n−1
2ℜλk,n

∫ 1
0 |zn(y)2|dy

]
| − µn

(λk,n)2
eτλk,n + eτλk,n − ατ |2

,

and

|Dk,n|2 ≤
9

[
|an|2 µn

|λk,n|2
eτ2ℜλk,n + |bn|2eτ2ℜλk,n + α2τ2

∫ 1
0 |zn(y)2|dy

∫ 1
0 e

τ2ℜλk,nydy

]
| − µn

(λk,n)2
eτλk,n + eτλk,n − ατ |2

=

9

[
|an|2 µn

|λk,n|2
eτ2ℜλk,n + |bn|2eτ2ℜλk,n + α2τ e

τ2ℜλk,n−1
2ℜλk,n

∫ 1
0 |zn(y)2|dy

]
| − µn

(λk,n)2
eτλk,n + eτλk,n − ατ |2

.

Therefore, we have

|Ck,n|2 ≤



9

[
µn

|λk,n|2
+1+α2 1

2ℜλk,n

]
|− µn

(λk,n)2
+1−ατe

−τλk,n |2
·
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]
, ℜλk,n > 0,

9

[
µn

|λk,n|2
+1+α2 e

−2τℜλk,n

2|ℜλk,n|

]
|− µn

(λk,n)2
+1−ατe

−τλk,n |2
·
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]
,ℜλk,n < 0

and

|Dk,n|2 ≤



9

[
µn

|λk,n|2
+1+α2 1

2ℜλk,n

]
|− µn

(λk,n)2
+1−ατe

−τλk,n |2
·
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]
, ℜλk,n > 0,

9

[
µn

|λk,n|2
+1+α2 e

−2τℜλk,n

2|ℜλk,n|

]
|− µn

(λk,n)2
+1−ατe

−τλk,n |2
·
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]
,ℜλk,n < 0.

Moreover, note that Φλk,n
is defined by (4.3), then a simple calculation leads to

∥∥∥∥Φλk,n
•


G2Φn(x)

Φn(x)

G1Φn(x)


∥∥∥∥2
H
=

∥∥∥∥


√
µn

λk,n
G2Φn(x)

Φn(x)

e−τλk,nyG1Φn(x)


∥∥∥∥2
H
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=

∫ 1

0
K| 1

λk,n
w′
n(x)−

1

λk,n
φn(x)|2dx+

∫ 1

0
EI| 1

λk,n
φ′
n(x)|2dx

+

∫ 1

0
ρ|wn(x)|2dx+

∫ 1

0
Iρ|φn(x)|2dx

+ τ

∫ 1

0

∫ 1

0
|e−τλk,ny

√
ρwn(x)|2dxdy

+ τ

∫ 1

0

∫ 1

0
|e−τλk,ny

√
Iρφn(x)|2dxdy

≤ µn
|λk,n|2

+ 1 +
1− e−τ2ℜλk,n

2ℜλk,n
.

Similarly, we obtain

∥∥∥∥Φλk,n
•


G2Φn(x)

Φn(x)

G1Φn(x)


∥∥∥∥2
H
=

∥∥∥∥


√
µn

λk,n
G2Φn(x)

Φn(x)

e−τλk,nyG1Φn(x)


∥∥∥∥2
H
≤ µn

|λk,n|2
+ 1 +

1− e−τ2ℜλk,n

2ℜλk,n
.

Denote

S =

∞∑
n=1

Nn∑
j=1

(
eλj,ntCj,nΦλj,n

+ eλj,ntDj,nΦλj,n

)
•


G2Φn(x)

Φn(x)

G1Φn(x)



+
∞∑
n=1

∞∑
k=1

(
eλk,ntCk,nΦλj,n

+ eλk,ntDk,nΦλj,n

)
•


G2Φn(x)

Φn(x)

G1Φn(x)

 .

Combining with the above estimations and ∆(λk,n) = 0, we show that there exist constants
M2,M3 > 0 such that

∥S∥2H ≤ 16

∥∥∥∥ ∞∑
n=1

Nn∑
j=1

eλj,ntCj,n


√
µn

λj,n
G2Φn(x)

Φn(x)

e−τλj,nyG1Φn(x)


∥∥∥∥2
H

+ 16

∥∥∥∥ ∞∑
n=1

Nn∑
j=1

eλj,ntDj,n


√
µn

λj,n
G2Φn(x)

Φn(x)

e−τλj,nyG1Φn(x)


∥∥∥∥2
H

+ 16

∥∥∥∥ ∞∑
n=1

∞∑
k=1

eλk,ntCk,n


√
µn

λk,n
G2Φn(x)

Φn(x)

e−τλk,nyG1Φn(x)


∥∥∥∥2
H
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+ 16

∥∥∥∥ ∞∑
n=1

∞∑
k=1

eλk,ntDk,n


√
µn

λk,n
G2Φn(x)

Φn(x)

e−τλk,nyG1Φn(x)


∥∥∥∥2
H

≤ 16

∞∑
n=1

Nn∑
j=1

e2ℜλj,nt|Cj,n|2
[

µn
|λj,n|2

+ 1 +
1

2ℜλj,n

]

+ 16

∞∑
n=1

Nn∑
j=1

e2ℜλj,nt|Dj,n|2
[

µn

|λj,n|2
+ 1 +

1

2ℜλj,n

]

+ 16

∞∑
n=1

∞∑
k=1

e2ℜλk,nt|Ck,n|2
[

µn
|λk,n|2

+ 1 +
e−2τℜλk,n

2|ℜλk,n|

]

+ 16

∞∑
n=1

∞∑
k=1

e2ℜλk,nt|Dk,n|2
[

µn

|λk,n|2
+ 1 +

e−2τℜλk,n

2|ℜλk,n|

]

≤ 32× 9

∞∑
n=1

Nn∑
j=1

e2ℜλj,nt
[ µn

|λj,n|2 + 1 + α2 1
2ℜλj,n

]

| − µn

(λj,n)2
+ 1− ατe−τλj,n |2

[
µn

|λj,n|2
+ 1 +

1

2ℜλj,n

]

×
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]

+ 32× 9
∞∑
n=1

∞∑
k=1

e2ℜλk,nt

[
µn

|λk,n|2
+ 1 + α2 e

−2τℜλk,n

2|ℜλk,n|

]
| − µn

(λk,n)2
+ 1− ατe−τλk,n |2

[
µn

|λk,n|2
+ 1 +

e−2τℜλk,n

2|ℜλk,n|

]
×
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]
≤ 72

∞∑
n=1

Nn∑
j=1

e2ℜλj,nt
(µn + |λj,n|2)2[4(ℜλj,n)2 + 2(1 + α2)ℜλj,n + α2]

(ℜλj,n)2|(τλj,n − 1)µn + λ2j,n + τλ3j,n|2

×
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]
+

72

α2

∞∑
n=1

∞∑
k=1

e2ℜλk,nt
[4α2|ℜλk,n|2 + (2α2 + 2)|ℜλk,n|(µn + |λk,n|2) + (|λk,n|2 + µn)

2]

|ℜλk,n|2|(τλk,n − 1)µn + (λk,n)2 + τλ3k,n|2

× (µn + |λk,n|2)2
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]

≤ 288

∞∑
n=1

Nn∑
j=1

e2ℜλj,nt
|λ2j,n + µn|2[4 + 2(1+α2)

ℜλj,n
+ α2

(ℜλj,n)2
]

|(τλj,n − 1)µn + λ2j,n + τλ3j,n|2

×
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]

+
288

α2

∞∑
n=1

∞∑
k=1

e2ℜλk,nt
|λ2k,n + µn|2[4α2 + 2(α2 + 1)

|λk,n|2+µn

|ℜλk,n| +
(|λk,n|2+µn)2

|ℜλk,n|2
]

|(τλk,n − 1)µn + λ2k,n + τλ3k,n|2
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×
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]

≤ 288
∞∑
n=1

Nn∑
j=1

e2ℜλj,nt
|λ2j,n + µn|2[4 + 2(1+α2)

ℜλj,n
+ α2

(ℜλj,n)2
]

|(τλj,n − 1)µn + λ2j,n + τλ3j,n|2

×
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]

+
288

α2

∞∑
n=1

∞∑
k=1

e2ℜλk,nt
|λ2k,n + µn|4[ 4α2

|λ2
k,n+µn|2

+ 4(α2+1)
|ℜλk,n||λ2

k,n+µn|
+ 4

|ℜλk,n|2
]

|(τλk,n − 1)µn + λ2k,n + τλ3k,n|2

×
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]
≤ 288M2

∞∑
n=1

Nn∑
j=1

e2ℜλj,nt
|λ2j,n + µn|2

|(τλj,n − 1)µn + λ2j,n + τλ3j,n|2
·
[
|an|2 + |bn|2

+ τ

∫ 1

0
|zn(y)|2dy

]
+

288

α2
M3

∞∑
n=1

∞∑
k=1

e2ℜλk,nt
|λ2k,n + µn|4

|(τλk,n − 1)µn + λ2k,n + τλ3k,n|2

×
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]
≤ 288α4M2

∞∑
n=1

Nn∑
j=1

e2ℜλj,n(t−2τ) 1

|(τλj,n − 1)µn + λ2j,n + τλ3j,n|2

×
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]
+ 288α6M3

∞∑
n=1

∞∑
k=1

e2ℜλk,n(t−4τ) 1

|(τλk,n − 1)µn + λ2k,n + τλ3k,n|2

×
[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]
.

Since ℜλk,n ≈ 1
τ ln

τ |α|
(2k+ 1

2
sign(α))π

for fixed Λn, therefore there exist M4,M5 > 0 such that

∥S∥2 ≤ 288α4M2M4

∞∑
n=1

Nn∑
j=1

e2ℜλj,n(t−2τ)

[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]

+ 288α6M3M5

∞∑
n=1

∞∑
k=1

e2ℜλk,n(t−4τ)

[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]

≤ 288α4M2M4

(
τ |α|
2π

) 2(t−2τ)
τ

Nn∑
j=1

(
1

(j + 1
4sign(α))

) 2(t−2τ)
τ

×
∞∑
n=1

[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]

+ 288α6M3M5

(
τ |α|
2π

) 2(t−4τ)
τ

∞∑
k=1

(
1

(k + 1
4sign(α))

) 2(t−4τ)
τ



308 X. Wang & G. Xu

×
∞∑
n=1

[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]
.

Moreover, since the series
∞∑
k=1

(
1

k+ 1
4
sign(α)

) 2(t−4τ)
τ

converges as t > 9
2τ , then there existsM6,M7 >

0 such that

∥S∥2 ≤ 288α4M2M4M6

(
τ |α|
2π

) 2(t−2τ)
τ

∞∑
n=1

[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]

+ 288α6M3M5M7

(
τ |α|
2π

) 2(t−4τ)
τ

∞∑
n=1

[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]

≤M

[(
τ |α|
2π

) 2(t−2τ)
τ

+

(
τ |α|
2π

) 2(t−4τ)
τ

] ∞∑
n=1

[
|an|2 + |bn|2 + τ

∫ 1

0
|zn(y)|2dy

]

=M

[(
τ |α|
2π

) 2(t−2τ)
τ

+

(
τ |α|
2π

) 2(t−4τ)
τ

]
∥W∥2,

where M = max{288α4M2M4M6, 288α
6M3M5M7}.

Therefore, for t > 9
2τ , the series S converges abosolutely. Furthermore, for any W ∈ H,

when t > 9
2τ , the semigroup eAt can be expanded as the following infinite convergent series

eAtW =
∞∑
n=1

Nn∑
j=1

(
eλj,ntCj,nΦλj,n

+ eλj,ntDj,nΦλj,n

)
•


G2Φn(x)

Φn(x)

G1Φn(x)



+
∞∑
n=1

∞∑
k=1

(
eλk,ntCk,nΦλk,n

+ eλk,ntDk,nΦλk,n

)
•


G2Φn(x)

Φn(x)

G1Φn(x)

 .

Similarly, for any W ∈ D(A), when t > 11
2 τ , we obtain that AeAtW can be expressed as the

form of the following infinite convergent series

AeAtW =

∞∑
n=1

Nn∑
j=1

(
λj,ne

λj,ntCj,nΦλj,n
+ λj,ne

λj,ntDj,nΦλj,n

)
•


G2Φn(x)

Φn(x)

G1Φn(x)



+

∞∑
n=1

∞∑
k=1

(
λk,ne

λk,ntCk,nΦλk,n
+ λk,ne

λk,ntDk,nΦλk,n

)
•


G2Φn(x)

Φn(x)

G1Φn(x)

 .

The desired result follows.
For system (1.5), we have the following result.
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Theorem 6.2. Let A and H be defined as before. Then when t > 11
2 τ , the solution to the

system (1.5) can be expanded according to its eigenvectors as follows:

W (t) = eAtW0

=
∞∑
n=1

Nn∑
j=1

(
eλj,nt⟨X0,Ψλj,n

⟩XΦλj,n
+ eλj,nt⟨X0,Ψλj,n

⟩XΦλj,n

)
•


G2Φn(x)

Φn(x)

G1Φn(x)

 (6.2)

+
∞∑
n=1

∞∑
k=1

(
eλk,nt⟨X0,Ψλk,n

⟩XΦλk,n
+ eλk,nt⟨X0,Ψλk,n

⟩XΦλk,n

)
•


G2Φn(x)

Φn(x)

G1Φn(x)

 ,

where Nn is the cardinality of the set of spectral of Λn with ℜλk,n > 0; Φλ and Ψλ are defined

in Theorem 5.1; X0 satisfies W0 =
∞∑
n=1

X0 •


G2Φn(x)

Φn(x)

G1Φn(x)

.

7. Conclusion

In this paper, we considered the expansion of the solution of Timoshenko beam with time delay
in interior damping. We prove that the set of eigenvectors is complete, but it does not form a
Schauder basis for the state space. When t > 9

2τ , we obtained that the semigroup eAt generated
by A can be expanded in the form of (6.1) according to its eigenvectors. Besides, when t > 11

2 τ ,
the solution of system (1.5) can be also expanded in the form of the infinite series. In fact, this
method in this paper can be applied to other models described by PDEs.

Appendix A Proof of Lemma 3.1

Proof. Suppose that there is no spectrum of L on these lineas. Since R(λ, L) is uniformly
bounded on the linea arg z = θi, taking the quotient space X̃ = X/Sp(L) and denoting the
induced resolvent of R(λ, L) on X̃ by R(λ, L̃), then it is easily obtained that R(λ, L̃) is an entire
function on X̃, and have the same properties with R(λ, L). For any x ∈ X, [x] ∈ X̃, we take
any f ∈ X̃∗ and define the function

F (z) = ⟨f,R(z, L̃)[x]⟩, ∀z ∈ C.

Then F (z) is an entire function and bounded on the linea arg z = θi(i = 1, 2, · · · , 2n+2). Denote
the angular domain Gi by

Gi = {x ∈ C|θi−1 ≤ arg z ≤ θi}, i = 1, 2, · · · , 2n+ 2,

and the flare angle of Gi by
π
αi
. Since π

αi
< π

n and the resolvent R(λ, L) is of order µ, therefore,
F (z) is an analytic function in Gi, F (z) ≤ M on ∂Gi and when z ∈ Gi, |z| = r → +∞,
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F (z) = O(er
µ
). Moreover, note that µ ≤ n < αi(i = 1, 2, · · · , 2n + 2), according to Phragmen-

Lindelöf theorem, it holds that F (z) is uniformly bounded in Gi(i = 1, 2, · · · , n). So F (z) is
uniformly bounded in the complex plane. Furthermore, it follows that F (z) is a constant. By
the arbitrariness of f ∈ X̃∗, it holds that R(z, T̃ ) is a constant. So R(z, T̃ )[x] = 0. In addition,
from the the arbitrariness of x ∈ X, it shows that Sp(L) = X.

Since R(λ, L)x is meromorphic function of finite exponential type for each x ∈ X, so µ(L) =
1. From the above discussion, we easily conclude that the result of Lemma 3.1 holds.
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